SHARP A; WEIGHTED ESTIMATES FOR VECTOR VALUED OPERATORS

JOSHUA ISRALOWITZ, SANDRA POTT, AND ISRAEL P. RIVERA-RIOS

ABSTRACT. Given 1 < ¢ < p < 00, quantitative weighted L? estimates, in terms of A, weights, for
vector valued maximal functions, Calderén-Zygmund operators, commutators, and maximal rough
singular integrals are obtained. The results for singular operators will rely upon suitable convex
body domination results, which in the case of commutators will be provided in this work, obtaining
as a byproduct a new proof for the scalar case as well.

1. INTRODUCTION

We recall that a weight, namely, a non negative locally integrable function w belongs to A, for
1<p<ooif

A

ks, = sup f wios (f w~Fay)” <o

where as customary, JCQ denotes the unweighted average over (). The A, class of weights char-
acterizes the LP(w) boundedness of the maximal function as B. Muckenhoupt established in the
70s. Subsequent works of B. Muckenhoupt himself, R. Wheeden, R. Hunt, R. R. Coifman, and C.
Fefferman were devoted to exploring the connection between the A, class and weighted estimates
for singular integrals. However, it was not until the 2000s that the quantitative dependence on the
so called A, constant, namely [w]4,, became a trending topic. Probably the paradigmatic question
in that line of research was the A theorem finally established by T. Hyténen [10].

Now we recall that the A, classes are increasing, so it is natural to define Ao = U, 4p. T-
Hytonen and C. Pérez [12] proved that

1
. =smp s /Q M(wyg)(@)dz < o0
is the smallest constant characterizing Ao, at least up until now, and provided a number of quan-
titative estimates in terms of [w]4. . Nevertheless, it is worth noting that essentially the same
constant had already appeared in works by Fujii [7] and Wilson [38]. After [12] several papers
have been devoted to the study of quantitative weigthed estimates in terms of the A, and the A
constants.

Among the possible extensions of the classical scalar theory of Calderén-Zygmund operators (see
Section 3 for the precise definition), vector valued extensions have received an increasing degree of
attention in the last years. Let W : R? — C™ ™ be a matrix weight, namely, a matrix function such
that W (z) is positive definite a.e. Given f: R — C" and 1 < p < oo, we define

||ﬂ|LP(W) = (/Rd ‘W%(x)f(x))p dx>; )

Let 1 < p < co. We say that a matrix weight W is an A, weight if

Wi, = (£ i) p

P v
dy) dr < o0.
Note that in the identities above powers of matrices are involved. Those powers shall be defined via
funtional calculus. We refer the interested reader to [11] for more details on this.
Matrix A, weights were introduced by S. Treil and A. Volberg in [36]. In the late 90s it was
shown in a series of works by M. Goldberg [¢], F. Nazarov and S. Treil [27], and A. Volberg [37]
1




2 JOSHUA ISRALOWITZ, SANDRA POTT, AND ISRAEL P. RIVERA-RIOS

that if W is a matrix A, weight then certain classes of Calderén-Zygumund operators (see Section 3
for the precise definition) acting componentwise on C" valued functions are bounded on on LP(W).
The definition of A, that we have presented here is due to S. Roudenko [35] and is equivalent to
the definitions in the aforementioned works.

Contrary to what happpens in the scalar setting, the As conjecture remains an open problem in
the vector valued setting. In [1], K. Bickel, S. Petermichl, and B. Wick proved that the dependence
of the norm of the martingale and Hilbert transform on the As constant of the weight W is at most

3
[W]E12 log([W1]a,). The second author and A. Stoica [32] established that the dependence of the
norm of all Calderén-Zygmund operators with cancellation on [W]4, coincides with the one for the
matrix martingale transform, hence reducing the As conjecture for those operators to the proof of
the linear bound for the latter.
Given 1 < ¢ < oo, we say that W € Az if

1
[W]ase = sup HWEe
“ eeCn

Quite recently F. Nazarov, S. Petermichl, S. Treil, and A. Volberg [25] established the following
quantitative estimate for W € A,

q
| <w
Ao

1 1

- 1 1 1 = 3
(1.1) T fllz2wy < ena WG, WAy [W_l]i;§m||f||L2(W) < en WL fllL2owy-

The preceding estimate is obtained using the so called convex body domination. In that work the
linear dependence on the As constant is conjectured. In the case of maximal rough singular integrals
with Q € L>°(S"~1), the following estimate, in the case p = 2, was quite recently provided by F. Di
Plinio, K. Li and T. Hytonen [1],
5 -
< eoar W13, IW2 fl2a)
L2(R4)

where the scalar operator Tq s is defined as follows

Tosf(x) = /| Q('H')ﬂy)dy.

x—y|>d |$ - y|d
Very recently D. Cruz-Uribe, J. Isralowitz, and K. Moen [3] extended (1.1) to every 1 < p < oo,
providing the following estimate

1 -
sup [W2Tgq,s f|
>0

1
A 4
W »

:| i
A;Sj,oo

a1
1T fllzewy < enar [W]a (W1kAse W flleewy < enar Wla," " P leow)-

P

Some sharp estimates have been obtained as well in the vector valued setting. T. Hytonen, S.
Petermichl and A. Volberg [14], and Isralowitz, Kwon, and the first author [15] established the linear
upper bound on [W]4, for the matrix-weighted square function and the matrix-weighted maximal
function, respectively (namely, My, defined as in Section 2).

