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THREE-LAYER FACTORIZED DIFFERENCE SCHEMES AND PARALLEL
ALGORITHMS FOR SOLVING THE SYSTEM OF LINEAR PARABOLIC
EQUATIONS WITH MIXED DERIVATIVES AND VARIABLE
COEFFICIENTS

CRIADO-ALDEANUEVA, F.}, DAVITASHVILI, T.2, MELADZE, H.2, TSERETELI, P.%,
AND SANCHEZ, J.M.5

ABSTRACT. The nonstationary problem for system of parabolic equations with first order bound-
ary conditions is considered

where B is a positively defined, symmetric and bounded matrix, L is a strong elliptic oper-
ator with variable coefficients containing the mixed derivatives, v = (u(l), u(2>, . 7u<”))7 and
f= (fm7 @ f(">) are n-dimensional vectors. The three-layer factorised scheme, whose
solution does not require the inversion of matrix B, is constructed. The obtained algorithms
can be effectively used on multiprocessing computing systems. For the difference scheme, the

o
a priori estimation on layer in norm of grid space ng) is obtained, on the basis of which the
convergence of its solution to the solution of the initial problem is proved.

Keywords: Parabolic-type equation systems, Difference Schemes, Convergence, Paralell Com-
puting, Strong-elliptic operator.
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1. INTRODUCTION

The mathematical formulation of many scientific and technical problems gives rise to differen-
tial equations with partial derivatives of a parabolic type. Such problems concern, for instance,
the distribution of heat in the continuous environment, transport processes, diffusion, move-
ment of ground waters, dissipative biological structures, dynamics of distribution of power in
structures, etc. [13, 16].

The solution of such problems is one of the challenges in numerical mathematics and, as a
rule, it demands a lot of computing resources. One of the possible ways to reduce the time for
solving such problems is to use parallel computations on multiprocessing computing systems.

Many examples related to the construction of difference splitting schemes and applications
and parallel algorithms for the solution of parabolic equations are given in [1, 3, 4, 5, 6, 7, 15].

In the present paper the system of second order linear parabolic equations with mixed deriva-
tives is considered. For this system, the factorized difference scheme is constructed. Based on
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this scheme, the algorithm suitable for calculation on a modern parallel supercomputing sys-
tem is proposed. It means and added value on this field since there is only a few literature on
parallel computations for the considered problems in comparison with the results in the field of
sequential computations.

The paper is focused on the following problems:

(1) To obtain the economic difference scheme at minimal requirements on the spatial oper-
ator. We only require the spatial operator to be strong elliptic.

(2) To achieve absolute stability at any 7 < oo (7 is a step on time axis) and h < oo (hq is
a step along the axis zo, « = 1,2,...,p).

(3) To prove convergence of the difference schemes with a smaller smoothness of a solution
of the initial system of differential equations, which can be achieved by refusing an
estimation of local approximation.

(4) To apply a one-dimensional double-sweep algorithm to solve the obtained difference
equations.

(5) To construct the algorithm of parallel computation.

2. BAasic CONCEPTS AND SOME AUXILIARY INFORMATION

1°. Let

[

Dy, = (0,11) x (0,12) x -+ x (0,1,) = ﬁ(O,la) =
=1
{z

= (x1,22,...,2p), 0<zoq<ly, a=12,...,p}

be an open p-dimensional parallelepiped in p-dimensional Euclid space E,, where I' is its bound-
ary and Dp = D, UT is its closure.

Let Gr = D, x (0,T] be a cylinder in (p + 1)-dimensional Euclid space with the base in
E,; (z,t) is any point in Gr; Gr = D, x [0,7] is its closure; CY*(Gr) is the set of continuous
functions in G, which have in Gr continuous derivatives to the I-th order (inclusive) with
respect to x and to the k-th order (inclusive) with respect to ¢.

Let us introduce the difference spatial-time grid in the cylinder G using one-dimensional
grids on intervals [0,1,], « = 1,2,...,p, and [0,T]:

«

a)a:{x(i“):iaha, i =0,1,... N, Nohg = la, azl,Q,...,p}.
wa:{xga):iahm in=1,....Noy—1, Nohg = la, a:1,2,...,p}.

