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Tensegrity structures obtained from the same connectivity patterns are said to belong to families. The Octahe-
dron and X-Octahedron families are examples of these. In the literature, little attention has been paid to how the
final geometries of the equilibrium forms of the members of both families are obtained. A compact formulation
for controlling the equilibrium shapes of members of the Octahedron and X-Octahedron families is proposed in
this article allowing the designer to get any geometry for the super-stable members of both families. Controlling

the stability of folded forms is achieved by using the shape of the structure, and a detailed explanation of the
formulation is provided here, as well as several examples that clarify the formulation. The geometrical control of
the equilibrium shape is fundamental when applying it to tensegrity structures in an engineering context.

1. Introduction

Tensegrity structures are kinds of structures made up of pin-jointed
self-stressed elements, which are tensioned cables and compressed
bars, also referred to interchangeably as struts in this work. The purist
form of this structure only has one compressed element at each of their
nodes [1]. Initially thought of as sculptures, nowadays, tensegrity
structures have a wide range of technical uses in many different fields:
biomechanics [2,3], robotics [4-6], aerospace [7-9], civil engineering
[10-13], new meta-materials [14-16], etc.

One of the key aspects in the design of a tensegrity is the sought of the
equilibrium shape of the structure, in other words, the form-finding
process. There are a vast number of form-finding processes in the liter-
ature and one of the main used methods is the Force Density Method
(FDM), first introduced by Linkwitz and Schek [17,18]. This method,
although originally employed for tension-only structures [19-21] and
used for the design of compression-only structures [22-25], has been
widely employed for performing the form-finding of tensegrity struc-
tures [26-30]. The method linearizes the equilibrium equations of a
structure by introducing the force:length ratios or force densities, g,
defined as the ratio between the axial force and the length of each
member (g > 0 for cables and g < 0 for struts). Therefore, by assigning
different sets of force:length ratios, different equilibrium configurations
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are obtained.

In this work, a procedure based on the FDM is employed to seek for
valid sets of force:length ratios that lead to equilibrium configurations of
the structure. The main input to the procedure is the connectivity of the
nodes that compose the structure and the type of elements (tensioned
cables or compressed bars) that join them. The connectivity can be
inferred from intuition based on geometric bodies [29,31] or by
considering topological relationships [32,33]. By looking at these re-
lationships, tensegrity families are a great source of tensegrity struc-
tures. A tensegrity family is defined as a group of tensegrity structures
that share a common connectivity pattern or topology [34-37]. In the
previously cited works, the Octahedron, and the X-Octahedron families
are presented. As will be explained below, the connectivity patterns of
the Octahedron and X-Octahedron family members are based on
connection graphs in which there are three basic cell rows.

Given the characteristics of tensegrities structures (self-stressed and
no fixed points), it is necessary to impose additional conditions to the
equilibrium when seeking for a valid set of force:length ratios. One of the
main conditions is the global stability of the structure. The stability
condition implies that the structure returns to its original shape after the
release of a small, enforced deformation [37,38]. As defined by [39]
super-stability is a more robust criterion by which a tensegrity results
stable regardless of its material properties and its pre-stress level. In [40]
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a study has been carried out on the influence of the different connec-
tivity between the three rows of basic cells (called connectivity levels)
on the stability of the members of the Octahedron and X-Octahedron
families.

Another important condition to be imposed is related to the concept
of full and folded forms, first introduced in [41]. Full forms are ten-
segrities in which no overlapped nodes exist. In contrast, folded forms
are tensegrity structures in which nodes that share the same position in
the space exist. Each tensegrity member has a position within the family
which means that all the previous members in the family are folded
forms obtained from its connectivity pattern [36]. As it will be explained
below, the force:length ratios assignation will be fundamental to get a
full or folded tensegrity structure.

