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Abstract 

Most associative models typically assume that learning can be understood as a gradual 

change in associative strength that captures the situation into one single parameter, or 

representational state. We will call this view single-state learning. However, there is 

ample evidence showing that under many circumstances different relationships that 

share features can be learned independently, and animals can quickly switch between 

expressing one or another. We will call this multiple-state learning. Theoretically, it is 

understudied because it needs a different data analysis approach from those usually 

employed. In this paper, we present a Bayesian model of the Partial Reinforcement 

Extinction Effect (PREE) that can test the predictions of the multiple-state view. This 

implies estimating the moment of change in the responses (from the acquisition to the 

extinction performance), both at the individual and at the group levels. We used this 

model to analyze data from a PREE experiment with three levels of reinforcement 

during acquisition (100%, 75% and 50%). We found differences in the estimated 

moment of switch between states during extinction, so that it was delayed after leaner 

partial reinforcement schedules. The finding is compatible with the multiple-state view. 

It is the first time, to our knowledge, that the predictions from the multiple-state view 

are tested directly. The paper also aims to show the benefits that Bayesian methods can 

bring to the associative learning field. 

   Keywords: Bayesian models, Associative learning, PREE. 
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Bayesian models are becoming increasingly popular in many psychological research 

areas, both to formalize theories (see examples in Courville, Daw, & Touretzky, 2006; 

Jacobs & Kruschke, 2011; Kruschke, 2008; O’Reilly, Jbabdi, & Behrens, 2012) and to 

provide approaches to analyzing data (see the recent reading list of introductory Bayes 

elaborated by Etz, Gronau, Dablander, Edelsbrunner, & Baribault, 2016). They provide 

great flexibility and freedom to researchers, because they can be adapted to any 

experimental situation and to extract information about any parameter of interest, be it 

at the individual subject level or at the group level. Thus, Bayesian models are "limited 

only by the user's imagination" (Wagenmakers, Lodewyckx, Kuriyal, & Grasman, 2010, 

p. 162). Because of this, they can be used to test hypotheses that are hard to study with 

more traditional models. In this paper, we use Bayesian methods to analyze in a novel 

way a long-established associative learning finding, the Partial Reinforcement 

Extinction Effect (PREE). 

Throughout its history, the associative learning field (as well as related areas 

such as contingency or causal learning) has greatly benefited from the use of different 

formal models and their mathematical implementations. Indeed, these models have been 

an excellent research heuristic, not only producing potential explanations for well-

known learning phenomena, but also leading to the discovery of new ones. For instance, 

perhaps the most celebrated among associative learning models, the Rescorla-Wagner 

model, RWM (Rescorla & Wagner, 1972), made predictions that were novel and even 

counterintuitive at its time and were eventually found to be true  (Miller, Barnet, & 

Grahame, 1995; Siegel & Allan, 1996). In these cases, the assumptions embedded in the 

model (e.g., that the CSs sum their associative strengths linearly, that inhibitory 

associations possess negative associative strength, etc.) worked well to advance 

predictions that were then confirmed empirically.     
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The RWM is the most successful instance of the large family of associative 

models, which has dominated the literature of associative learning for decades. These 

models differ in a number of assumptions and goals, but they share several features that 

make them distinct and, in fact, might explain their success (Pearce & Bouton, 2001). 

One core assumption underlying almost all associative models is their conceptualization 

of learning as a process of gradual change in the strength of the association between 

mental representations. Learning is, thus, encoded by only one parameter, the 

associative strength, that changes over training. When the situation is stable (i.e., the 

contingencies do not change), the parameter adapts gradually to capture it. Likewise, 

when the situation changes (i.e., when there is a change in the contingencies, such as in 

extinction), the parameter then adapts accordingly, in a similar way. In sum, a single 

representation of the learning scenario (encoded by the associative strength value) is 

updated regularly depending on the situation, either stable or variable. Because of this, 

we will call this type of models single-state models (admittedly, a few associative 

models have proposed that multiple associations can be updated simultaneously, but 

still gradually, as we comment in the Discussion section; see Esber & Haselgrove, 

2011). 

This central and widespread assumption of modern associative learning leads to 

a clear prediction: the gradual, negatively accelerated learning curve that now appears in 

most textbooks (Gallistel, Fairhurst, & Balsam, 2004). This curve is most evident when 

learning curves of multiple subjects are averaged, because such practice compensates 

the random noise contributed by each individual participant (Glautier, 2013). 

However, although this single-state assumption has been dominant for decades, 

several authors have pointed out its problems. First, certain phenomena, particularly 

those related to contextual changes like renewal (Bouton, 1994), suggest that animals 
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are able to simultaneously store multiple representations of the learning setup. Once the 

animals have captured all the states that characterize the learning situation, they can use 

(or express) either one state or another depending on the task demands. For instance, a 

context switch would make subjects replace their "extinction state" by their "acquisition 

state" (Rosas & Callejas-Aguilera, 2006). This state selection is typically sudden, as it 

implies no new learning, and contrasts with the traditional single-state assumption, 

according to which the current representation can only be updated on a trial by trial 

basis. More importantly, these phenomena imply that, when facing a changing 

contingency (e.g., extinction), animals can store an intact representation of the previous 

situation (e.g., acquisition phase) while they are learning the new one, so that they can 

recover these previous states in the future, as it happens in renewal effects. In sum, they 

are not bounded to use and update a single parameter, that is, to transform a unique 

representation of the learning situation, but instead they can learn multiple states (e.g., 

one for the acquisition, one for the extinction...), perhaps independently, and flexibly 

express one or another.   

Second, those few times when researchers moved their focus from the group-

level analysis to the individual-level analysis, they found surprisingly little evidence of 

the gradual learning curve expected under the single-state assumption of the associative 

theory. The most common pattern of results resembles more a step-like function, with 

participants changing suddenly their behavior from the baseline to the final performance 

level, as if the learning process was all-or-nothing in nature (Gallistel, 2012a; Gallistel 

et al., 2004; Glautier, 2013). That is, individual-level performance suggests that learning 

might be better represented by a process in which multiple states are involved, with 

shifts from one to another. Given that individuals differ in the specific moment when 

the change in behavior takes place, averaging across subjects produces a seemingly 
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gradual transition. This has led researchers to openly claim that the gradual learning 

curve is "an artifact of group averaging" (Gallistel et al., 2004). Moreover, if one is 

interested in examining the learning performance of a given individual participant (as is 

the case of psychologists in the old-school behavioral tradition), then the group-level 

averaged curves would be useless, since it is impossible to induct any property (shape, 

functional form) of the individual curve from the group curve (Estes, 1956; Gallistel, 

2012b). 