In parallelepiped Dp the difference grid is constructed in the following way:

p
wp = [[ @« ={z=(ith1,... iphy) € Dp, ia=0,1,...,Na, Noho=1la}.
a=1

where wy, = [0 _; wq is the set of internal points of the difference grid in D,,.

Denote by v, = wp\wp the set of knots belonging to the boundary I', which are called the
boundary knots.

On the interval [0,T] let us introduce the difference grid

@y ={t;=jr, j=0,1,....,k, kr=T}

Let Qpr = wp X wr be the partial-time grid of internal knots of the cylinder Gr, 'y = v, X w7
be the set of knots of difference grid on lateral surface of cylinder Gr. Denote by (x,t;) the
knot of ,; and by (2/,t;) the knot belonging to I',,. Then

Qhr = Qpr UTpr = Wp X Wy
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is the partial-time grid in Gp.
2°. We will deal with functions of discrete argument defined in knots of difference grid and
named as the grid functions.

We will consider the set of grid vector-functions y = (y(l), Yy, ,y(”)) defined on Q.. For
them, the symbol @) is the value of grid vector-function in knots (z,t5).

We will use the following notations:

p(Ele) — (@1, ., Tam1, TalEha), Tatis .-, Tp),

yF10) = y(pEle)y = (g (zE)), Ly (2 E1))),

p
B> =" ha.
a=1

Let us consider the difference relations:
g = YY)
Ty h,a )

p
Ay =Ay, A=) A
a=1

y(+1a) —y

Yz = T7

For the grid vector-functions defined on €, besides the above-mentioned notations, we will
use the following ones:

:& = y(a:,t]+1), y= y(w,t]), Yy = y(J:?t]—l)?
Y-y -y U 2y+y Y-y
Yt = ) Yt = ) Yir = 2 ’ Yo = :
T T T t 27

3°. The set of grid functions, defined on the grid @y, will be denoted by H. Its subset, consisting
of grid functions, which vanish on v, by H.
On set H the scalar product is defined in the following way:

(yov) = S v),
i=1
where

P

(y',0) = Y (@), v'@)h,  h=]]ha
TEWY, a=1

It is obvious that this scalar product induces the norm ||y||2 = (y, ).

Denote by w;[a = wp, U~t, where v is the set of knots of v, border, with x, = l,. Let W;Fﬁ
(e # ) be the set of knots of v;, border with z, = lo, 23 = [, etc. Similarly, we will denote by
v, the set of knots of «; border with =, = 0, etc.

Let us use the notation w;{ = wp U ’yft 9....p- Here the scalar product is also required:

(%U]a = Z(yi7vi)7 (yiavi] = Z yz(x)vz(x) h.
i=1 xew;{

Let us consider the grid Sobolev’s space ng)(wh) consisting of the functions from the set H.

The norm in this space is defined by the following expression:
P
lullf = HUHion = luzallfs  luzallf = (1, (uza)?). (1)
2 a=1

o
Note that Wél) is a complete Hilbert space with respect to norm (1).
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4°. Let A > 0 be the linear self-conjugate operator, in Hilbert space H. We will define a new
scalar product
(y,v)a = (Ay, v).
Owing to this definition, H becomes a new Hilbert space, that will be denoted by H 4. The
norm in H4 will be denoted by symbol || - || 4:

ull% = (Au,w).
3. STATEMENT OF THE PROBLEM

We consider the problem of finding continuous functions in G for the system of parabolic-type
equations with mixed derivatives:

Zlbij(:c,t )24 Z Z Do < (z t)jﬁ) ¥ fi(zt),  i=12....n (2
o

j=1a,8=1
which satisfies the boundary conditions
ui(2' t) = gi(2', 1), when (2/,t) € T x [0, 7], (3)
and the initial conditions
ui(z,0) = ud(z), when z € D, i=1,2,...,n. (4)

Rewrite the the problem (2)-(4) in a vector form:

Z@w ( ap(2 t)jﬁ) + f(x,1),

u(x/,t):g(:ﬂ,t), (', t) € T x [0,T],

u(z,0) = up(z), z € D,
where
w(z,t) = (ui(z,t), ua(x, t), ..., up(x, b)), x=(z1,22,...,2p),
P t) = il t), fol )y fulis 1),
bi(z,t) - bia(z,t) Kip(x,t) - KMi(x,t)
B(z,t) = : : , Kap(z,t) = f :
bpi(x,t) -+ bpp(x,t) Kg}g(m,t) o KB (2,1)

Assume that the following conditions are fulfilled:
(I) Coefficients KL%(JU, t) are Lipschitz-continuous with respect to t.

