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Abstract

The goal of this work is to obtain a family of explicit high order well-balanced methods for
the shallow water equations in spherical coordinates. Application of shallow water models to
large scale problems requires the use of spherical coordinates: this is the case, for instance, of
the simulation of the propagation of a Tsunami wave through the ocean. Although the PDE
system is similar to the shallow water equations in Cartesian coordinates, new source terms
appear. As a consequence, the derivation of high order numerical methods that preserve water
at rest solutions is not as straightforward as in that case. Finite Volume methods are consid-
ered based on a first order path-conservative scheme and high order reconstruction operators.
Numerical methods based on these ingredients have been successfully applied previously to the
nonlinear SWEs in Cartesian coordinates. Some numerical tests to check the well-balancing
and high order properties of the scheme, as well as its ability to simulate planetary waves or
tsunami waves over realistic bathymetries are presented.
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1 Introduction

The shallow water equations (SWEs) are useful to model free surface gravity waves whose wave-
length is much larger than the characteristic bottom depth: see [39, 40, 41] for a review of these
equations. This is the case of tsunami waves: although the depth bottom of the oceans cannot be
considered as small, the characteristic wavelength of a tsunami can be of the order of 100km, what
is significantly larger than the characteristic ocean depth.

On the other hand, the application of SWE to large scale phenomena (of the order of 1000’s
of km) makes necessary to take into account the curvature of the Earth. Usually, the Earth is
approached by a sphere and the equations are written in spherical coordinates. Although the PDE
system is similar to the SWEs in the plane using Cartesian coordinates, new source terms appear



due to the change of variables. Therefore, the discretization of the system in spherical coordinates
goes far beyond a simple adaptation of the numerical methods for the equations written in Cartesian
coordinates.

SWEs in spherical coordinates are the basis of many of the most used software packages for
tsunami simulations. In most cases, the linear SWEs are considered, what is enough to give an
acceptable simulation of the propagation of the wave in deep waters: [32, 2]. Nevertheless, the
linear SWEs cannot be used for the simulation of the arrival of the wave to the shore and the
subsequent flooding. On the other hand, when the nonlinear SWEs are considered, in most cases
the formulation in primitive variables (i.e. velocity/thickness) is used instead of the conserved
ones (discharge/thickness): see [31]. While the systems written in one or another set of variables is
equivalent for smooth solutions, this is not the case when shock waves develop: the jump condition
depends on the formulation, and the one consistent with the physics of the system is the one
corresponding to the formulation in conserved variables. Again, while the formation of shock
waves is not expected during the propagation of the wave, it is very likely to happen when the
wave is close to the shore.

Finally, in some cases the nonlinear SWEs in spherical coordinates using the conserved variables
is used, but some of the source terms due to the change of variables are neglected, as their influence
is not relevant far enough of the poles (see [32]).

In this article, we consider the nonlinear SWEs in conserved variables formulation with all the
source terms related to bottom variations and to the curvature. Neither Coriolis force (whose
influence is not relevant for Tsunami waves) nor friction forces (whose numerical treatment can be
done like in the Cartesian coordinates case) are considered.

Our goal is to derive an explicit high order well-balanced numerical scheme. By well-balanced,
we mean that stationary solutions corresponding to water at rest situations have to be preserved
by the numerical methods, what is a standard requirement in the context of SWEs: [3], [1], [4],
[12], [22], [23], [26], [27], [33], [35], [42], [30], among others. Finite Volume methods considered here
are based on a first order path-conservative scheme for the standard 1d SWEs and on high order
reconstruction operators. Numerical methods based on these ingredients have been successfully
applied previously to the nonlinear SWEs in Cartesian coordinates: [7], [6], [15], [27], [18], [17]. A
recent review on these methods can be found in [8].

The organization of the article is as follows: in next section, the PDE system is introduced and
an equivalent formulation is obtained which is better suited to the application of Finite Volume
methods. In Section 3 the general form of the semidiscrete in space numerical method is introduced.
Next, a general result concerning the well-balanced property of the method is proved: if the first
order path-conservative scheme and the reconstruction operator are both well-balanced (in a sense
to be specified) then the high order numerical method is well-balanced as well. A general way of
obtaining well-balanced first order schemes and well-balanced high order reconstruction operators
based respectively on [11] and [9] is also introduced. We also discuss the influence of the quadrature
formulas used to approximate the volume and line integrals of the scheme in the well-balancing
property. Some numerical tests are introduced in Section 5 in order to check the well-balancing and
high order properties of the method, as well as its ability to simulate planetary waves or tsunami
waves over a realistic bathymetry of the Mediterranean Sea. Finally, some conclusions are drawn.
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2 PDE System

The shallow water equations on the sphere writes in spherical coordinates as follows (see [40] and
references therein)

∂th+
1

R cos(ϕ)

(
∂θ(huθ) + ∂ϕ(huϕ cos(ϕ))

)
= 0,

∂tuθ +
uθ

R cos(ϕ)
∂θuθ +

uϕ
R
∂ϕuθ −

uθuϕ
R

tan(ϕ) +
g

R cos(ϕ)
∂θh =

g

R cos(ϕ)
∂θH,

∂tuϕ +
uθ

R cos(ϕ)
∂θuϕ +

uϕ
R
∂ϕuϕ +

u2θ
R

tan(ϕ) +
g

R
∂ϕh =

g

R
∂ϕH,

(1)

where R is the radius; (θ, ϕ), the longitude and latitude; g, the gravity; h, the thickness of the
water layer; H, the bottom depth; uθ, uϕ, are the longitudinal and latitudinal velocities averaged
in the normal direction.