Previously published works [34,36,37,40] have demonstrated the
cubical arrangement of the nodes of the tensegrities belonging to the
Octahedron and X-Octahedron families. This characteristic suggests
promising engineering applications for these structures, such as ten-
segrity modules for the construction of temporary structures [13,42] or
pedestrian bridges [43]. However, while the form-finding procedure
described in the referred works provides a valid set of force:length ratios
for the members of the Octahedron and X-Octahedron families, this
assignment does not result in a unique final geometric configuration of
the structure. Instead, the form-finding method yields a set of vectors
that, when linearly combined, determine the nodal coordinates of the
structure; however, it is necessary to know in advance the coefficients of
the linear combination that provide a specific geometry, or to follow a
tedious process of trial and error to achieve the desired configuration.
Therefore, a well-defined procedure for achieving the desired geometry
of the tensegrity structure is necessary to fully harness the potential
engineering applications these structures could offer. Additionally, it
has been observed in [40] that determining the geometry of the equi-
librium shape in folded forms significantly influences the stability of the
resulting tensegrity, whereas this effect on stability has not been
observed in super-stable tensegrities [40]. This demonstrates that
determination of geometry involves crucial aspects (structural stability)
that go far beyond mere aesthetic considerations. As the relationship
between structural stability and geometry in the Octahedron and X-
Octahedron families has never been addressed in the literature, it war-
rants further investigation.

Considering these observations, the present work aims to address the
identified needs by providing a comprehensive solution for determining
the geometry of tensegrity structures within the Octahedron and X-Oc-
tahedron families. This study introduces a well-defined analytical pro-
cedure that ensures a unique final geometric configuration, enabling the
designer to control both the structural shape and dimensions while also
considering structural stability. The proposed methodology takes
advantage of the fact that the struts in the structure can be grouped into
three sets of parallel members with equal length, providing the neces-
sary parameters for the linear combination of the vectors obtained from
the form-finding method to achieve the desired geometric configuration
of the structure. This feature facilitates the attainment of any super-
stable geometry in the case of full forms and allows for the control of
stability in the case of folded forms for tensegrities within these families.
By managing the geometry of the members in these tensegrity struc-
tures, modular construction through the assembly of these elements
becomes feasible. This precise control over geometric parameters not
only enables the design and fabrication of modular components that can
be efficiently assembled into larger constructs but also opens up new
possibilities for innovative construction methods. Such an approach le-
verages the unique properties of tensegrity in modular systems, thereby
expanding their potential engineering applications.

As this work is intended to be self-contained, Section 2 reviews the
main concepts of FDM as an approach that can be used to perform the
analytical form-finding of tensegrity structures and the effects of some
parameters in the final structural stability. Section 3 presents the char-
acteristics of the topology of the tensegrity families considered, which
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are the Octahedron and the X-Octahedron families. A new algorithm is
also presented that can be used to obtain connectivity between the nodes
belonging to the members of both families. The compact method for
controlling the tensegrity structure geometry is detailed in Section 4.
Section 5 discusses whether folded tensegrities can be super-stable and
how geometry affects the stability of these folded tensegrity forms.
Finally, Section 6 contains the main conclusions of the work.

2. Analytical form-finding method for tensegrity structures and
stability considerations

The form-finding method for tensegrity structures employed in this
study [41] is based on the FDM [17,18], which is generally used for pin-
jointed networks. The method solves the equilibrium between the in-
ternal forces of the network and the external loads, firstly assuming that
the elements in the network (cables and bars) are perfectly rigid, and
secondly, introducing the ratio between the force and the length of the
cables and bars that the structure is composed of as an input. This second
aspect allows a set of linear equations to be obtained. However, in the
case of tensegrity structures, form-finding is performed by assuming that
there are no external loads and no fixed points, meaning that the internal
forces in the element constitute a unique state of pre-stress.

Once the connectivity of the n nodes by m branches is defined ac-
cording to the topology of the family they belong to, the C € R™"
connectivity matrix is built so that if the k member connects the i and j
(i < j) nodes then the i-th and the j-th elements of the k-th row of C are
set to 1 and —1 respectively, as presented in Eq. (1):

1 ifi(k)=r
Ce=4{ -1 ifjlk)=r @
0 inothercases

with r denoting the r-th column of the k-th row in the C matrix.

As there are no fixed nodes when dealing with the form-finding of
tensegrity structures, equilibrium means solving the set of homogeneous
equations presented in Eq. (2):

Dx=0
Dy=0 (2)
Dz=0

with D = CT-Q-C( € R™™) as the force density matrix, X, y, and z ( € R")
are the nodal coordinate vectors and Q ( € R™™) is the diagonal square
matrix of vector q ( € R™) that contains the force:length ratio g; of the
branch i in its i —th element, Q = diag(q). The symbol T represents the
transpose operation of a matrix or vector. The D matrix can be directly
written as:

Zkeri Qk fori=j
D = —qx  ifiandjlinked by k 3
0 for the rest

with T; the set of elements having i as a node.