(IT) Matrices of coefficients of a spatial operator K, = (sz)” | (a,8=1,2,...,p) are
symmetric.

(IIT) Problem (2)-(4) has a unique solution u = u(x,t), continuous in G and sufficiently
differentiable.

(IV) Spatial operator of the system of equations (2) is strong-elliptic, so for any ¢ € [0, T] the
following inequality is true:

1+plsn
ZZf <ZBZK”65€a<VQZlZlﬁa ’ (5)
a=1 i= [e% 1,] (o7 7

where {¢!} are real numbers and v; and vy are positive constants.
(V) Matrix B = (b;;) is defined as positive, symmetric and bounded

Bl <vs,  BZ=0E,

where v3 and § are positive constants and F is a unit matrix.
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Note that the last condition is necessary for existence of the solution of problem (2)-(4).
However, the algorithm of solution of the difference scheme does not require the inversion of the
matrix B.

4. THREE-LAYER DIFFERENCE SCHEME FOR PROBLEM (2)-(4)

1°. For the problem (2)-(4), let us consider three-layer difference scheme approximation of which
in a class C*2(G7r) of solutions of (2) has an order O(7 + |h|?):

Byi+7°Rys + Ay = f,  (2,1) € O, (6)
where y = (y1,¥2,...,Yn) is a n-dimensional vector, which approximates a vector function u,
1
Ay=—3 3 |(Kaplotys,),, + (Kas(o,Os,), | (7)
a,f=1,...,p

and R is an operator-regulator, whose selection provides absolute stability of difference scheme

(G)Vector function y(z,t) satisfies the following boundary and initial conditions:
y(a',t) = g(a',t), when 2’ € Ty,
y(@,0) = u’(z), (8)
y(@,7) = u'(z)

where the third initial condition on layer ¢ = 7 can be approximated, for example, supposing

that u'(z) = u®(x). The approximation error in this case has an order O(7).
Let us write difference scheme (6) in a canonical form [12]:

1
By; + 72 <R — 27_B) v + Ay = f. (9)

The validity of the following relationships is shown in [10, 11]:
v1(A%,y) < (Ay,y) < 1a(A%, )

or
VlAO S A S ]/2140

[¢]
for any vector y € H, where operator A° is defined in Section 2.

Hence, operators A and A? in H are energetically equivalent with constants vy and vs.
In [10] it is proved that the following three-layer difference scheme:

By, + *Ryg + Ay = (), (2,1) € Qr, y(0) =50, y(7) =1,
0<t=nr<tp, n=12,...,n9—1, to = ngT,

is absolutely stable with respect to the initial data and the right side, where yo and y; are
the given arbitrary vectors of finite-dimensional space H (H - Hilbert space), ¢(t) is a given
arbitrary abstract function, ¢ € Wy, and A, B, R are linear operators on H. In addition
o A= A(t) = A*(t) > 0, R = R(t) = R*(t) > 0 are Lipschitz-continuous in ¢, where A*(t)
and R*(t) are the conjugate operators of A(t) and R(t), respectively,

e B = B(t) > 0E (where ¢ is a positive constant and F is the identity operator)

_ 1
e R(t) = %A(t) for all 0 < t = n7 < tg (where e = const, 0 < € < 1, does not depend

on 7 and h).

Based on this result, we can conclude that difference scheme (9), for which R = R — 5-B,

with regulator
SE, (10)

_ 40
R=0cA +2T



6 APPL. COMPUT. MATH., V.XX, N.XX, 20XX
(e]

where o > 115 (0 < € < 1), is absolutely stable in space H (stable with respect to the initial

data and the right side). So, we can assume that operator R is defined by means of equality

(10).