Figure 1: Sketch of the unknowns for the shallow-water equations in spherical coordinates.

As it is well known, when shock waves develop, the Rankine-Hugoniot conditions depend on
the formulation of the system. Moreover, the Rankine-Hugoniot conditions related to the system
written in velocity-thickness formulation are not the physically correct jump conditions. Therefore,
we will consider the discharge-thickness formulation:

∂th+
1

R cos(ϕ)

(
∂θqθ + ∂ϕ(qϕ cos(ϕ))

)
= 0,

∂tqθ +
1

R cos(ϕ)
∂θ

(
q2θ
h

)
+

1

R
∂ϕ

(qθqϕ
h

)
− 2

qθqϕ
Rh

tan(ϕ) +
gh

R cos(ϕ)
∂θh =

gh

R cos(ϕ)
∂θH,

∂tqϕ +
1

R cos(ϕ)
∂θ

(qϕqθ
h

)
+

1

R
∂ϕ

(
q2ϕ
h

)
+

(q2θ − q2ϕ)

hR
tan(ϕ) +

gh

R
∂ϕh =

gh

R
∂ϕH,

(2)
where

qθ = huθ, qϕ = huϕ.

In order to write the equations in the form of a system of balance laws, the following variables
are introduced

hσ = h cos(ϕ), Hσ = H cos(ϕ), ησ = hσ −Hσ, Qϕ = cos(ϕ)qϕ, Qθ = cos(ϕ)qθ,
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and the system is rewritten as follows:

∂thσ +
1

R

(
∂θ

(
Qθ

cos(ϕ)

)
+ ∂ϕQϕ

)
= 0,

∂tQθ +
1

R
∂θ

(
Q2
θ

hσ cos(ϕ)

)
+

1

R
∂ϕ

(
QθQϕ
hσ

)
− QθQϕ

Rhσ
tan(ϕ) +

ghσ
R cos2(ϕ)

∂θησ = 0,

∂tQϕ +
1

R
∂θ

(
QϕQθ

hσ cos(ϕ)

)
+

1

R
∂ϕ

(
Q2
ϕ

hσ

)
+

(
Q2
θ

Rhσ
+

ghσησ
R cos(ϕ)

)
tan(ϕ) +

ghσ
R cos(ϕ)

∂ϕησ = 0.

(3)

Remark 1. Since cos(ϕ) is continuous, it can be easily checked that the Rankine-Hugoniot con-
ditions corresponding to systems (2) and (3) are equivalents. Moreover, if H is assumed to be
smooth, then the products hσ∂θησ and hσ∂ϕησ are well defined.

Remark 2. Let O be a domain in the θ-ϕ plane such that qθ and qϕ vanish on its boundary. Then,
the first equation implies that

R

∫
O

hσ dx =

∫
O

hR cos(ϕ) dθdϕ =

∫
O
h dγ

is preserved, where O is the image of O on the sphere of radius R. Notice that this quantity is
different from the water mass, whose expression (assuming that the water density is 1) is given by:∫

O
hdγ +

∫
O

(
h

R

η −H
2

)
dγ.

Nevertheless the difference is small if h� R, what it is usually the case.

Finally, we introduce the variable σ = cos(ϕ) that allows us to write the system as follows:

∂thσ +
1

R

(
∂θ

(
Qθ
σ

)
+ ∂ϕQϕ

)
= 0,

∂tQθ +
1

R
∂θ

(
Q2
θ

hσσ

)
+

1

R
∂ϕ

(
QθQϕ
hσ

)
+
QθQϕ
Rhσσ

∂ϕσ +
ghσ
Rσ2

∂θησ = 0,

∂tQϕ +
1

R
∂θ

(
QϕQθ
hσσ

)
+

1

R
∂ϕ

(
Q2
ϕ

hσ

)
−
(

Q2
θ

Rhσσ
+
ghσησ
Rσ2

)
∂ϕσ +

ghσ
Rσ

∂ϕησ = 0,

∂tσ = 0.

(4)

The system can be written in the more compact form:

∂tW +
1

R

(
∂θF̃θ(W ) + ∂ϕF̃ϕ(W ) + T̃ pθ (W )∂θησ + T̃ pϕ(W )∂ϕησ + G̃ϕ(W )∂ϕσ

)
= 0, (5)

where

W =

[
w
σ

]
=


hσ
Qθ
Qϕ
σ

 (6)
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F̃θ(W ) =

[
Fθ(W )

0

]
=



Qθ
σ
Q2
θ

hσσ
QϕQθ
hσσ

0


, F̃ϕ(W ) =

[
Fϕ(w)

0

]
=



Qϕ
QθQϕ
hσ
Q2
ϕ

hσ
0


(7)

T̃ pθ (W ) =

[
T pθ (W )

0

]
=


0
ghσ
σ2

0
0

 , T̃ pϕ(W ) =

[
T pϕ(W )

0

]
=


0
0
ghσ
σ
0

 , (8)

G̃ϕ(W ) =

[
Gϕ(W )

0

]
; Gϕ(W ) = G1

ϕ(W ) +G2
ϕ(hσ, ησ, σ); (9)

G1
ϕ(W ) =


0

QθQϕ
hσσ

− Q2
θ

hσσ

 ; G2
ϕ(hσ, ησ, σ) =

 0
0

−ghσησ
σ2

 . (10)

In practice, the trivial equation for σ will be dropped and the system will be written as follows:

∂tw +
1

R

(
∂θFθ(W ) + ∂ϕFϕ(W ) + T pθ (W )∂θησ + T pϕ(W )∂ϕησ +Gϕ(W )∂ϕσ

)
= 0. (11)

The advective flux ~F = (Fθ, Fϕ) and the pressure term ~T p = (T pθ , T
p
ϕ) satisfy the following

rotational invariance-like properties: given a state W and a unit vector ~n = [nθ, nϕ]T one has

R~νF~n(W ) = δ F (R~νw), R~νT
p
~n(W ) = δ T p

(
hσ
σ

)
, (12)

where
F~n(W ) = nθFθ(W ) + nϕFϕ(W ), T p~n(W ) = nθT

p
θ (W ) + nϕT

p
ϕ(W ), (13)

δ =

√
n2θ
σ2

+ n2ϕ, ~ν =

[
νθ
νϕ

]
=

 nθ
σδ
nϕ
δ

 , ~ν⊥ =

[
−νϕ
νθ

]
, (14)

R~ν =

 1 0 0
0 νθ νϕ
0 −νϕ νθ

 . (15)

and, for every Uσ = [hσ, Q~ν , Q~ν⊥ ]T and h:

F (Uσ) =


Q~ν

Q2
~ν

hσ
Q~νQ~ν⊥

hσ

 , T p(h) =

 0
gh

0

 . (16)
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3 Numerical methods

Let us first describe the general form of a semidiscrete in space high order method for (11). Given
a domain Ω in the θ-ϕ plane, we consider a partition in cells T = {Vi}NCi=1 with the usual properties:
the cells are closed convex polygons and the intersection of two cells can only be a vertex, an edge,
or empty. Two cells Vi and Vj are said to be neighbors it they share an edge Ei,j . ~ni,j = [nθi,j , n

ϕ
i,j ]

T

represents the unit vector normal to Ei,j pointing from Vi to Vj , therefore:

~ni,j = −~nj,i.

|Vi| and |Ei,j | represent the area of Vi and the length of Ei,j respectively. Given a cell Vi, we
denote by Ni the set of indexes of the neighbors of Vi. Finally, ∆x represents the maximum of the
diameters of the cells.

The approximation of the average of the solution at the cell Vi at time t will be represented by:

wi(t) =

 hσ,i(t)
Qθ,i(t)
Qϕ,i(t)

 .
The following notation will be also used:

Wi(t) =

[
wi(t)
σ̄i

]
,

where σ̄i is the exact average of σ at the cell: remember that σ = cos(ϕ) is known.
Let us consider a high order reconstruction operator that, given a set of cell averages {wi}NCi=1 ,

provides for every cell Vi a smooth function

pi(x) = pi(x; {wj}j∈Si), x = (θ, ϕ),

computed by interpolation or approximation from the averages at the cells whose indexes belong
to the set Si called the stencil of Vi. The following notation will be used:

w−i,j(γ) = lim
x∈Vi→γ

pi(x), w+
i,j(γ) = lim

x∈Vj→γ
pj(x), ∀γ ∈ Ei,j .

The following equalities hold:

w−i,j(γ) = w+
j,i(γ), w+

i,j(γ) = w−j,i(γ).

The reconstruction operator is assumed to be conservative, i.e.

wi =
1

|Vi|

∫
Vi

pi(x) dx, ∀i,

and high order accurate in the following sense: there exists a natural s such that, if the operator
is applied at the cell averages {w̄i}NCi=1 of a smooth function w : Ω→ R, then:

w±i,j(γ) = w(γ) +O(∆xs), w+
i,j − w

−
i,j = O(∆xs+1), ∀γ ∈ Ei,j ,

pi(x) = w(x) +O(∆xs), ∀x ∈ V̊i.

Some examples of high order reconstruction operators satisfying the previous properties have been
introduced in [20], [34], [16], [25], [17], [13], etc.
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The expression of the semidiscrete method is then as follows:

w′i(t) = − 1

R|Vi|

(∑
j∈Ni

(∫
Ei,j

F~ni,j (W
−
i,j(γ)) dγ +

∫
Ei,j

δi,j(γ)D−i,j(γ) dγ

)

+

∫
Vi

(
T pθ (Pi(x))∂θpησ,i(x) + T pϕ(Pi(x))∂ϕpησ,i(x)

)
dx (17)

+

∫
Vi

Gϕ(Pi(x))∂ϕσ(x) dx

)
.

The first integral on the right-hand side comes from the application of the divergence theorem to
the advective flux term; the second one takes into account the jumps of the flux and the source
terms across the edges; the third and fourth ones are the integrals in Vi of the source terms. The
following notation has been used:

Pi(x) =


phσ,i(x)
pQθ,i(x)
pQϕ,i(x)
σ(x)

 , W±i,j(γ) =

[
w±i,j(γ)

σ(γ)

]
=


h±σ,i,j(γ)

Q±θ,i,j(γ)

Q±ϕ,i,j(γ)

σ(γ)

 , (18)

represent the reconstructions of {hσ,i}, {Qθ,i}, {Qϕ,i} at x ∈ V̊i and at γ ∈ Ei,j respectively;

pησ,i(x) and η±σ,i,j(γ) represent the reconstruction of {ησ,i} at x ∈ V̊i and at γ ∈ Ei,j respectively;

δi,j(γ) =

√√√√( nθi,j
σ(γ)

)2

+ (nϕi,j)
2, ~νi,j(γ) =


nθi,j

σ(γ)δi,j(γ)

nϕi,j
δi,j(γ)

 . (19)

Finally,
D−i,j(γ) = R−1~νi,j(γ) ·D

−(R~νi,j(γ)w
−
i,j(γ), η−σ,i,j ;R~νi,j(γ)w

+
i,j(γ), η+σ,i,j). (20)

Here, D−(wσ,l, ησ,l;wσ,r, ησ,r) is the fluctuation function of a first-order path-conservative method
(see [29, 8]) for the 1d system of balance laws:

∂tUσ + ∂xF (Uσ) + T p(h)∂xησ = 0, (21)

where the rotational invariance-like properties have been used. Notice that (21) is nothing but the
1d shallow water system, with gravity constant g/σ and a transport equation for the tangential

velocity
Q
~ν⊥
hσ

.