Thus, we have two different types of hypothesis about how behavior changes 

(single-state vs. multiple-state learning) that make different assumptions and predictions 

about the shape of the learning curve and the underlying processes that produce it. This 

debate is particularly important in those situations in which a manipulation is expected 

to affect the learning rate, or the pace at which learning proceeds, because this 

parameter is interpreted in completely different ways under the two hypotheses. A very 

clear example of this is the Partial Reinforcement Extinction Effect (PREE hereafter; 

Jenkins & Rigby, 1950). For simplicity, imagine a human learning experiment in which 

two stimuli, a CS and a US (conditioned and unconditioned stimulus, respectively), may 

occur sequentially. On each trial, the participant's goal is to provide a judgment of the 

likelihood of the US occurrence. Although the CS is presented on every trial, this design 

includes groups that differ in the probability with which the US follows the CS. In the 

continuous reinforcement group, the US is presented in all trials (i.e., 100% 

reinforcement schedule). However, in the partial reinforcement groups, the US appears 

only on some of the trials (e.g., 50%, or 75%). After an acquisition phase during which 

CS and US have been repeatedly paired in the way we described, an extinction phase 

begins in which only the CS is presented, without being followed by the US in any of 

the groups. This eventually reduces the subjective expectancy of the US occurrence (as 
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reflected in the judgments), effectively extinguishing the conditioned response. The 

PREE is defined as a greater resistance to extinction observed when a partial 

reinforcement schedule was delivered during the acquisition phase (Jenkins & Rigby, 

1950), compared to a continuous reinforcement schedule in which all acquisition trials 

were reinforced. This has been acknowledged as a "paradoxical" effect, because it is 

those conditions with a lower proportion of reinforced trials that become the more 

resistant to subsequent extinction. 

  From the viewpoint of the associative models ascribed to the single-state 

assumption, according to which learning is a gradual process of modification of the 

strength of associations, it makes sense to interpret this result as a "slowing down" of 

learning during the extinction phase. In fact, models such as Mackintosh's (Mackintosh, 

1975) propose that experience with imperfect predictors of a US reduces these 

predictors' learning rate parameters (sometimes called salience or associability), leading 

to actually slower learning curves. However, other accounts of the PREE are based on 

the greater difficulty to discriminate between the acquisition and extinction phases when 

the reinforcement schedule is partial (Baum, 2012; Courville et al., 2006; Mowrer & 

Jones, 1945): the lower the probability with which the CS was reinforced during the 

acquisition, the more trials it will take to detect that this probability decreased in the 

extinction phase. That is, that the conditioned stimulus is no longer being followed by 

the unconditioned stimulus. Instead of assuming a single state or representation that 

adapts gradually to the new situation, the multiple-state view suggests that multiple 

states are represented, with the eventual expression of one of them. This also implies 

quickly switching between the expression of different states. Notably, this interpretation 

invites us to focus not on the learning rate during extinction, but on the delay before 

extinction is observed (Gallistel, 2012a). That is, the multiple-state view implies taking 



RUNNING HEAD: A BAYESIAN MODEL FOR THE PREE    6 

 

into consideration a different parameter: we would be more interested in detecting the 

"moment of change", or the "inflection point" in which behavior changes, than in 

assessing the extinction rate per se, as associative models propose. 

According to this view, a change in the level of analysis is also required: we 

focus on individual subjects instead of groups. This is because the change in behavior is 

sudden, but the moment varies between subjects, and the averaging across participants 

or sessions would only blur the current parameter of interest (the moment of change 

between states), creating an illusory gradual learning curve. As many have pointed out, 

although the main assumptions of the associative theory (including the gradual 

strengthening of associations) are formulated at the level of individual subjects, almost 

all published experiments present aggregated-level data (i.e., averaged data for many 

participants or many sessions). When the PREE is examined at the individual 

participant level, learning curves do not reflect a gradual change process, but instead 

seem to resemble sudden changes of representations or states (Gallistel, 2012a; Gallistel 

et al., 2004; Glautier, 2013), which contrasts with the traditional single-state 

assumption. 

To sum up, a difficulty in the study of PREE lies in the fact that the two 

diverging theoretical views (single- vs. multiple-state learning) make predictions at 

different levels (group vs. individual) and focus on different parameters (learning rate 

vs. moment of change). In particular, traditional (frequentist) data analysis approaches 

do not offer a straightforward way to test the predictions of the multiple-state learning 

view. This motivates our adoption of more flexible methods to analyze our data. In this 

paper, we do not aim to settle the debate or contrast between the two alternative 

theoretical views on learning. Rather, we want to encourage further research and 

theoretical advance by providing a method to test the predictions from the multiple-state 
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view. We will do so by using Bayesian modeling techniques to formalize the 

assumptions of this view. 

A flexible modeling tool: Bayesian methods 

If we assume that the performance in many learning paradigms results from switching 

between multiple states or representations that are stored simultaneously, how could we 

model this process in the data-analysis stage? Ideally, we need to capture the moment of 

change in the participants' behavior. We expect this parameter (“moment of change”) to 

vary due to the experimental manipulation but also between individuals. Therefore, this 

estimation must be done at the level of each individual participant. Luckily, Bayesian 

modeling tools offer us a great deal of flexibility to incorporate these and other 

assumptions. 

Before we start describing how to apply Bayesian modeling tools to our example 

phenomenon, PREE, in this section we provide an overview of Bayesian inference for 

readers who are not familiar with it. To guide us through the section, we will use the 

classical example of inferring the success rate for a binary process (Wagenmakers et al., 

2010), because it represents one of the simplest scenarios and it is featured in most 

introductory texts on Bayesian inference (Kruschke, 2010b; Lee & Wagenmakers, 

2013). A binary process produces any of two possible outcomes. Thus, it can be used to 

model many situations, such as coin tossing (heads vs. tails), or scoring in an exam 

(correct vs. incorrect items). In this context, the data we observe is the count of 

successful trials, such as the number of heads in a coin-tossing series. We will name this 

value k, so that if we count three heads in the series, then k = 3. Binary processes are 

usually modeled with a binomial distribution with two parameters: the number of trials 

(i.e., the number of coin tosses), n; and the success rate (i.e., the probability of obtaining 

heads), θ. If θ = 0.5, then heads and tails are equiprobable, as in a fair coin. Larger 
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values of this parameter would indicate that the coin is biased towards obtaining more 

heads than tails. Thus, the goal of the inference is to find out the most likely values for 

the parameter θ, given the data (i.e., given the number of coin tosses, n, and the number 

of heads, k). This will serve to eventually decide whether or not the coin is biased. The 

problem can be solved with Bayesian modeling tools. 

We depict the graphical model we can use for this inference in Figure 1 (adapted 

from Lee & Wagenmakers, 2013). The nodes represent random variables (e.g., data, 

parameters), and the edges represent the dependencies between them. In the model, the 

number of heads obtained, k, depends on the number of coin tosses, n, and on the 

probability of obtaining heads, θ. In this graphical notation (Lee, 2008; Wagenmakers et 

al., 2010), continuous variables (such as θ) are depicted with circular nodes, and 

discrete variables (such as k and n) are depicted with square nodes. In addition, shaded 

nodes correspond to observed variables, whose value we already know, whereas empty 

nodes (such as θ) represent unobserved variables, whose values we do not know, but 

want to estimate from the data available. 

One key aspect of Bayesian inference is the expression of uncertainty in the 

form of probability distributions over the parameters. Let us assume that we do not 

know anything about the binary process we are examining (i.e., we have not tossed any 

coin yet). Then, a priori, we can specify that all possible values for θ are equally likely. 