2°. Proceeding with the construction of the economic factorised difference scheme, considering

scheme (6) as the initial one, we can rewrite the difference scheme (6) as follows:

V3T
Bys + —o (B + TR )y + Ay = [, (11)

where

Qi
|
|

=AY = Z R, R =54%,

vy
Equation (11) can be written in the following way:

V3T

9 ——(E+ 7Ry = f — Ay — By;. (12)

Replacing the operator E + 7R’ = E+ 7YF_, RY with factorised operator [[%_,(E + TRQ),
we obtain the three-layer factorised scheme

p
V3T
= II(E+7R)ys = | — Ay~ Bys (13)

a=1

Let us use the equality

P P
HE+TRO E+TZR3+72QP,
a=1

a=1
where
Q= >  RMRG+r > RIRIR)+-. 4P HR ,
a,fy=1,...p a,fy=1,...p
a<f a<f<y

then difference scheme (13) can be rewritten in a following way:

Bys+ (B + 7R+ 7Qu)ya + Ay = f, (14)
or in a canonical form:
By. +7° Ry + Ay = f, (15)
where
R=2R+2p- —B + 250y

Take into account, that
20

B < 13E, RY=5A4°, g=—
V3

It is evident that, if o > 1€, (0 < € < 1), then R > €A and factorised scheme (13) will be

absolutely stable in H, which directly follows from sufficient condition of stability of three layer
schemes.
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3°. It is important to note that for the difference schemes (13) it is possible to construct the
effective computing algorithm by means of decomposition of the operator [[2_;(E + TRY).
We can rewrite difference scheme (13) as follows:

p
I Save = F.
a=1

where S, = F +716AY, F = 2 (f — Ay — By).

V3T
The previously defined difference scheme provides the opportunity to construct the following

computing algorithm:

Sll/(l) = F,
Sal/(a) = V(oz—l)? (Ot = 2, 3, ce ,p) (16)
V(p) = Yit,

Y =y 2y — T j=1,2,3,. .
In order to define the functions v(,) at @ € I'p;, it is necessary to use the following formula:
V(o) = Sa+1 - Spgu(, ),

where 2 € y3 U~ U0,T].

Thus, the difference equation (12) is reduced to the system of equations (16).

The obtained problems (16) can be solved by applying one of the one-dimensional double-
sweep algorithms (for example, Thomas algorithm [8]). This algorithm is especially convenient
for solving the considered problem when function g(z,t) does not depend on t. In this case we
obtain homogeneous boundary conditions for functions v, (a =1,2,...,p).

So, the initial problem (12) can be reduced to a number of problems, each of which can be
solved using parallel algorithms [2, 14, 17].

5. CONVERGENCE OF DIFFERENCE SCHEME

1°. During the construction of initial difference scheme (6), we have required the solution of
system of differential equations (2) to belong to the class C*2(Gr). We can represent an ap-
proximation error of factorised scheme (14) in a following way ¥ = 1y + 11, where 1)y is an error
of approximation of initial difference scheme (6), with an order O(7 + |h|?) in the considered
class and ¥y = 732 Qpuz. From here, it follows that if p > 2 requirement ¢; = O(7 + |h|?)
imposes additional restrictions on the smoothness of the solutions of the system of equations

[e]

(2). However, the a priori estimation and the theorem of convergence in norm of space ng)
can be obtained under weaker restrictions than the condition of local approximation of order
O(7 + |h[?).

2°. To prove the convergence of factorised scheme (14) we will consider vector function z = y—u,
(z,t) € Qpr, where u is a solution of the initial problem (2)-(4), and y is a solution of the
difference scheme (14), (8).

For the grid function z, the following problem is obtained:

Bz; + 2R + Az = 1,
2(0)=0 (17)
(1) =i,

where 1) = 109 + 11 is an error of approximation of the difference scheme (14), and |u(x)| < vy =
const.

[¢]
We will consider z = z(t) as an abstract function of time argument ¢ € w, with values in H,

[¢]
where H denotes a set of vector functions defined on @y, and equal to zero on 7 border of wy
grid.
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To obtain an a priori estimation, it is convenient to reduce the problem (17) to two problems:

Bz; +72Rz; + Az =0,
z(0) =0, (18)
2(1) =T,

and B
Bz; + T2 Reg + Az = 1),
z(0) =0, (19)
z(1) =0,

The solution of the problem (17) can be represented as z = 21 + z2, where 21 is a solution of

problem (18), and 22 is a solution of the problem (19). It is evident that z;, 22 € H.