Tensegrities can be obtained in three different dimensions. If d in-
dicates the dimension in which the tensegrity structure is developed,
when d = 1 a tensegrity structure is obtained where all its nodes lie on a
line. If d = 2, all the nodes of the tensegrity structure are on the same
plane. Finally, if d = 3, then a 3D tensegrity structure is obtained, and its
nodes occupy different positions in space, creating a volume within
them. As presented by [41] and [37], the non-degeneracy condition
must be fulfilled so that the rank deficiency of D has to be at least
d+1 = 4 in order to get a 3D tensegrity structure (d = 3). According to
[1], if a structure lies in a d-dimensional space with smaller dimension
than d (i.e. a plane structure, d = 2, presented in 3D) then the structure
is considered degenerate in such space; on the contrary, the structure is
said to be non-degenerate. As Eq. (3) defines D as a symmetrical real
matrix, it is orthogonally diagonalizable by the spectral theorem.
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Therefore, the non-degeneracy condition means 0 has a multiplicity of at
least 4 as an eigenvalue of D. Let be 1 = P™1.D-P (¢ R™™) a diagonal
matrix that contains the eigenvalues of the D matrix and P an orthogonal
matrix whose columns correspond to an orthonormal base of eigen-
vectors of D. If the non-degeneracy condition is to be fulfilled, then the
dimension of the null space of the D matrix, kerD, must also be at least 4.

If p(a) =" +ap 1 A" 4o +a11 +ag is the characteristic polynomial
of D, then the a; coefficients can be written as a function of the force:
length ratios assigned to the structure: a; = a;(q1,q2, *gm) = ai(q). As,
by construction of D, the sum of all components in each row or column is
zero, Eq. (3), then ap = |D| = 0, and the necessary condition for finding
a 3D tensegrity is:

a(q) = 0,with i = 1,2,3. 4

This last condition given in Eq. (4) constitutes a set of polynomial
equations in q that can be analytically solved. The complexity of Eq. (4)
can be reduced if some relations between the force:length ratios of the
members of the tensegrity are imposed. When a set of g values (or a q
vector) that satisfies Eq. (4) is found, the D matrix that corresponds to
those values can be constructed, and solutions for x, y, and z that satisfy
equilibrium, Eq. (2), can be calculated. By definition, the vectors of
nodal coordinates x, y, and z belong to the null space of the D matrix
meaning that if the base of this subspace is composed of e' ¢ R"
(i=11II,--,Y), with Y as the roman counterpart of v = dim(ker[D]),
then the coordinates of the tensegrity nodes can be expressed as a linear
combination of e:

Y . .
— U Al
X = E e
Y . .
_ i
y= E e 5)
Y . .
_ il
z= E e

which can be written in matrix form as:

a, o z
11 11 11
a a
X=(xy z)=(e e - )| * 7V 7* (6)
Y Y Y
al a af
—_——

where ajl withj = x,y,zandi = L[,1I, ---, Y are arbitrary real numbers. The

el vectors that compose the base of kerD are the linear independent ei-
genvectors of D that correspond to 0 with » multiplicity. Eq. (5) shows
that e vectors constitute the base of the space of equilibrium solutions
for a given force:length ratio value and for a particular topology or
connectivity between the nodes of the structure. The minimum dimen-
sion of kerD required for a 3D non-degenerate tensegrity is 4, and the
kerD = 4 condition needs be satisfied to obtain [39] super-stable ten-
segrities [1,34,35,37,40]. Therefore, v = 4 and Y = IV are going to be
considered in the subsequent mathematical developments.

Note that the non-degeneracy condition regarding the rank defi-
ciency of the D matrix for a 3D structure is a necessary but not sufficient
condition. As well as this, the linear independence of the coordinate
vectors should also be satisfied for a 3D structure [1]. This is achieved
when matrix € R**® in Eq. (6) has full rank (i.e. rank(a) = 3).

