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A B S T R A C T

This work proposes a new method to find an optimal solution of the inverse problem of the Boussinesq equation
for ill-posed problems, applicable in the reconstruction of triaxial forces for processing contact data in tactile
decoding systems. This paper focuses on the estimation of triaxial forces from normal stress tactile sensor
arrays on flat non-deformable surfaces for single static contacts. This method estimates a triaxial force vector
on the sensor coverage surface for each stress value from the relation between the stress data and the applied
normal and tangential contact forces. The main contribution of this work consists of a new procedure for
estimating contact forces simplifying both arithmetic operations and the optimization process used. Because
of this, obtaining a force estimation has a predictable computation time, which makes this new method an
attractive solution for implementation in hardware-based real-time tactile sensing systems. The verification
process was conducted using a Finite Element Analysis (FEA) as a reference. When testing tactile sensors in
a range of sizes and resolutions for piezoelectric and piezoresistive technologies, a maximum estimation error
of 10.93% was obtained, including errors due to the array discretization.
. Introduction

Tactile sensing systems can improve quality of life by enabling
rtificial replication of the human sense of touch. Due to its importance,
he scientific community has spent more than three decades seeking
o replicate complex somatosensory systems through the definition of
ehavioral models, the development of specialized sensors, and the
eneration of software and hardware to capture, transmit and process
ontact events [1,2].

Tactile sensing systems are composed of three main stages known
s the contact information capture subsystem (comprising continuous
nd discrete tactile sensors) [3], the electronic interface subsystems (in
harge of acquiring, transmitting, and preprocessing contact data) [4,
], and the decoding subsystem (to identify the properties, types,
atterns and modalities of the contact events) [6]. Within the last one,
econstructing contact forces plays a key role in describing contact
henomena since it is responsible for detecting the distribution of forces
nd their temporal evolution [7].

In the robotics field, reconstructing contact forces helps us to under-
tand and plan the interactions of the robot with the environment [8],
nd to adequately perform applications such as slip detection and
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robotic grasping [9,10], shape recognition [11], and human–robot
interaction [12]. Forces reconstruction is further used to implement
robotic skin [13], wearable robots [14], soft robots [15], and robotic
hands [16]. In the field of tactile sensors, it is relevant when designing
soft sensors [17], large-scale tactile sensors [18] and vision-based
integration sensors [19]. In the biomedical field, it is also important
for developing haptic devices [20,21], medical measurements [22,23],
wearable biosensing [24], and others.

Reconstructing contact forces depends on a set of variables such as
the contact scenario, sensor data, contact mechanics, and the estimation
approach. The reconstruction method implemented should simultane-
ously report the magnitude, forces location, and direction associated
with the contact [25]. Furthermore, it must comply with the rules
established in [26] for evaluating tactile sensing models, including:
(i) the generalization criteria (the contact reconstruction should not
assume any a priori model of the object in contact), (ii) efficiency
(force reconstruction time should be predictable), and (iii) scalability
(the reconstruction solution should be scalable to different contact area
sizes).

The aforementioned variables tend to increase the complexity of the
reconstruction process, which poses a challenge for the development
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of large-area, high-density sensors [18], and implementing real-time
multi-axial force estimation systems independent of the sensing area
and transduction technology [27]. Efforts to achieve real-time opera-
tion involve optimizing the reconstruction model and designing data
reading and processing hardware capable of meeting strict system time
limits.

Contact force data capture is performed using continuous or dis-
crete contact media, depending on the sensor technology. Examples of
continuous sensors include vision based [11], magnetostrictive [10],
biomimetic fingertip [20], and Hall effect [9] technologies. For dis-
crete contact media, there are sensor arrays based on optoelectron-
ics [12,13,16,17,28,29], piezoelectric [14,19,30,31], magnetic compos-
ites [15], nanocomposites [21,24], inductive [23], capacitive [32–34],
force–torque [35], and force-sensitive devices [25,36–38].

Several sensor arrays directly measure normal forces [25,31,33],
normal and shear forces [38,39], triaxial forces [7,12,28,35,40], or six-
axis contact forces [16,17,30,41]. All these tactile sensor arrays enable
force measurement in large sensing areas along with static [7,35],
and dynamic [12,16,28,29] contact events processing. In this context,
multiaxial force estimate becomes the bottleneck in the design of tactile
decoding subsystems, since multiaxial contact sensors typically employ
expensive transduction technologies, have complex electronics, and
poor commercial availability.

Conversely, despite the low cost and wide availability of normal
stress tactile sensor arrays, there are few works reported in the litera-
ture that use them to obtain information on triaxial forces. These works
include model-driven approaches for modeling triaxial forces [7], and
mixed strategies for normal force definition and validation stages [32].

In [7], the authors perform a forces triaxial reconstruction regard-
less of the transducer employed, to model single static contacts on
non-deformable flat surfaces. Such a work proposes solving the inverse
problem for the Boussinesq equation for an elastic half-space [42] using
inherent physical considerations to the solution of an ill-conditioned
problem by means of the Moore–Penrose pseudo-inverse matrix [43].
Although that model meets the generalization and scalability rules
stated in [26], it does not clearly establish the execution time pre-
dictability. In addition, such a model requires the calculation of a
multivariable optimization function with high computational complex-
ity.

Alternatively, this work proposes a novel solution to the ill-posed
inverse Boussinesq problem using the same range of physical assump-
tions proposed in [7] but reinterpreting their meaning. Thanks to this,
on the one hand, the complexity of the optimization process necessary
to obtain the best triaxial reconstruction is reduced. On the other
hand, the arithmetic operations at each step of the optimization pro-
cess are simpler. Our method offers improvements for future real-time
implementations in hardware targeted at modeling non-deformable
contacts on flat surfaces, complying in addition with the generalization,
scalability and efficiency rules proposed in [26].