Remark 3. The source term Gϕ(W )∂ϕσ does not contribute to the line integrals in (17) since
σ(x) = cos(ϕ) is continuous.

Remark 4. Instead of reconstructing H or Hσ, we choose to reconstruct ησ: the reasons will be
clear in next section.

The discretization in time is then performed by applying to the ODE system (17) a high order
numerical method: TVD RK method will be considered here (see [19]).

7



4 Well balancing

The stationary solutions corresponding to water at rest are given by

uϕ = 0, uθ = 0, ησ = η̄ cos(ϕ), (22)

where η̄ is a constant associated to the elevation of the undisturbed water. Following [29, 8], let
us state the following definitions:

Definition 1. The fluctuation function D−(Uσ,l, ησ,l;Uσ,r, ησ,r) of a path-conservative method for
solving (21) is said to be well-balanced if

D−

 hσ
0
0

 , ησ;

 hσ,r
0
0

 , ησ
 = 0,∀ hσ,l, hσ,r, ησ. (23)

Definition 2. The reconstruction operator is said to be well-balanced if, given a water at rest
solution w satisfying (22), the reconstruction of its cell averages satisfy

pQθ,i(x) = 0, pQϕ,i(x) = 0, pησ,i(x) = η̄ cos(ϕ), ∀x ∈ Vi (24)

for every i.

The following result holds:

Theorem 1. If the fluctuation function D− and the reconstruction operator are well-balanced,
then (17) is well-balanced, i.e. water at rest solutions are preserved.

Proof. Let us apply the numerical method (17) to the cell averages of a water at rest solution
satisfying (22). From (24) we deduce

Gϕ(Pi(x))∂ϕσ(x) = G2
ϕ(phσ,i, pησ,i, σ)∂ϕσ(x) =

 0
0

gphσ,iη̄ tan(ϕ)

 ,
T pθ (Pi(x))∂θPησ,i(x) + T pϕ(Pi(x))∂ϕPησ,i(x) =

 0
0

−gphσ,iη̄ tan(ϕ)

 ,
and thus the cell integrals in (17) vanish. Finally, since the reconstruction operator is assumed to
be exact for the null function, then

F~ni,j (W
−
i,j(γ)) = 0, ∀γ ∈ Ei,j ;

and, since
R~νi,j(γ)w

±
i,j(γ) = [h±σ,i,j , 0, 0]T ,

and
η±σ,i,j(γ) = η̄ cos(γ).

then (23) implies

Di,j(γ) = R−1~νi,j(γ) ·D(R~νi,j(γ)w
−
i,j(γ), η−σ,i,j ;R~νi,j(γ)w

+
i,j(γ), η+σ,i,j) = 0, ∀γ ∈ Ei,j .

Therefore the line integrals also vanish. Summing up, the cell averages of a stationary solution
corresponding to water at rest constitute an equilibrium of the ODE system (17).
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4.1 Well-balanced fluctuations

Concerning the well-balanced fluctuation, following [11], we consider the one corresponding to a
PVM method:

D−(Uσ,l, ησ,l;Uσ,r, ησ,r) =
1

2

(
I −Q1/2J

−1
1/2

) (
F (Uσ,r)− F (Uσ,l) + T p(h1/2)(ησ,r − ησ,l)

)
(25)

where I is the identity matrix;

h1/2 =
hl + hr

2
;

J1/2 is the standard Roe matrix for system (21); and Q1/2 is a viscosity matrix that is computed
by evaluating a given polynomial at J1/2:

Q1/2 = Pl(J1/2), (26)

where

Pl(x) =

l∑
j=0

a
1/2
j xj .

This method is path-conservative for the family of paths given by the straight segments (see
[29]). Many numerical schemes may be considered as particular cases of PVM methods: this is
the case for Roe method, HLL (see [21]), HLLC (see [38]) , FORCE (see [37]), WAF (see [36]),
etc. The interested reader is referred to [11] and [10] for details. Observe that (23) is trivial: if
Uσ,l = [hσ,l, 0, 0], Uσ,r = [hσ,r, 0, 0], ησ,l = η̄ cos(ϕ1/2), and ησ,l = η̄ cos(ϕ1/2) then

F (Uσ,r)− F (Uσ,l) + T p(h1/2)(ησ,r − ησ,l) = 0.

Note that the numerical scheme is not well-defined if J1/2 is not invertible. Here we follow [11] to
redefine the fluctuation in this case.