We recall that given a linear operator G and a locally integrable function b, the commutator [b, G]
is defined by

b, G1f(z) = b()Gf(z) — Gbf)(x).

At this point we turn our attention back to the scalar setting. A. Lerner, S. Ombrosi and C.
Pérez [19, 21] established the following result for Calderén-Zygmund operators. Given a Calderén-
Zygmund operator T and w € A; we have that

1 1
(1.2) IT £l o) < enapp’wlh, [l 1]l o w)-
In the case of commutators, for b € BMO and T a Calderén-Zygmund operator, C. Ortiz-Caraballo
[29] proved that

N2pop
(1.3) 1B, T)f oy < enrlibllzaco (') [wl, [w]a 2 1 2o -
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One of the motivations to obtain such a precise estimate for Calderén-Zygmund operators was to
provide a proof of the A5 constant. Assume that for every w € A;

1T fllproe ) < cp([w]a)[[f1L1 )

where ¢ is a submultiplicative, increasing function such that ¢(1) > 1. Then we also have that for
every 1 < p < oo and every w € A4, ([19])

1T fllzroe ) < co([w]ap) [ f1Lew)

We observe that in [19] it was proved that ¢(t) < tlog(e+t) using (1.2) as a main ingredient and it
was also conjectured that ¢(t) ~ ¢. If true, the latter would have led to a proof of the As conjecture,
since in [31] it was established that

1T 20wy < enrlw]ag + e (1T L2w)— 220 @) + 1T £200-1)— L2:00 (w-1)) -

However, the fact that ¢(t) ~ ¢t was disproved in [20], furthermore, in [18] it was established that
©(t) ~ tlog(e +t), and consequently the estimate in [19] is sharp.

2. MAIN RESULTS

One of the main purposes of this paper is to provide vector valued counterparts of (1.2) and
(1.3). To provide that kind of estimates we rely upon the definition of the matrix A; class that M.
Frazier and S. Roudenko introduced in [6]. Namely, we say that a weight W € A; if

Wl = supess sup,eq ]é W ()W () |dz < oo.

Before presenting our first result we would like to discuss briefly the definition of the maximal
function. Due to the non-linearity of the maximal function, when it comes to study weighted
estimates for it, the approach that has been mainly considered in the literature is to study weighted

variants of it (see [8, 15]). In what follows we will deal with the following weighted maximal
functions.
M) = sup W3 W3 )y
zeQ
My, (' —sup][ W5 () (w)| dy
zeQ

We direct the reader to Section 4 for the definition of Wyg.
Theorem 1. Let W € A1 and 1 < p < co. Then

IN

(2.1) [ Mw,pll Lo (Rescr)—s Lr (RS en W13,

DT NS =

(2.2) HMI//V,pHLP(Rd;(C“)—)LP(Rd) < cnp[W]

1

Let T be a Calderdn-Zygmund operator, b € BMO, and Q € L>®(S*1) with de_l Q=0 IfWeAi
and 1 < p < oo, then

1 L
(2.3 T v )y < nr W1 [W]iee < enpr (W,
* v Lo 2
(2.4) HTQW,pHLp(Rd;(cn)HLp(Rd) < Cn,d,ﬂ7p[W]A1[W]A;foo < cna0pWla,
1 14+
(2.5) 116: Tl Loy owy < nprllbllzrrolWG, W]asd < Cnpr W14,

where T, v, f = supsg ‘W%Tﬂ,é (W_%]F) ‘
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Coming back once again to the scalar setting, it is a known fact that an extrapolation argument
[5, Corollary 4.3] allows one to prove that if we have that

1GfllLr(w) < erpae(wla)llfllLe(w),

for every A; weight, then the same dependence holds as well for every w € A, with 1 < ¢ < p,
namely,
1G fll e (w) < erpge([w]ag) Il Lew)-
Extrapolation arguments, in case of being feasible, have not been developed yet in this setting so
we provide a direct proof of the preceding result in the cases considered in Theorem 1. We observe
that we recover again the linear dependence already available in the scalar case. We wonder whether

it is possible to provide some estimate analogous to the one supremum estimates obtained in [23]
and [34].

Theorem 2. Let1 <g<p<ooand W € A;. Then

ST

(2~6) ||MW,p

IN

LP(R4;C7)— LP(RL) cnp,r[W] 4

S =

(2.7) Myl e @acnys oy < CnpT[W]

q

Let T be a Calderdn-Zygmund operator, b € BMO, and Q € L>®(S*1) with Joar Q=0. If W € A
and 1 < p < oo, then

Lok
(2-8) HT||LT’(W)~>LT’(W) < Cn,p,q,T[W]fxq [W]fxggoo < Cn,p,T[W]Aq
. 11+
(2.9) HTQ,W,pHLp(Rd;cn)HLp(Rd) < Cn,d,@q,p[W]gq [W]Agfio < Cnyd@,qm{w]iq
1 1
(2-10) H[b7 T]HLP(W)%LP(W) < Cn,p,q,T”bHBMO [W}flq [W]Ag,coo < Cn,p,q,T”bHBMO[W]Aq

where T¢y v, f = supssg ‘W%Tﬂ,é <W7%f> ‘

We would like to note that both in Theorems 1 and 2 the dependencies obtained are the same
as the best known ones in the scalar case, and therefore, besides the case of the maximal rough
singular integral, are sharp.

The rest of the paper is organized as follows. In Section 3 we present a convex body domination
result for commutators. We provide some extra facts about matrix A, weights in Section 4. Finally,
in Section 5 we settle Theorems 1 and 2.