That is, we assume that the "prior distribution" of θ, called p(θ), is uniform, ranging 

from 0 to 1, as Figure 2 (left-hand panel) indicates. This assumption might be different 

in case we had reasons to suspect that some values would be more likely than others. 

For example, if we suspect that the coin is fair, then the prior distribution would assign 

a greater probability for θ = 0.50, whereas other values will be assigned lower 

probabilities, as shown in Figure 2 (right-hand panel). 
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Suppose we toss the coin several times. Once we observe some data, d (i.e., the 

outcomes of the coin-tosses), we would like to update our knowledge, to obtain a 

"posterior distribution", or p(θ|d). Imagine that our data consist of the observation of 8 

heads out of 10 coin tosses (i.e., n = 10, k = 8). Given that we modeled the binary 

process that generates the data with the binomial distribution, we assume that the 

number of heads obtained, k, are data drawn from the binomial distribution with 

parameters n = 10 and θ (whose value is unknown). That is, as Figure 1 indicates, k 

~Binomial(θ, n).1    

Starting from our initial uniform prior distribution p(θ), which suggests that all 

values for θ are equally likely (Figure 2, left-hand panel), now our beliefs should change 

in light of the new data obtained. The rule to combine the prior distribution with the 

data to obtain a posterior distribution is the Bayes' theorem: 

𝑝(𝜃|𝑑) =
𝑝(𝑑|𝜃)𝑝(𝜃)

𝑝(𝑑)
, 

(1)  

where d are the data observed in the experiment (coin-tosses), and θ is the 

parameter whose value we want to infer. For the purpose of this paper, we do not need 

to discuss all the elements involved in Equation 1. Instead, we refer the reader to the 

many introductory texts that are currently available (Etz et al., 2016; Kruschke, 2010a; 

Van de Schoot et al., 2014; Wagenmakers et al., 2010). The important point is that the 

prior beliefs, expressed as a distribution p(θ), have been updated in light of the data of 

the experiment, producing a posterior distribution p(θ|d), which is the goal of the 

                                                           
1
 Note that we are not bounded to assume that the data-generating process is binomial. Rather, we chose 

to model the process as binomial because it usually represents well this experimental situation. If we 

realized that more than two outcomes are possible in the experiment (e.g., a game with wins, loses, and 

ties), then we could use another distribution to model the process (e.g., Poisson and its respective 

parameter λ), without changing much about the model or the inferential process itself. 
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inference. This posterior distribution represents the current knowledge, once prior 

information and actual data have been combined. For example, it would represent our 

current belief about the bias of a coin after we have seen some coin-tossing 

experiments. As we advanced, Bayesian inference deals with uncertainty by working 

with distributions instead of relying on point estimations, as is typical in the frequentist 

(non-Bayesian) tradition in statistics. The process of solving Equation 1 is schematically 

represented in Figure 3. An equivalent procedure would be used, for example, to 

estimate the means of two experimental conditions by combining a prior belief about 

such values and the data obtained in the experiment. 

The final piece of the puzzle that we need to mention in this section before we 

move on to modeling the PREE concerns the way these posterior distributions are 

obtained from the combination of prior knowledge and observed data (i.e., how 

Equation 1 is solved). For simple cases such as the binomial, the problem has a closed-

form solution. However, this is rarely the case (this is why, for decades, Bayesian 

inference was relegated to coin-tossing and similar, very simple, problems). The use of 

more complex models became possible when random sampling methods such as the 

Markov Chain Monte Carlo (MCMC) were developed and applied to these situations 

(Andrieu, De Freitas, Doucet, & Jordan, 2003; Gamerman & Lopes, 2006; Hanson, 

2000). MCMC refers to a family of algorithms for sampling sequences of values from a 

probability distribution. The use of this technique allows us to calculate a density 

estimate of the posterior distribution, which then we can use for our inferential purposes 

(e.g., comparing posterior distributions of different groups, or deciding whether or not a 

meaningful value, such as zero, falls within a credible interval). The technical details 

about how the algorithm works are omitted here, but the reader can resort to the 

references above to obtain a deeper description of the process.   
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Estimating the moment of change between states in the PREE 

In our previous depiction of the PREE and the study of extinction, we have explained 

how, according to several authors, examining curves averaged from multiple subjects or 

trials would be misleading, and that the interesting parameter to examine in the PREE is 

the moment of change from the acquisition performance to the extinction performance 

(Gallistel, 2012a). This parameter, the “moment of change”, becomes central for 

multiple-state learning, as it can be seen as the moment in which one representation or 

state is selected and expressed, replacing the previous one. In this section, we present a 

Bayesian model (inspired by one proposed in Lee & Wagenmakers, 2013, p. 47) that 

could be used to analyze experimental data from this point of view. The three main 

assumptions we aim to include in the model are the following: (1) extinction produces a 

single point of change in behavior (in this example, measured as judgments), (2) 

participants show inter-individual variability in their specific moments of change, which 

explains why the curve becomes smoother when data from many subjects are 

aggregated, and (3) there are also systematic differences in the moment of change 

between groups, which results in the PREE (i.e., extinction is sensitive to the 

reinforcement schedule during acquisition).  

Thus, one goal of the model is to analyze experimental data to detect the 

moment of change in the behavior during extinction at the individual level. We will 

name this individual moment of change with the Greek letter tau, τ. The estimation of 

"group-level moments of change" will be also possible by studying the group-level 

parameter τG. Like θ in the example of the previous section, these parameters are 

initially unknown, and must be inferred from data. In this case, we have specific 

predictions: we predict that participants in the continuous reinforcement group would 

show a sudden reduction of their responses, or judgments, soon in the extinction phase, 
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whereas it would take more time for participants in the partial reinforcement groups. 

That is, τG(Continuous) < τG(Partial 75%) < τG(Partial 50%). Additionally, we predict more 

variability in the individual moments of change in the partial reinforcement groups than 

in the continuous reinforcement group. This is because, in the latter group, most 

participants would extinguish in the first or second extinction trial (hence there will be 

low variability), whereas it will take generally more trials in the partial reinforcement 

groups, creating a wider range of potential moments of change (some participants might 

still extinguish soon, while others would delay it substantially)2.   

Thanks to the flexibility that Bayesian models feature, we can fully represent a 

detailed map of the process that (we assumed) generated the data in our experimental 

situation, which can be seen in Figure 4. The model specifies in a comprehensive way 

the parameters that were outlined in previous section, and also reflects the actual 

experimental procedure used to obtain the data. In this model, only a few variables 

possess known values (to indicate this, they are shaded), the rest will be estimated from 

the data and prior distributions, using MCMC simulations. For the task at hand, we 

chose a hierarchical structure, so that the distribution of each variable is described by 

the variables depicted over it. Thus, we start the description of the model in Figure 4 

bottom-up. 