For each value of q that satisfies Eq. (4), the stability of the tensegrity
is checked. The stability of a tensegrity means that it returns to its
original shape (equilibrium configuration) after release of a small,
enforced deformation [37]. It has been stated that a 3D (d = 3) ten-
segrity is super-stable if it is always stable, regardless of its material
properties and pre-stress levels, and it means that the following three
conditions [1,38,39] need to be satisfied:
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1. The rank deficiency of the D force density matrix is exactlyd +1 =4
2. D is positive semi-definite (i.e., 4; > 0)
3. The rank of the geometry matrix G is dz%i =6

with  the

#+d
V-w) € R™ T+, u =Cx,v =Cy,w=Cz,U =diag(u), V = diag(v),

W = diag(w). A less robust criterion than super-stability is just stability.
A structure is stable if all the eigenvalues of the structure tangent stiff-

geometry matrix G = (Uu,V.v,Ww,Uv,Uw,

ness matrix, K matrix, if the ([[d]]2 +d> /2 = 6 zero eigenvalues corre-

sponding to 3D rigid-body motions are not considered, as explained by
[1]. Further insights on tensegrity structures stability can be found in
[1,37,39].

3. The Octahedron and X-Octahedron tensegrity families

The present work is focused on the Octahedron [34,37] and X-Oc-
tahedron [36] families whose general topological patterns have been
recently proposed in the literature [40]. All the members of the Octa-
hedron and X-Octahedron families are composed of rhombic and X-
rhombic cells, respectively (see Fig. 1).

Fig. 1(a) shows that the rhombic cells in the Octahedron family
consists of 4 nodes connected by cables (or tensile elements), and only
two of them are linked by a strut (or compressed bar). Nodes that are not
connected by the strut are the principal nodes of the cell, while the
others are the secondary ones. The basic cell of the X-Octahedron family,
Fig. 1(b), is the same, except for an additional cable linking the two
principal nodes in the cell.

In the present work, the p parameter will be employed to establish
the position of a particular tensegrity structure in the family. The first
members (p = 1) in the Octahedron and the X-Octahedron families are
the octahedron and the X-octahedron, which consist of 6 nodes con-
nected by 3 struts and 12 or 15 cables, respectively. All the members
(p > 1) of both families are built from the expansion of the first mem-
bers, whose connectivity are presented in Fig. 2.

As explained in [37], the expansion of the different members of both
families is produced in such a way that each node, cable, and strut in a
member of the family is duplicated in the subsequent one. Therefore, the
number of nodes in the p-th member is n = 327, the number of struts or
compressed bars is n, = 3-2°~1, and the number of cables is n, = 3.-2P*1
m=n+m = 1521 or n. =152>1 (m = n. + n, = 18-2°°1)
depending on whether the tensegrity belongs to the Octahedron or X-
Octahedron family, respectively. Fig. 3 shows some members of both
families together with their numbers of nodes, cables, and struts.

To take the nodal connectivity for members beyond the octahedron
or the X-octahedron (p > 1) to define matrix C, the plane connection
graph, which is a graphical representation of the connectivity between
the nodes of the tensegrity, needs to be constructed. The plane
connection graph is made by drawing a 3 x 2P~! matrix of basic cellular
cells meaning that the numeration of each node is given by the position
of the basic cell within the matrix, as the algorithm presented in Fig. 4
indicates. The row occupied by a particular cell is provided by the k € [1,
3] parameter. The 2P~! columns are constructed in pairs so that the i €
[1,2P~2] parameter controls the pair, and the j € [1,2] parameter gives
the cell within the pair. Therefore, for a given cell corresponding to the
triad (k.i,j), the numeration of its four nodes is, Fig. 4:

a=j+4{i-1)+2°(k-1)

b=({+2)+4@1i-1)+2°(k—1)
c=j+2-(i—1) +2°[(k — 1)+32]
d=3-j)+2:@1(-1)+2°[(k — 1)+32] + 2"

)

where [(k — 1)+32] = [(k — 1) +2]mod3 and p > 1.
As an example, the plane connection graphs for the double-expanded
octahedron and the X-double-expanded octahedron (p = 3) are pro-
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principal node

secondary secondary
node node

principal node

(@)
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principal node

secondary secondary
node node

Strut principal node
Cable (b)

Fig. 1. Basic rhombic cells employed in (a) Octahedron and (b) X-Octahedron families.