2. Contact forces from a tactile sensor array

The tactile sensing system considered in this work consists of an
array of normal stress sensing units (taxels) fixed on a rigid surface,
coated with an elastomer layer of thickness ℎ. The tactile force applied
on the outer surface of the elastomer, 𝑓𝑖, is received by the taxels as
pressure on their upper side, 𝑇𝑗 , see Fig. 1. Based on the theory of
elasticity, it is possible to find the normal stress at any taxel from the
surface force distribution. The Green function of this problem for an
elastic half-space is known as the Boussinesq equation [44,45]. In the
case of linear elasticity, when force distribution is discretized into an
array of 𝑚 point forces and 𝑚 taxels (𝑚 = 𝑀 × 𝑁 , where 𝑀 is the
number of rows and 𝑁 is the number of columns in the tactile sensor
array), a superposition of the Boussinesq equations can be used as an
approximation to find the stress vector,
2

𝑏 = 𝐶 ⋅ 𝑓 (1)
Fig. 1. Contact force reconstruction for a tactile sensor array. 𝑇1 to 𝑇𝑚 are the taxels
producing the stress data 𝑏𝑧, while 𝑓1 to 𝑓𝑚 are the applied force vectors.

where 𝑏 = [𝑏𝑥 𝑏𝑦 𝑏𝑧]𝑇 is a triaxial stress vector of size 3𝑚 × 1 and
𝑓 = [𝑓𝑥 𝑓𝑦 𝑓𝑧]𝑇 is a triaxial force vector of size 3𝑚× 1 estimated at the
same 𝑋𝑌−coordinates of taxels on the sensor cover layer. The square
matrix 𝐶 depends on the distances 𝑟(𝑗𝑖) between the coordinates of the
taxel 𝑖th (𝑖 = 1,… , 𝑚) and the force 𝑗th (𝑗 = 1,… , 𝑚), along with the
vector 𝑟̂(𝑗𝑖), which is the projection of vector 𝑟(𝑗𝑖) on the 𝑋𝑌−plane
with coordinates (𝑟̂(𝑗𝑖)𝑥, 𝑟̂(𝑗𝑖)𝑦) [42]. The 𝑟(𝑗𝑖) and 𝑟̂(𝑗𝑖) vectors depend
on the taxels resolution (𝑠𝑥, 𝑠𝑦) and the sensor cover thickness, ℎ, see
Fig. 1.

Since the taxels location in the sensor array is fixed and known,
𝐶 becomes a constant matrix. When 𝐶 is a non-singular matrix, the
Boussinesq equation provides the force vector on the sensor cover
surface from the stress data 𝑏,

𝑓 = 𝐶−1 ⋅ 𝑏 (2)

This work focuses on tactile sensors providing only the normal stress
value 𝑏𝑧 for each discrete taxel (without including tangential stress
data), as usual in tactile sensor arrays. In that case, the Boussinesq
equation becomes an ill-posed system such that,

𝑏𝑧 = 𝐴 ⋅
⎡

⎢

⎢

⎣

𝑓𝑥
𝑓𝑦
𝑓𝑧

⎤

⎥

⎥

⎦

(3)

where 𝐴 is a matrix of size 𝑚 × 3𝑚 given by,

𝐴 =
[

𝐶31 𝐶32 𝐶33
]

(4)

and 𝐶31, 𝐶32, and 𝐶33 are 𝑚 × 𝑚 submatrices of 𝐶 described as,

[

𝐶31 𝐶32 𝐶33
]𝑇 =

⎡

⎢

⎢

⎣

𝐶0 ⋅ 𝑟̂ (𝑗𝑖)𝑥
𝐶0 ⋅ 𝑟̂ (𝑗𝑖)𝑦
𝐶0 ⋅ ℎ

⎤

⎥

⎥

⎦

(5)

with 𝐶0 = (3ℎ2)∕(2𝜋(𝑟̂ (𝑗𝑖)2 + ℎ2)5∕2).
The Moore–Penrose pseudo-inverse matrix is defined as,

𝐴† = 𝐴𝑇 (

𝐴𝐴𝑇 )−1 =
⎡

⎢

⎢

⎣

𝐴†1
𝐴†2
𝐴†3

⎤

⎥

⎥

⎦

(6)

with 𝐴†1, 𝐴†2, and 𝐴†3 being matrices of size 𝑚×𝑚, that could be used
to parametrically solve the ill-posed system shown in Eq. (3).

It is known that all possible solutions of Eq. (3) have the form,

𝑓 = 𝐴 † 𝑏𝑧 + (𝐼 − 𝐴 † 𝐴)𝑤 (7)

where 𝑤 is an arbitrary determined weight vector of size 3𝑚 × 1. It
should be noted that the physics of the problem may constrain the
𝑤 vector composition. In particular, [7] proposes a 𝑤 vector that
assumes a tangential forces distribution proportional to the normal
forces distribution, such that,

𝑤 =
⎡

⎢

⎢

𝑤𝑥
𝑤𝑦

⎤

⎥

⎥

=
⎡

⎢

⎢

𝜇𝑥|𝑤𝑧|

𝜇𝑦|𝑤𝑧|

⎤

⎥

⎥

(8)

⎣ 𝑤𝑧 ⎦ ⎣ 𝑤𝑧 ⎦
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with 𝑤𝑧 a vector made up of the negative values of the solution of the
inverse Boussinesq problem considering only the application of normal
forces,

𝑤𝑧 =
{

𝐶−1
33 ⋅ 𝑏𝑧 ;

(

𝐶−1
33 ⋅ 𝑏𝑧

)

(𝑖) < 0
0 ; other case (9)

and 𝜇𝑥 and 𝜇𝑦 are two continuous scalar variables in the range [−1, 1].
Given Eqs. (6), (8) and (9), Eq. (7) can be written as,

[

𝑓𝑥 𝑓𝑦 𝑓𝑧
]𝑇 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐴 †1 𝑏𝑧 − 𝐴 †1 𝐶33𝑤𝑧 + 𝜇𝑥
(

|𝑤𝑧| − 𝐴 †1 𝐶31|𝑤𝑧|
)

+𝜇𝑦
(

−𝐴 †1 𝐶32|𝑤𝑧|
)

𝐴 †2 𝑏𝑧 − 𝐴 †2 𝐶33𝑤𝑧 + 𝜇𝑥
(

−𝐴 †2 𝐶31|𝑤𝑧|
)

+𝜇𝑦
(

|𝑤𝑧| − 𝐴 †2 𝐶32|𝑤𝑧|
)

𝐴 †3 𝑏𝑧 +𝑤𝑧 − 𝐴 †3 𝐶33𝑤𝑧 + 𝜇𝑥
(

−𝐴 †3 𝐶31|𝑤𝑧|
)

+𝜇𝑦
(

−𝐴 †3 𝐶32|𝑤𝑧|
)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑎10 + 𝜇𝑥𝑎11 + 𝜇𝑦𝑎12
𝑎20 + 𝜇𝑥𝑎21 + 𝜇𝑦𝑎22
𝑎30 + 𝜇𝑥𝑎31 + 𝜇𝑦𝑎32

⎤

⎥

⎥

⎦

(10)

where 𝑎𝑝𝑞 are vectors of size 𝑚 × 1 that depend on the submatrices
𝐶31, 𝐶32, and 𝐶33, the matrix 𝐴†, and the vector 𝑤𝑧 (for instance,
𝑎10 = 𝐴†1 𝑏𝑧−𝐴†1𝐶33𝑤𝑧). The problem is therefore defined as a system
of 3𝑚 linear functions with 3𝑚 + 2 unknown variables (𝑓𝑥, 𝑓𝑦, 𝑓𝑧, 𝜇𝑥,
and 𝜇𝑦).