In first place, we have the data: in this case, they are the judgments given by 

each participant j on each trial i, Di,j. Judgments take on values from 0 (meaning that the 

US was not expected at all) to 100 (meaning that the US was expected with total 

                                                           
2
 It must be pointed out that this prediction could be wrong if participants in the partial reinforcement 

groups systematically delay their behavioral change to a very large extent (i.e., if they postpone the 

extinction until the last trials in the phase or beyond). This would result in extremely distant, non-

overlapping posterior distributions of τG, but of similar (small) variability. However, the extinction 

phase, with 20 non-reinforced trial was expected to provide ample opportunity to observe an almost 

complete extinction in all the groups. 
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certainty). As the data are already known and need not being estimated, they are 

depicted in grey color in Figure 4. In the model, these data depend on several variables. 

First, we will focus on the node t, which acts like a counter, or an index to keep track of 

which extinction trial the current judgment corresponds to (i.e., it takes on values 1, 2, 

3... for each trial, until it reaches the last extinction trial). Although some theories of the 

PREE propose that the effect is due to the accumulation of time between US 

presentations (i.e., time-based account, Gallistel & Gibbon, 2000), the alternative view 

that PREE is caused by the accumulation of unreinforced trials (i.e., trial-based account) 

has been more successful in explaining the empirical evidence (Bouton, Woods, & 

Todd, 2014; Haselgrove, Aydin, & Pearce, 2004). Consequently, we chose to model the 

phenomenon in terms of trials rather than in terms of accumulated time. The plate 

surrounding the variables D and t can be read as a "loop" which, in this case, iterates 

over trials (see Lee & Wagenmakers, 2013, for more examples featuring the "plate 

notation"). That is, for the participant j, Dj,1 is the judgment given in the first trial (i.e., 

when t = 1), Dj,2 is the judgment given in the second trial (t = 2), and so on. So far, this 

structure represents succinctly the sequence of judgments for each trial in a given 

participant. 

Then, the hierarchical structure of Figure 4 unfolds upwards within another plate 

that corresponds to the individual participant level, with indices j = 1 (participant 1), j = 

2 (participant 2), etc., which contains the whole sequence of trials. Within each 

participant j, we propose that the sequence of data D is drawn from a normal (Gaussian) 

distribution described by the nodes that are depicted over it (or, put it another way, we 

propose that a normal process described by these latter variables generated the data D). 

A normal distribution can be fully specified by two parameters, mean and standard 

deviation. In our model, the distribution from which the data D were drawn is described 
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by μ1, μ2, and σ. The rationale for this choice is as follows: from the moment when the 

extinction phase starts, and until it reaches a given trial τ (i.e., from t = 1 to t = τ), D is 

drawn from a normal distribution with mean μ1 and standard deviation σ. But, at one 

point τ, the process changes suddenly (i.e., extinction is expressed), thus producing 

different judgments. Therefore, from the trial τ onwards, the data D are distributed 

differently, also according to a normal distribution, but with mean μ2 (which we expect 

to be smaller than μ1, given that judgments should be lower in the extinction phase), 

and keeping a similar standard deviation σ (Equation 2).  

 

𝐷𝑖,𝑗~ {
Gaussian(𝜇1, 𝜎)  if 𝑡 < 𝜏

Gaussian(𝜇2, 𝜎)  if 𝑡 ≥ 𝜏
 

(2) 

Thus, τ is presented as the moment of the extinction phase that identifies the 

change in the judgments for a given participant: from the acquisition performance 

(mean μ1) to the extinction performance (mean μ2), as Figure 5 illustrates. The model 

will just find the value of τ that breaks the series of data into two parts so that the 

difference between their means is maximal.   

Here, we made assumptions that could have been different, such as that the 

nature of the process generating D is normal, and that the standard deviation is constant 

during the whole phase. In these two particular cases, these choices were made for the 

sake of simplicity (e.g., if the standard deviation is constant, there is one less parameter 

in the model), but what matters is that these modeling decisions are explicitly and 

transparently acknowledged in the model and, thus, may be discussed or changed if the 

researcher believes it is necessary. This speaks again to the flexibility of this type of 

modeling. 
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We continue our description of the model. In Bayesian methods, as implied by 

Equation 1, inference about a parameter starts from an initial distribution of beliefs 

about its possible values (i.e., a prior distribution). For instance, in our coin-tossing 

example, we might assume, before observing any data, that the coin is fair, meaning that 

the distribution is centered over θ = .50. Alternatively, we could acknowledge that we 

know nothing about the process that generates the data, thus assuming that all values of 

the parameter are equally likely (these two options were depicted in Figure 2). 

Likewise, we need to specify prior distributions for the parameters of our PREE model. 

First, as is usual with parameters that are not the focus of the hypothesis testing, we 

assume rather uninformative prior distributions for μ1, μ2, and σ. Thus, μ1 is assumed 

to be drawn from a normal distribution with mean equal to the mean of the last five 

acquisition trials (which would in this case represent the acquisition performance, or 

state) and large standard deviation, 100 (i.e., a flat distribution). Likewise, μ2 is 

assumed to be drawn from a normal distribution with mean 0 (because this is the 

expected value at the end of the extinction phase) and standard deviation 100. Finally, 

we define the prior distribution for 1/σ
2
 as a Gamma distribution with very small shape 

and mean parameters (both are 0.01)
 3. The Gamma distribution is chosen because it 

samples only skewed positive values. Uninformative priors like these are usually 

preferred because they do not normally affect Bayesian estimations to a great extent 

(Gelman, Jakulin, Pittau, & Su, 2008; see some unusual exceptions in Gelman, 1996), 

so that the conclusions are not too determined by the assumption of a specific form of 

prior knowledge, and are more strongly driven by data.  

                                                           
3
 The prior is defined for 1/σ

2
 instead of for σ directly, because the software WinBUGS defines the 

normal distribution in terms of mean and precision, instead of in terms of mean and standard deviation, as 

is usual in most applications. It is easy to convert between the two parameters, because precision is 

1/variance. 
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Finally, the model has one more layer in the hierarchy, corresponding to the 

group-level. So far, all the variables (τ, μ1, μ2...) were defined at the individual-subject 

level, that is, they may vary freely from participant to participant. But even 

acknowledging the individual variability, one still can predict that participants would 

differ in their "moment of change" between-groups (as we made explicit above). Thus, 

once the individual "moments of change", τ, have been estimated, we can then obtain an 

estimation of the underlying group-level distributions from which these individual τ 

were drawn. To model this, we assumed that the individuals’ τ are distributed normally 

with mean τG and standard deviation σG. These two parameters are unknown and, 

according to our predictions, they will vary between groups, since they would be 

affected by the reinforcement schedule presented during the acquisition phase. This is 

why they depend on the observed (i.e., known by the experimenter) variable G, which 

represents the group to which the participant belongs to. In Figure 4, the group-level 

parameters τG and σG are surrounded by a plate with index k that could take on one of 

three values (k = 1: Continuous reinforcement group; k = 2: 75% Partial reinforcement 

group; k = 3: 50% Partial reinforcement group), to indicate that each of the three groups 

in our experiment will have different values for the group-level parameters. This layer 

of the structure allows for predictions at the group level that mirror the ones we planned 

when we conducted the behavioral experiment. Specifically, the predictions are that: (a) 

Participants in the continuous reinforcement group would extinguish their behavior 

soon, in the first extinction trials. This means that their τ would be generally low, and 

thus the mean of their distribution, τG, would be low too. In addition, there would be 

little variability in their moments of change (most of them would extinguish in the first 

or second extinction trials), hence σG would be small. (b) Participants in the two partial 

reinforcement groups would take longer before they change their judgments (as such, 
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their τG would be larger than in the continuous reinforcement group). Also, there will 

be more variability in the individual τ in these latter groups, because there is a wider 

range of possible values in which extinction would be expected to appear: some people 

might still show a change in the first or second extinction trials, but probably others 

would change their judgments on later trials, or even at the end of the extinction phase. 