4.2 Well-balanced reconstructions

In order to construct a well-balanced high order reconstruction operator, we follow the ansatz
proposed in [9]. First, a standard high-oder accurate reconstruction operator

pi(x) = pi(x; {wj}j∈Si)

is considered such that
pi(x; {0}j∈Si) = 0, ∀i, ∀x ∈ Vi,

that is, the reconstruction operator is exact for the null function. The following stages are then
pursued in the reconstruction procedure: given the cell averages {hσ,i}, {Qθ,i}, {Qϕ,i}, {Hσ,i},
{σ̄i}

1. The reconstruction operator is applied to {hσ,i}, {Qθ,i}, {Qϕ,i}, to obtain phσ,i, pQθ,i, pQϕ,i
respectively.

2. The averages of ησ at the cells are given by:

ησ,i = hσ,i −Hσ,i
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and those of η are approached by:

η̄i =
ησ,i
σ̄i

, ∀i.

The fluctuations
fj = ησ,j − η̄iσ̄j , j ∈ Si

are computed. These fluctuations measure the distance between the cell averages in the
stencil of the ith cell and those of the water at rest solution uθ = 0, uϕ = 0, ησ = η̄i cos(ϕ).

3. The reconstruction operator is then applied to the fluctuations to obtain

pf,i(x) = pf,i(x; {fj}j∈Si), ∀i.

4. Finally, the reconstruction of ησ is defined by:

pησ,i(x) = η̄i cos(ϕ) + pf,i(x).

It can be easily shown that the accuracy of the modified reconstruction operator is equal to
the one of the original operator and that (24) is satisfied, i.e. the reconstruction operator is well-
balanced as pf,i(x) = 0 for any stationary solution (22). Moreover, the method can be equivalently
written in terms of the reconstructed fluctuations as follows:

w′i(t) = − 1

R|Vi|

(∑
j∈Ni

(∫
Ei,j

F~ni,j (W
−
i,j(γ)) dγ +

∫
Ei,j

δi,j(γ)D−i,j(γ) dγ

)

+

∫
Vi

(
T pθ (Pi(x))∂θpf,i(x) + T pϕ(Pi(x))∂ϕpf,i(x)

)
dx (27)

+

∫
Vi

(
G1
ϕ(Pi(x)) +G2

ϕ(phσ (x), pf,i(x), σ(x))
)
∂ϕσ(x) dx

)
,

where the equality

T pθ (Pi(x))∂θ(η̄i cos(ϕ)) + T pϕ(Pi(x))∂ϕ(η̄i cos(ϕ)) +G2
ϕ(phσ , η̄i cos(ϕ), σ)∂ϕ cos(ϕ) = 0 (28)

has been used.

Remark 5. A well-balanced first order version of the method can be obtained as a particular case
of the previous semi-discrete scheme by choosing the trivial reconstruction operator:

pi(x) = pi(x;wi) = wi.

The reconstructions of all the variables are then piecewise constant but the one of ησ that is defined
as follows:

pησ,i(x) = η̄i cos(ϕ) + ησ,i − η̄i cos(ϕi),

where xi = (θi, ϕi) represents the center of the volume Vi.
Note that, if we define σ̄i = cos(ϕi), then

pησ,i(x) =
ησ,i

cos(ϕi)
cos(ϕ).

Finally, observe that, with this reconstruction, the numerical method is well-balanced in the
sense that the point values at the center of the cells of a stationary solution corresponding to water
at rest are preserved, what is the usual well-balanced requirement for first order methods.
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4.3 Numerical integration

In practice, the integrals appearing in (17) are approached by using quadrature formulas whose
order is bigger or equal to the one of the reconstruction operators:

w′i(t) = − 1

R|Vi|

(∑
j∈Ni

(
|Ei,j |

k∑
l=0

αlF~ni,j (W
−
i,j(γ

l
i,j)) + |Ei,j |

k∑
l=0

αlδi,j(γ
l
i,j)D

−
i,j(γ

l
i,j)

)

+

K∑
l=0

βl
(
T pθ (Pi(x

l
i))∂θpf,i(x

l
i) + T pθ (Pi(x

l
i))∂ϕpf,i(x

l
i)
)

(29)

+

K∑
l=0

βl
(
G1
ϕ(Pi(x

l
i)) +G2

ϕ(phσ (xli), pf,i(x
l
i), σ(xli))

)
∂ϕσ(xli)

)
,

where {γli,j}kl=0, {αl}kl=0 are the quadrature points and weights of the formula chosen in Ei,j , and

{xli}Kl=0, {βl}Kl=0 those of the formula chosen in Vi.
The well-balanced property is preserved: notice that, in the proof of Theorem 1, it has been

shown that the integrands vanish at every point, so that the approximations of the integrals by
quadrature formulas also vanish.

The volume quadrature formula may be also used to compute the cell averages of the variable

w̄i =

K∑
l=0

βlw(xl).

In that case, the modified reconstruction operator is still well-balanced provided that the averages
of cos(ϕ) are computed by using the same quadrature formula, as it can be easily checked.

Remark 6. In the particular case of a first order method mentioned in Remark 5, if the mid-point
formulas are used, the expression of the numerical method is as follows:

w′i(t) = − 1

R|Vi|

(∑
j∈Ni

(
|Ei,j |F~ni,j (Wi) + |Ei,j |δi,j(γi,j)D−i,j(γi,j)

)
+
(
G1
ϕ(Wi)−G2

ϕ (hi, ησ,i − η̄i cos(ϕi), cos(ϕi)) sin(ϕi)
))
,

where γi,j is the midpoint of Ei,j.

