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Classical moment functionals (Hermite, Laguerre, Jacobi, Bessel) can be characterized as
those linear functionals whose moments satisfy a second-order linear recurrence relation.
In this work, we use this characterization to link the theory of classical orthogonal
polynomials and the study of Hankel matrices whose entries satisfy a second-order linear
recurrence relation. Using the recurrent character of the entries of such Hankel matrices,
we give several characterizations of the triangular and diagonal matrices involved in
their Cholesky factorization and connect them with a corresponding characterization of
classical orthogonal polynomials.
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1. Introduction
Classical orthogonal polynomials (Hermite, Laguerre, Jacobi, and Bessel) have been

characterized using different approaches. For instance, they can be characterized
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in terms of differential equations [2], their derivatives [8] [12], structure relations
[1, 5, [14], and a Rodrigues formula [19], among others (see [6l [[5] and the references
therein). More recently, an approach that uses linear functionals and duality was
introduced by Maroni [I6]. In all of these approaches, the starting point is to use
the basis of monomials to represent polynomials and state the results.

However, an interesting (and most recent) approach is to start from the theory
of semi-infinite matrices (see, for instance, [3] and [I7]). The bibliography on this
subject has grown greatly in the last years, and it has become increasingly difficult
to do a comprehensive review of all the references. Hence, we refer the reader
to |20, 2I] (and the references therein) where the algebra of infinite triangular
matrices and the algebra of infinite Hessenberg matrices are used to study some
aspects of orthogonal polynomials, and to [4l 13] (and the references therein) where
the main tool is the Cholesky factorization of Gram matrices of bilinear forms.
We remark that the Cholesky factorization proves to be quite fruitful in the study
of nonstandard orthogonality such as multiple, matrix, Sobolev, and multivariate
orthogonality as well as orthogonality on the unit circle of the complex plane, and
have successfully found its way into applications in random matrices, Toda lattices,
integrable systems, Riemann—Hilbert problems, Painlevé equations, and Darboux
transformations, among others topics.

Our goal is to contribute to the link between matrix factorization and orthog-
onal polynomials. In particular, we deal with several characterizations of classical
orthogonal polynomials. However, we shift our paradigm from infinite matrices to
the finite Gram matrix G,, associated with a bilinear form defined on the linear
space of polynomials of degree at most n > 0. For standard orthogonality, G,, is
a Hankel matrix (all of its antidiagonals are constant). Taking into account that
the moments of a linear functional associated with a family of classical orthogonal
polynomials satisfy a second-order linear recurrence relation [14], we can say that
this paper deals with Hankel matrices with an additional structure: the entries of
G, satisfy such recurrence relation. In this way, we can extend the bilinear form to
the linear space of polynomials of degree at most n+ 1 by constructing a new Gram
matrix G,,+1 by means of bordering GG,, with a new row and column whose entries
are obtained using the recurrence relation and the entries of G,. The resulting
matrix G,,4+1 will also be a Hankel matrix with the additional structure mentioned
above. Consequently, it will be possible to prove by induction that the properties
satisfied by G,, are also satisfied by G, 1.

The change from infinite matrices to subsequently bordering finite matrices is
motivated by an alternative proof of a classical result about the interlacing of zeros
of orthogonal polynomials of consecutive degrees found in [6]. This classical result
states that if the zeros of any two polynomials of consecutive degrees interlace,
then these polynomials are elements of a sequence of orthogonal polynomials asso-
ciated with a positive definite moment functional. This result can be proved using
the Euclidean division algorithm for polynomials. However, this result can also be
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deduced using the following theorem about interlacing eigenvalues of Hermitian
matrices found in [I0] p. 185]:

Theorem 1.1. Letn be a given positive integer, and let {xy, x }2_, and {z,_15}7_1
be two given sequences of numbers such that

Tn,1 < Tn—1,1 <---< T,k < Tn—1,k < LTy, k+1 <---< Tn—1,n—1 < Tn,n-

Let A = diag(xn—11,%n-1,2," " Tn-1,n-1). Then there exists real number b and a
real vector § = (Y1,...,Yn—1)" € R" 1 such that (x,)1_, is the set of eigenvalues
of the real symmetric matriz
Aly
B =

g'|b

From this, it seems reasonable to think that the procedure of bordering matrices
encoding information about polynomial sequences is well suited for presenting and
deducing results about orthogonal polynomials most likely due to the fact that for
all n > 0, the linear space of polynomials of degree at most n is a subspace of the
space of polynomials of degree at most n + 1. In this way, the Gram matrices of
bilinear forms associated with classical orthogonal polynomials possess the adequate
structure to start exploring our proposed paradigm.

The paper is organized as follows. Section 2] presents basic background on classi-
cal orthogonal polynomials and their associated linear functionals, and we introduce
classical sequences of real numbers in Sec.[3l In Sec. ] we discuss the Cholesky fac-
torization of Hankel matrices obtained from given sequences of real number and its
relation to orthogonal polynomials. We present several characterizations of classical
sequences of real numbers in Sec.

2. Orthogonal Polynomials and Linear Functionals

For n > 0, let II,, be the linear space of polynomials of degree at most n of a real
variable and real coefficients, and let IT = (J,,~ o II,.

Let IT* denote the algebraic dual space of II. That is, IT* is the linear space of
linear functionals defined on II,

IT" = {u:II - R:u is linear}.
We denote by (u,p) the image of the polynomials p under the linear functional u.
Any linear functional u is completely defined by the values
= (u, "), n >0,

and extended by linearity to all polynomials, where pu,, is called the nth moment of
u. Therefore, we refer to u as a moment functional.

A moment functional u is called positive definite if (u,p?) > 0 for every nonzero
polynomial p € II.
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Let u be a moment functional. A sequence of polynomials { P, (z)},>0 is called
an orthogonal polynomial sequence (OPS) with respect to u if

(1) deg P, = n,
(2) (U, Py P) = hu, O, With By, # 0.

Here, 0, denotes the Kronecker delta defined as follows:

1, n=m,
6n,m =
0, n#m.

If there exists an OPS associated with u, then u is called quasi-definite. Positive
definite moment functionals are quasi-definite.

Observe that an OPS {P,(x)}n>0 constitutes a basis for II. If for all n > 0,
the leading coefficient of P, (x) is 1, then {P,(z)}n>0 is called a monic orthogonal
polynomial sequence (MOPS).

Given a moment functional u and a polynomial ¢(z), we define the left multi-
plication of u by ¢(z) as the moment functional ¢ u such that

(qu,p) = (u,qp), Ypell,
and we define the distributional derivative Du by
(Du,p) = —(u,p’), Vpell
Moreover, the product rule is satisfied, that is,
D(qu) = ¢ u+ qDu.

Definition 2.1. Let u be a quasi-definite moment functional, and let {P,(z)}n>0
be an OPS with respect to u. Then u is classical if there are nonzero polynomials
o(x) and ¥ (z) with deg ¢ < 2 and deg 1) = 1, such that u satisfies the distributional
Pearson equation

D(¢pu) =¢u. (2.1)
The sequence { P, (x)},>0 is called a classical OPS.

The following characterizations of classical moment functionals and OPS will
be of central importance in the sequel.

Theorem 2.2. Let u be a quasi-definite moment functional, and {P,(x)}n>0 its
associated MOPS. The following statements are equivalent:

(1) u is a classical moment functional.
(2) (Bochner [2]) There are nonzero polynomials ¢(x) and ¥ (x) with deg ¢ < 2 and
deg v =1 such that, for n > 0, P,(x) satisfies

¢(x) Pyl (z) + () P, (x) = An Po(x), (2.2)
where Ay = n (252¢" + 4).
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(3) (Hahn [8, Q]) There is a nonzero polynomial ¢(x) with deg¢ < 2, such that

{P”;j_;?)}nzo is the MOPS associated with the moment functional v = ¢(z)u.

(4) (First structure relation, [I]) There is a nonzero polynomial with deg¢ < 2,

and real numbers an, by, cn, n > 1, with ¢, # 0, such that
é(x) Pl (x) = ap Poi1(x) + by Py(z) + ¢ Pr_1(z), n>1.
(5) (Second structure relation, |5l [14]) There are real numbers a, and By, n > 2,
such that
P (2) P (x) p—1(2)
Pn _ n+1 " n o n—1
() n+1 ta n A -1
(6) (Rodrigues formula, [I9]) There is a nonzero polynomial ¢(x) with deg¢p < 2,
and a nonzero real number ky, # 0 such that

D" (¢"(x)u) =k, Po(z)u, n>0.