Additional cable for
the X-octahedron

Fig. 2. (a) Plane connection graph for the octahedron (p = 1). The dashed lines indicate the additional cable necessary to get the plane connection graph for the X-
octahedron. The three basic cells are connected so that nodes with the same numbering match (b). The curved lines in (b) indicate how the same nodes have to

be connected.

vided in Fig. 5. In this case, i € [1,2P2] =[1,2].

Once the connectivity graph is constructed and the C matrix is ob-
tained, the next important aspect that requires attention is the assign-
ment of force:length ratios to cables and struts. It has already been
mentioned that the q values adopted are important if the non-
degeneracy condition of the structure, i.e., to obtain a fully developed
tensegrity in 3D, is to be met. However, even if that condition is fulfilled,
the assignation of some sets of q values could lead to a 3D structure in
which some nodes, cables, and struts share the same position in the
space, i.e., overlap. These equilibrium configurations are called folded
forms [41], as opposed to full forms which are tensegrity structures
whose nodes adopt different positions in space. A unique feature of
tensegrity families is that the p-th member of the family is a folded form
of all the subsequent members of the family.

According to [34], if only two values of force:length ratios are
considered (g, for cables and g, for struts), the full super-stable form of
the p-th member of the Octahedron family is obtained if the assigned
force:length ratios create the following relation:

O _ P+l
a p

(€))

Similarly, the full super-stable form of the p-th member of the X-Octa-
hedron family is obtained if the ratio Z—i’ fulfills the following condition,

as presented in [40]:

@ _ 72p+1
qci 2p71

)

If the %‘Z ratios presented in Egs. (8) and (9) are known, the analytical
resolution of the set of polynomial equations in q given by Eq. (4) is no
longer necessary, leading to significant computational savings. For
example, in the case of the X-double-expanded octahedron (p = 3), the
solutions provided by Eq. (4) are 3{ = -1 ?7’: = -3 %’; = —3[36]. These
solutions are the same as those obtained from Eq. (9) forp =3,p = 2,
and p = 1, respectively. The first solution corresponds to the full form,
while the other two are folded forms (X-expanded octahedron and X-
octahedron, respectively).

4. Controlling the geometry of the Octahedron and x-octahedron
tensegrity families

4.1. Mathematical development

As stated earlier, Eq. (5), the nodal coordinates of a tensegrity
structure (which are placed at vectors x, y, and z) are calculated as linear
combinations of the vectors of the basis of kerD, e!, withi =1,---,VI. The
el vectors are the eigenvectors that correspond to four zero eigenvalues
of the D matrix. As proved in [1], if the tensegrity structure is non-
degenerate in the 3-dimensional space, then its nodal coordinate
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Expanded octahedron (p =2)

Nodes (n): 12
Cables (n,.): 24
Struts (n,): 6

Double-expanded octahedron (p =3)

Nodes (n): 24
Cables (n.): 48
Struts (r,): 12
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A

\

4

Triple-expanded octahedron (p =4)

Nodes (n): 48
Cables (n.): 96
Struts (n,): 24

(a) Octahedron family

\
]
N

A\

N\

l

;

A

i

X-expanded octahedron (p =2)
Nodes (n): 12

Cables (n,.): 30
Struts (n;): 6

\
A

L0

[ /)

TN\ /I

)/
Z

—
———

3

—

/AN

¥

7
4’/

—

X-double-expanded octahedron (p =3)

Nodes (n): 24
Cables (n.): 60
Struts (n;): 12

Triple-expanded octahedron (p =4)

Nodes (n): 48
Cables (n.): 120
Struts (ny): 24

(b) X- Octahedron family

Fig. 3. Second, third, and fourth members of the (a) Octahedron and (b) X-Octahedron families.

For eachj € [1,2]

= Repeat:
[m c c
~
<
Q
5 a b b
8
=
d d
Octahedron family basic cell | | X-Octahedron family basic cell

a, b, ¢, and d given by Eq. (7)

Fig. 4. Algorithm for the construction of the plane connection graph.

vectors in each direction of space are linearly independent, i.e., the a
matrix in Eq. (6) needs to have full rank. Different matrices a lead to
different geometries of the tensegrity structure in space, Fig. 6, as the
linear combination of the vectors of the basis of kerD changes.