That is, in the partial reinforcement groups we expect more between-individuals 

variability in τ, and therefore their σG will be larger, as long as there is not a ceiling 

effect (see Footnote 2). Notably, this is a prediction that concerns the shape of the 

posterior distribution, which are naturally evaluated by Bayesian estimation methods. 

The prior distributions for these two last parameters, τG and σG, need also to be 

specified before we can estimate their values. In this case, we chose again to assume 

uninformative priors, although other options are also possible. Thus, in each group, τG 

was drawn from an uniform distribution, which means that all the possible values are 

equally probable a priori. The prior for σG was also uninformative: a Gamma 

distribution with small mean and shape parameters (both were 0.01). As we argued 

before, uninformative priors are generally a way to prevent the prior knowledge from 

affecting the estimations too much, and this is the strategy we chose to follow. 

All these parameters and the relationships between them, summarized in Figure 

4, convey the full experimental situation with its structure and all the elements of 

interest, thus respecting the complexity of the actual data. Also, because the Bayesian 

model outputs a posterior distribution instead of a point estimation of the parameters, 

we can make predictions not only about the values of the parameters, but also about 

their variability (e.g., the distribution of τG will be narrower in a continuous 

reinforcement group than in partial reinforcement groups, as we explained above). 

Finally, which is most important for our current paper, the model captures the 
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assumptions that the researcher wants to incorporate, in particular the notion that the 

result of learning can be expressed as a quick replacement and switching between 

multiple states or representations, instead of the gradual modification of a single state. 

To do this, the data are examined at the individual (in addition to the group) level, and 

the aim is to detect a moment of change in behavior rather than estimating the extinction 

rate of a learning curve that only makes sense when pooling many participants together. 

This illustrates how Bayesian tools are flexible enough to fully incorporate the 

experimental situation regardless of the parameters one aims to study or the level of 

analysis intended. 

Behavioral Experiment 

Before implementing the above outlined model, we first obtained data from a behavioral 

experiment featuring a PREE design. Our aim was to replicate this effect and then, 

using these data, to show how Bayesian modeling allows making inferences about the 

parameters of interest (i.e., the moment of change in extinction) at both individual and 

group levels, so that the predictions by the multiple-states learning view can be tested. 

Method 

Participants and apparatus. Fifty-five Psychology students of the University 

of Malaga took part in the experiment in exchange for course credits. They were 

randomly distributed as follows: 18 participants in the continuous reinforcement group, 

18 in the 75% partial reinforcement group, and 19 in the 50% partial reinforcement 

group. The experiment was programmed in E-Prime for Windows and conducted in a 

large computer room with ten individual cubicles. 

Procedure. Participants were told that a cartoon character was trying to turn on 

a light bulb. On a series of 42 trials, the character was shown on the screen, ready to 

operate a light switch, and participants were asked to rate how likely the light bulb 
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would come on at that time. The ratings were given by clicking with a mouse on a 

continuous scale from 0 to 100. The instructions indicated that clicking on the rightmost 

part of the scale meant that it was very likely that the light would come on, whereas 

clicking on the leftmost part of the scale meant that it was very unlikely that the light 

would come on. A visual marker appeared on the point of the scale where the 

participant clicked. Although the program assigned a value (from 0 to 100) to each 

rating, proportional to its position in the scale, this number was not made visible to the 

participant. There was no time pressure to respond. Once the judgement was provided, 

the screen showed the character pressing the switch and the outcome corresponding to 

that trial: either the light came on or it stayed off. Both outcomes were accompanied by 

a sound and the facial expression of the character, which had the corresponding positive 

or negative emotional value of the outcome. Participants could then press the space bar 

to move to the next trial. 

The first 20 trials corresponded to the acquisition phase, in which the light bulb 

was turned on (i.e., the US was shown) on the 50%, 75% or 100% of the trials, 

depending on the group. The trial order was random. Two additional reinforced trials 

were included at the end of the acquisition phase, to make the groups more comparable 

in their experience right before moving to the extinction phase. The subsequent 

extinction phase was identical for all participants and consisted of 20 unreinforced 

trials. There was no indication to the participants of the change of phase through any 

means. 

Results 

First, we report the traditional, frequentist, data analysis that is similar to those 

conducted on most PREE studies to date. The trial-by-trial prediction judgments were 

our dependent variable. As we expected, the three groups differed in the evolution of 
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these judgments during the acquisition phase (left-hand of Figure 6). A one-way 

ANOVA conducted on the last block of five acquisition trials revealed significant 

between-groups differences: F(2, 52)= 59.93, p < .001, ηp
2
 = .697. The continuous 

reinforcement group gave higher judgments than the 75% partial reinforcement group, 

t(34) = 5.12, p < .0001, and this latter, in turn, gave higher judgments than the 50% 

partial reinforcement group, t(35) = 4.397, p < .0001. In associative terms, this is 

commonly interpreted as the three groups reaching different learning asymptotes that 

depend on the reinforcement schedule. 

The PREE was then studied at the aggregated level by examining the extinction 

curves (right side of Figure 6). The trial-by-trial data were submitted to a 3 (Group) x 20 

(Trial) ANOVA, yielding a significant main effect of Trial, F(19, 988) = 15.26, p < 

.001, ηp
2
 = .227, no main effect of Group, F(2, 52) = 1.89, p = .165, ηp

2
 = .07, and a 

Trial x Group interaction, F(38, 988) = 2.32, p < .001, ηp
2
 = .082. This interaction 

suggests that the extinction curves were different between groups, with the continuous 

reinforcement group showing a faster decline in the responses than the two partial 

reinforcement groups. As simple effect contrasts show, the tendency becomes evident in 

the fourth, fifth and sixth extinction trials: F(2, 52) = 3.370, p = .042, ηp
2
 = .082; F(2, 

52) = 4.008, p = .024, ηp
2
 = .134; and F(2, 52) = 3.184, p = .049, ηp

2
 = .109 (Table 1 

contains simple-effect between-group contrasts, included here for completeness sake). 

This result is compatible with the PREE. 

 

Table 1 

Simple-effect between-group contrasts for the three extinction trials in which ANOVA 

was significant (i.e., fourth, fifth, and sixth trials). 