. n>2. (2.3)

It is well known (see [2] as well as [I1]) that, up to affine transformations of
the independent variable, the only families of positive definite classical orthogonal
polynomials are the Hermite, Laguerre, and Jacobi polynomials. The corresponding
moment functionals admit an integral representation of the following form [18]

(u,p) = / p(a) w(z)de, pell,

where I = R and w(z) = e~*" in the Hermite case, I = (0, +00) and w(z) = 2% ~*

with @ > —1 in the Laguerre case, and I = (—1,1) and w(z) = (1 — 2)*(1 + z)?
with a, 8 > —1 in the Jacobi case. We note that in each case, w(z) > 0 on I and,
thus, we say that w(z) is a weight function.

The definition of classical moment functionals in terms of the distributional
Pearson equation not only encompasses positive definite moment functionals asso-
ciated with weight functions, but includes the nonpositive case as well. Considering
the nonpositive definite case gives rise to the Bessel classical moment functional sat-
isfying the distributional Pearson equation 1)) with ¢(x) = 22 and ¥ (x) = ax +2.
The Bessel functional is quasi-definite when a # —1,—2,.... Moreover, it has the
following integral representation

(u,p) = / p2)w(z)dz pell,

where w(z) = (27i)"12%"2¢=2/%, and c is the unit circle oriented in the counter-
clockwise direction.

Observe that from Theorem 2.2], if u is a classical moment functional satisfy-
ing (ZT)), then v = ¢(z) u is a classical moment functional satisfying the Pearson
equation

D(éV) = (4 +¢)v.

Iterating this idea, we get that the high-order derivatives of classical orthogonal
polynomials are again classical orthogonal polynomials of the same type.
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Theorem 2.3 ([8] [12]). Let u be a classical moment functional satisfying
@), and {Pn(x)}n>0 its corresponding MOPS. For k > 0, let vi = ¢*(z)u and
{Qnk(x)}n>0 be the sequence of polynomials given by

1
Quil(w) = mp,ﬁ’f@k(x), n >0, (2.4)

where p¥) is the kth derivative of p, and (V) =v (v +1)--- (v+k—1), (V)o =1,
denotes the Pochhammer symbol. Then, for each k > 0, {Qn k(x)}n>0 is « MOPS
associated with the moment functional vy, satisfying

D(¢vi) = i Vi,

where Yi(x) = Y(x) + k ¢'(x). Hence, vy is a classical moment functional.

3. Classical Sequences of Numbers

This section is devoted to presenting the definition of classical moment function-
als from a different approach. We start by introducing sequences of real numbers
that satisfy a second-order recurrence relation and use them to construct linear
functionals defined on II.

Definition 3.1. Let {u,},>0 be a sequence of real numbers with 1o # 0. Then
{tn}n>0 is a pre-classical sequence if there are real numbers a, b, ¢, d, e satisfying

la| + |b] + || >0, na+d#0 n>0,
such that the following holds
(na+d)pips1+ (nb+e)pup +ncp,—1 =0, n>0. (3.1)
By convention, u,, = 0 whenever n < 0.

Let {fin}n>0 be a pre-classical sequence of real numbers. Then it is possible to
define a functional u as follows:

Hn = <u7 xn>7 n >0,

and extend it by linearity to all polynomials, where p,, is called the nth moment of
u. Therefore, we refer to u as a pre-classical moment functional. Observe that the
condition na + d # 0, n > 0, guarantees that u is completely defined since each
moment

Nn+1:*n [(nb+e)un +ncpn-], n=>0,

a+d
is well defined.

The recurrence relation (B can be passed down to the pre-classical moment
functional associated with {tu, }rn>0-

Theorem 3.2. A sequence {jin }n>0 s pre-classical if and only if there are nonzero

polynomials ¢(x) and p(x) with deg¢p < 2, degyp = 1, and 5¢" + 9" # 0 for
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n > 0, such that the moment functional u defined by p, = (u,z™) satisfies the
distributional Pearson equation

D(pu) = pu.
Proof. Suppose that u satisfies (2 with nonzero ¢(z) = ax? + bz + ¢ and
V() = dx + e with deg ) = 1 such that 0 # 3¢"” +1' =na+d for n > 0. Then
(w,¢p" +1¢p) =0, Vpell
In particular,
0= (w,noz" ' +9a") = (na+d)ppi1 + (nb+ ey +ncpn1, n>0.

Therefore {pin}n>0 is a pre-classical sequence of real numbers and, thus, u is a
pre-classical moment functional. It is easy to verify that the implications in the
opposite direction hold by inverting each of the previous steps. O

For any sequence {fin}n>0, we can define the sequence of matrices {Gy}n>0
where G, is an (n+ 1) x (n + 1) matrix given by Gy = o and

Hn Ho H1 - Hn
. M1 M2t Pngd
G = Gn-1 S L T R E %)
Hon—1 . .
22 /142n—1| H2n Hn Hn41 --. H2n

In particular, consider the sequence { iy }n>0 with po = 1 and p,, = 0 for n > 1.
Observe that this sequence corresponds to the linear functional § € II*, known as
the Dirac delta, defined as follows:

(6,p) =p(0), Vpell

In this case, we have Gy = 1,

1 0 0

0 0 0
Gn: . )

0 0 0

and det G, = 0 for n > 1. In the sequel, we will need to exclude this and other
similar cases and, therefore, we impose that det G,, # 0 for n > 0. Hence, we have
the following definition.

Definition 3.3. A pre-classical sequence {pun}n>0 is classical if the sequence of
matrices {Gp}n>0 defined as in (B2) satisfy det G, # 0 for n > 0. The moment
functional defined by p, = (u,2™) is called a classical moment functional.

In the sequel, some orthogonal bases for R"*! associated with a classical
sequence of numbers will play an important role in our study of such sequences.
Therefore, in the following section we discuss the orthogonal structure of R"*+!
induced by general sequences of numbers.
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4. Sequences of Numbers and Orthogonality

Given an integer n > 0, a sequence of numbers induces a bilinear form in R™**+!
whose Gram matrix is G,, defined in ([B.2]). In this section, we explore orthogonal
bases of R"*! associated with a sequence of numbers and use it to construct bases of
polynomials in IT,, orthogonal with respect to its corresponding moment functional.

For n > 0, we will denote by éo, ..., &, the columns of the identity matrix I, 1,
that is, I,41 = [€0 €1 - - - &,]. The set of column vectors &, = {éo, ..., é,} is called
the canonical basis for R"+1.

Definition 4.1. Let {{,, }n>0 be a sequence of numbers. For n > 0, B,,(-, -) denotes
the bilinear form defined by

B,(1,0) =1 G,v, Viu,veR"M,

and is called the bilinear form associated with {p,}n>0 (relative to the canonical
basis of R"*1).

For n > 0, if det G, > 0, then 9B,,(-, ) is an inner product on R"*1. In this case,
we can define the norm

|alln = /Bu(w,u), VaeR"™.

Of course, there are many orthogonal bases for R™*! associated with %B,,. How-
ever, we are interested in orthogonal bases obtained from the Cholesky factorization
of G,,. Recall that if det G,, # 0, there is an (n + 1) x (n 4+ 1) unit lower trian-
Land an (n+1) x (n+1)

gular matrix (that is, with 1s in its main diagonal) S,

nonsingular diagonal matrix H,, such that
Gn=2S,"H,S, ",

where ST = (S 1) (see Theorem 4.1.3 in [7]). Moreover, this matrix factorization
is unique. We can immediately observe that if we write the above identity as

then we have an orthogonality relation for the columns of S, as we show in the
following theorem.

Theorem 4.2. Let G,, = S; ' H, S, " be the Cholesky decomposition of Gy,. Then
the columns of S,| form an orthogonal basis for R"*! with respect to the bilinear
form B,,.