3. CONVEX BODY DOMINATION FOR COMMUTATORS

We begin the section borrowing some definitions from [17]. We say that a family of cubes D is a
dyadic lattice if it satisfies the following properties

(1) If @Q € D then every dyadic child of @ belongs to D. In other words, if D(Q) is the standard
grid of dyadic cubes of @ and @ € D then D(Q) C D.
(2) If Q1,Q2 € D then there exists a common ancestor in D. That is there exists ) € D such

that @1, Q2 € D(Q).
(3) For every compact set K C R? there exists Q € D such that K C Q.

Given n € (0,1) we say that S C D is a n-sparse family if for every @ € S there exists a measurable
subset Fg C () such that

(1) nlQ| < |Eq|.
(2) The sets Eg are pairwise disjoint.

Further, given A > 1 we say that S C D is a A Carleson family if for every @ € S,

> IPI<AQ)

PeS,PCQ
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Clearly every n-sparse family is n~! Carleson, since

P <yt Y ER < ATYQL

PeS,PCQ PeS,PCQ

Though less obvious, the converse is true. Every A Carleson family is A~! sparse [17, Lemma 6.3].
We will also use without further comment the fact that every A Carleson family can be written as a
union of m Carleson families, each of which is 1 + % Carleson [17, Lemma 6.6]. Hereafter we will
sometimes refer to a family as sparse or Carleson without reference to 1 or A if the specific values
of these constants are unimportant.

Convex body domination was introduced by F. Nazarov, S. Petermichl, and A. Volberg in [25].
That notion provides a suitable counterpart to sparse domination in the vector-valued setting. Let
f:RY —s C". Given a cube Q if additionally f € L™(Q) where 1 <r <ooand ' =0 if r =1, we
define

—

(i, {][ ot ¢:Q >R € B,0(Q)}

where B,/ o) = {¢ €L (Q) : ol < 1}. We will drop the subscript 7 in the case r = 1. In [27]

it was established that (( f}}Q is a symetric, convex and compact set in C™ and in [4] that property
was extended to the case r > 1.

We recall that given T' a linear operator, the grand-maximal operator My was defined for first
as follows in [10]

Mrf(x) = sup ss supyeo|T(fxra\30) (W)
S

In [25] the authors proved the following result (see also [11]).

Theorem 3. Let T : L'(R?) — LY°(RY) be a linear operator such that also My : L'(RY) —
LY°(RY). For f € LE(R%C™) and € € (0,1) there exists 3% (1 — €)-sparse collections S; of dyadic
cubes such that

3d
Tf(a) € #2537 3 (oxe(@)

j=1QEeS;

where cr = || T| g1 100 +[|Mrl| g1y 1,00 . More precisely, there exist functions kg € Breo(gxq) such
that

(31) ey - ST 3 3 (]Z k(o) flny ) xa(o)

J=1QeS;

Our purpose in this section is to establish the following vector-valued counterpart for commutators
extending [22, Theorem 1.1].

Theorem 4. Let T : L'(R?) — L“°(RY) be a linear operator such that also My : L'(R?) —
LY®(RY). For f € LX(R%C"), every b € L} and e € (0,1) there exist 3¢ (1 —¢)-sparse collections
Sj of dyadic cubes such that

b, 7)) Cd"CTzz[ Do) ((Foxe() + (b - bo) fHaxa(@)

j=1QeS;

where (b)q 1is the unweighted average of b over Q, each cqy, is a constant depending on n and d,
and cr = |T||piopree + [|Mrl|pispiee. More precisely, there exist functions kq, k) € Bre(gxq)
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such that
3d
Y _ CGanCr 2 — . o .
0. 7] () = ;Q%w( )~ (o) (]{2 Fale,y) <y>dy) vole)
CdnCT o

At this point we would like recall the definition of Calderén-Zygmund operator. We say that T is
a Calderén-Zygmund operator if T is a linear operator bounded on L? that admits a representation

Tf(z)= RdK(wvy)f(y)dy x & supp f

for f € L®(RY) where K : R? x R4\ A — R with A = {(x,2) : € R%} is a locally integrable kernel
satisfying the following conditions.
(1) Size condition.

CK
K < —.
Kyl < 2

(2) Smoothness condition. If |x — y| > 2|z — 2| then

[K (2, y) = K(2,9)| + |K(y,2) = K(y,2)] <w ({E:ZD ’x_1y|d

where w : [0, 1] — [0, 00) is an increasing, subadditive function with w(0) = 0 satisfying some
additional size condition. In the sequel we will assume that the latter is a Dini condition,
namely, that

1 dt
|wllpini = [ w(t)— < oo,
0 t

Note that this assumption is weaker than the classical Holder-Lipschitz condition given by
the choice w(t) = ct® with ¢, > 0 that is, probably, the most frequent in the literature.

We observe that A. Lerner [16] proved for Calderén-Zygmund operators that
M| pree < ca ([Tl L2 22 + ek + [|w][Dini)
and it is also a known fact that
1T 1 pree < ca (1T 2 p2 + llwl[Dini) -
Consequently Theorems 3 and 4 hold in the case that T is a Calderén-Zygmund operator with
cr = [|T] 212 + ¢k + [|w]|Dini-

3.1. Proof of Theorem 4. Let f € L®(R?,C") and b € L}
We define the C2" valued function f by

We further assume that b € L.

loc*

and define the 2n x 2n block matrix ®(z) by

1n><n

)= (g D010,

so that

1n><n

Then we have that
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By assumption, 1 f is bounded with compact support. A direct computation shows that

©(2) (T f)(2) = (Tf( )Tf[&)ﬂf(x))

Let us plug in @ (y)f(y) into (3.1) and equate components. Namely
i (5 4 (1) - (0 )

B TS ) = caner S T 0 ( xé‘()gﬁfﬁb”‘?>><@<x>

so that

j= 1QES Q
o I~ e+ ba)kole I Tle) .
= Cdn T]Z;Qze;s ( (ko(z, ) fa )XQ( ).