Contrast Fourth extinction Fifth extinction Sixth extinction 
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trial trial trial 

Continuous vs. Partial 

75% 

p = 0.668 p = 0.062 p = 0.038 

Continuous vs. Partial 

50%  

p = 0.019 p = 0.008 p = 0.029 

Partial 75% vs. Partial 

50% 

p = 0.052 p = 0.408 p = 0.924 

 

 

A Bayesian model for PREE: The multiple-state assumption made explicit 

The previous analyses examined the possibility that the extinction curves proceeded at 

different pace depending on the reinforcement schedule presented during the acquisition 

phase, consistent with the single-state assumption of the standard associative models. 

The results, studied by means of an analysis of variance, were in line with the PREE. 

However, the predictions made from the multiple-state learning view focus on different 

parameters. Consequently, we present the application of the model described in earlier 

sections to make inferences about the data collected in the behavioral experiment.  

Method 

The model in Figure 4 was programmed in WinBUGS, a software for Bayesian 

analysis of complex statistical models that uses MCMC algorithms to produce an 

estimation of the posterior distributions (Thomas, 1994). The BRUGS package for R 

(Thomas, O’Hara, Ligges, & Sturtz, 2006) served to handle the experimental data and 

the results of the simulations. Also, we used scripts derived from those by Kruschke 

(2010b) to plot the posterior distributions and compute highest density intervals (see 

below).  

In our model, we were interested in estimating the posterior distributions of τ, 

τG and the rest of the parameters, so that we can test our predictions. These estimations 
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were achieved by using MCMC sampling methods. Because we wanted to ensure that 

the samples were taken from the stationary distributions and were not affected by the 

random starting points of the chains, we sampled five separate Markov chains for each 

parameter, and took 51,000 samples. The first 1,000 samples of each chain were 

discarded to get more stability (a technique commonly known as "burn-in"). These are 

standard practices in Bayesian parameter estimation (Kruschke, 2010b). 

Results 

Before we report the results of our simulations, we stop briefly to look at the 

data more closely. In the previous section, we observed a seemingly gradual extinction 

curve that appeared at the group-level (see Figure 6). As we explained in the 

Introduction, the data may look very different at the individual level. Our code available 

at the Open Science Framework produces plots of the learning curves for each 

individual participant. The examination of these curves reveals great variability: some 

participants extinguish readily and permanently (e.g., participants 16 and 37), whereas 

others seem to extinguish progressively (e.g., participant 45), others show erratic 

behavior (e.g., participants 1 and 14), or even seem to not extinguish at all. This speaks 

once again to the importance of not assuming that a feature that emerges at the group 

level (e.g., smooth curve, extinction, etc.) necessarily applies to each and every 

individual in the sample (Gallistel, 2012b). Acknowledgement of individual variability 

can improve the modeling of the actual underlying process. For Figure 7, we have 

selected a few representative participants that show an apparent drop in their judgments 

during the extinction phase, as the model assumes. 

Looking at Figure 7, and focusing on the extinction phase, it is possible to figure 

out when a certain participant changed their behavior (from the acquisition performance 

to the extinction performance). The Bayesian model is designed to capture the moment 
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when an individual participant made this change in the judgments. As mentioned above, 

we called this parameter τ, and its value is the one that splits the extinction phase into 

two parts so that the difference between their mean judgments is maximal (Equation 2). 

Figure 8 represents the output of the model, in the form of the posterior distributions for 

the individual τ of the same participants represented in Figure 7. The horizontal axis of 

Figure 8 represents the extinction phase, and the posterior distribution informs us about 

the degree of credibility of each possible value for the individual τ of a participant. For 

instance, consider participants 16, 28 and 37 (all from the Continuous reinforcement 

group): they seem to extinguish abruptly and quickly in Figure 7 (top row), as soon as 

the extinction phase starts. This impression largely converges with the estimations 

depicted in Figure 8 (top row), because their posterior distributions are narrow 

(indicating little uncertainty about the moment of change τ) and they are centered over 

the initial extinction trials (which means that they changed their behavior soon in the 

extinction phase). The participants in the partial reinforcement groups (Figure 8, second 

and third rows) show similarly narrow distributions (i.e., little uncertainty in the 

estimations), but they are shifted towards the right part of the plot, indicating a quick, 

but delayed extinction (i.e., τ values are larger in these groups). This aligns with the 

predictions we made before building our model.  

An important fact is that the model produced posterior distributions that inform 

us about the most likely values for the individual τ of each participant, and also convey 

the uncertainty associated to such estimations (e.g., narrow distributions indicate little 

uncertainty). To help with the interpretation of the posterior distributions, Figure 8 

includes a thick black line superimposed onto the horizontal axes, corresponding to the 

95% highest density interval (HDI). The HDI is the interval that contains the 95% of the 

mass of the posterior distribution (Kruschke & Vanpaemel, 2015). This is the Bayesian 
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equivalent of a confidence interval, although its interpretation is more intuitive (i.e., we 

can assume with 95% confidence that the true value of the parameter lies between the 

limits of a 95% HDI). The varying widths of the intervals displayed by certain 

participants (e.g., participants 32 versus 47) are indicative of different degrees of 

uncertainty: the estimation indicates that it is not always as clear when the judgments of 

these participants actually changed during the extinction phase, and this is represented 

accordingly in the posterior distribution. Wide HDIs suggest that the estimation was 

uncertain, and the shape of the distribution can help us identify the most likely values 

(e.g., as when it is multimodal, see participant 32). Additionally, values that fall out of 

the HDI are highly unlikely (e.g., none of these participants seemed to delay the 

extinction beyond the 15th trial, which is never included in the intervals). The use of 

posterior distributions and HDIs instead of point estimations is, then, very helpful for 

the researcher, to better understand the data observed (see Kruschke & Liddell, in press, 

for a more detailed explanation about how to use HDIs for Bayesian hypothesis-testing). 

So far, we have discussed the estimations of individual participants. However, 

our main predictions concerned the differences between groups, in particular those 

represented by the parameter τG (i.e., the moment of extinction for groups). Thus, 

Figure 9 depicts the posterior distributions of the τG for each group. In line with the 

predictions, the distributions of τG are centered in larger values and have larger 

variances as a function of the amount of unreinforced trials received in the acquisition 

phase. That is, in the continuous reinforcement group, the mean of τG is small (3.46, SD 

= 0.29, 95% HDI = 3 to 3.98) and the distribution is narrow. The 95% HDI does not 

overlap with those of the 75% partial reinforcement group (M = 5.75, SD = 0.81, 95% 

HDI = 4.27 to 7.45) and the 50% partial reinforcement group (M = 8.03, SD = 0.92, 

95% HDI = 6.3 to 9.95), suggesting that the group-level moment of change, τG, was 
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indeed smaller in the Continuous reinforcement group than in the other two groups, as 

expected. The difference between the two partial reinforcement groups is less evident, 

as there is some overlap in their 95% HDIs, although the results were expected: (1) The 

values of τG were larger (i.e., extinction was delayed) as a function of the amount of 

unreinforced trials, and (2) the distributions of τG become wider with lower rates of 

reinforcement, as a consequence of individuals showing more variability in their 

individual τ. 