3°. To obtain an a priori estimation, we will use the energetic identity corresponding to factorised
difference scheme (17). We will take the scalar product of both sides of the equation (17) on
27‘z§ = 7(2¢+ 27) = 2 — Z. Taking into account the expression of operator R and the relationship
Tz = 2t — 2, we will get

o((p_ L _ ;
27 (Beyzp) 47 <<2TE 273) 1 zt)’(zt“t)) i
1
+ 72 <<V23R° + %TQP - 2A> (2t — zp), (2 + Zt)> +

P AGH, -9 =2 (v5).

After some simple transformations the following expression is obtained:
2(3 }+2 Vg lp (——)—%—+1mc+)A+)+
7\ Bze, % T 5 o ze — 27), 2t + 2 g AGE+2), 242
1
+ 72 ((V;RO — 4A) zt,zt> + T3§(szt,zt) =
1

1
= Z(A(Z +2),z24+2)+ 72 <(V23R0 — 4A> 2, zt> + 7‘3§(sz5, zf) + 27 (3, zg).

The previous equality allows us to obtain the energetic identity, which in the case of the
problem (17) has the following form:

27 (B, 2) + 21y = el + 7F + 27 (v,3) (20)
where
1212 = 2+ )2 = Sz 2472 ( (BRO—24) 2,2 ) +
v v 1
#7547 (328 5:8) m).

1 o V3 1
o1y = 100l = g+ 21+ 72 (20 - 34) s0) +

2
3y v 1
+ T2 3 (Qpz, 77) + 72 <<3E — B) 25, zt> ,

2T 2T

le(Ag(z—kz?),z—{—Z)—kTQ @RO—EA 27, 2t
1 27 1),

and (Qp)7 = 0, as operator (), does not depend on ¢.
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o
Taking into account the condition of absolute stability of the difference scheme in space H,

the following inequality is obtained

1+e

V3
R=0A"+ Z2FE > A.
oA 2r T 4
This condition is valid if
1 1 2
ReoA’+Bp>10% o DBros 1T (RO_sa05-2T) (21
27 4 2 4 V3

The operator A = A(t) is self-conjugate, positive and Lipschitz-continuous with respect to t:
A*(t) = A(t) > 0,
(Aey, y)| < vs|(Ay,y)l,

[(Ay,y)| < (1 +vs57)(Ay, y),
A=Alt-1),

(22)

where v5 is the Lipschitz constant for operator A.
Moreover, following [9] and taking into account relations (21), (22), we obtain the following
estimation:

|F| < wsllz]1fy
From here, the energetic inequality follows:
27 (Bzg,2) + 1218 < (L4 vzl + 27 (v, 2 (23)

which allows us to obtain the required a priori estimation.
4°. For the further statement, it is useful to introduce the following notations:

A = T, T or Ay = —T,Tru, Tou =uz,, Tiu=uy,,
Wiz, = > ITTayld, Iz, = > IT.TsTywls,
075117---717 aﬂBv’Y:L“'vp
a<f a<f<y (24)
cullE = Y I Tyl
aaﬁzlw"’p
a<f

Theorem 5.1. Let conditions (I)-(V) from Section 3 be satisfied, regularisator R be defined by
equality (10) and o > ey (e = const > 0). Then for solution z1 of the problem (18) on any
sequence of grids Qp,, the a priori estimation is true

» 1/2
+1
12 2y < Mu7 {ll#(l‘)llg + 7]l (@) |0 + ZTsllu(fﬂ)Hgs,p} (25)
s=2
where My > 0 is a constant and does not depend on the grid, and the norms ||u(x)||23’p are
defined by equalities (24).

Proof. Following [9], the inequality expressing the stability of factorised scheme (18) with respect
to the initial data is obtained

ji+1 )
1A ) < Mill2(D)ll2),  G=12...,

where M{ > 0 is constant, and does not depend on the grid.
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Let us transform the right side of the inequality:

I+ = ghrml + (2R - 1) ruto)ruta) ) +

+ T2 Q) pte)) + 7 (8 = B uto). i) <
1% 7'31/ v
< 57 (ROu(a). p(@)) + =7 (Qpuale), (@) + 75 (), u(a))

Furthermore, for transforming expression (Qpu(z), p(x)) we will take into account Green’s
first difference formula [11], with p(x) € Hp. From this, the validity of inequality (25) follows.
The theorem is proved. t