When obtaining the geometry of the different members of the Oc-
tahedron and X-Octahedron families, one important aspect is that there
are always three groups of struts that are parallel and have the same
length no matter which linear combination of vectors of the basis of

kerD is selected. Fig. 6 also shows this. As the octahedron and the X-
octahedron (p = 1) have three struts, the expanded and the X-expanded
octahedron (p = 2) have three groups of two equal and parallel com-
pressed bars. The double-expanded and the X-double-expanded octa-
hedron (p = 3) have the same three groups, but each of them is
composed of 4 parallel equal struts. Therefore, the p —th member has
three groups of 2P~! equal and parallel compressed bars. These three
groups of struts correspond to each of the three rows of paired rhombic
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Number of column (7)
1 2
Number of pair member () Number of pair member ()
1 2 1 2
18

20

Number of row ( k)
[\ )

Fig. 5. Plane connection graph for the double-expanded and X-double-expanded octahedron (p = 3). The dashed lines indicate the additional cable needed for the
plane connection graph for the X-double-expanded-octahedron.

el=(7 -3 -1 5 4 0 4 0 4 0 0 47T

m_ _ _ _ _ _ — T
Basis of ker D = em—(7 77 —149 79 78 —148 —-70 0 —-70 0 74 T144)

el'=(—7 77 -3 73 =2 72 70 0 —-63 133 97 -=27)

eV=(-1 11 11 -1 14 -4 -10 20 11 -1 11 -7

-118,24 -12,40 30,07 -250,00 16892 -22,44 -683 -176,78

—793,92 —13,41 14,10 12500 \" —709,46 —20,00 32,51 —76,78\"
(x=< ) 1073 a=< ) 1073
—16722 9,05 1861 0,00 —238,89 1293 2658 0,00

(a) (b)

Fig. 6. Two different 3D realizations of the expanded octahedron (p = 2) from two different matrices a. The basis of kerD is indicated in the figure as well as the
different matrices « to get the tensegrities (a) and (b).
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cells on the plane connection graph (controlled by the k parameter in
Fig. 4).

Let the director member of group k (k = 1,2,3) of struts be defined as
the bar that links the r, and s, (rx > sx) nodes with lowest indices in the
group of struts (i.e., i =j =1 in Eq. (7)). According to Eq. (7) and the
algorithm of connectivity provided in Fig. 4, these nodes are:

re=1+2k-1
Sk:3+21’gk—1§ a0
In the case of the double-expanded and the X-double-expanded octa-
hedron (p = 3), Fig. 5,11 =1,81 =3, =9,85 =11, r3 = 17,83 =
19. The length of this member, I, and its direction in space determine
those of the rest of the struts in group k. The vector, my, which char-
acterize this director member is:

Xxk — X‘rk
T T
m =X X' =y, — an
Zxk — Zrk

with X! as the vector of nodal coordinates of the r node. If el is the r-th
component of the ef vector (i = I, ---, VI) of the basis of kerD, and the
direction of my is given by the directional cosines, with 6;, (j = x,y,z,
k = 1,2, 3), angles, then, by considering the definition of nodal co-
ordinates given in Eq. (5), Eq. (11) can be rewritten as:

E Y ol Aél
i=1 X TkSk

Y cosy,
= L Ael =1 | cosb,

my ZizlayAerksk 2 Y (12)

. cosb,,
i Al
i:IaZAerkSk
; i el g
with Ae, =€ —e .

Given that the self-weight of the members of tensegrity structures is
not commonly considered when they are designed, the coordinates of

the structure centroid (XyZ)" can be computed as the arithmetic mean of
the structure nodal coordinates:

Yo i

> e

_ Y i
= ZHa‘ye 13)

Y .
151
a.e
Zi:l z

I
N <Y Rl

with & = 13" el the average of coordinates of the e! vector.
If the structural geometry is known a priori, i.e. X, I, and 0, G = xy,

Table 1

Value of det(M) in terms of p for the full members of both the Octahedron and X-
Octahedron families, with g = 1. Calculations have only been made up to p =
12 due to computational limitations.