To solve this undetermined system, [7] poses finding variables 𝜇𝑥
and 𝜇𝑦 using an objective function 𝛱 = 𝛱1 ⋅ 𝛱2 ⋅ 𝛱3 which simul-
taneously fulfills three physical constraints imposed on the problem:
(i) considering contacts with compressive normal forces, (ii) tangential
and normal forces similarly distributed over the contact area, and (iii)
no pinch.

The iterative search for 𝜇𝑥 and 𝜇𝑦 ends when it is found a combi-
nation of these values that maximizes the 𝛱 function. However, the
computational complexity of this process must be carefully analyzed,
considering that for each step: (i) 𝛱1(𝑓𝑧, 𝜇𝑥, 𝜇𝑦) depends on 𝑚 + 2
variables, (ii) 𝛱2(𝑓𝑥, 𝑓𝑦, 𝜇𝑥, 𝜇𝑦) depends on 2𝑚 + 2 variables, and (iii)
𝛱3(𝑓𝑥, 𝑓𝑦, 𝜇𝑥, 𝜇𝑦, 𝑑1, 𝑑2) depends on 4𝑚 + 2 variables, where 𝑑1 and 𝑑2
are vectors of size 𝑚 × 1 corresponding to the distances between the
force points and the center of 𝑤𝑧 force distribution.

Evaluating the function 𝛱 involves a large number of matrix–vector
multiplications, while the optimization process requires a detailed anal-
ysis since the reliability of the output depends on the mathematical
approach employed. All these requirements make the hardware im-
plementation of the 𝑓 search process a challenge given the real-time
constraints of tactile sensing systems. To overcome these drawbacks,
we propose a new approach to solve the system of Eq. (10) as described
in the next sections.

3. Proposed approach and optimization process

The proposed model-driven contact force reconstruction method
focuses on the relationship between the normal stress data (com-
pression and traction stress) provided by the tactile sensor and the
normal and tangential forces associated with the contact. Although
this relationship was previously described in [7], in our approach the
stress distribution becomes the key input information to establish the
direction of the tangential force during the reconstruction process. This
consideration simplifies the force reconstruction method by reducing
the computational complexity to find the optimal values of 𝜇𝑥 and 𝜇𝑦.

Fig. 2 presents the normal stress distribution for a Hertzian contact
on a 10 × 10 sensor array. The shape of the normal stress surface in this
figure is explained by the physics of the problem and the constraints
given for a single static contact event. Normal stress magnitudes depend
on the total force applied to the contact, while its signs hinge on the
simultaneous effects of the normal and tangential forces. A negative
3

Fig. 2. A discrete normal stress distribution at the base of the sensor and identification
of the centroids of stress and compression.

value in the normal stress (compression stress) is due to the action
of normal forces, while a positive value (traction stress) is caused by
the simultaneous effect of normal and tangential forces. The stress
distribution allows identifying the centroid of the ‘‘compression zone’’
with coordinates (𝑐𝑥, 𝑐𝑦) and the centroid of the ‘‘traction zone’’ with
coordinates (𝑡𝑥, 𝑡𝑦). The line joining these centroids gives the angle
between the tangential forces 𝜙,

𝜙 =

⎧

⎪

⎨

⎪

⎩

tan−1
( 𝑐𝑦−𝑡𝑦
𝑐𝑥−𝑡𝑥

)

; 𝑡𝑥 < 𝑐𝑥

tan−1
( 𝑐𝑦−𝑡𝑦
𝑐𝑥−𝑡𝑥

)

+ 180◦ ; 𝑡𝑥 ≥ 𝑐𝑥

(11)

In this scenario, if the tactile sensor data contains only compression
components, it means that all sensor taxels report a stress value less
than zero (𝑏𝑧(𝑖) < 0, ∀𝑖 = 1,… , 𝑚) and that the contact is produced
only by normal forces, meaning the problem can be univocally solved
by equation Eq. (3).

This work proposes a new algorithm for the triaxial forces recon-
struction, referred to as TFRA (Triaxial Forces Reconstruction Algo-
rithm). This algorithm assumes that the resultant triaxial forces 𝐹𝑥, 𝐹𝑦,
and 𝐹𝑧, are directly related to the angle 𝜙. Resultant forces correspond
to the summations of the contact force vectors for each axis and can be
calculated from the linear functions system described in Eq. (10). Thus,

⎡

⎢

⎢

⎣

𝐹𝑥
𝐹𝑦
𝐹𝑧

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

∑𝑚
𝑖=1 𝑓𝑥(𝑖)

∑𝑚
𝑖=1 𝑓𝑦(𝑖)

∑𝑚
𝑖=1 𝑓𝑧(𝑖)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝐴10 + 𝜇𝑥𝐴11 + 𝜇𝑦𝐴12
𝐴20 + 𝜇𝑥𝐴21 + 𝜇𝑦𝐴22
𝐴30 + 𝜇𝑥𝐴31 + 𝜇𝑦𝐴32

⎤

⎥

⎥

⎦

(12)

where 𝐴𝑝𝑞 =
∑𝑚

𝑖=1 𝑎𝑝𝑞(𝑖).
Considering the physical characteristics of the contact analyzed,

the resultant tangential forces depend directly on the resultant normal
force, such that,

𝐹𝑥 = 𝜇𝐹𝑧 cos𝜙 (13)

𝐹𝑦 = 𝜇𝐹𝑧 sin𝜙 (14)

where 𝜇 is the contact friction coefficient, defined as,

𝜇 =

√

𝐹 2
𝑥 + 𝐹 2

𝑦

|𝐹𝑧|
(15)

Consequently, the quotient of tangential resultant forces can be
estimated directly from 𝜙 as,
𝐹𝑦

𝐹𝑥
= tan𝜙 (16)

This assignment has a significant impact on solving the system of
linear functions defined in Eq. (10) since it reduces the number of



Mechatronics 96 (2023) 103070M.L. Pinto-Salamanca et al.

b

𝜇

a

𝜇

v
(
c
a
t
p

E
o
𝜇
𝜇
p
o
o
m

3

w
𝑏
𝑏
z

𝑏

𝑏

i

𝜇

3

unknown variables in the system and simplifies the search process for
variables 𝜇𝑥 and 𝜇𝑥 thanks to a linear dependence relationship between
oth variables. Hence, substituting Eq. (16) into Eq. (12), we find that,

𝑥 =
𝐴20 − 𝐴10 tan𝜙 + 𝜇𝑦

(

𝐴22 − 𝐴12 tan𝜙
)

𝐴11 tan𝜙 − 𝐴21
(17)

nd,

𝑦 =
𝐴10 tan𝜙 − 𝐴20 + 𝜇𝑥

(

𝐴11 tan𝜙 − 𝐴21
)

𝐴22 − 𝐴12 tan𝜙
(18)

From these two equations, we can calculate one of the optimal
ariables 𝜇𝑥 or 𝜇𝑦 from a known value of 𝜙, the constant parameters 𝐴𝑝𝑞
defined by the geometry of the sensor), and the other optimal variable
hosen as the independent variable. In any case, in this approach, it is
ssumed that these two variables are bounded in the range [−1, 1] for
he weight vector 𝑤 in Eq. (8) to be consistent with the physics of the
roblem.