However, adding and subtracting (kg(x,-)f)q(b)q to the first component, we get
®(z)(T2" f)(x)

34 77 2

= Cd,nCTZ Z <<kQ($7 )(f - fb)>Q‘;é($)<kQ(l', ) >Q> XQ(x)
j=1 QES;

STy ( Vi + kol 1 7(blq — g + () — (o) gl ) >Q) o)
J=1QeS;

Hence,

and we are done.

Remark 1. The proof presented above works as well in the case n = 1, hence providing a new proof
for the scalar case that was settled in [22].

4. THE REVERSE HOLDER INQUALITY. A;, A; AND ASC WEIGHTS

We recall that if p(z) is a norm on C™ then there exists a positive matrix A that we call a reducing

operator of p where
p(x) ~ |Az| xz e C".
If 1 <p < oo we will call Wg ), a reducing operator for

pwpQ(r) = (f ‘W” ‘ dt>1

In the case 1 < p < co we shall call W’Q’p a reducing operator for

1
p/
P <][ ‘W t)z dt) .

It follows from the proof of Roudenko’s characterization [35, Lemma 1.3] that
(W14, ~ [[WaopWo,llP 1 <p<oo.
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1
Now we observe that if we call V =W »-1 we have that

sl = (f v+ 0] dt)pl' - (f v

This yields that we can take Vg, = Wé’p. Analogously

Prmol@ <][ v z}’(t)a:‘pdt>; _ <]{2‘Wz1>(t)a:‘pdt>; = pwpo(e)

and we can choose VQ v = Vo Consequently we have that

[V]Ap/ = ‘|VQ,p’Vé27p/Hp = ||WQ7PW/Q,pHp .

The preceding discussion can be summarized in the following proposition.

4 ﬁ .
dt = pVvava(x)'

Proposition 1. Let 1 < p < oo. Then

(W1a, [W = } o~
Ay
In our next result we show that the Ay type conditions constants control the corresponding A,
constants. We include in the statement the case of the A, constant that was already established in

[3] for the sake of completeness.

q

Proposition 2. If1 < g <oo and W € Ay, then [W]ase < cy[W]a,.
Proof. We just settle the case g = 1. We observe that for every cube Q, a.e y € @, and every
eeC”

—

o f o W@W@A W@,
ARG _]{2#13 i > |, v

or equivalently

(W], |W (y)el > ]é W (2)lda.

Hence
W]a, W (y)el = sup M(xq|Wel)(z)

and integrating in y over @,

| MWy < Qlsup MW :) < (W, | W ety

Consequently

iz | MxelWel)(y)dy < [W]a

fQ ‘W )éldy / 9 A
and since the preceding estimate holds for every cube @ and every € we have that [W] Ase <
(W] 4. O

Now we recall the quantitative version of the reverse Holder inequality. This estimate was ob-

tained originally in [12] (see [13] for another proof).
Lemma 1. Let w € Ay then if 0 < § < 2d+117 for every cube Q@ C R* we have that

1
1+5
<][ w1+5> < 2][ w
Q Q

We would like to finish the section presenting a technical result that will be crucial for the proof
of the main results.
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Lemma 2. Let 1 < g < p < 0o. Assume that W € Ay and let r =1+ W. Then we have
that for a.e y € Q, "

1 1
1 _1 r rp 1 _1 P
< , [We ()W > (y)| pdw‘) < Cnpg ( , W ()W ‘Z(y>qux)

Proof. Choosing €;(y) to be an orthonormal basis of eigenvectors corresponding to the eigenvalues
Aj(y) of W(y), we have by the classical Holder-McCarthy inequality (see [2, Lemma 2.1]) that

W @W sl £ 3 [Wr @)W P @ m)| = Y x)

-1 j=1
- NN 1 N
<3N Wi@Ew)|" =Y W@ ) 15 )
=1 j=1
1 _1 n 1 _1 1
=S Wi@W i wEw)| S W@ i)
j=1
Hence
(£ iwiamw = rfpdx) < (f wiewiwira)”
Now, since r = 1 + W taking account that W € A, C AY,, by reverse Holder inequality
we have that choosing any basis {ei}, of C™,
1 q 1
P 1 1 qr P
(L iwi@w imira) " <35 (f wiewma]" )
j=1 Ve
n 1
1 _1 q P
<3 (f wi@w el w)
=1 V@
S (Lt i)
Q
and we are done. OJ

5. PROOFS OF A; AND A, ESTIMATES

5.1. Proof of Theorems 1 and 2 for M{,Vp and Myy,,.

5.1.1. Estimates for My, . First we deal with (2.2) and (2.7). We proceed as follows. Notice that

][‘W@p ) () dy<][ HWQp (y)H‘f(y)(dy
<f (L [wiew=sw] a)" |

If ¢ = 1 then it suffices to use Lemma 2 and the definition of A; weights to see that

([ Iwiomtoff &)’ <co,

Wo, W™t ) )| dy < coal Wi 1 1F(0)Idy
1, | 7

and using the strong type (p,p) boundedness of the scalar maximal function we are done.