p det(M)
Oct X-Oct

2 6,30-10° 2,92.108

3 1,09-107 2,18-107

4 —6,07-10° —3,60-10°
5 1,21-10° 3,66-10'°
6 —5,74-10° —8,55.10'!
7 5,55-10'° 3,81.10'2
8 -3,02:10° ~7,41-10"3
9 2,05-10'2 7,27-1012
10 —-1,44.10" —1,41-10'°
11 1,81-10'2 8,26-10'°
12 —1,62-10'? —7,64-1013
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2,k =1,2,3) are known parameters, Egs. (12) and (13) constitute a set of
twelve equations where a; G =xYy,2 i=1--1V) are the twelve un-
known values to be solved. Furthermore, these twelve equations can be
divided into three independent sets of four equations, each corre-
sponding to each direction in space. Therefore, the three sets of four
equations can be written in matrix form as:

1 1T 111 v 1
a;
Aer1s1 Aerlsl Aerlxl Aerlsl J ll coso;
Ael Aell Ael AV ol 1 0’ 1
T282 T282 2852 252 GGV J _ 2COS0j, 14
Al Adh Al Al ML gm | 7| I3cos6;,
383 383 r3s3 383 J <
2 V! J

.S

where j = x,y,z and j = X, ¥, 2. Matrix M in Eq. (14) is the matrix of
coefficient of the three system of four linear equations (the same matrix
for the three systems) and its construction depends on the vectors of the
basis of kerD, e, with i =1,---,IV. The resolution of the three systems of
equations will be governed by the value of the determinant of the M
matrix. Table 1 summarizes the values of the determinants of the M
matrix in Eq. (14), for the full forms of both Octahedron and X-Octa-
hedron families with g. = 1 and p < 12. Values of p > 12 have not been
evaluated due to computational limitations. As shown in Table 1, the
determinant of M is non-zero in all studied cases.

Therefore, if Cramer’s rule is applied, the twelve unknowns, a} G =x,

y,2,1 =L, --- ) IV), can be obtained as:

; _ det(My)

%~ "det(M) 1s)

where My is the matrix formed by replacing the i-th column of M with
the vector (licosdj, Ircost;, I3cost;, )T. If det(Mjy) is computed by
using Laplace’s theorem from the i -th column, then a]l G =xyzi=I-"
IV) is:

— i 3 -
o= (1) <Z[( — 1) lkcosb; By | +j/}4.i> 1e)

det(M) \ &

where f, ; is the determinant of the matrix that results from removing
row r and column s from the M matrix. In Eq. (16), the value of i =1, --
,IV has been transformed to its Arabic counterpart in order to compute
(—1)" or to select columns in the M matrix, and it is carried out in this
way hereinafter.

According to the definition of a} provided in Eq. (16), the a matrix
can be written as:

a = ac(i:}zf) +as(ll7127 13793(1 70_}’1702170X270y2702270)t330}'37023) a7)

where a, is a matrix whose values only depend on the centroid co-
ordinates, (XyZ)", and a; is the tensegrity shape matrix whose elements
are functions of the length and orientation of the struts in each group.
Therefore, the definition of a tensegrity geometry needs the values of 12
parameters or 12 degrees of freedom (DOFs) to be set: X,y,2,1;,15,13,0, ,
0y, 0y, 0x,,0y,, 0, 0x,, 0y, 0,,. Given that neither the position of the
tensegrity in space (determined by the coordinates of its centroid, X) nor
its orientation as a rigid solid are significant when dealing with stability,
the centroid of the structure is considered as the origin of the co-
ordinates system, i.e. X = (0 0 0)". From this point on, and without
loss of generality, the struts of the k = 1 group are forced to be parallel to
the x axis, members of the k = 2 group are placed on the x —y plane,
forming an angle of 6;_, with members of the k = 1 group and, finally,
members of the k = 3 group will be orientated in space so that they form
angles of 67 _3 and 05_3 with members of group (1) and (2), respectively.
In doing so, my vectors, with k = 1,2, 3 can be expressed as:
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L (91_3 =60°

(a) (b)

|_ 0r.3=90° Q
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Fig. 7. Double-expanded octahedron (p = 3) with controlled geometry (I; =1, =I3 = 1,6, 2 =6, 3 =90, and §; 3 = 60°): (a) normal view to plane 1-2, (b)

normal view to plane 1-3, (¢) normal view to plane 2-3, (d) 3D view.