The TFRA offers a solution to the linear system of 3𝑚 equations
q. (10), from the 𝜙 estimate Eq. (11), the assignment of the direction
f tangential forces Eq. (16), and the linear dependence between 𝜇𝑥 and
𝑦 Eqs. (17) and (18). This algorithm simplifies the process of finding
𝑥 and 𝜇𝑦 and makes easier its implementation in real-time hardware
latforms. Next Section 3.1 to Section 3.4 describe the four main stages
f the TFRA: (i) estimate angle 𝜙, (ii) select optimization variables 𝜇𝑥
r 𝜇𝑦, (iii) find the optimal solution of Eq. (10), and (iv) scale the
agnitudes of the forces.

.1. Estimating the orientation of tangential forces

To estimate the centroids of the compression and tension zones, we
ill consider that the taxels of the compression zone are those with
𝑧(𝑖) < 0, while the taxels of the traction zone are the ones for which
𝑧(𝑖) ≥ 0. Vectors 𝑏𝑧,𝑐 and 𝑏𝑧,𝑡 of size 𝑚× 1, in compression and traction
ones, respectively, are given by,

𝑧,𝑐 (𝑖) =
{

𝑏𝑧(𝑖) ; ∀𝑏𝑧(𝑖) < 0
0 ; other case (19)

𝑧,𝑡(𝑖) =
{

𝑏𝑧(𝑖) ; ∀𝑏𝑧(𝑖) ≥ 0
0 ; other case (20)

Using the definition proposed in [46] for the centroids calculation
n a tactile image, we find,

(

𝑐𝑥, 𝑐𝑦
)

=

(

∑𝑚
𝑖=1 𝑏𝑧,𝑐 (𝑖) ⋅ 𝑝𝑥(𝑖)
∑𝑚

𝑖=1 𝑏𝑧,𝑐 (𝑖)
,
∑𝑚

𝑖=1 𝑏𝑧,𝑐 (𝑖) ⋅ 𝑝𝑦(𝑖)
∑𝑚

𝑖=1 𝑏𝑧,𝑐 (𝑖)

)

(21)

(

𝑡𝑥, 𝑡𝑦
)

=

(

∑𝑚
𝑖=1 𝑏𝑧,𝑡(𝑖) ⋅ 𝑝𝑥(𝑖)
∑𝑚

𝑖=1 𝑏𝑧,𝑡(𝑖)
,
∑𝑚

𝑖=1 𝑏𝑧,𝑡(𝑖) ⋅ 𝑝𝑦(𝑖)
∑𝑚

𝑖=1 𝑏𝑧,𝑡(𝑖)

)

(22)

where vectors 𝑝𝑥 and 𝑝𝑦 of size 𝑚 × 1 contain the information on the
positions of the taxels with respect to the origin of the coordinate
system. The 𝜙 estimate is therefore obtained by substituting equations
Eq. (21) and Eq. (22) in Eq. (11).

3.2. Selecting the independent variable for the optimization process

The choice of 𝑤 carried out in Eq. (8) comes from considering that
each component, 𝑤𝑥, 𝑤𝑦, and 𝑤𝑧, has a distribution of values that is
similar but not the same as for 𝑓𝑥, 𝑓𝑦, and 𝑓𝑧 obtained in Eq. (10).
Hence, although the quotient 𝜇𝑦∕𝜇𝑥 does not coincide exactly with
𝐹𝑦∕𝐹𝑥, once tan(𝜙) is known, we can know which of the two variables,
𝑥 or 𝜇𝑦, is greater (in absolute value), since 𝜇𝑦∕𝜇𝑥 is close to the value

of tan(𝜙). As mentioned above, the variable with the highest absolute
value must in turn be limited to the intervals [−1, 0] or [0, 1], according
to the value of 𝜙. By selecting the variable of higher absolute value
as independent (hereinafter 𝜇𝑖𝑛𝑑), we therefore ensure a reduced range
([−1, 0] or [0, 1] instead of [−1, 1]) for 𝜇𝑖𝑛𝑑 , which simplifies the process
of finding the optimal values of 𝜇𝑥 and 𝜇𝑦. Fig. 3 shows the quadrants
defined in the TFRA for selecting 𝜇𝑖𝑛𝑑 in accordance with the value of
4

𝜙.
Fig. 3. Selection cases of the independent variable 𝜇𝑖𝑛𝑑 for the optimization process.

.3. Optimization process

The TFRA establishes that the distribution of forces [𝑓𝑥 𝑓𝑦 𝑓𝑧]𝑇 , has
been reconstructed correctly if it meets the following two conditions
related to the physics of the problem:

Condition 1. The normal forces are correctly reconstructed if when
applied theoretically to the sensor, [0 0 𝑓𝑧]𝑇 , only a compression effect
is generated on the base of the sensor (no traction effect). Thus, when
using [0 0 𝑓𝑧]𝑇 as force distribution in Eq. (3), the vector 𝑏𝑧𝑧, defined as
𝑏𝑧𝑧 = 𝐶33 ⋅ 𝑓𝑧, must satisfy:

𝐵𝑧 ≡
𝑚
∑

𝑖=1
𝑏𝑧𝑧(𝑖) = 0; 𝑏𝑧𝑧(𝑖) > 0 (23)

Condition 2. The tangential forces are correctly reconstructed if, when
theoretically applied to the sensor, [𝑓𝑥 𝑓𝑦 0]𝑇 , they generate a distri-
bution of traction values similar to the one actually obtained by the
sensor. Thus, using [𝑓𝑥 𝑓𝑦 0]𝑇 as the force distribution in Eq. (3), the
vector 𝑏𝑥𝑦𝑧 , given by,

𝑏𝑥𝑦𝑧 =
[

𝐶31 𝐶32
]

⋅
[

𝑓𝑥
𝑓𝑦

]

(24)

must satisfy,

𝐵𝑥𝑦 ≡ |

|

∑𝑚
𝑖=1 𝑏

𝑥𝑦
𝑧 (𝑖) −

∑𝑚
𝑖=1 𝑏𝑧(𝑖)|| = 0;

𝑏𝑥𝑦𝑧 (𝑖) > 0, 𝑏𝑧(𝑖) > 0
(25)

The optimal values of 𝜇𝑥 and 𝜇𝑦 are, therefore, those that generate a
forces distribution closest to fulfillment of Eqs. (23) and (25). The two
previous conditions generate two optimization functions that are much
simpler than the ones used in the optimization process proposed in [7].