( dy.

In that case
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Ifg>1,

£ (f sl )’ |
£ (L lwsow ol >qp ()

Now we notice that taking into account Lemma 2,

]ég(]Q"W;’(Z)W_Il’(y)updz>gdy ’ < é(J{gHW;( H )i

To end the estimate, observe that if we call V =W o1

bg((gmvé@ﬂy—gyw%m>idd4q

-

) ) qd %
1 (L a@vewia) a
(5.1) /@
— , 4
q q'p
_ 1 1 q
<|f ( % q'(w)Vq’(y)qux) dy
Q

_ngﬁégnmi.

where the last step is a direct application of Proposition 1. Then

L e =] < enaw, (£ o] )’

and using the strong type (p,p) for the scalar operator My(f) = M(|f|4 )q we are done.

5.1.2. Estimates for My,. We are going to settle (2.1) and (2.6) at the same time. First we note
that by the proof of Lemma 2 we have that

g9 1
(5:2) IWE W r WIS [WaW 7 ()17
for any Q € 2. Fix J € 2. Let J(J) denote the maximal cubes L € D(J) (if any exist) where
q 1 o q 1o
(5.3) <]quW Pf]> >4<\quW Pf|>
L J

By maximality, as usual, we have

> |L!§4<| 1 w > /rwz ) 7wl dy

q
LeJg(J) }’ LeJg(J)

(i

1l

—

IW y)f(y)ldy
>/

<

’ti\)—'
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Now let F(J) be the collection of cubes in D(J) that are not a subset of any cube I € J(J).
Furthermore, for ease of notation let UJ(J) = Ure7(s) L. Let

wi@) = sup ][ W ()W () Fly)]| dy.
Q>z Q
QeD(J)

We pointwise dominate M j f (z) by looking at three cases. First, assume @ € F(J) and assume
x € UJ(J). Thus, let z € Q € F(J) and x € I € J(J). Then by definition of F(J) we must have
I C @ C J so that in this case, (5.2) and (5.3) gives us

][|Wp<x>Wp<y>f<y>rdys sup  sup ][rwm:)vvp(y)“(y)\dy
Q Iej( )JDQQISQC Q

1 N
< W @)W, 2| sup  sup ][ Wb W5 () F ()] dy
Ieg(J) J2QRI

s4||Wv<x>wJ,q‘p||][ |w§qW‘%< V)l dy

< AW @)Wy, pu][ W3, W ()11 Flv)] dy

g

< 4w @)W, fuqu )P i)l dy
= A.

At this point, if ¢ = 1, we have that

—

1 _ 1
A< 4||W<x>w;j||p]€ W W) 15 1)) dy
1

< deu W1, IW @)W 5 (1)

and if 1 < ¢ < o0,

A< e wiow it f ( J||Wi<x>wé<y>uqu) )l dy

CIEN

<aca Wi Wit | f (£ 1wi@mw o)

< den[WE @)Wy | ( i |qdy)

Next, assume @ € F(J) and ¢ UJ(J). Pick a sequence L} of nested dyadic cubes where

(L3} ={LeF(J):xec L} ={LeD(J):ze L}

1,
1,

But if

"3\*—‘

sup<\Wj’ Wr 7> > 4<\W5

<\W5 W> >4<\W5
Ly

then for some k& we have

ﬁ\»—‘
m»-A
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which means that « € L C L for some L € J(J). Thus, bearing the computation above in mind,

L @w el <sw f i @w o))

k

1 -1 1o
< \|Wp<x>wj,;usup<W5 7 >

x

??‘

< 4Wh ||][ Wi W () Flw) | dy

< 4cn\rw%<x>w;;u%[wﬁq (][ \f<y>\wy)q

in the case 1 < ¢ < co and

LW @ )y < VR, W WL (1),

in the case ¢ = 1.

Lastly, if Q ¢ F(J) then @Q C L for some L € J(J) so obviously if z € @ then z € UJ(J).
Combining all this gives

—

M wf(x)émax{%nHW‘l?(w)WJq % ( |y \qdy> » Xug(n(@) sup Mpw ﬂ(x)}.

LeJg(J)
Thus, for 1 < g < oo,

[ @t fayy o = e, (7)) [ Iwi@wiiies ¥ / (Mpw Flo)P da

Leg(J)

= e,y ovls, (1)) 11 1ws@wiiie) + ¥ [ oy

Leg(J
S e Wa, (1) 11+ P /ML P dr.

If as usual Jx(J) = {L € J(Q) : Q € jk—l( )} with Jo(J) = {J} and S = UpJi(J) then S is

sparse and iteration gives us

A(MJ,Wf<>pdx< 3 1 a0 @)
quwmf @)

LeS

Z/E My(|f]) ()P dz

LeS

S WA, 1M (1F DI
S Wa, 111

5.2. Proof of Theorems 1 and 2 for singular operators.

5.2.1. A reduction to bump conditions. We recall that A : [0,00) — [0,00) is Young function if
A(0) = 0 and it is a convex and increasing function. Given a function f and a measurable set E
with finite measure, we can define the average on F of f associated to A by

Hf||A,E=in{)\>O : éA(‘{‘) < 1}.
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From that definition it readily follows that if

A< [ fllag < Ao
then

() ss ma fa(2)es

Given a Young function A it is natural to define a maximal operator M 4 hinging upon the preceding
definition of average as follows

Muf(z) =sup | fllao-
Q3

The boundedness of those operators on LP spaces was thoroughly studied by C. Pérez [30] under
the additional condition that A is doubling, which was proved to be superfluous by Liu and Luque
[24]. The condition is the following

(5.5) IMallLoosre < ca ( / N Amdt)’l’

tPt
Associated to each Young function we can define the so called associated Young function A by
A(t) = sup{st — A(s)}.
s>0
This function has some interesting properties. The first of them is that
t< ATV A1) < 2.