5 Numerical tests

In this section we present some numerical tests in order to check the well-balancing and high order
properties of the scheme, as well as its ability to simulate planetary waves or tsunami waves over
realistic bathymetries. Here only structured grids on the θ-ϕ plane are considered. We use the
HLLC scheme written as a PVM method following [14] and the third order reconstruction operator
described in [17], that has a compact stencil. We use the three step TVD RK method [19] that
is also third order accurate in time. The two-point Gauss quadrature formula is used for the line
integrals and its natural extension to rectangular cells for the volume integrals. Therefore, the
resulting scheme is third order accurate in space and time. The CFL condition reads as follows:

∆t = CFLmin
i

{
R∆θ∆ϕ cos(ϕi)

(|uθ,i|+
√
ghi)∆ϕ + (|uϕ,i|+

√
ghi)∆θ

}
, 0 ≤ CFL ≤ 1, (30)
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where ∆θ and ∆ϕ are the mesh sizes in the θ and ϕ directions.
In order to speedup the simulations, a parallel GPU implementation has been performed fol-

lowing the ideas described in [17] and [24].
Finally, we remark that although θ, ϕ are expressed in radians in the description of the nu-

merical method, the description of the computational domains and initial data will be given in
degrees, as it is customary in geophysics. Thus, the notation θ̃ and ϕ̃ will be used to represent the
longitude and latitude in degrees.

Figure 2: Well-balanced simulation: irregular bathymetry.

5.1 Water at rest simulation

The objective of this numerical test is to check the well-balanced property of the numerical scheme.
We consider the rectangular domain [−180, 180]× [−89.5, 89.5] in the θ̃-ϕ̃ plane (in degrees) that
corresponds to a sphere with two polar caps. A uniform structured grid with ∆θ̃ = ∆ϕ̃ = 1◦ is
considered. The bathymetry is defined as follows: first we define the mean bathymetry

Hm(θ̃, ϕ̃) = 2.0− cos2

(
πθ̃

60

)
· sin2

(
πϕ̃

60

)
, (31)

then H(θ̃, ϕ̃) is defined by adding to Hm a uniform noise in the interval [0, 0.2]. Figure 2 shows
the bathymetry for the realization presented here. Then, the initial water depth is set equal to
the bathymetry, that is h(θ̃, ϕ̃, 0) = H(θ̃, ϕ̃) and uϕ̃ = uθ̃ = 0. The radius of the sphere is set to
R = 10000 m. Periodic boundary conditions are prescribed in the eastern and western boundaries,
and wall boundary conditions in the northern and southern boundaries corresponding to the polar
caps. The CFL is set to 0.5 and a long time simulation is run. Table 1 present the evolution of
the error in L1-norm. As it can be seen, errors are of the order of the machine accuracy and the
scheme is exactly well-balanced for the water at rest solution, as expected.

5.2 Propagation of a simple wave over an irregular geometry

In this test we simulate the evolution of a simple wave over an irregular geometry. Here we consider
the same domain with a finer resolution: ∆θ̃ = ∆ϕ̃ = 0.25◦ and the radius of the sphere is set

12



Time Error

10m 1.67E − 15
60m 2.72E − 15
120m 2.65E − 15

Table 1: Well-balanced solution: evolution of the error (L1-norm).

(a) Free surface at t = 0 minutes. (b) Free surface at t = 25 minutes.

Figure 3: Evolution of the free surface over an irregular geometry.

to R = 10000 m. The CFL parameter is set to 0.5. The bathymetry H(θ̃, ϕ̃) is given by the
expression (31). The initial water thickness is given by

h(θ̃, ϕ̃, 0) = H(θ̃, ϕ̃) + 0.1e−
θ̃2+ϕ̃2

100 ,

and initial velocities are set to zero. Again, periodic boundary conditions are prescribed in the
eastern and western boundaries, and wall boundary conditions in the northern and southern bound-
aries. Figures 3 and 4 show the evolution of the free surface. Note that no spurious oscillations
appear during the wave propagation as the scheme is well-balanced. The wave starts moving from
the equator towards the north and south poles (see Figures 3(b)-4(a)), collapses at the antipodes
of the center of the initial solution, generates a wave moving opposite to the initial one, and finally
comes back towards the initial location (see Figure 4(b)).

5.3 Numerical treatment of the poles

The use of spherical coordinate is not a priori well suited for the numerical simulation of waves
on a complete sphere because of the singularities at the poles. If waves on a complete sphere are
going to be simulated, the correct way to proceed in order to obtain high-order accurate solutions
would be to consider at least an atlas of the sphere composed by two charts. Although the pole
singularities are not a difficulty for geophysical water flows (which is our main field of application)
due to the polar caps, we propose here a numerical treatment based on the use of two ghost
cells. This treatment is not expected to be as accurate as the use of two different systems of
local coordinates: the goal is to design a numerical treatment much less expensive and easy to
implement giving acceptable simulations of waves passing through the poles.

13



(a) Free surface at t = 50 minutes (b) Free surface at t = 240 minutes

Figure 4: Evolution of the free surface over an irregular geometry.

The idea is as follows: for simplicity, let us consider a Cartesian grid of the domain [−π, π] ×
[−π/2, π/2] with steps

∆θ =
2π

N
, ∆ϕ =

π

M
.

Let us define
θi = −π + i∆θ, 0 ≤ i ≤ N ; ϕj = −π

2
+ j∆ϕ, 0 ≤ j ≤M.

Let us consider then the volumes

Vi,j = [θi−1, θi]× [ϕj−1, ϕj ], 1 ≤ i ≤ N, 1 ≤ j ≤M,

and denote by xi,j their centers. Ei+1/2,j represents the common edge to Vi,j and Vi+1,j , and
Ei,j+1/2 the common edge of Vi,j and Vi,j+1. The computational domain is given by:

O =
⋃

1≤i≤N
2≤j≤M−1

Vi,j

and two ghost cells are considered

VS =
⋃

1≤i≤N

Vi,1, VN =
⋃

1≤i≤N

Vi,M .