The TFRA consists of two independent search processes, one based
on Eq. (23) and other based on Eq. (25). In the first one, the TFRA
selects the smallest value of 𝜇𝑖𝑛𝑑 (−1 or 0 denoted by 𝜇0

𝑖𝑛𝑑) at the initial
iteration, and through Eq. (17) or Eq. (18) the TFRA finds the value of
𝜇𝑥 or 𝜇𝑦 (denoted 𝜇0

𝑥 or 𝜇0
𝑦).

Values of 𝜇0
𝑥 and 𝜇0

𝑦 are used for a first estimate of the forces
distribution [𝑓 0

𝑥 𝑓 0
𝑦 𝑓 0

𝑧 ]
𝑇 . With 𝑓 0

𝑧 we can determine the first value of
the optimization function 𝐵𝑧,0. In the next iteration, we select 𝜇1

𝑖𝑛𝑑 =
𝜇0
𝑖𝑛𝑑 + 𝛥, where 𝛥 is an increment value defined for each iteration

(𝛥 ≪ 1). After that, the TFRA proceeds in the same way as in the

previous iteration. The process is repeated through to the maximum
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Fig. 4. Objective functions for the TFRA algorithm.

value of 𝜇𝑖𝑛𝑑 . 𝐵𝑧 = 𝐵𝑧(𝜇𝑖𝑛𝑑 ) is therefore evaluated for the entire range
f 𝜇𝑖𝑛𝑑 . An example of such a function is presented in blue in Fig. 4.

If a minimum value of 𝐵𝑧 is reached, during the 𝑘th iteration, such
value is stored as 𝐵𝑧,𝑘 along with the corresponding 𝜇𝑘

𝑥 and 𝜇𝑘
𝑦 . If only

single minimum has been found at the end of the search process, the
ptimal values of 𝜇𝑥 and 𝜇𝑦, as well as the force distribution, are given
y,

𝑥 = 𝜇𝑘
𝑥 (26)

𝑦 = 𝜇𝑘
𝑦 (27)

[

𝑓 ∗
𝑥 𝑓 ∗

𝑦 𝑓 ∗
𝑧

]𝑇
=
[

𝑓𝑘
𝑥 𝑓𝑘

𝑦 𝑓𝑘
𝑧

]𝑇
(28)

here ∗ indicates that the forces must be scaled (as shown in Sec-
ion 3.4).

If there is more than a single minimum in 𝐵𝑧, as shown in Fig. 4,
he ambiguity is solved with the second optimization process based on
q. (25) (optimization is done in a similar way as already described).
he existence of more than one global minimum in 𝐵𝑧 is generally, due
o discretization related to the number of sensors in the array.

An example of such an optimization process is highlighted in gray
n Fig. 4. In the case of more than one global minimum in 𝐵𝑧, the
ptimal values of 𝜇𝑥 and 𝜇𝑦 are those that simultaneously provide a
inimum value for 𝐵𝑧 and the lowest value for 𝐵𝑥𝑦 in the interval of

lobal minima of 𝐵𝑧.

.4. Scaling contact forces

Once 𝜇𝑥 and 𝜇𝑦 have been found, the contact forces are scaled
o that the modulus of the total force actually applied to the sensor,
𝑠𝑒𝑛𝑠, matches the modulus of the distribution of forces, 𝐹 ∗, described

n Eq. (28). Both force modules are given by,

𝑠𝑒𝑛𝑠 =
𝑚
∑

𝑖=1
|𝑏𝑧(𝑖)| ⋅ (𝑠𝑥 ⋅ 𝑠𝑦) (29)

∗ =

√

(

𝐹 ∗
𝑥
)2 +

(

𝐹 ∗
𝑦

)2
+
(

𝐹 ∗
𝑧
)2 (30)

The final stage of the TFRA corresponds to the assignment of,

⎡

⎢

⎢

𝑓𝑥
𝑓𝑦

⎤

⎥

⎥

=
𝐹𝑠𝑒𝑛𝑠
𝐹 ∗ ⋅

⎡

⎢

⎢

𝑓 ∗
𝑥

𝑓 ∗
𝑦
∗

⎤

⎥

⎥

(31)
5

⎣ 𝑓𝑧 ⎦ ⎣ 𝑓𝑧 ⎦
. Materials and methods

The validation of the TFRA was conducted by developing an ex-
erimental process similar to that presented in [7], for two cases of
imple contacts (Hertzian and non-Hertzian) and using two different
esolutions for the tactile sensors. For reference, we performed a series
f simulations by means of the Finite Element Analysis (FEA) technique
sing Comsol Multiphysics® 6.0 to evaluate the proposed method and

quantify the errors, determining the discretized normal stress in the
taxels of the tactile sensor, 𝑏𝑧. TFRA was implemented using Matlab®
R2020b with 𝛥 = 0.01 as step size for the 𝜇𝑖𝑛𝑑 variation. Contacts

ith different angles of incidence of tangential forces were used for
valuation. Error analysis was carried out by comparing the resultant
orces estimated by the TFRA with the forces obtained in the FEA
imulation.

In the case of the Hertzian contact, an elliptical distribution of
ormal stress was applied to the base of the tactile sensor. The sensor
as modeled as a rectangular solid of dimensions 40 mm × 20 mm ×
mm, using an array of 10 × 10 taxels, and a resolution of 𝑠𝑥 = 4 mm

and 𝑠𝑦 = 2 mm. For the non-Hertzian contact, a non-uniform normal
stress rectangular distribution was applied on a sensor with dimension
40 mm × 40 mm × 3 mm, employing a array of 10 × 10 taxels and

resolution of 𝑠𝑥 = 4 mm and 𝑠𝑦 = 4 mm. The studied resolutions
re in the range of commercially available tactile sensors, based on
iezoelectric [47] and piezoresistive [48] technologies.