The second one, that will be very interesting for us, is the following generalized Holder inequality

fQ f9l <2 fllallgllzo

For more details about Young functions we refer the reader to [28, 33].
Let T be a Calderén-Zygmund operator and W,V be matrix weights. If we let

-z ]é |Wr@v )| ewdxo()

and

. T o) = 3 100 = Wl W v ) etwianate)

QeS
+ Qze;]é b(y) — Bl W @)V )| ow)dyxa(a)

then Theorems 3 and 4 immediately give us that
|1/A%
1T\ e vy Leowy S Sup 1Ts"" |l o (rt)— Lo (R4

and
116, T Lo (vy—Lew) S Sup (b, T] il (Rd)— L (Rd)-

Armed with the preceding definitions and results and arguing in the spirit of [3] we can prove a
lemma that will be fundamental for our purposes.

Lemma 3. Let A, B be Young functions. Then

A% .
ITs"" |l o (rey— Lo (re) S| Ml o | MB | r min{ky, k2 }

1 1 1 1
where k1 = supg [|[[W (2)V 7 (y)ll[[4,.@ll B,.@ and k2 = supq [[[[[W=(2)V"# (W)l .l 1.0
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Proof. Without loss of generality we may assume that f, g > 0. Then taking into account generalized
Holder 1nequahty

3 ][ / [W ()75 (9) £ (y)g () dyd

QeS
=Y f LW v @l sty
QEeS
1
<23 lgllag / W @)V 5 @) s.0f (9)dy <
QEeS
1 _1
<e Y 1l50llolx ol EelllIW? @V ¢ @llaelis,e
QES
1 _ 1
< csup 173 2V S 0)lLa.ol,s 3 +olEal

QeS
1 1
< || Mgl| o | Mg e SgPHH”W”(x)V * WAz ellBy @I fll Loy 191l Lo (ra):

The other estimate is obtained arguing analogously. O

In the case of commutators we can provide the following counterpart

Lemma 4. Let A, B,C, D be Young functions. Then
1, 718 [l o (recny—s o reseny S(A1 + As)

where Ay = || M| ;» || Mzl Lr min{x1, Ko} with

1 _1
k1= sup I[o(z) = )lIW? @)V 7 ()| a..QllB,.Q

1 _1
K2 = sup [[6(z) = Bl HIW= (2)V "7 (y)lll B, ¢lla..Q

and Ay = || Mgl || M5 || e min {x3, K4} with

1 _1
s = SUp 116Cy) = OllIWF @)V "7 (W)lllc..qllpy,.Q

1 _1
Fa = SUp 16(y) = D)W (2)V "7 (W) ll|p, @llc..q-

Proof. We recall that
b7 o) = 3 e )~ Balf, Wiy w) st

+ QZE;]ZQ b(y) — (b)) HW%(x)V‘%(y)H ¢(y)dyxq(x)-

Without loss of generality we may assume that f,g > 0. For the first term we can argue as follows
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Z][ e Q|/ W @)V )] (9)9(x)dyda

QeS

- b W (2)V 75 () | g(x) f (y)dard
%;9][/ Q Y)g ) Y

<23 lgllxo / () = B)lIWr @)V 7 ()|l 4n.0f (w)dy <
QeS

<cy () = OolWr @)V W)l 4l 3,0
QEeS

1 _1
< csup 16(z) = bW (2)V "% (y)]ll| 4,0

18,5 D If5,0ll9l5q Eal
Qes

1 _1
< cf| Mzl | M| e Sup I16(z) = B)lIW e (@)V™ > ()|l 4.l B, @If | Lo ey 191l Lo (ra):

Arguing analogously we obtain the rest of the estimates. g

5.2.2. Proof of estimates (2.3) and (2.5). Again we deal first with (2.3). We will use Lemma 3. Let

us choose E(t) = t% and A(t) =t"P withr =1+ W ‘We observe that B( ) ~ tp 1 . Itis

=

1
7

1
not hard to check that || Mg||Lr—rr < cq(p')? and that || Mzl < cap?’ [W]
that using Lemma 2 and the definition of A; weight,

1 _1
W @)W )l 4.0l 8,0

[][ ( W3 WGy de),}pg_i dy] .

sc . We observe

1,00

ey

(5.6) 1ptl 7h
<[][ ( W )Hdrr>pp_1dy]
<ony [][ ([W]a,)» it dy]ﬁi — cnplWIE,

and we are done. B
Now we turn our attention to (2.5). We use Lemma 4. First we choose B(t) =
Withs:%andrzl—i-

p+1

= and A(t) =

W. For that choice of s we have that (g) =2r'. Notice that
1
p/

pi1 1
again B(t) ~ tr- ||MB||LP—>LP < C(p)p’ and that ||M HLP L < cqp?

hand,

1
Y

[W]Afoo . On the other

lb@) = BelIW? @)W > W)lllaells,e

[][ ( b(a) = ()l W ( )Wzln(y)llsf"d$>Slpg1dy]p1
( b() — (b)ol** () d )917( [][ < W ()W (y )”rpdﬂfngidyr s
< cdsp( ) 16l Baro [][ ( W ()W 7 (y )Hrpdx>fp§+} dy] P |
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From this point arguing as in (5.6) we have that
1 _1
[lb(z) — D)W ()W (y)[l| 4.0l B,.0

1
< cnasp (©) Ibllsaol W13,

=

< endpllbll BMo[W]age W]},

For the other term, we choose D(t) = t"s" and C(t) =t"P withr =1+ . Then

1
2d+11[W]Asc
1,00

I16) = B)llIW? @W 7 ) le. elip, @

1 ptl P
1
[ 1b(y) Qw< W (2 <>||*"pdx> o dy] .