The following Lemma is required.
Lemma 5.2. Ifa >0, 0<b<min(1/7T,1), a = const, b = const and 0 < 7 < T, then

1+ar

<1 2
b = + kT, (26)
where
a+b
k> 27
T 1-0r (27)

Proof. From the inequality (26) can be obtained

a+b

k> .
—1-br

The denominator of this fraction has its smallest value at 7 = 1. Thus, max k is reached at
7 =T, and if k is defined by (27), the inequality (26) will be valid for any 0 < 7 < T, O

Theorem 5.3. Let conditions 3-3 be satisfied. We choose the requlator as follows:
R = UA() =+ ﬁl?,
2T

where o > 11'51/2, 0 < € < min(1, T) € does not depend on the grid. Then a priori estimation

for solution zs of the problem (20) is valid on any sequence of grids.

1/2

1

125 )2 <M20H%;‘J\X [o(t)|lo + MsT In,a<X]{ZTS 2| ug(t') qsp} , (28)
S

where My > 0, M3 > 0 are constants, which depend only on €, v1, v, vs, T and area Dp.

Proof. Let us rewrite energetic inequality (23) as follows:

~112 2
2r (Bzg, z;) + 11213 < (14 vsr)2l) + 27(0, 2) + 27 (1, 20). (29)
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In order to obtain the a priori estimation, we have to transform the expression 27 (1)1, z;). Using
the Green’s first difference formula and e-inequality [11], we obtain:

2 (41, 2) = %f* {(Qptuirs ) + (Qpui, %)} <

1 /(2
< Mj(z VS ™ e (ZTS 2||utthsp> 746{(sztvzt) +(Qp, 20)} <

p

_\V3 - .
< My(7) 7 <ZT 2Hutt|!35,p> + erl|2lly) + erlllly <

s=2
< M"73 (ZTS 2||Ut||qsp> +€7'H2H%2) +€7'||Z||%2)- (30)
s=2

where MY is a constant and does not depend on the grid.
On the other hand, the following inequality is valid:

-
2r (o, 25 ) < 2781113 + o= llvoll3. (31)
Substituting estimations (30), (31) in inequality (29), we obtain:

p
o T s—
(1 —en)2allfy < (14 (s + 7)1zl + %\Iwo\lg + My P (D)), (32)
s=2

On the basis of the Lemma 5.2, the inequality (32) can be rewritten as follows:

p
122179 < (1 +wom)ll2l1Fa) + TorllWolIf + vsm® > P llus(®)llz,
s=2

where vg, v7, vg are positive constants which do not depend on the grid.

If we summarise the last inequality by ¢ = 27,37,...,T and apply the difference analogue of
Grnwall’s lemma [9], on its basis the a priori estimation (28) can be obtained.
The theorem is proved. O

Merging the results of the Theorems 5.1 and 5.3, we can show validity of the following theorem.

Theorem 5.4. Let the conditions of the Theorem 5.3 be fulfilled. Then, on any sequence of
grids Q. for the solution of problem (17) the a priori estimation is true:

1/2
IIZJ“H@)éMlT{Hu( G+ 7l HAO"i'ZTSHN qsp} +

0<t/<t;

1/2
+ My max |[[¢ho(t )HOJFM:W max {ZTS ? g (t' ||qsp} ;

where My, My, M3 are positive constants, which do not depend on the grid .

On the basis of Theorem 5.4, using the estimation ||2/™||2) > 1|27 1|1, where 19 > 0 is a
constant, which does not depend on the grid, it is easy to obtain an a priori estimation for the

solution of problem (17) in space ng).
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Theorem 5.5. Let the conditions of Theorem 5.3 be satisfied. Then the a priori estimation for
the solution of the problem (17) is true on any sequence of grids Q. :

1/2
!\Zj“!!(l)SM{T{\IM( NG+ 7l \|A0+ZTSHM qsp} +

1/2
+ M, max szo( )||0+M37' max {ZTS 2 ug(t’ qsp} ,

0<t'< <t'<t
where M{, M, M are positive constants that do not depend on the grid.