Proof. If 39,51,...,5, are the columns of S, , then

=T
50

Hy=S,Go s = | Gy [50 51 5n).
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Since H,, is a diagonal matrix and G, is the representation of the bilinear form B,,,
it follows that

%n(§i7§j) =0 fori 7&_]

and

%n(gi,gi):hi, 1=0,1,...,n,
where h; is the ith nonzero entry of H,, that is, H,, = diag(ho, h1,...,hn). m|

The following theorem shows that the Cholesky factorization of G,, and G, 1

are related. In fact, the Cholesky factorization of G, is obtained by bordering
S, and H, with a new row and a new column. The proof relies heavily on the

expressions for G,;! and det G, in terms of cofactors. If (G,,); ; is the (i, j)-cofactor
of G,, with 4,7 =0,1,...,n, then

(Gn)O,O (Gn)l,O (Gn)n,O
n 1 (Gn)oa  (Gn)ia (Go)na
_ E . . -1 _
det Gn - o itk (Gn)z,kv Gn det Gn
(Gn)O,n (Gn)l,n Tt (Gn)n,n

The result also involves a formal determinant of size (n + 2) x (n+ 2) with vectors
appearing in the last row. By this, we mean the symbolic Laplace expansion of
a determinant across the last row, which results in a linear combination of the
involved vectors.

Hereon, 0 will denote the zero matrix of appropriate size.

Theorem 4.3. Let n > 0, and let S;' H, S, T be the Cholesky factorization of

Gr. Then, Guy1 = S, |y Hus1 S, with

S1ls H,| o
T _ n [°n+1 o n
Sn-i—l - |: 0 1 :|a Hn+1 - |: 0 hn+1:|7

where [§I+1 1)7 is a vector given by the formal determinant

Snt1 1
= det
[ 1 ] det G, ¢

_ 1 _ _
= Ent1 m((anLl)nH,O €g+ -t (Gn+1)n+1,n €n) (4.1)
and
det Gn+1
hpyr1] = ———. 4.2
+ det G, (4.2)
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Proof. Observe that the columns of [S,, 0]" are linear combinations of the vec-
tors ég,...,e, € R™"?2 (that is, the first n + 1 columns of I,,12). Then H, 1 =

Snt1 Gt SJH with §,4+1 and H,; as in (£I) and ([@2) if and only if

%n+1([§rTL+1 1]T7éi) =0, 2=0,1,...,n
and
~ ~ deth i
%n+1([51+1 1]T7 [Sn—i-l 1]T) = TG,:

The condition (@3] can be written as a system of linear equations:
Nn+1
Gn §n+1 = - :
Hon+1

By Cramer’s rule,

1

<§n+1 = m((0n+l)n+l,0 éO +- (Gn+1)n+1,n én);

which is the formal expansion of the determinant (&Il across the last row.

Moreover, since det G, # 0, from ([A4]) we also have

Hn+1

~ —1 .

Sn+1 = 7Gn
H2n+41

and

Hn+1

Sn |0 G,

T S;lr Sng1
Sn+1 Gn+1 Sn+1 -

H2n+1 { 0 1

HUn+1 - H2n+1 |//42n+2
[ H, |S.B,
_Cn SJ hn+1

Hn+1 Hrn+1
B, = Gn §n+1 + ’ Cn = §I+1 Gn + y

AT
| Sni1 1

)

where
-

H2an+1 H2n+1
Hn+1
hntt = [8p41 1]
Hon+1

Han+2
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It follows from ([@.6]) that B,, = 0 and C,, = 0. Finally, using (@3] and the fact that

(Gnt1)n+1,n+1 = det Gy, we obtain
h o 1 sy (G ) - det Gn+1
n+l — det Gn = Hn+1+j n+1l)n+1,7 — det Gn )

which proves ([d2]). |

We can reformulate the above discussion in the context of II,, as follows. Given
a sequence of numbers {j,}n>0, denote by u the moment functional defined by
pn = (u, ™). If det G,, # 0, then

(w,pq), p,qell,,

is a (nondegenerate) bilinear form defined on II,,. It is easy to see that its Gram
matrix relative to the basis of monomials is G,,. Let G,, = S, ' H, S;T be the
Cholesky decomposition of G,, (det G,, # 0) and let

1 0 0 o 0

51,0 1 0 0

S, = |20 S21 1 0
Sn,O Sn,l 571,2 e 1

be the explicit expression of the matrix S,,. It follows from Theorem that the
set of polynomials {Py(x), Py(z),..., P,(x)} where

P(x) = sko + g1z 4+ sppaz M 42k, k=0,1,2,...,n,
form an orthogonal basis for II,, with respect to u; that is, deg P, = k and
(u,Pj Pz> :hj 51',]', 0 SZ,] Sn,

with hj; # 0. Moreover, by Theorem the polynomial

has degree exactly n + 1, is orthogonal to every polynomial in II,, and

det G
_ 2 _ n+1
h’ﬂ+1 - <u7Pn+1> - det Gn :

5. Characterizations of Classical Sequences

Our goal for this section is to recast Theorem [Z.2]in terms of classical sequences by
shifting our point of view from the moment functional u to the Gram matrix G,

2350006-11
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associated with a bilinear form defined on II,,. Recall that G,, is a Hankel matrix
(all of its antidiagonals are constant). Hence, we can say that this section deals
with Hankel matrices with an additional structure: the entries of G,, satisfy the
recurrence relation (B). In this way, we can extend the bilinear form to IT,
by constructing a new Gram matrix G,1 by means of bordering G,, with a new
row and column whose entries are obtained with (B1) from the entries of G,,. The
resulting matrix G,41 will also be a Hankel matrix with the additional structure
mentioned above. Consequently, it will be possible to prove by induction that the
properties satisfied by G,, are also satisfied by G,,41.
The following matrices will play an important role in the sequel.

Definition 5.1. Let a,b, ¢, d, and e be real numbers such that |a|+ |b|+|c| > 0 and
na-+d#0forn>0. Forn > 1, we define the n x (n 4+ 1) matrix R,, recursively
as follows:

R, = B o ., Ri=led).

O---0(n—1)c(n—1)b+e|(n—1)a+d

Consider the differential operator R : II — II defined as follows:
Rlp] = ¢(x)p’ +¢(x)p, Vpell,
where ¢(z) = az? + bz + ¢ and (z) = dz + e. Observe that
Rlz"] = (na+d)z" ™ + (nb+e)a" +nca™ ', n>0.

In this way, the matrix R, 11 is the matrix representation relative to the basis of
monomials of R restricted to IL,,.
Let {pn}n>0 be a sequence of real numbers. Define the vector of moments

My = [po p1 -+ ftn] ', 1> 0.
If {41n } n>0 is pre-classical, then Eq. (81)) for {po, - .., tn} can be written as follows:
R, M, =0.

This implies that if u is the moment functional defined as u, := (u,z™), then by
1)), the following holds

(u,R[z"]) =0, n>0.

Now, consider the vector whose entries are the monomials in II,:

If we define the n x (n + 1) matrix

Np—1|0

Nn[
0 |n
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then

d
—Xn =N X1
dx " !

5.1. Bochner-type characterization

For n > 0, let us introduce the (n + 1) x (n + 1) matrix D,, defined as follows:
Do=0, D,:=R!N,, n>1

It is possible to express D,, recursively as follows:

0

Dp—1 0
D = nn—1)c

n((n—1)b+e)
n((n—1)a+d)

0

o

Observe that D,, is the matrix representation relative to the basis of monomials

of the operator
d
DY~ R | 05| = 6a) s + w0}y, Vo, 5.1

restricted to II,,.
In the following theorem, we show that D,, is a self-adjoint matrix with respect
to the bilinear form 9%5,, given in Definition [4.1]

Theorem 5.2. Let {{in}n>0 be a classical sequence satisfying B.1)), and let B, be
the operator defined in Definition Il Then, for n > 0, the matrixz D,, satisfies

B, (D1, v) = B, (4,D,0), u,ve R (5.2)

Proof. Observe that proving (B.2)) is equivalent to proving
D! G, =G,D,.