Discussion 

An important part of the associative tradition, exemplified by theories such as the 

Rescorla-Wagner model (Rescorla & Wagner, 1972), rests on the assumption that 

learning can be captured as a gradual change in one parameter that typically represents 

the associative strength between two stimuli in a given moment. If contingencies 

change, then the parameter must be updated just as it happens when contingencies are 

stable. That is, animals form a single representation, or state, of the learning situation, 

and transform it when necessary to adapt to changes. Most associative models share this 

single-state assumption, according to which only one representation or state can be 

learned at a time, and consequently predict the gradual, negatively accelerated, learning 

curves to which most of us have got used. However, some evidence suggests that the 

single-state assumption is wrong (Gallistel, 2012a; Gallistel et al., 2004). Consequently, 

a few associative models included the notion that reinforced and nonreinforced trials 

could be learnt as two different associations (one with the US representation, and 

another one with the no-US representation) that co-exist and compete. This idea is 

based on uncertainty-guided learning models  (Pearce & Hall, 1980), and was adopted 

to create hybrid associative models that, unlike the original RWM, take into account 

both prediction error and uncertainty (Esber & Haselgrove, 2011). Nonetheless, these 
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hybrid models still use gradual acquisition functions, in line with the associative 

tradition.  One the other hand, according to the multiple-state learning assumption that 

we describe in this paper, animals could be able to acquire and store multiple 

representations of the learning situation (e.g., the one before and the one after a 

contingency change), and eventually use the one that better suits the current task goals 

and demands. These diverging views on learning (traditional single-state vs. multiple-

state) produce different predictions for certain well-established phenomena, such as the 

PREE, which is the focus of this paper. This should naturally stimulate researchers to 

conduct experiments aimed at discriminating between the theories. However, the 

multiple-state learning view has not been extensively studied in the PREE. One of the 

reasons is that testing this view requires a data-analysis approach that allows for 

simultaneously studying both the individual- and the group-levels, and that examines a 

different parameter of interest (the moment of change in behavior, instead of the 

learning rate). In this paper, we try to fill this methodological gap by developing a 

Bayesian model that allows a more direct test of the predictions of the multiple-state 

learning view.  

Our Bayesian model is designed to analyze series of data (judgments) in a PREE 

design. It incorporates a switch between two states (or performance levels), and the 

parameter of interest is the point in the series of data when individuals' behavior 

switches from the acquisition performance level to the extinction performance level 

(i.e., the "moment of change"). The model allows for both group and individual 

variability in this parameter, and it provides estimations at the individual, as well as the 

group level. 

We applied the model to actual data obtained in a behavioral experiment with a 

PREE design. The results indicated that, indeed, the model can provide a satisfactory fit 
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at the individual and group levels. In line with the predictions derived from a multiple-

state view of PREE (Gallistel, 2012a), the moment of change varied with the probability 

of reinforcement. Participants who were trained under a continuous reinforcement 

schedule during the acquisition phase showed an abrupt reduction in the judgments 

early during the extinction phase. By contrast, participants in the two partial 

reinforcement groups delayed this reduction in their judgments for at least a few more 

trials.  

Moreover, since our Bayesian model estimates full posterior distributions for the 

parameters, we were able to address another (novel) prediction that concerned 

individual and between-group variability in the moment of change: participants in the 

continuous reinforcement group showed little variability in this parameter, while the 

distributions were much wider in the other two groups. This is again in line with a two-

state view of PREE. If the two phases were less discriminable in the partial 

reinforcement groups, we would expect the moment when the judgments changed to be 

also more variable. This prediction could be tested because of one feature that seems 

unique of Bayesian models, the use of probability distributions to represent uncertainty 

during the whole inference process. 

Thanks to our Bayesian model, we have been able to document a recurrent 

pattern that many individuals show in learning tasks: they tend to exhibit large, sudden 

changes in their behavior after a contingency chance (Gallistel, 2012b). Although the 

experiment cannot rule out the possibility of the single-state approach, our findings are 

compatible with the multiple-state view. Importantly, the predictions from the multiple-

state approach were rarely tested in the past. This is due to the inherent difficulty in 

analyzing a parameter such as “the moment of change”, especially when we focus on 

the individual level. Whereas traditional data-analysis approaches are too rigid to allow 
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testing these predictions, our Bayesian model succeeded in finding evidence in line with 

the multiple-state assumption. From this point, researchers should make an effort to 

formalize and develop an actual theory built on the assumption of the multiple-state 

approach, which is currently missing, although it is implicit in some current theories of 

occasion-setting and renewal (Rosas & Callejas-Aguilera, 2006). These future theories 

should find ways to combine the predictions at the group and at the individual levels.     

Notably, some of the researchers who previously pointed the problems of 

analyzing group-level learning curves also proposed their own alternative solutions. 

One of the obvious remedies to the perils of aggregating data is to resort to cumulative 

records and individual curve-fitting (Gallistel, 2012a; Gallistel et al., 2004). We believe 

that our Bayesian approach possesses important advantages, such as a more direct 

representation of the process that generated the data and the estimation of the parameter 

that is theoretically relevant, and the novel prediction concerning the variability in the 

moment of change. On the other hand, the study of cumulative records seems more 

neutral (data-driven, not theory-driven). Because of this, they can be complementary 

approaches.  

It is not the goal of our paper to provide evidence to discriminate between the 

two perspectives of learning in the PREE (single-vs. multiple-state). Rather, we noticed 

that, while the predictions of the traditional single-state view have been often studied, 

the predictions of the multiple-state view were tested only indirectly (e.g., both the 

effect of context-switch manipulations and the existence of abrupt changes in individual 

learning curves are evidence supporting this view). Our contribution fills this gap by 

providing a method that allows a more direct test of predictions that were largely 

unstudied in the past. But, how could Bayesian methods help researchers in the 

associative learning field discriminate between the predictions of different theoretical 
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views (e.g., single- vs. multiple-state)? Flexible model comparison is another one of the 

advantages of Bayesian inference. Thus, one could develop two models, each one 

representing the process under a different theoretical approach. Then, their ability to 

model and predict the data could be quantified and compared. This goal is far beyond 

the scope of our paper, but these two hypothetical models could be designed to differ to 

a great extent if needed. Fortunately, unlike other techniques, Bayesian hypothesis 

testing can take into account the complexity of each model, and penalize it accordingly, 

which is sometimes known as "the Bayesian Ockham's Razor" (Jefferys & Berger, 

1992; see also Wagenmakers et al., 2010, for more details about Bayesian model 

comparison). In sum, comparing between Bayesian models could be a feasible way to 

advance in our knowledge on associative learning, something already quite common in 

other areas of experimental psychology.  