In both cases of contact, the origin of coordinates is established in
he taxel 𝑇1, (see Fig. 1). The 𝑞𝑧 normal stress functions are defined

in [42]. The tangential stress function depend on the coefficient of
friction 𝜇, and the orientation of tangential forces 𝜙 as,
[

𝑞𝑥
𝑞𝑦

]

= 𝜇𝑞𝑧

[

cos𝜙
sin𝜙

]

(32)

The FEA carried out corresponds to a static study for a physical
odel of structural solid mechanics with the following properties for

oth contact cases:
Material characteristics. The isotropic properties of the material have

Young modulus 𝐸 = 1 MPa, a Poisson relation 𝜈 = 0.48, and a cover
ensity 𝜌 = 1000 Kg/m3.
Boundary conditions. It is assumed a zero displacement constraint in

he 𝑋𝑌−plane for 𝑧 = 0 (which acts as fixed support), and symmetry
ondition for the sensor sides.
Loads. The force loads 𝑞𝑧, 𝑞𝑥 and 𝑞𝑦 per unit of area were applied to

he top sensor layer.
Mesh. An ‘extremely fine’ meshing parameter was applied, with an

lement size ranging from 0.008 mm and 0.8 mm.
A static and parametric study was carried out with the variation of

and the coordinates of the center of the loads (𝑥0, 𝑦0):

• Variation of 𝜙 in the range [0◦, 360◦], with steps of 15◦.
• Variation of the contact center (𝑥0, 𝑦0) of the force distributions

applied on the cover surface with displacements up to 50% of
the sensor resolution, 𝛥𝑥0 = ±0.5𝑠𝑥 and 𝛥𝑦0 = ±0.5𝑠𝑦. Parameters
𝜇 = 0.5 and 𝜙 = 45◦ were kept constant in all cases.

The performance parameters of the TFRA are the friction coefficient
, the angle of orientation of the tangential forces 𝜙, and the resultant
riaxial forces 𝐹𝑥, 𝐹𝑦, and 𝐹𝑧 obtained by applying equations Eqs. (12),
15) and (16) for each algorithm execution. Additionally, the stress
urfaces estimated by the TFRA were also compared with the stress
pplied as a load for the FEA.

. Results and discussion

The TRFA errors were calculated from the reference values gen-
rated by the FEA: 𝜇𝑟𝑒𝑓 , 𝜙𝑟𝑒𝑓 , and 𝐹𝑟𝑒𝑓 . Thus, errors in the 𝜇 and 𝜙
stimate are:

(𝜇) = 100
|𝜇𝑟𝑒𝑓 − 𝜇|

% (33)

1.00
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Table 1
Contact force reconstruction for a Hertzian contact using the TFRA.

Evaluated parameters Analysis cases

TRFA In [7]

𝜙 = 0◦ 𝜙 = 15◦ 𝜙 = 30◦ 𝜙 = 45◦ 𝜙 = 60◦ 𝜙 = 75◦ 𝜙 = 90◦ 𝜙 = 65◦ 𝜙 = 65◦

FEA [N] 2.86 2.77 2.48 2.03 1.43 0.74 0.00 1.21 1.22
𝐹𝑥 Algorithm [N] 2.51 2.73 2.61 2.21 1.76 0.94 −0.04 1.25 1.06

𝑒(𝐹𝑥)[%] 5.94 0.54 2.13 3.15 5.54 3.41 0.62 0.71 2.78

FEA [N] 0.00 0.74 1.43 2.03 2.48 2.77 2.87 2.60 2.62
𝐹𝑦 Algorithm [N] −0.08 0.58 1.23 1.87 2.43 2.87 2.99 2.44 2.28

𝑒(𝐹𝑦)[%] 1.34 2.68 3.44 2.58 0.82 1.73 2.10 2.81 5.91

FEA [N] −5.73 −5.73 −5.73 −5.73 −5.73 −5.73 −5.73 −5.73 −5.79
𝐹𝑧 Algorithm [N] −5.35 −5.22 −5.17 −5.16 −5.09 −5.08 −5.10 −5.16 −5.17

𝑒(𝐹𝑧)[%] 6.34 8.65 9.37 9.62 10.79 10.93 10.59 9.8 10.79

FEA 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.5 0.5
𝜇 Algorithm 0.47 0.54 0.56 0.56 0.59 0.59 0.59 0.53 0.49

𝑒(𝜇)[%] 3.03 3.60 5.70 6.18 8.97 9.41 8.57 3.08 1.00

FEA [◦] 0.00 15.00 30.00 45.00 60.00 75.00 90.00 65 65
𝜙 Algorithm [◦] −1.81 12.03 25.24 40.26 54.11 71.80 90.71 62.81 65

𝑒(𝜙)[%] 0.50 0.82 1.32 1.32 1.64 0.89 0.20 0.61 0.00

The last column corresponds to the error estimate for the 𝜙 = 65◦ case reported in [7] by applying Eqs. (33) to (35).
Table 2
Contact force reconstruction for a non-Hertzian contact using the TFRA.

Evaluated parameters Analysis cases

TRFA In [7]

𝜙 = 0◦ 𝜙 = 15◦ 𝜙 = 30◦ 𝜙 = 45◦ 𝜙 = 60◦ 𝜙 = 75◦ 𝜙 = 90◦ 𝜙 = 65◦ 𝜙 = 65◦

FEA [N] 3.39 3.27 2.93 2.40 1.69 0.88 0.00 1.43 1.43
𝐹𝑥 Algorithm [N] 3.14 3.31 3.20 2.35 1.38 0.53 −0.01 0.84 1.44

𝑒(𝐹𝑥)[%] 3.30 0.53 3.62 0.67 4.17 4.65 0.09 7.84 0.14

FEA [N] 0.00 0.88 1.69 2.40 2.93 3.27 3.39 3.07 3.08
𝐹𝑦 Algorithm [N] 0.05 0.52 1.52 2.53 3.19 3.48 3.49 3.47 3.59

𝑒(𝐹𝑦)[%] 0.60 4.77 2.36 1.78 3.40 2.76 1.42 5.44 7.32

FEA [N] −6.78 −6.78 −6.78 −6.77 −6.77 −6.77 −6.77 −6.77 −6.79
𝐹𝑧 Algorithm [N] −6.72 −6.62 −6.54 −6.63 −6.65 −6.64 −6.67 −6.56 −5.79

𝑒(𝐹𝑧)[%] 0.79 2.12 3.12 1.91 1.71 1.73 1.40 2.69 14.36

FEA 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.5 0.5
𝜇 Algorithm 0.47 0.51 0.54 0.52 0.52 0.53 0.52 0.55 0.60