Observe that VS and VN are mapped onto two N -sided cells on the sphere that cover the poles.
Moreover, the cells Vi,1 (resp. Vi,M ), 1 ≤ i ≤ N map onto triangular subcells of the southern (resp.
northern) ghost cell: see Figure 5. In particular, the edges Ei,1/2 (resp. Ei,M+1/2) map onto the
south (resp. north) pole. Let us denote by Wi,j(t) = [wi,j(t), σ̄i,j ]

T the numerical approximation
at the computational cell Vi,j at time t, and by wS(t), wN (t) the approximations at the ghost cells.
Periodic boundary conditions are set in the eastern and western boundaries.

The following two-step strategies is proposed: once the values of the cell averages at time tn,
Wn
i,j , w

n
N , wnS , have been computed

1. the numerical method is applied to all the cells to obtain the next stage in the Runge-Kutta
time stepping algorithm

wn+li,j , 1 ≤ i ≤ N, 1 ≤ j ≤M ;

14



Figure 5: Sketch of the ghost cell in the north pole.

2. then

wn+lS =
1

N

N∑
i=1

wn+li,1 , wn+lN =
1

N

N∑
i=1

wn+li,M .

Remark 7. In the first step of the algorithm:

• In the equations of wi,N (resp. wi,1) there are no contributions from the edges Ei,M+1/2 (resp.
Ei,1/2) since their lengths are 0 (remember that they map onto one of the poles). Moreover,
the contributions from the edges Ei+1/2,1 or Ei+1/2,M cancel since the values at the subcells
of the ghost cells are identical.

• In the reconstruction step, lateral stencils are considered for the cells Vi,1, Vi,M .

• In order to avoid divisions by zero in the integral terms of the equations for wi,1 or wi,N ,
interior quadrature points have to be chosen.

Remark 8. For a first order numerical method, the resulting scheme is a standard finite vol-
ume method in which the values at the northern and southern cells are updated by computing the
numerical fluxes between these cells and their neighbors.

In order to test this strategy, we simulate the evolution of a small perturbation through the
North pole. A Cartesian mesh of the rectangle [−180, 180] × [−90, 90] (in degrees) with ∆θ̃ =

∆ϕ̃ = 0.5◦ is considered. The depth is assumed to be constant H(θ̃, ϕ̃) = 1m and the initial water
thickness is given by

h(θ̃, ϕ̃, 0) = 1.0 + 0.1 e−(
θ̃2

400+
(ϕ̃−80)2

25 ),

and initial velocities are set to zero. Again, periodic boundary conditions are prescribed in the
eastern and western boundaries. Figures 6 and 7 shows the evolution of the initial perturbation
through the North pole. Observe that the proposed numerical treatment at the poles seems to
perform well and no spurious wave are created.

5.4 Propagation of a wave initially confined between two meridians

In this test we simulate the evolution of a barotropic wave initially confined between two meridians
over a uniform bathymetry. Here, the complete sphere is considered, that is the rectangular domain
in the θ̃-ϕ̃ plane is given by [−180, 180] × [−90, 90] with the spatial resolution ∆θ̃ = ∆ϕ̃ = 0.25◦.

The depth is assumed to be constant H(θ̃, ϕ̃) = 1m and the initial water thickness is given by

h(θ̃, ϕ̃, 0) = 1.0 + 0.1 e−
θ̃2

10 + 0.1 e−
(|θ̃|−180)2

10 .
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(a) Free surface at t = 0 minutes (b) Free surface at t = 4 minutes

Figure 6: Evolution of the free surface through the North pole.

(a) Free surface at t = 6 minutes (b) Free surface at t = 12 minutes

Figure 7: Evolution of the free surface through the North pole.

The initial velocities are again set to zero. Here, we consider the same boundary conditions than in
the previous test, and CFL is set again to 0.5. The evolution of the free surface is shown in Figures
8 and 9. In this case, the initial profile is split into two waves traveling eastward and westward
respectively (see Figure 8(b)). After approximately 80 minutes both waves collapse around the
eastern and western poles (see Figure 9(a)) generating two waves traveling in the opposite direction
of the initial ones (see Figure 9(b)).

5.5 Propagation of a wave initially confined between two parallels

This test is similar to the previous one and the same domain, resolution, CFL parameter, radius,
and boundary conditions are considered. Here, we simulate the evolution of a barotropic wave
initially confined between two parallels over a uniform bathymetry. The initial water thickness is
given by

h(θ̃, ϕ̃, 0) = 1.0 + 0.1e−
ϕ̃2

10
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(a) Free surface at t = 0 minutes. (b) Free surface at t = 30 minutes.

Figure 8: Wave confined between two meridians: free surface evolution.

(a) Free surface at t = 80 minutes (b) Free surface at t = 135 minutes

Figure 9: Wave confined between two meridians: free surface evolution.

and the initial velocities are again set to zero. The evolution of the free surface is shown in Figures
10 and 11. As in the previous numerical test, the initial profile splits into two waves traveling
northward and southward respectively (see Figure 10(b)). After approximately 80 minutes both
waves collapse around the north and south poles (see Figure 11(a)) generating two waves traveling
in the opposite direction of the initial ones (see Figure 11(b)).