We prove this for n > 0 by induction.
It is obvious that DEJ'— Gy = GoDg. We also prove the case n = 1 for the sake of
clarity since it is the first nontrivial case. We compute

e (3] ] - (5 )
eld] L |na e ld] Lplps
Again, multiplying by blocks, we get

DS— GO | D(—)r M1 :| - |: GO D(—)r | 0 :|
dpy +epole i + d o dp +epolep +dps |’

DIGli |:
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Since {pn }n>0 is a classical sequence, by condition (BI) with n = 0, we have
p#1Do =0 =dpu1 + e po.
Therefore, we can write

Gng|6/L0+d,LL1:| _ [G0|u1] |:D0|€
0

-
G =
P1 &1 #1 Do |6M1 +d po M1 |H2 |d

|=cin.

This proves D1T G, = G1D.
Now, suppose that D; G = G Dy holds for some k& > 0. We compute

.
T _ D
Dpt1 Gry1 = k

0(k+1Dke(k+1)(kb+e)|(k+1)( ka—i—d)
HE+1
Gy :

H2k4-1
Hk+1 - JU2k4-1 | H2k+2

Multiplying by blocks, we get

DZ—H Grt1 = )
where
Hk+1
Ty=D, | |,
H2k+1
Hk—1 0 H2k—1
=[k+Dkc(k+1)(kb+e)(k+1)(kat+d)] | pne - por |
HEk+1 0 H2k+1
and

Zr=(k+1Dkcpa+ (k+1)(kb+e)popir + (k+1)(ka+d) pogi2 = Zl;r.

Since by our induction hypothesis we have

G D | T
T
Dk+1 Gk"rl = T - )
U |%k
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it is clear that our main efforts should focus on showing that Z; = ;. Observe that

0
M1
_ Dg_l : .
0
0 0k(k—1)ck((k—Db+e)k((k—1a+d] H*
Then, the kth entry of Zj is

k(k—1)cpop—1+k((k—1)b+e€)por +k((k—1)a+d) pors1,

while the kth entry of g is
(E+ 1D kcpor—1+ (E+1)(kEb+e)por + (k+ 1) (ka+d) progt1,
which means that the kth entry of yi — Zy. is
(2k a + d)pgk1 + (2k b+ €) pog, + 2k c prog—1 = 0,

where we have used condition (B.1).
Now, noticing that the last row of D/I_1 is

0--0(k=-1)(k=2)c(k—1)((k—=2)b+2) (k—1)((k—2)a+d)],
we have that the (k — 1)th entry of Ty, is
(k=1) (k= 2) cpop—2 + (k= 1) (k= 2) b+ 2) pog—1 + (k — 1) (k — 2) a + d) piax,
while the (k — 1)th entry of gy, is
(k+ Dkcpusk—o + (k+1)(kb+ e)psk—1 + (k+1)(ka+ d)par.
Then the (k — 1)th entry of g, — zy is
2[((2k = Da + d)pok + ((2k — 1)b+ €)pok—1 + (2k — 1)c pog—2] = 0,

where, again, we have used (B with n =k — 1.
If we continue in this way, then for i = 0,1, ..., k, the (¢+1)th entry of g, — Ty, is

(k+1=9)[((k+i)a+ d)pgr1+i + (K + )b+ e)upri + (k+ i) pr—14:] = 0.

This means that Z; = y, and, consequently,

. G Dk | Uk
Dyy1 Gry1 = = Gr+1 D41,
A
which proves that D,TL G, = G, D, holds for n > 0. O

Let us now consider the eigenvectors of D,,. Suppose that @, € R"*! are eigen-
vectors corresponding to distinct eigenvalues A and X, respectively. Then,

AB,,(14,7) = B, (\t,0) = B, (Dyat, 0) = By, (4,D,0) = B, (4, \0) = A\B,, (, ),
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which implies
(A=) B, (u,v) =0.

Since A # ), we must have that 9B,,(,7) = 0 and, therefore, % and v are orthogonal
with respect to 98,,. We have already encountered the eigenvectors of D,,, as the
following theorem shows. This theorem is, in fact, a characterization of classical
sequences in terms of D,,.

Theorem 5.3. For n > 0, let S; 1 H, S, T be the Cholesky factorization of G,
and let 550,501, --,5n,n denote the columns of SJ. Then {pntn>0 s a classical
sequence if and only if

Dngn,j:)\jgn,jy ”207 OS]STL,
where A\j = j[(j —1)a+d|.

Proof. Suppose that {i,}n>0 is a classical sequence. For n = 0, then Dy = 0 and
50’0 = 1. Thus it is obvious that Do 50’0 = )\0 50,0.

Forn =1,
D()B_ _ 500
Dy = = |—.

Then, multiplying by blocks, we have

_ Do 50,0 | 50,0 _
DiS190=|———| =X |——| = Ao S1.0-
151,0 [ 0| 0 [ 0 } 0 51,0

Since S; is upper triangular with 1s on its diagonal, then {3; o, 51,1} constitutes a
1 ’ s ’
basis for R2. Then we can write
Dy 811 =a1,181,1+ a1,0S51,0,

for some constants a;,; and a; 0. Using the orthogonality of the columns of SlT with
respect to B and Theorem [1.2] we obtain

B1(D151.1,81,; B1(51,1,D1 51,5 ,
a1, = 1(D1 51,1, 51,5) _ 1(811 181,3)’ j=0,1.
h; hj

It follows that a1, = 0 and, thus,

B B *
D1 S1,1 =a1,181,1 = )
1,1

)

where we have taken into account that 51 1 = [* 1] T (the value of the entry denoted
by * has no relevance). If we multiply by blocks, we get

_ k
D1 511 = [d}’

which implies that a1,1 =d = A1.
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Now, suppose that
Dk Skj = AjSkj, 0<j<k,

holds for some k£ > 0. Recall that

Dy 0
D41 = (k+1)ke

(k+1)(kb+e)
0---0|(k+1)(ka+d)

and that, by Theorem (@.3]),

- Sk,j . _ *
Sk+1,j = |: O’J:| , 0 < Vi < k, and Sk+1,k+1 = |:T:|’

where the values of the entries denoted by * are not relevant here. Multiplying by
blocks and using the induction hypothesis, we get

_ D Sk, _ .
Dpt1 8kt1,j = { 0 J] =XjSky1,5, 0<j5<k

Since S,;'— 41 Is an upper triangular matrix with 1s on its diagonal, its columns con-
stitute a basis for R¥+1. Then, we can write
k+1
Dpy1Skpy1kr1 = Z k41,5 Sk+1,55
j=0
where by the orthogonality of the columns of S,Ll with respect to By4+1 and The-
orem [5.2] we have

_ Bt (Dr1 S 1,k+15 Sk+1,5)
Ak+1,5 = h.
J

~ Brr1(Bra1,k41,Dkt1 Skr1,g)
- b
h;

0<j<k+1.

It follows that

B S, 5 i .
J= kA1 (Sko 1 k415 Skt1,5) —0, 0<j<k

ak+1 > > Iy
hs
J

and, consequently,

_ _ *
Dit1 Skt1,kt1 = Okt1,kt1 Skt1,k+1 = [7]
Ak+1,k+1

Moreover, if we multiply by blocks, we get

B *
D1 Sk41,k+1 = { } ,
Akt1
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which implies that aj41,4+1 = Ag41. Then the sufficient condition is proved by the
principle of induction.
Conversely, if B,, is the bilinear form defined in Definition 1], then

B, (D SnjsSnk) = Bn(5n,,DnSnk), n >0, 0<4, k<n.
Indeed,
B, (Dn Sn,js Sn,k) = B(5n,5,Dn Snk) = (Aj = Ak) B8 g, Snk) = (Aj = M) hj Gk
which vanishes for all 0 < j, &k < n. This implies that

S, G, —GpD,) S =0, n>0,
or, equivalently,
D) G, —G,D, =0.