Arguing as above,

rp p—1 1p=1
<||Wp ()H”’dfc) < e[ W]RP.
Hence
1ptt 75
p rp p—1
[ b(y) Q|w( W @)W )] da:) dy]
\ - .
2[ o) Qrwdy} < craplbll sar0l W

Consequently gathering all the preceding estimates we obtain (2.5).

5.2.3. Proof of estimates (2.8) and (2.10). We deal first with (2.8). We rely again upon Lemma

3. We note that choosing A(t) = t'P with r = 1 + W and B(t) = t7 we have that
q,00

\\H

1
Ml o < ca(r’)? <ec [W]fléfoo and || Mgzl|r» < c4pq- On the other hand, notice that

1 1
I3 @)W @) ol 5,0
1 1, e v
_ ][(][ W3 @)W ()] pda:) ay|
Q Q
By Lemma 2
1 1
1 _ 1 rp 1 _1 D
(5.7) (Q||Wp<x>w p<y>||’"pdx) Scn,d,p,q(QHWq(m)W q<y>|‘Id:c>
Then

CIEN
_

1 _1 1 _1
HHWe (@)W > ()l 4.l B0 < Cndpa ]{2<QHW‘1(£B)W Q(y)llqde) dy

and by (5.1) we have that
1

1B,,Q < Cndpg [W]flq-

1 _1
W (@)W > ()]l 400

Gathering the preceding estimates and taking into account that r = 1+
(2.8) holds.

W we obtain that
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Let us deal now with (2.10). Arguing analogously as above, we will use Lemma 4. First we choose

B(t) =t and A(t) = t*? with s = =land r =1+ W. For that choice of s we have
1
that (L ) . It is also straightforward that ||Myz||rr < cnypq and that || Myl < cpap(s')? <
1
Cn dp[W] . . Then we have that

1

Hl1b(z) = B)lIW? @)W # (1)[l|a,.0ll5,.0

[f( |b(z Vol*P(|WF (z)W 7 (y )I!S”dm>:pq dy]q
< b |sp(2)dx> o) b[( IW? (x ()”Tpdwy)q,dy];

Lo 17
< cqr'||b|| Brro [f( HWP ( )’rpdg;> dy] .

Arguing as above,

1
bllBaoWlag,, W13, -

1 _1
IlI[o(z) = W ()W r (Yl a,.llBy.@ < Capan

For the other term we note that choosing C(t) = t"? with r =1+ W and D(t) = t7 we
q,00
1

<ecp d[W]Eg?oo and [|[M5||Lr < cqpq- We observe that

\\H

have that || Mg, < ca(r’)?

16 = BlIIW? @W @)l elln, @

- [ [ 1) -l ( W )Wy >H“’dx)rl”q/ dy] "

Taking into account (5.7), and arguing as above

1 L
wd e
[Q!b( Q\q( W (a2 <>u’”pda:) dy]
q
P

< cn ]é\b(y) — (bl ( Qllwé(x)Wé(y)llqdw> dy

<cn[Q|b<y>—<b> (5)dy] L ( W )l ) dy

< CndpqllbllBro ]é(Q||Wq(x)W—q(y)y|de> dy

N
Py

m-s =

Qg
=]
b

1
< cndpgllbllBao W1, -

Gathering all the choices and estimates above, a direct application of Lemma 4 yields the desired
estimate.
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5.3. Proof of the estimates for Maximal Rough Singular Integrals. Arguing as in [1], we
have that

< |[ar f Wrf Wrg
o]y S [y sup intoun Z QY0 CV79) g

Mgl .5 (ga)
where we interpret the product in second term as the right endpoint of the Minkowski product
AB ={(a,b) :a € A,b € B}

which, in the case of A, B C R% being convex symmetric sets, is a closed symmetric interval. The
estimate for the first term is (2.1) in the case ¢ = 1 and (2.6) in the case ¢ > 1, so we are left with
settling the estimate for the second term. We proceed as follows.

First we notice that if a € <<W7%f>>1+6 o and b € <<VV%§’>>1+6 o then

o0,
@hI < 10775 Fie)gnate) W i) (0)ldzdy
where .0, Vb € L(H‘E)/(Q). Since W% is positive definite and symmetric a.e. we have that

][ ][ (v #)6u0(@). W (9)F(0)0() )| dady

fft

< ][ f W ()W () F(@) a0 @)|(0) 1.0 () ldady
][ |g Hd]bQ < |Wp ) ($)|1+de> o < 0 |90a,Q(.7J)|(1+5)/d.73) ey dy

< ]{2 7) ( : \Wi<y>W‘i<x>f<m>r”fdx) ™ o oy)ldy

< ( , 1G(y)[' e (]{Q W (y)W o () Fla) | dx) dy)& < ]2 ‘¢b,Q(y)|(1+a)/dy>(l+lg)/

1

< (]é ]{2 |Wi<y>W‘i<x>f(x>1+€r§<y>|1+fdxdy)

Then

—

(@) f(@)paq(@). 5u)n0) ) | dedy

’tW—‘

(), Lo (V).