Theorem 5.6. Let the conditions of the Theorem 5.3 be satisfied. Besides, let the solutions of
system of equations (2) u € C*? when p < 4 and v € CP% when p > 4. Then the solutions of the
difference problem (14), (8) converge to the solution of problem (2)-(4) with order O(T + |h|?)
(1)

in norm W

6. ALGORITHM AND RESULTS OF NUMERICAL CALCULATIONS

1°. To describe the algorithm we consider an example of two equations. In this case formulae
(16) become:

S15yp = F
that is equivalent to
S = F
Sor(2) = (1) (33)
V(2):yft7 Oryn _TV()+2y 717 n:1727"'

where
(1) (1 —(2) (2 N N = =
v = @GV 5Dy D = @GP 5P, g = (e ()a),  F = (B, B,
Si:E—Té’A?, WhereA?y:—y@xi, 1=1,2.

In expanded form for m = 1,2; j = 1,2,..., N — 1, the first equation (33) can be written as
follows:

vV (i — D, jh, ") — (b2 + 278)uV (ih, jh, ") + 750D (6 + 1, jh, t"T1) =

= —h?F,,(ih, jh,t"), i=1,2,...,N; — 1, (34)
with given initial and boundary conditions:
v (in, jh,0), vV (ih, jh,7) and v (0, jh, "1, D (N b, jh, 7). (35)

In equation (34)-(35) index j is fixed. With respect to the index ¢ we have the linear system
of equations with a three-diagonal matrix. Calculations are carried out in parallel with respect
to J.

Similarly, the second equation (33) in expanded form for m = 1,2, ¢ =1,2,..., N3 — 1, can
be written as follows:

rav 2 (ih, (j — 1)h, ") — (W% + 276)v 2 (ih, jh, " TY) + 7502 (ih, (j + 1)k, ") =
= 2P (ih, jh, "N,  j=1,2,...,Ny—1, (36)

with given initial and boundary conditions:
v 2 (i, jh,0), v2(ih,jh,T) and 2 (ih,0,t"Y), v (ih, Noh, "), (37)

In equation (36)-(37) index i is fixed. With respect to the index j we have the linear system of
equations with a three-diagonal matrix. Calculations are carried out in parallel with respect to
i.
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Systems with three-diagonal matrices (34) and (36) are solved, using one of the algorithms of
one-dimensional double-sweep method. However, the solution of these systems can be carried
out in parallel, using parallel computing algorithms (see for example [14, 17]).
2°. The pseudocode of parallel algorithm is given in Algorithm 1:

Ny = () —d)/h, No= (P —dP) /b, b=715, a=h>+2r5), c=16

where z; € [dgl),dg)], x9 € [de),dg)].

Results of calculations are y; and ys for all (i, j).

“for...do par” means that calculations can be carried out in parallel, “for ¢ =1 : Ny — 17
means the cycle, when ¢ changes from 1 to N1 — 1 with step 1.

For illustration of the method we consider the following problem. Let Dy = (0,1) x (0,1). T
is its boundary and Dy = Do UT its closure, = (z1,22). Let Gr = Dy x (0,T] be a cylinder
in 3-dimensional Euclid space and G = Do x [0,T] is its closure.

We considered the following system:

8u1 GUQ 82U1 82U1 8211/2
9= L T2 2
ot "ot Vo2 T Xa2 TPaman N
8u1 6u2 82uQ 82@@ 82u1
T 1952 g
o "o =¥ o V00 TP amon T

where
fi(t,z1, ) = 2z 20(21 — 1) (29 — 1)(t + 1) — 10tzg(zo — 1) — dtzy (z1 — 1) — 3t%(2z; — 1)(222 — 1),
fo(t,x1,m2) = z1w0(xy — 1) (20 — 1)(4t + 1) — 4220 (29 — 1) — 10822 (21 — 1) — 3t(2z1 — 1)(222 — 1).
with initial and boundary conditions
ui(a',t) =0, (',t) e T x [0,T],
u;i(x1,22,0) =0, (x1,22) € (0,1) x (0,1), xi =1,2.

In the appropiate scheme constants have the values & = 5/3, v3 = 3, and the exact solution of
the system is

ui(x1, e, t) = tx1xa(ry — 1)(22 — 1),
ua(z1, x2,t) = t2w122(T1 — 1) (22 — 1),

Results of calculations are shown in Figure 1. Experiments were carried out in the quad-core
computer Intel 2 Quad 2.4GHz. Time calculation (sec) is nearly 3 times less in case of quad
cores with shared memory, that in case of one core.
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