Since D,, = RI N, the first column of the above matrix identity reads NnT R, M, =
0, or, equivalently,

E[((k—=1)a+d)pur + (k= 1) b+ e)pr—1 + (k — 1) pp—2] =0,

for n > 0 and 0 < k < n. It follows that {u,}n>0 satisfies (B.1]); hence, it is pre-
classical. Furthermore, {u,}n>0 is classical since, otherwise, G,, would not have a
Cholesky factorization for some n > 0. |

The above results can be passed down to the operator D defined in (5.1I). Let
{n }n>0 be a classical sequence of real numbers, and let u be the moment functional
defined as p, = (u,2™), n > 0. Then (5.2) implies that

(u,Dlplq) = (u,pDlq]), Vp,qecll

That is, D is a self-adjoint operator on polynomials. Moreover, for n > 0, let
Sgl H, S;T be the Cholesky factorization of G, and let 5, 0, 5p.1,- .., 8n,n denote
the columns of S,”. From Theorem [5.3] we deduce that the sequence of polynomials
{Pn}nzo with

P,(x) = 571” Xn, n >0,
are eigenfunctions of the operator D. That is,
D[P =AM P,, n>0,

with A\, =n[(n—1)a+d]. Note that {P,,},>0 is a sequence of polynomials orthog-
onal with respect to u.

5.2. Hahn-type characterization

Let {in }n>0 be a sequence of real numbers and let a, b, ¢ € R such that |a|+|b|+]|c| >
0. We can define a new sequence {0, }n>0 as follows:

Un:aﬂn+2+bﬂn+1 +cppn, n=>0.
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Notice that if u is the moment functional defined as y,, = (u,2™), then {o,}n>0
is the sequence of moments of the functional given by v = ¢(x)u where ¢(x) =
ax?+bx + c. Indeed, for n > 0,

(v,z") =, 02™) = (u,az" ™ + b 4 ca™) = apnio + bping1 + Clin = 0.
We denote by {GSJ)}”ZO the sequence of (n + 1) x (n + 1) matrices with

On

(1) .
Gél) = oy, and Ggll) = Gn—l : , n>1. (53)

O2n—1

On " 0'2n71| 02n
The following theorem shows that the pre-classical character is inherited by

{on}n>o0-

Theorem 5.4. If {un}n>0 is pre-classical satisfying B1)), then {on}n>0 is pre-
classical satisfying

(na+dy)opy1 + (nb+e1)o, +ncop—1=0, n>0,
where dy =d+ 2a and ey = e+ b. Moreover,
on=—(na+d) pinye — (nb+¢€) pint1 —ncp,, n>0. (5.4)
Proof. For n > 0, we compute
(na+di)op1+(nb+er)on, +ncon_q
=a([(n+2)a+dlunss + [(n+2)b+ elpniz + (n+ 2)cpin i1
—bping2 —2¢ping1) + b ([(n+1)a+ dlpnyz + [(n+ 1)b + €] gt
+(n41)epin + apiniz = cpn) +c((na+d) ppia + (nb+e)un
FRCpn1+ 20 g1+ bpin),
where we have used 0, = @ 2 + b fint1 + ¢ . By B, we have
(na+dy)ops1+ (nb+e1)on +ncon—
=—abipio—2acpupy1 +abppio—bepun+2acpunss +bcpy, =0.
Finally, (5.4)) follows from the fact that (BI) can be written as follows:

afint2 +bpini1 +cpn =—(na+d) pniz — (nb+€) pni1 —ncpiy. O

When {fi, }n>0 is a classical sequence of real numbers, the matrix GS}) satisfies
an interesting and useful relation involving the matrices G, and D,,.

Proposition 5.5. Let {u,}n>0 be a classical sequence of real numbers satisfying
@BI). Then, for n >0,

N;Ll GS) Npy1 = *DIH Gn1-

2350006-19



Bull. Math. Sci. 2024.14. Downloaded from www.worldscientific.com
by UNIVERSITY OF MALAGA on 09/20/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

M. E. Marriaga et al.

Proof. We prove this theorem by induction. For n = 0, on one hand we have
T (1) |0 {00
Nl GO Nl = |:1:| ao [O 1] = |:O oo .

On the other hand, we have

1 1 — - .
—e —d| {1 2 —epp —dpr  —epr —dpus

Since {pn }n>o0 satisfies (BI]), we have that —e po —d 1 = 0 and, by (&), —e g —
d pz = 0¢. Therefore,

0 O
-D| G; =
1 ! |:O 0'0:| ’
which proves that N, Gél) N; = -D{ Gy.
Now, suppose that N,:_H GS) Nit1 = —D;_H G41 holds for £ > 0. On one
hand, we compute

- Ok+1
T A N ] © GV Nert| ©
Nito Giiq Nig2 = k
0 |k+2 O2k+1 0 |k+2
Ok+1 """ O2k+1 |U2k+2
Multiplying by blocks and using the induction hypothesis, we get
—D];r_i_l Gk-&-l‘ Tk
1
Nl:+2 Ggw)l Nito = R )
z, (k +2) oop12
where
Ok+1
T = (k+2) Ny
O2k+1
On the other hand,
~Dyiy Grra
0
= 7D;€r+1 :
0
0-0—(k+2)(k+1)c—(k+2)[(k+1)b+e]|—(k+2)[(k+1)a+d]
Hr+2
X Gk+1 :
H2k+3
Hk+2 -0 H2k43 |M2k+4
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After multiplying by blocks, we have

-
~Dpyo Gry2 = ;

where

Hk+2
T .
Yr = _Dk-',-l : )

H2k+3
Ze= 1[0 0 —(k+2)(k+ e —(k+2)[(k + 1)b+e]] Gria
— (k+2)[(k+1a+d] [pri2 - p2rta)],
wp = —(k+2)[(k + 1) cpopt2 + [(k+1) b+ €] pogis + [(k + 1) a + d]pog4]-

By Theorem[5.2] we have that z; = 7, . Hence, our efforts should focus on showing
that Zx = 7 and wy, = (k + 2)? 0ax42. Let us start by proving the second identity.
Observe that

wy = —(k 4+ 2)[[(2k + 2)a + d] porya + [(2k +2) b+ e]pars + (2k + 2)c piag12)
+ (k+2)(k+ 1)(a p2rta + b pog+3 + ¢ flagy2)-
From (54) and the fact that oogto = @ pakta + b piok+3 + ¢ pokt2, we deduce that
wy, = (k+ 2)oorg2 + (k+2)(k + 1)oapss = (k+2)? oopy2.
In order to prove that T = gy, we note that
NkT 0 Ok+1

= (k+2)

0 |k+1 Tolit

and

M2
_ 7]); : .
0
0 0—(k+Lkec—(h+1) (Kbt e)|—(k+1)(ka+d)|

Then, the last entry of Ty — g is
(k +2)(k + Doag1 + (k + D[k cpapi1 + (kb + e)poky2 + (ka + d)pag3]
= (k + 2)(k + 1)02k+1 — (k + 1)02k+1 — (k + 1)2 O2k+1 = O,
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where we have used (5.4]) and the fact that oogr1 = a pogrrs + b pokt2 + ¢ piog41. In
general, the ith entry of T — g, with 1 <7 < k+ 2, is
(i—D[(k+2)okti-1+[(1 —2) c ki1 + [(i —2) b+ €]
X pieti + [(0 = 2) @ + d] peg144]]
=@ —=D[(k+2)okti-1 — Okri1 — (k+ 1) okti1] =0,
where we have used (54 and the fact that opy;— 1 = auk+1+i + b g + C gt

This proves that Zr — ¢ = 0 and, in turn, that N k+2 Gk+1 Nk+2 = fD;LZ Grya-
It follows from the Principle of Induction that N, el Npg1 =D} 1 Gyt
holds for n > 0. 0

Now, let {pn}n>0 be a classical sequence of real numbers. For n > 1, let
S* H, S’T be the Cholesky factorization of Gy, and let 5,,0,5,,1,...,5n,n denote

the columns of S, . Consider the set {s 52121} of vectors in R"*! with

n,00°

FON. _ .
ntl8n41,541, 0<7<n.

miT 41
Observe that {551172), ceey Enlzl} constitutes a basis for R"*!. Furthermore, since S, is
a unit upper triangular matrix, the (n+ 1) x (n+ 1) matrix S, | defined as follows:
1 (1
Sia =[5 5+ S, (5.5)

which is also a unit upper triangular matrix We show that G\ defined in E3)
admits a Cholesky factorization with S~ 1 its triangular matrix factor.

Theorem 5.6. Let { i, }n>0 be a classical sequence of real numbers satisfying (B3.1)).
Forn >0, let S;Y H,, S; T be the Cholesky factorization of Gy,. Then GS}) admits
the Cholesky factorization given by

G =8, 1H,15,1

n,1»
where S, | is the matriz defined in B5) and H, 1 = diag[hél), ce hs)] with

Ajt+1 ,
h;l) = —ﬁ hjyr, J =0,

and A\j =j5[(j —1)a+d.