5.6 Order of convergence

The aim of this test is to check the empirical order of convergence of the numerical scheme. Here
we consider four different uniform structured grids of the rectangular domain in the θ̃-ϕ̃ plane given
by [−180, 180]× [−88, 88] with ∆l

θ̃
= ∆l

ϕ̃ = 8◦/2l, l = 0, · · · , 3 of a sphere of radius R = 10000 m.
The bathymetry and initial condition are given by:

H(θ̃, ϕ̃) = 1.0− 0.5 e−
θ̃2+ϕ̃2

100 ,

17



(a) Free surface at t = 0 minutes. (b) Free surface at t = 30 minutes.

Figure 10: Wave confined between two parallels: free surface evolution.

(a) Free surface at t = 80 minutes (b) Free surface at t = 135 minutes

Figure 11: Wave confined between two parallels: free surface evolution.

h(θ̃, ϕ̃, 0) = 1.0− 0.5 e−
θ̃2+ϕ̃2

100 + 0.1 e−
θ̃2+ϕ̃2

50 ,

vθ̃(θ̃, ϕ̃, 0) = −0.1ϕ̃e−
θ̃2+ϕ̃2

50 , vϕ̃(θ̃, ϕ̃, 0) = 0.1θ̃e−
θ̃2+ϕ̃2

50 .

Periodic boundary conditions are prescribed in the eastern and western boundaries and open
boundary conditions are set in the northern and southern boundaries. The system is integrated
up to time t = 600 s. The CFL parameter is set to 0.5. A reference solution has been computed
in a fine mesh with ∆θ̃ = ∆ϕ̃ = 0.125◦.

Table 2 shows the errors in L1-norm and the order of convergence for the solution at t = 600
s. As expected, third order accuracy is achieved.

Figures 12 and 13 show the bathymetry, the water depth, and the velocities vθ̃ and vϕ̃, respec-
tively for the grid with resolution ∆θ̃ = ∆ϕ̃ = 1◦.
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(a) Bathymetry. (b) Free surface at t = 600 s.

Figure 12: Bathymetry and Free surface at t = 600 s.

(a) vθ at t = 600 s. (b) vϕ at t = 600 s.

Figure 13: vθ and vϕ at t = 600 s.

5.7 Hypothetical tsunami in the eastern Mediterranean basin

In this test we simulate the evolution of a hypothetical tsunami in the eastern Mediterranean
basis. A uniform cartesian grid of the rectangular domain in the θ̃-ϕ̃ plane given by [6.25, 36.25]×
[30.25, 45.65] with ∆θ̃ = ∆ϕ̃ = 30′′. The mean radius of the Earth is set to R = 6371009.4 m and
the CFL parameter is set to 0.5. Open boundary conditions are prescribed at the four boundaries.
The topo-bathymetry of the area has been interpolated from the ETOPO1 Global Relief Model (see
[5]). Next, a hypothetical seafloor deformation generated by an earthquake of magnitude Ms = 8
has been computed using the Okada model (see [28]). This seafloor deformation is instantaneously
transmitted to the water column to generate the initial tsunami profile (see Figure 14(a)). The
initial velocity is set to zero. Concerning the numerical treatment of wet/dry fronts, here we
follow the ideas described in [18], that have been adapted to the reconstruction operator defined
in [17]. Figures 14 and 15 show the evolution of the tsunami wave propagating along the eastern
Mediterranean Sea. Note that after approximately one hour, the waves generated near to the
Greek coasts, arrive to the north of Africa and south of Italy (see Figures 14 and 15).
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∆x Error hσ Order Error Qθ Order Error Qϕ Order

8◦ 3.09E − 3 - 2.23E − 3 - 1.08E − 3 -
4◦ 4.18E − 4 2.89 3.58E − 4 2.64 2.78E − 4 1.94
2◦ 5.54E − 5 2.92 4.35E − 5 3.04 3.23E − 5 3.12
1◦ 6.61E − 6 3.07 4.87E − 6 3.16 3.79E − 6 3.09

Table 2: Error (L1-norm) and order of convergence.

(a) Free surface at t = 0 minutes. (b) Free surface at t = 10 minutes.

Figure 14: Evolution of a hypothetical tsunami at the eastern Mediterranean basin.

6 Conclusions

A high order finite volume well-balanced method for the SWEs in spherical coordinates have been
presented. To do that, first the system has been rewritten in the form of a system of balance laws
using a new set of unknowns. Then, a numerical scheme based on a first order path-conservative
scheme and high order reconstruction operators is derived. Although the PDE system is formally
similar to the SWEs in Cartesian coordinates, the new source term Gϕ(W )∂ϕσ appears. Due to
this and to the fact that, in the selected unknowns, the expression of water at rest solutions is more
complex, the preservation of these stationary solutions is not as straightforward as in Cartesian
coordinates case. Nevertheless, it has been proved that the numerical method is well-balanced if
both the first-order path-conservative method is well-balanced for the standard 1d SWEs and the
reconstruction operator is also well-balanced. A non-standard reconstruction procedure is proposed
on the basis of a standard reconstruction operator that is well-balanced and high order accurate.
A GPU parallel implementation has been performed in order to reduce the computational cost.
Finally, some numerical tests to check the well-balancing and high order properties of the scheme,
as well as its ability to simulate planetary waves or tsunami waves over realistic bathymetries have
been presented. Future work will consist in adding the Coriolis force and non-hydrostatic effects
that are relevant for the simulation of storm surge phenomena. Discontinuous Galerkin extensions
of the method proposed here will be developed as well.

20



(a) Free surface at t = 30 minutes (b) Free surface at t = 60 minutes

Figure 15: Evolution of a hypothetical tsunami at the eastern Mediterranean basin.
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