𝑒(𝜇)[%] 3.20 0.66 4.17 2.00 2.27 2.96 2.39 4.46 10.00

FEA [◦] 0.00 15.00 30.00 45.00 60.00 75.00 90.00 65 65
𝜙 Algorithm [◦] 0.81 8.97 25.37 47.15 66.59 81.39 90.11 76.36 68.20

𝑒(𝜙)[%] 0.23 1.67 1.29 0.60 1.83 1.77 0.03 3.16 0.88

The last column corresponds to the error estimate for the 𝜙 = 65◦ case reported in [7] by applying Eqs. (33) to (35).
a
i
a
f

𝑒(𝜙) = 100
|𝜙𝑟𝑒𝑓 − 𝜙|

360◦
% (34)

In the resultant forces case, the errors are relative to the modulus
f the reconstructed resultant forces, so that:

(

𝐹𝑥,𝑦,𝑧
)

= 100
|𝐹𝑟𝑒𝑓𝑥,𝑦,𝑧 − 𝐹𝑥,𝑦,𝑧|

𝐹𝑇
% (35)

where 𝐹𝑇 =
(

𝐹 2
𝑥 + 𝐹 2

𝑦 + 𝐹 2
𝑧

)1∕2
.

5.1. Force estimation error due to variation of 𝜙 variation

Tables 1 and 2 show the results for the forces reconstruction for
oth types of contacts analyzed, when 𝜙𝑟𝑒𝑓 varies between 0◦ and 90◦

the other quadrants generate similar results). The last two columns of
hese tables present the performance comparison of the particular case
eported in [7] when 𝜙 = 65◦.

In the Hertzian contact case, Table 1 shows a maximum error of
0.93% in the resultant forces reconstruction, 9.41% as the maximum
rror for the 𝜇 calculation, and 1.64% in the 𝜙 estimate (these errors

include effects due to the sensor discretization). Comparing the TFRA
6

results with [7] in both cases, all the parameters present values close
to the FEA reference.

In the non-Hertzian contact case, Table 2 shows maximum errors
of 5.44% in resultant forces reconstruction, 4.46% in the 𝜇 calculation,
nd 3.16% in the 𝜙 estimate. Compared to [7], the TFRA produces an
mprovement in the response of the resultant forces in the 𝑌 and 𝑍-
xes, even though it obtains a greater error in the reconstruction of the
orces for the 𝑋-axis.

The resultant force errors for the proposed model are larger than
those reported in [35] for a three-dimensional force reconstruction
model. However, considering the simplicity of the TFRA as well as
its independence on training routines or the transduction technologies
employed, this method can be successfully applied to a broad range of
tactile sensing systems.

The TFRA was validated using higher contact force levels than those
reported by the data-driven triaxial approach presented in [13] (based
on a multi-camera array for a resulting sensing surface of 49×51 mm2),
and lower than those reported in [12] (based on a non-array large-scale
tactile sensor of 47 × 47 mm2 active surface area). Despite this, the
TFRA has not restrictions on the contact area size neither the forces

magnitude to be estimated.
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5.2. Variation on the tangential forces direction

Fig. 5 shows the TFRA response to the parametric variation of the
orientation of the tangential force (𝜙𝑟𝑒𝑓 ) in the range [0◦, 360◦]. For

ertzian and non-Hertzian contacts, it is observed that the algorithm
utcomes closely follow the references established to 𝜇 and 𝜙 for all
he experiments carried out.

Analyzing the Hertzian contact, Fig. 5(a) shows that 𝜇 is above 𝜇𝑟𝑒𝑓
or most cases, while 𝜙 oscillates about the reference with a maximum
rror of 1.93%. For the non-Hertzian contact, Fig. 5(b) shows that
oscillates about the reference, while 𝜙 follows the established FEA

eference with a maximum error of 2.20%.
The above results indicate that the TFRA can detect variations in the

rientation of the tangential forces and produce a coefficient of friction
stimation close to the FEA reference model. Given that the two contact
ases analyzed present significant differences in the contact area, size,
nd sensor resolution because of the parametric variation of 𝜙𝑟𝑒𝑓 , it
s observed that the proposed algorithm meets the generalization and
calability criteria defined in [26].

.3. Reconstructing stress surfaces

Figs. 6 and 7 present the comparison between the stress surfaces
pplied as a load to the sensor and those reconstructed from the contact
orces for four cases 𝜙𝑟𝑒𝑓 = (0◦, 30◦, 60◦, 90◦) with 𝜇𝑟𝑒𝑓 = 0.5. Reference
urfaces represent normal stress loads 𝑞𝑧,𝑟𝑒𝑓 from the FEA, while 𝑞𝑡𝑟𝑒𝑓
elate to the modulus of the stress tangential components, such that,

𝑡𝑟𝑒𝑓 =
√

𝑞2𝑥,𝑟𝑒𝑓 + 𝑞2𝑦,𝑟𝑒𝑓 (36)

Stress surfaces 𝑞𝑥, 𝑞𝑦, and 𝑞𝑧 reconstructed by the TFRA are calcu-
lated from the triaxial components of the forces vector 𝑓 and the sensor
discretization, such that,

𝑞𝑥,𝑦,𝑧 =
𝑓𝑥,𝑦,𝑧
𝑠𝑥 ⋅ 𝑠𝑦

(37)

Analyzing the orientation of tangential forces for 𝜙𝑟𝑒𝑓 = 0◦ and
𝑟𝑒𝑓 = 90◦ depicted in Figs. 6 and 7, it is observed that the stress
urfaces depend only on the contribution of the force in one of the 𝑋
r 𝑌 axes. Such behavior allows us to verify that the TFRA response
s correct, since 𝐹𝑦 = 0N for 𝜙𝑟𝑒𝑓 = 0◦, and 𝐹𝑥 = 0N for 𝜙𝑟𝑒𝑓 = 90◦.
hus, the reconstructed stress surfaces are similar to those expected in
ll cases regardless of the value of 𝜙𝑟𝑒𝑓 , the contact size, and the size
nd resolution of the sensor.

.4. Variation of the contact centers

Fig. 8 shows the results of applying the TFRA to calculate 𝜇 and 𝜙
for displacements of the contact center for 𝜇𝑟𝑒𝑓 = 0.5, 𝜙𝑟𝑒𝑓 = 45◦. The
ottom of this figure shows the 𝑋-axis for the Hertzian contact, whereas
he top shows the 𝑋-axis for the non-Hertzian contact. For the two types
f contact analyzed, the values of 𝜇 and 𝜙 for the displacement (0, 0)

correspond to contacts completely centered in the sensor surface area,
i.e., the stress components 𝑞𝑥, 𝑞𝑦 and 𝑞𝑧 have centers in (𝑥0, 𝑦0). For the
ther eight displacement cases, the contact center is placed following
combination of 𝑋-axis or∕ and 𝑌 -axis movements (𝑥0 ±𝛥𝑥0, 𝑦0 ±𝛥𝑦0).
onsidering that the scope of the proposed method covers only static
ontacts, the displacement cases analyzed correspond to independent
ontact events.