The finding that learning procedures sometimes produce rapid switches between 

levels of responding is not completely incompatible with traditional associative models 

of learning. However, to account for these patterns of data, that seem better 

characterized by the moment of change than they are by other parameters such as 

learning rate, these associative models should incorporate additional mechanisms that 

allow for this behavior. Just to mention one possibility, learning could still proceed 

according to an associative strength update rule such as that of RWM, but then a 

nonlinear response rule could translate this strength into behavior so that it produces 

step-like changes in the data (e.g., it could resemble a logistic function), without the 

need to postulate the tracking of multiple states, or the replacement of one state by 

another, as the alternative view assumed. However, this type of response rules is rarely 

mentioned in associative theories. When researchers aim to test the prediction of an 

associative model, they typically use the original model, without incorporating any extra 
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response rule. A clear example is the analysis of learning curves in contingency learning 

(López, Almaraz, Fernández, & Shanks, 1999), which is often presented as evidence in 

favour of associative processes, although, as argued before, this could be misleading 

because gradual learning curves only appear at the aggregated level. Admittedly, we 

have some learning theories that do incorporate response rules that could lead to 

extreme, rapid changes in behavior, specially for phenomena such as occasion setting 

and renewal. The most notable exponent of this is the comparator hypothesis 

(Arcediano, Escobar, & Miller, 2005). Then again, this theory is at least partially silent 

about the learning mechanism itself, as it is principally the formalization of a response 

rule (but see the more recent SOCR, or Sometimes Competing Retrieval model, which 

formalizes in detail the comparator hypothesis; Stout & Miller, 2007). Using a very 

different perspective, Frey and Sears (1978) extended the Rescorla and Wagner model 

(1972) by incorporating an attentional mechanism as well as a complex, non-monotonic, 

response rule based on Zeeman’s catastrophe theory (1973). With these two additions, 

the model can explain sigmoidal learning curves, as well as non-gradual effects like 

reacquisition. In sum, associative theories could be endowed with mechanisms to 

produce step-like patterns of responding like the ones seen in the individual learning 

curves of our experiment, but normally, either such mechanisms are not explicitly 

formalized into the associative theory (as is the case of RWM), or these response 

mechanisms are modeled independent of the association formation mechanism (e.g., 

comparator hypothesis), or even lack the level of formalization that associative models 

typically achieve (Bouton, 2004).  

One important point is that our Bayesian model aims at making sensible 

inferences from experimental data, rather than proposing a new theoretical approach to 

challenge previous ones. As long as the three assumptions embedded in the Bayesian 
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model remain plausible (i.e., there is one change point in the data, there is individual 

variability in the moment of change, and there are between-group differences in the 

moment of change) the model can be used regardless of the theoretical interpretation. 

For example, if associative models, by including an extra response rule or by other 

means, are capable of producing step-like changes in behavior at the individual level, 

then the data could still be analyzed under the assumption of a change-point in the series 

of data, and not under the assumption of a gradual change. This possibility shows that it 

is a versatile analysis tool. 

When examining the Bayesian model that we have presented in this paper, the 

reader might discover features that could have been implemented differently. In fact, 

many of the decisions made when modeling any situation are, in part, arbitrary. After 

all, modeling implies making assumptions, and Bayesian models are not different in this 

concern. Just to mention one example, in our model τ and τG (representing the moments 

of change at the individual and group levels, respectively) are continuous variables. This 

conveys the idea that they represent a moment in the subjective flow of time that 

participants perceive, the moment where they switch states4. However, in our 

experimental procedure, time was discretized into trials. Thus, a different but also 

sensible modeling decision would have been to assume τ and τG were drawn from a 

discrete distribution, such as a Poisson distribution. This can be readily modified in the 

model: instead of mean and standard deviation, the parameter that defines the Poisson 

distribution is λ (i.e., the expected number of occurrences of an event per unit of time). 

Furthermore, we could even compare the performance of the two models (the one with 

continuous τ and τG, and the one that uses a Poisson process to model them), to see 

                                                           
4
 Associative models have made similar assumptions in the past, proposing that time is divided into 

micro-trials (e.g., Mclaren & Mackintosh, 2000).  
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which of them better fits the data. Interestingly, some experiments on the PREE found 

results favoring a trial-based account over a time-based account of the phenomenon 

(Bouton et al., 2014; Haselgrove et al., 2004). This empirical evidence can be used to 

guide modeling decisions such as whether time should be discretized into trials or 

considered in a more continuous fashion. Moreover, the model can be adapted to 

different experimental situations. For example, the PREE has been found also in within-

subject designs (Pearce, Redhead, & Aydin, 1997). By changing the boundaries of the 

“Participants” plate in our Figure 4, we could examine PREE in these conditions too 

without substantially modifying the model’s assumptions.  

Finally, one additional goal of this paper was to constitute an invitation to 

consider Bayesian methods in the field of associative learning, just as it is becoming 

usual in other research areas. Their flexibility and the informational richness of the 

output they produce (e.g., posterior distributions instead of point estimations, which 

accounts for uncertainty) make them ideal tools for associative learning theorists to 

create better implementations of their hypothesis-testing, and a great chance to expand 

the field to new horizons. 
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Figure captions 

Figure 1. Graphical model for inferring the success rate of a binary process.  

Figure 2. Two possible distributions for representing our knowledge about the 

success rate of a binomial process. On the left panel, we choose a uniform prior 

distribution, according to which all values for the parameter are equiprobable, to 

acknowledge our complete lack of information about the process. On the right panel, we 

represent another possible assumption: that, a priori, the two outcomes (e.g., heads and 

tails) appear with the same probability, and thus the more likely value for θ is 0.5 (this 

is implemented as a Beta prior distribution). These a priori beliefs are chosen by the 

researcher, and reflect her knowledge on the matter. Note that the figure represents 

probability density functions, which means that the area under the function integrates to 

1, hence densities higher than 1 are possible.   

Figure 3. Bayesian inference implies a transition from the prior distribution of 

the parameter θ (left panel) to a new posterior distribution (right panel) that incorporates 

the newly acquired data. In this example, we start from a uniform prior distribution, 

which is updated after observing eight heads in a series of ten coin-tossing experiments.  

Figure 4. Our Bayesian model for inferring the moment of change in the series 

of judgments. 

Figure 5. Schematic representation of the rationale behind the model. The plot 

represents fictitious data (judgments) of an individual participant during the extinction 

phase (trial t = 1, 2...). The participants' judgments change from the acquisition 

performance to the extinction performance. In the acquisition performance, the 

judgments are distributed with mean μ1, but at some point they change suddenly to the 

extinction performance, in which they are distributed with mean μ2. This change takes 

place in the trial τ, which is initially unknown and must be inferred.  
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Figure 6. Group-level learning curves in our experiment. The vertical line 

separates the two training phases, acquisition and extinction. 

Figure 7. Individual-level learning curves for some selected participants in our 

experiment. The first, second, and third row of panels contain participants from the 

Continuous, partial 75%, and Partial 50% reinforcement groups, respectively. The 

vertical line separates the two training phases, acquisition and extinction.  

Figure 8. Density of the posterior distributions of the individual τ estimated for 

the participants that were presented in Figure 7. Horizontal axes represent the extinction 

trials (from 1 to 20). The thick horizontal lines below the distributions represent the 

95% HDI (see main text) for the posterior distribution of the individual τ. 

Figure 9. Density of the posterior distributions estimated for the group-level 

parameter τG, which represents the moment of change in the judgments for each group. 

The thick lines close to the axis represent the 95% HDIs. 
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Figure 2. 
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Figure 4. 
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Figure 7. 
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Figure 9. 