Proof. For 0 < j,k < n, we compute
_ 1 _ _
(50,) T GRSk = G+ E+1) Sni1i41 Vg1 G Nt St g
Using Theorem and Proposition [5.5] we obtain

W\ (1) 1
(sp) GV s = “GIOGTD Spi1j+1Dmi1 Gntt Snit ket

- Ajt+1 _ o s
G+ 1) (k 1 1) rottasd ekt Sndbbat
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Ajr1 _ _
—m Bn+1<3n+1,j+17 Sn+1,k+1)

Ajt+1
TR
This implies that .S, 1 Ga Sp1 = Hy1 and, hence, G = S;& Hy 4 S;I |

Corollary 5.7. If {iin}tn>0 is a classical sequence, then so is {op tn>0.

Proof. By Theorem (54), {0, }n>0 is a pre-classical sequence.
Now, we must show that det GﬁP # 0 for n > 0 (Definition B3]). From Theorem
we deduce that
det G =det Hyy = h$Y - h(), n>0,

with

N .
hg_l) _ ,ﬁ hjsi, >0,

and A; = j[(j — 1) a +d]. Since {pn }n>0 is classical, then we have
hn,#20 and na+d#0, n>0,

(see equality (X2 and Definition B]). This implies that h§-1) # 0 for j > 0. There-
fore, det aV # 0 for n > 0 and, thus, {0, }n>0 is classical. O

Theorem implies that for n > 0, the columns of S,I ; constitute an orthog-
onal basis for R"™! with respect to the bilinear form associated with {0}, },>0 (see
Definition [1]), which we denote by

BY(w,0)=ua"GV o, VYa,veR"L
We are ready for the following characterizations of classical sequences.
Theorem 5.8. Let {{in}tn>0 be a sequence of real numbers such that det G,, #
0 forn > 0. Let S;*H,S;" be the Cholesky factorization of G, and let

51,0, 80,1, - - 8n,n denote the columns of SI. Then {in }n>0 is classical if and only
if there are real numbers a, b, ¢ satisfying

la] +[b] + |c[ >0,

such that the set {Efll,z), ceey 52121} of vectors in R with
R 1841541, 0<j<n
n,j ] 1 n n+1,5+1, >J =T

constitutes an orthogonal basis for R"+1 with respect to the bilinear form associated
with {on}n>0, where

Un:aﬂn+2+bﬂn+1+cﬂna n > 0.
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Proof. If {u,}n>0 is classical, then it follows from Theorem .6 that
Sn1 G Sy 1 =Hya, 020,

where
S =[5 st B,
and H, = diag[h{", ..., h)] with
O _ At -
hj ——mh]—kla ]Zoa

and A\; = j[(j — 1) a + d]. This implies that
B sy = e, 0<i, j<n
This proves the necessary condition.
Conversely, for n > 0, on one hand we have

B (50,500 = h" 60

or, equivalently,

1
E)TeW sl = 1 St s Ny GO 500 = <A1 By G0

Using the fact that SS% = €y where, recall, g is the first column of the identity
matrix of order n + 1, we write

0o

o1
Spitgr1 Mg | | = —(B+1) A by Gp.

On
On the other hand

_ _ T _
Bt 1(Snt1,k4155n41,1) = Syt k1 G Snp1,10 = hidgo = by (b + 1) 0p0-

Therefore,
0o
01
51+1,k+1 NJH | ==M 5I+1,k+1 Grt1 8n+1,15
On
and, thus,
00
_T T o1 _
Sp41,k+1 Nn+1 . + M Gn+1 Snt1,1 | = 0, 0<k<n.
Un
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Since the first row of N,[,; is [00---0] and 5}, 1 o Gn1 Snt1,1 = 0, we have

0o
T T g1 _
Sn+1 Nn+1 : + )‘1 Gn—i—l Sn+1,1 — 0,
On
and, consequently,
00
T |9t _
Nt St A Gt Snq1,1 =0, (5.6)
Un

where we have used the fact that S, is an invertible matrix. If
§n+1,1 = [31’0 1 0 e O]T,

then let d = Ay and e = A s1,0. Observe that by Theorem H.3] s1 o is independent
of n. In this way, the entries of (5.6 read

d:ul +epo = 07
kok—1+dpugs1r +epr = (ka+d) pge1 + (kb+e)ug +kcpr—1 =0, 1<k<n,
which proves that {u,}n>0 satisfies ) and, thus, {g, }n>0 is classical. m|
Corollary [.7] shows that the classical character of {u,}n>0 is inherited by
{on}n>0 allowing us to apply all of our previous results about classical sequences

to {on}n>0 and {Gsll)}nzo. Therefore, we can define a new sequence {07(12)}7120 as
follows:

07(12) =aopy2+bopy1 +co,, n>0.

We denote by {Gg)}nzo the sequence of (n + 1) x (n + 1) matrices with

o)
(2) .
G —6® and GO = Gha @ | n=L
92n—1
AT o]

By Theorem [(.4], {07(12)},120 is pre-classical satisfying
na-+ds)o +(nob+ez)o,” +nco, 4 =0, n=>0,
ds)o ') b i =0 >0

where do = d+ 4a and es = e + 2b. Moreover, if det Gg) # 0 for n > 0, then
{07(12)}7120 is classical and, by Theorem (.8 the set {55%, .. .,5512,21 of vectors in
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Rt with

5@ _ 1

(1 .
ng it Tt 5514,)_1,]'_»,_17 0<j<n,

constitutes an orthogonal basis for R™t! with respect to the bilinear form %%2)
associated with {07(12)}n>0, that is,

)

%(2( =(2) —(2))_h(2)5 O§]7 kSTL

n,j? nk

where

J (j+1)2 j+1

and XV = j[(j — 1)a +dy].
Iterating this idea, we obtain the following result.

@) MY e
hy’ = ———=h Jj =0,

Corollary 5.9. Let {pin}n>0 be a classical sequence of real numbers. Let
S;l H, S;T be the Cholesky factorization of G, and let 5,0,5n,1,...,5n,n denote
the columns of S. For each k > 1, define the sequence of real numbers {Uy(lk)}nzo
by

off) a0 +bo ) +eolTY, mzo,

where o) = fn for n > 0. Then {o,&k)}nzo is classical satisfying

(na+dk)ogizl+(nb+ek) ()Jrnccr 2,=0, n>0,

where d, =d+2ka and e, = e + kb. Moreover, the set {s(k) e ,55521} of vectors
in R"T1 with

Sk 1 _(k—1 .
Sy = 77 Mot S, 07,
(0)

where s, 5

= 3, constitutes an orthogonal basis for R" ™' with respect to the bilinear

form associated with {crflk)}nzo.

Observe that the vectors {5552), ce E%kzl} in Corollary[5.9 can be written in terms
of the vectors 5,,0,5n,1,...,5n,n as follows: for each k£ > 1,
M=~ L Not1 Noyo oo Nogk Sntkjrk, 057 <, (5.7)
TGk ’

where (V) =v(v+1)---(v+k—1), (v)o =1, denotes the Pochhammer symbol.
If {Gﬁ,’“’}nzo denotes the sequence of (n 4+ 1) x (n 4 1) matrices with

o
(k) :
Gék) = Uék), and G%k) = G (k.) ;o n>1, (5.8)
%2n—1
Ur(zk) Uéi)—l Ug:z)
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then the orthogonality of {s(k) .. 551]@21} with respect to the bilinear form %%k)
associated with {Un )}nzo is given by
B (5. 500) = (50)) | G sl =0V 6 0<i, j<n, (59)
where
w_ AnT ey
h; = TG J =0,

and )\;k) =Jj[(j — 1) a + di]. Note that we can write
k=1 1 ()

[lico Ajirs b
[+ D2 7

Moreover, (53] implies the Cholesky factorization of G'P.

h(-k) _ (71)k

§ j>0.

Sk G ST =Hpp, n>0,

where
Sn k — [ gzkz) gglk)l T ggzkzz]v
and H, ;, = diag[h”, ... ).