QGS
_1

<Y (][ ][ W)W ) Fla) o) dody)

QGS

We are going to obtain a suitable control for this term providing an argument analogous to the one
we gave for Calderén-Zygmund operators. Let 7 = 8 - 2¢+11

1 1

E= —0——— s=1+
pﬁT[W]Agfw PP (T — 2)[W]Ag?oo
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Then we have that for u € Q

1

<]{;)]£g \W% (y)Wﬁ (x)f(x)|1+€|§(?/)\1+Eda:dy> e

< (7grf1x>v+€jguvv¢<y>m7i<x>rl+ﬂg<yﬂl+fdydx)l*f

1+ (1+e) e (14) " 7
][\ @)l ( W5 ()W > ()| Edy> dz | Mpsy (1) (|91 (w)-

It is not hard to check that

1
7

(5.8) 1Mol gy S (Wlag, ) 1<a<p.
Indeed, taking into account (5.5) it suffices to prove that
1
S Wlage

q,00°

P —(ps)(1+e)

First we note that

1 :1{ (ps = )(p - 1) ]
p—(ps)(1+e) pllps—1)—s(p—-1)(1+e)
Working on the denominator we have that
(ps—1) —s(p—1)(1 +¢)
=(ps—1)+(—sp+s)(1+e)=ps—1—ps—pse+s+se

=—1—pse+s+se=—-1+(1-pe+1) (1+(P—1)Ti25>

-l (p—12- T 22y —(p—
=—-1—(p 1)7__25 (p 1) 25 (p—1e+1
— _(p_1)2_T_.2 _ —(p—
=1+ 1)7_26 (p—1)e
T T T—2
= —1)e _(p_1)7—25+7—2_7—2]
_p=De,
=R (p—1rel.
It is clear that (p — 1)7e < 1. Combining this estimate with the identities above,
_1 (ps —1(p—1) =2 (ps—=D-1)
p'=(ps)(1+¢e) plps—=1)—=slp-D(+e) p elp-1)[2-(p—1)re]
(r=2) (ps—1) (r-2)
— < — < sc .
ep [2—(p—1)7e] — (ps =1) ep Wlajee

Now we focus on the proof of (2.4). In that case, by Lemma 2, since (1 +¢)s < 1+ W,
q,o0

for u € Q we have

1+ (1+¢) m(lﬁ) Tlra =
]f )+ ( W3 ()W () P dy) dr | Mipsyiise(I3)(@)

+(1+e) ==
(][ |1+e ( W (y )||dy> d:c) M(ps)/(1+s)(|§|)(u)

—

< W} 1M1+e(! D () Mgy (14¢)(19]) (w)-
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This yields that

1

S (][ ][ W ()W () f <x>rl+€r§<y>|“€dxdy)”

QES

S Whage 015, 3 11 inf Musel1) ) Mipeyaso(91) ) do
QeSS

< Whaie, WIS, | M) Mgy (7))

N

1 —
[W]Aicoo [W]Zl ||M1+‘5HLP(Rd) ”M(PS)'(1+5) HLP/ (R4) ”f”LP(Rd;(C") ||g||Lp’ (Re;Cn)
1+ o, .
5 [W]Affio [W]zl H ||LP(]R‘1;<C”)H9HLP’ (R4;C™)

by (5.8) and taking into account that from (5.5) it follows that

=

HMH-EHLP(]Rd) < (p/)

In the case ¢ > 1, namely, to settle (2.9), we argue as follows. By Lemma 2, since (1 4 ¢)s <

1
1+ ‘2d+11[W]AECOO

1
1 (e T
)|+ ps(1+) g pa(iFe) (1 )d o M .
z)| HWP (@) Y T (ps) (14¢) (19]) ()

- (1+e) 4=
§<][ \1+E( Wiy >quy) dx) Mpsy 1 (1) 10)-

If we call W = V179, then for v € Q we that

., 1 1 %(1—1—2) hlLis
<][| ()" <][ \V_‘I’(y)Vq’(iff)quy> dw) Mipsy (14 (19]) ()

fnv—i'(y) Vi (@ >Qdy>qu) My (1) () Mgy 140 (1) ()

Q BE5) (+e)
< [V]/{;,M<q(l+s)) (1+e)(| |)( ) (ps)' (1+¢) (|g|)( )
< (W) M (171 (00) Moy 10 (1) ()

() 049
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where the last estimate follows from Proposition 1. Taking that estimate into account,

1

S l(f, £, oot daty)

—

S[W]Aggoo[W]iZIQl inf M~ ) )(I D) (@) Mpsy 1+¢)(19]) ()

bcs @ (k) (e

—

< Wl W03, | (7)) Mpay 110 (191 (@) d

M,
ri (%) (49

1 _
S Wlage W14, 1M psy (14e) | o7 way 1| Lo (wscmy 1G] 17 (R oy

(aifz) (+9) Lp(RY)
I .
S Waed WA o raen) 191 L (rayem)

by (5.8) and taking into account that from (5.5), it is not hard to derive that

ol 262
(%) (1+¢) Lr(R4) p—a

This ends the proof of (2.9).
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