As observed in Fig. 8, the TFRA estimates 𝜇 and 𝜙 close to the
eferences regardless of the contact center and contact surface shape.
n the Hertzian contact, 𝜇 varies in the range [0.50, 0.72] for values of
𝜙 in the range of [36.61◦, 43.41◦]; note that 𝜙 is oscillating under the
reference. For the non-Hertzian contact, 𝜇 varies between [0.52, 0.69]
(which is above the reference) when 𝜙 is in the range [28.81◦, 58.91◦],
with a maximum error of 4.5% for all contacts. The more significant
variations of 𝜇 and 𝜙 in the non-Hertzian case are due to the effects
of the resolution and discretization of the tactile sensor over the sharp
edges (discontinuities), which are characteristic of this kind of contact.
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Fig. 5. Effect of parametric variation of 𝜙𝑟𝑒𝑓 on the 𝜙 and 𝜇 estimate for: (𝑎) Hertzian
ontact, (𝑥0 , 𝑦0) =(18 mm,9 mm); (𝑏) non-Hertzian contact, (𝑥0 , 𝑦0) = (18 mm,18 mm).

.5. Computational complexity and execution time

One advantage of the TFRA is that it does not require complex
rithmetic operations, making its implementation in real-time tactile
ensing systems easy. Most complex operations, such as higher-order
atrix multiplications (𝑚×3𝑚)⋅(3𝑚×𝑚) and matrix inverse computation,

equired in Eqs. (6) and (9), are run offline as they only depend on the
elected tactile sensor.

The TFRA optimal solution search algorithm has a computational
omplexity 𝑂

(

𝑚2) with a single degree of freedom (𝜇𝑖𝑛𝑑) for evaluating
wo stress functions that involve adds and matrix–vector multiplica-
ions of a maximum order (𝑚 × 2𝑚) ⋅ (2𝑚 × 1), see Eqs. (23) and (25).
hese functions require only 𝑚+1 variables (𝑓𝑧, 𝜇𝑖𝑛𝑑) for evaluating 𝐵𝑧

nd 2𝑚 + 1 variables (𝑓𝑥, 𝑓𝑦, 𝜇𝑖𝑛𝑑) for evaluating 𝐵𝑥𝑦.
Fig. 9 shows the comparison in the execution time for both software

mplementations, the TFRA, and our sequential implementation of the
odel proposed by [7]. These values were obtained by using the
imeit Matlab® function [49], for 𝜇 = 0.5 and 𝜙 changing in the
ange described in Section 4. The bottom of Fig. 9 presents a close-
p of the temporal response for the TFRA. The maximum execution
ime in the case of the TFRA is 32.28 ms, and 27.13 ms for the
ertzian and non-Hertzian contacts, respectively, while our implemen-
ation of [7] reaches a maximum value of 264.39 ms and 821.70 ms,
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Fig. 6. Tangential and normal stress surfaces for the Hertzian contact. All magnitudes of 𝑞𝑡𝑟𝑒𝑓 , 𝑞𝑧,𝑟𝑒𝑓 , 𝑞𝑡, and 𝑞𝑧 stress functions are in N/m2, while 𝑋𝑌 -axes in mm.
Fig. 7. Tangential and normal stress surfaces for the non-Hertzian contact. All magnitudes of 𝑞𝑡𝑟𝑒𝑓 , 𝑞𝑧,𝑟𝑒𝑓 , 𝑞𝑡, and 𝑞𝑧 stress functions are in N/m2, while 𝑋𝑌 -axes in mm.
respectively. Although the TFRA presents a significant reduction in the
execution time for the contact forces reconstruction, additional efforts
could be made to improve these results in future real-time hardware
implementation.

The bottom of Fig. 9 shows the upper limits for the response time
of the TFRA, regardless of the type of contact, which ensures the
predictability in the execution time proposed as an efficiency criterion
by [26]. In addition, it is worth highlighting the reduction in the
execution time of the proposed algorithm by requiring the sweep of
a single independent variable (𝜇𝑖𝑛𝑑) and not two (𝜇𝑥 and 𝜇𝑦) for the
evaluation of the optimal functions.
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6. Conclusions

This work presents a triaxial contact force reconstruction algo-
rithm (TFRA) for tactile sensor arrays capturing discrete normal stress
distributions on flat surfaces. TFRA is a model-driven method that
proposes an alternative solution to the Boussinesq equation in ill-
posed problems for single static contacts. This method represents an
optimization of previous solutions reported in the literature, enhancing
its implementation in real-time tactile sensing systems thanks to its
arithmetic simplicity.

The TFRA estimates the orientation of the tangential forces of a
contact event from the normal stress distribution information captured
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Fig. 8. Contact center displacement evaluation for the Hertzian contact with (𝑥0 , 𝑦0) =
(18 mm,9 mm), and non-Hertzian contact with (𝑥0 , 𝑦0) = (18 mm,18 mm).

Fig. 9. Temporal response of the TFRA and our sequential implementation of the model
proposed by [7].

by the sensor. Such estimation simplifies the process of searching for
the optimal solution of the system by using two optimization functions
that evaluate the effects of the reconstructed normal and tangential
forces on discrete stress values calculated on the sensor surface. In this
work, it is assumed that an optimal reconstruction of forces is the one
that generates the normal stress distribution closest to the reference
given by the sensor data.

Given the parametric variation of the orientation of the tangential
forces and the displacement of the contact center, the proposed algo-
rithm produced a maximum estimated error of 10.93% for Hertzian
contacts on rectangular surfaces and 5.44% for non-Hertzian contacts
on square surfaces. The error obtained depends on the initial estimate
of the orientation of the tangential forces from the discrete normal
stress data, which implies that it depends, in turn, on the size and num-
ber of taxels used. Thus, it is possible to state that increasing the sensor
resolution (taxels/area) will improve the contact force reconstruction
errors but will lengthen the execution time.

The proposed method reconstructs the triaxial forces independently
of the smoothing of the edges of the contact object, the area and
9

the center of the contact, and the discretization of the tactile array.
This guarantees that the TFRA is generalizable, efficient, and scalable
and makes its implementation feasible for real-time tactile decoding
systems.
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