Let us reformulate the above results in terms of polynomials and moment func-
tionals. Let {1, }n>0 be a classical sequence of real numbers satisfying (B1]), and
let u be the moment functional defined as p,, = (u,z™), n > 0. For each k > 1, the
sequence of real numbers {a,&k)}n>0 is defined by

(k— 1)

(k)—aa(k 1)+bo —i—ca(]C 1) n >0,

where o() = u, for n > 0 is the sequence of moments of the functional
given by v, = ¢Fu where ¢(x) = ax® + bx + c. Moreover, for n > 0, let
S;l H, S;T be the Cholesky factorization of G, and let 5, ¢, 55,1, - . ., 3n,n denote
the columns of S,. For n > 0, Corollary implies that the polynomials

{Qo,k(x)v Ql,k(x)v R Qn,k(x)} given by
Qin(x) = ()X, 0<j<n,

. k .
satisfy (vi, Qik Qjk) = h; ) di ;. Therefore, {Qo x(x), Q1.5(), ..., Qnr(x)} consti-
tutes an orthogonal basis for II,, with respect to vj. Furthermore, Theorem
allows us to write

Qni(z) = (5) T Xay, 120,
and, in this way, {@Qn.x(2)}n>0 is an MOPS associated with vi. We note that if

P,(z) = Ez,n X,, n>0,
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then, by (57), we have
(k)
P (@)
n+k
n = >0,
Qn k() mts "

where P) (x) denotes the kth-order derivative of P, (z).

5.3. First structure relation

For n > 1 and given real numbers a,b, and ¢, we define the (n + 3) x (n + 1)
matrices

C
o,
3, = Hol @y = |b (5.10)
a
0

Lemma 5.10. Let {pn }n>0 and {on}n>0 be sequences of real numbers satisfying
Un:aﬂn+2+bﬂn+1+cﬂna n >0,
where a,b,c € R. Then, forn > 2,

v
¢V lo| =G, ®, 20, VYoeR"L (5.11)
0
Proof. We use induction to prove this result. For n = 2, observe that, for all
v e R,
v oo M2 H1 Ho
Gél) 0| = |o1lv=av |pus| +bv |pe| +cv |ur| = Go Powv.
0 P 4 w3 2

This proves the base case.
Suppose that (GI1) holds for some k > 2. Let

We compute

V1 O
17 .
ngl 0 :G&L Vkofl + 10
0 Vk
0 0
0 0
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Multiplying by blocks and using the induction hypothesis, we get

F T
Ok+1 . Ok—1
. :
(1) _ G\ : V—1
Giy1 |0 k + v
0 O2k+1 0 02k—1
Ok+1 " O02k+1|02k+2 0 Ok
L O -
Ok—1
131
Gr Pr—2
— + Vi
Ok41  **+  O2k—1 Ook—1
) Vi—1
02k
[ Ok—1
= Gk (I)k—2 7.
02k—1
| Ok—1 "+ O2k—1| O2k
Then, it is straightforward to verify that
Ok_1 Hk+1 0
G ®Pr—2 _ Gy Pr_olc
T2h—1 H2k+1 b
Th—1 T2k—1] T2k Hi41 - H2k+1 |,U2k+2 0 |a
This proves that
v
1 _
G](C-‘Zl 0] = Gk+1 (I)k,1 v,
0
and, thus, (L.I1]) holds for n > 2. m|

We have the following characterization of classical sequences of real numbers.

Theorem 5.11. Let {pn}tn>0 be a sequence of real numbers such that det Gy, #
0 forn > 0. Let S;*H,S; " be the Cholesky factorization of G, and let
51,0, 80,1, - - 8n,n denote the columns of SI. Then {in n>0 is classical if and only
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if there are real numbers a, b, ¢ satisfying

lal +[b] + |¢[ > 0,

and real numbers aj,bj,c;, 7 > 0, with ¢c; # 0, such that the set {553,3)» ces 551121 of
vectors in R™1 with
1 5 :
Bpj = 731 Vet Spt1j+1, 0<j<mn,
satisfy
Pp—2 5522,;‘ = aj Snj+2 +0j 541+ ¢iSny, 05 j<n—2 (512)

with ®,, as defined in (BI0)

Proof. We will use the fact that

1

n7

%gl)l...g(l]

n, n,n

S,,;l:l - [5
is a unit upper triangular matrix.
Suppose that {un}n>0 is a classical sequence satisfying (BI). Since
51122& € R*! and {50,0:8n,1,---,8n,n} constitutes an orthogonal basis for
R™*! we can write

P, 258

n
(1) _
D, o Spi2, = E Q5 k Sn,k,
k=0
with

_T (1
Q5 k hk = Sn,k Gn @n_g sz—)2,j’ 0 S k S n.

The absence of a subindex indicating some dependence on n is justified by Theorems

and [0.6] which imply that the expression for 5, j; and 551122, ; are independent
of n.

By (EII) and since

S’r—ll—,l - )
we have
(1
8517)2,j
ajrhr=50,GY | 0 |=5,6Ps 0<k<n 0<j<n-2
0

On one hand, by Corollary B9 the set {5511,2), R 551121} is an orthogonal basis for

R, and since Sn,x = 54 ) + Qhk1 Supg_y + 0+ Qo 5, We get that aj = 0
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for0<k<j—1,and
_ (1 _( _ 1
ajjhj = Sz’j Gg) 5513- = (sﬁl,;)T GS) 35173 = hg- ).
Therefore,

(1)
P S ES
My G+127

On the other hand, since Sr—zr—ll is upper triangular, we have

*
Bus5,ly; = |al €R™ 0<j<n-2,
0

where the last n — j — 2 entries are zero. This implies that a;, = 0 for k > j + 3.
Therefore, (m) holds with Q5 = Gj,542, bj = Qj,54+1 and Cj = Qj4 7& 0.

Conversely, suppose that (512]) holds with the entries of ®,,_o are real numbers
a, b, ¢ satisfying |a| 4 |b] 4 |¢| > 0. On one hand, multiplying both sides of ([EI2]) by
EI,O G, we obtain for 0 < j <n — 2,

=T = = - =T (1)
Sn,O Gn (aj 3n,j+2 + bj 3n,j+1 + Cj Sn,j) = Sn,O Gnq)n,Q 3n—2,j'

By the orthogonality of {5,.0,5n1,---,Sn.n}, we have
51,0 Gn®n—2Np_155-1j+1 = (j+ 1)co ho 0.
On the other hand, we have
Sp11Gno18n—1 41 =M1 0j0=(j+ 1) h1dj0, 0<j<n-—2.

Therefore,

h

_T _ 0 _ _

5n,0 Gn®p—2 Ny Sn—1,j+1 = Co h_ Sn—1,1 Gno1 Sn—1,j+1,
1

or, equivalently,

_ ho _ _ .
<5;Lr,0 Gn®y oNp1—co I 3271,1 Gnl) Sn-1+1=0, 0<j<n-—2.

Since anlgnfl,o =0 and 5;[71,1 Gn,1 5n71’0 = O, we have
=T ho T
Sn70 Gn @n_g Nn—l — Cp h_ Sn—l,l Gn—l Sn—l = 0,
1
and, therefore,
_T hO _T
Sn,O Gn @n_g Nn—l — Cp h_ Snfl,l Gn—l = O, (513)
1
where we have used the fact that S,]_; is an invertible matrix. If
51—1,1 =[s51010---0],
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then let d = 7002—? and e = d s1 . In this way, the entries of (L.I3]) read
dpr +epo =0,
(ka+d)pre1 + (kb+e)ux +kepp—1 =0, 1<k<n-—1,
which proves that {u, }n>0 satisfies B1) and, thus, {u,}n>0 is classical. O
We briefly recast Theorem 511 in terms of polynomials. Let {u,}n>0 be a
classical sequence of real numbers, and let u be the moment functional defined as

pn = (u,z™), n > 0. Let {P,(x)}n>0 and {Qn(z)}n>0 be sequences of polynomials
with

Pu(z) =5 ,Xn and Qu(z) = (1) "X, n=>0.
Then {P,(z)}n>0 is an OPS associated with u, and
Pl (x
Qj(x):L()» 0<j<n.

Jj+1
For a,b, c € R such that |a| + |b] + |¢| > 0, and n > 0, the matrix ®,, is the matrix
representation of the linear mapping from II,, to I, ;2 defined by p(x) — ¢(z)p(x)
with ¢(x) = ax? + bx + c. Therefore,

(®r, 551121)1— Xnt2 = ¢(z) Qn ().

In this way, by Theorem [E.11] u is a classical moment functional if and only if there
is a nonzero polynomial ¢(x) with deg ¢(x) < 2, and real numbers ay,, by, ¢, n > 0,
with ¢, # 0,

¢($)Qn($) = anpn+2<‘r) + bnpn+2(w) + Cnpn<‘r)7 n Z 0.

5.4. Second structure relation

The following characterization is similar to (E12) but it has a dual flavor in the

sense that the roles of {5, ;}7_, and {Efllz "_o are interchanged.

Theorem 5.12. Let {jn}tn>0 be a sequence of real numbers such that det Gy, #
0 for n > 0. Let S;'H,S; " be the Cholesky factorization of G, and let
50,05 8n,1,- -, 8n,n denote the columns of S,T. Then {fin tn>0 is classical if and only
if there are real numbers k;,&;, j > 0, such that

Sy =50 F R E_ H &8 L, 0<j<n, (5.14)
where, by convention, we set 55117)_2 = Efll,)_l =0.
Proof. We will use the fact that
Sia = [5nd St S5

is a unit upper triangular matrix.
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Suppose that {in >0 is a classical sequence. By Corollary [5.9] {553,2)7 ceey ESZL
is an orthogonal basis for R"*!. Since S,I 1 is a unit upper triangular matrix, we

can write
Jj—1
_ _(1 (1 .
Sng =By + D@k, 0<j<n,
k=0

where
ajhl) = (00T 6W 5, 0<k<j-1.

As before, the absence of a subindex indicating some dependence on n is justified
by Theorems and [B26] which imply that the expression for §, , and 55}32 ; are
independent of n. Using (I1)) and Theorem 1T we get

1 _ _ _ T _
aj ke hi ) = (ak Snkt2 + 0k Snkr1 +CkSn k) Grndnj, 0<k<n-—2

From the orthogonality of {5,.0,...,5nn}, we obtain a;j = 0 for k < j — 3. There-
fore, (m) holds with Rj = Qj5-1 and é.j = ajj—2-

Conversely, suppose that there are real numbers «;,&;, 7 > 0, such that (514)
holds. For n > 0, define the (n + 1) x (n + 1) unit upper triangular matrices

Then ([.14]) can be written as follows:
Sp = 5Sp1Un.
Using H,, = S, G, S,—lr, we get
Up = U Hy' Sy G S) = Uy Hy' S, G ST Up,
which implies
Inj1 =Un H ' S, Gy S, .
From this equality we get
Spi =U.H;'S,Gh. (5.15)
On one hand, observe that

T _ _ _
Nn+1 Sn+1 = [O Nn+1 Sn+1,1 Nn+1 Sn+41,2 " Nn+1 Sn+1,n+1]

= [o s 250 - (n+1) gS},L}
= Sy 1 Nny1. (5.16)
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Combining (515]) and (B.I6]), we get
N”H‘l =U, H’r:l SnGn Nn+1 Sr—zr—&-l'

On the other hand, we have

1 3 —
hy TmLL Grt1Sni1 = 5n0 Not1.
Therefore,
1
o St Gt = 800 Un Hy ! Sy G N (5.17)
If we let
c
e
b &2 _ LB +17 4 |4 1 5.18)
= 7 Sn, - Sn, - Sn, an = ——Spt1,1, .
a ho 2 hy ! ho 0 i +1,1
0
0

then the entries of (B.IT) read
—€po — dMl =0,
—e g —dpgrr = kcpp—1 +kbpug+kapry, 1<k<n+1,
which proves that {u,}n>0 satisfies () and, thus, {p, }n>0 is classical. m|
For a classical sequence { i, }n>0, let u be the moment functional defined as p,, =

(u,z™), n > 0, and let {P,(z)}n>0 and {Qn(x)}n>0 be sequences of polynomials
with

P, (z) = E;Lr)n X, and Qu(z) = (ESZL)T X, n>0.
Theorem (.12 implies that there are real numbers k,,, &,, n > 0, such that
Pn(x) = Qn(z) + Kn anl(fr) +&n Qn72(x)a n >0,

where, by convention, Q_2(xz) = Q_1(z) = 0. Moreover, we deduce from (5I])) and
Theorem [B.2] that u satisfies D(¢u) = ¢ u with
£2 1

Ba) = 2 Pa(a) + 3 Prl) + 5

1
=7 I Py(z) and o(x) = ——Pi(x).

hy

5.5. Rodrigues-type formula

Recall that classical sequences of real numbers { (i, },,>0 satisfy the three-term recur-
rence relation (B]) which can be written in matrix form as follows:

e
NGV, 0+G, |dl =0, n>1,
0
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with GY as defined in (E3). The following characterization shows that classical
sequences satisfy higher-order recurrence relations which can be written in matrix
form as well.

Theorem 5.13. Let {jn}n>0 be a sequence of real numbers such that det G, #
0, n > 0. Let S;*H,S, " be the Cholesky factorization of G, and let
51,0, 80,1, - - 8n,n denote the columns of SI. Then {pin tn>0 is classical if and only
if there are a,b,c € R such that |a| 4 |b| + |¢| > 0, and nonzero real numbers wy,
k > 1, such that

NI NGB 5, 0= wp Guyk Snsrkr, n>1, 1<k<n, (519)

with G as defined in EX).

Proof. Suppose that {u,}n>0 is classical satisfying [B.I)). For k& > 0, by Corol-

lary 5.9 the set {sflkz), o -% of vectors in R"*! with
sk _ 1 1) :
$ng = 5 Vet Snage 0SS T
where sflo,;- = 3, constitutes an orthogonal basis for R"*! with respect to the

bilinear form associated with {U,(lk)}n>0. Let

Sip=150 50 5M).

n,

On one hand, observe that for k > 1,

1 (k-1
Nt Sn+1 k-1 = [0 Nnt1 ng-l i N1 551-1—1 % ~Npy1 351-5—1,21-1—1]

= (0500 257+ (n+1)5(5)]

n,1
T
= Sn,k Nn+1.
Then, since 5552) =5y for k> 1,

Stk Ny N G 5n0 = Nl Ny Sne G 55%

= k! hék) € € Rn-&-k-ﬁ-l’
where €, denotes the (k+ 1)th column of the identity matrix I,,4x+1. On the other
hand,
1
Iy

Since Sy, 1 is invertible, it follows that

S+t Gnsk Sntk,k = €.
B
Nn+k Nn+1G )Sno_k'h—k Gn+k5n+kk7 kZl

(k)
Hence, (5.19) holds with wy = k! h,‘; .
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Conversely, suppose that there are a,b,c € R such that |a| + [b] + |¢| > 0, and
nonzero real numbers wy, k > 1, such that (519) holds. In particular, for k = 1,
we have

N;;Ll Ggll) gn,O = W1 Gn+1 §n+1,17 n Z 0 (520)

[6‘| :
= —wW1 81,1,
d

and since Sp41,1 = {510’1 }, then the entries of (0.20) read

If we let

76”07dﬂl :07
—epy —dpgrr = kcpgp—1 +kbpur+kapgrr, 1<k<n+42,

which proves that {, }n>0 satisfies B) and, thus, {u,}n>0 is classical. O

We remark that if {1, }r>0 is a classical sequence of real numbers, and u be the
moment functional defined as p,, = (u,z™), n > 0, then the entries of (520)) can
be written as follows:

(D(¢n),z*) = (Yu,z®), 0<k<n+2,

where ¢(z) = az? + bz + c and 9(z) = dz + e, which holds for all n > 0. Hence, u
satisfies (ZI]). Moreover, it is straightforward, but tedious, to verify that the entries
of (BI9) can be written as follows:

(D¥(¢Fu),27) = (wp Pru,a?), 0<j<n+k+1,

where Py(z) = §I+k,k Xnak, k > 1, which holds for n > 1. Hence, u satisfies
D¥(¢¥ u) = @y, Pyu for k > 1 (and holds for k = 0 with @y = 1).
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