1 cost;_, cost:_3
m; = ll 0 my; = lz sin@l,g m3 = l3 b (18)
0 0 \/sin%0,_; — b*

with b as the factor obtained by establishing that the scalar product of
the unit vectors that defines m; and m3 equals cosé; 3, as indicated by
Eq. (19):

cosf,_3 — €c0SO;_5C080;_3
Sinel,z

m; ms
—=.—— = c0Sl,_3—b =

- €[-1,1] 19)

If all the above considerations are taken into account, only 6 DOFs need
to be set for the definition of a tensegrity geometry: the length of each I
(k =1,2,3) group and the angles formed between each pair of groups:
0, (g =1,2and h = 2,3 with g # h). Consequently, the a, matrix is no
longer needed and the terms of the a; matrix can be computed by
substituting the value of my vectors in Egs. (14) and (16).

4.2. Examples of application

The cases of the double-expanded and the X-double-expanded octa-
hedron (p = 3) are considered as examples of geometry control pre-
sented in this study. Their C connectivity matrices are obtained
employing the plane connection graph presented in Fig. 5. A force:
length ratio of g. =1 is assigned to cables, while g, = —4/3 for the
struts in the case of the double-expanded octahedron, Eq. (8), and q;, =
—7/5 for the X-double-expanded octahedron, Eq. (9). The tensegrity
cables and struts are numbered so that strut numbers are multiple of 5 in
the Octahedron family and multiple of 6 in the X-Octahedron family.
Therefore, the vector containing the force:length ratio of each member
of the double expanded octahedron, qg. € R%°, has the following
structure:

Qo =(1 1 1 1 —4/3 111 1 -4/3) (20)

and the vector of the X-double-expanded octahedron, qy_o. € R"?, is:

Quox=(1 111 1 -7/5 11111 -7/5)7

(21)

After computing the D = CT-Q-C force:length ratio matrix for both the
double-expanded and the X-double expanded octahedron, the orthog-
onal basis of their null spaces is computed considering the eigenvectors
that correspond to the 4 zero eigenvalues of the D matrix:

1 155 45 17
5 -127 -17 11
1 -91 63 35
5 119 -35 -7
5 -127 27 -1
1 155 1 29
5 119 9 -19
1 -91 19 47
2 105 83 -1
4 -77 -55 29
2 105 —-49 35
4 =77 77 -7
(el eH eIII eIV)Oct: 9 _59 _37 47 (el eII eIII eIV)X,Oct
4 87 65 -19
2 =59 9 11
4 87 -—-67 17
0 82 82 29
6 —-54 -54 1
6 28 28 -28
0 0 0 56
6 28 —-60 —4
0 o0 88 32
0 82 -6 50
6 —54 34 -22
1 63 154 28
4 -56 —-49 7
1 —47 199 43
4 54 -94 -8
4 -56 64 -2
1 63 41 37
4 54 19 -17
1 -47 86 52
2 38 344 -2
3 -31 -239 37
2 38 -21 43
|3 -31 326 -8
12 —-28 -194 52
3 35 299 -17
2 -28 371 7
3 35 -266 28
0 22 330 40
5 —-15 =225 -5
5 7 105 -35
0 0 0 70
5 7 -234 -8
0 0 339 43
0 22 -9 67
5 -15 114 -32

(22)

with these data, the as,, and a;, ,, matrices can be built by using Egs.
(16), (18), and (19), remaining:
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7y 13 7cy,ls 7¢,,1;
123 123 123
41c, b + 9yl 41cy, I +9¢cy,15 41c, b + 9c,, 13
. = 10824 10824 © 10824
“ 3¢y, i — 22¢,1 — ¢, ls 3¢y, b — 22¢,l — 9¢y, 13 3¢, — 22¢,,1, — 9¢,, 13
3696 3696 3696
Co i + 2,1 — ey, ls ¢, i+ 2¢,1, — 3¢y, 15 ¢l +2¢,l, — 3¢, 13
336 336 336
(23)
7¢yl3 7¢y,ls 7¢,,1s
110 110 110
22¢, b + 3¢y, 13 22¢,, 1) + 3¢y,15 22¢, I + 3¢, 13
o B 2486 T 2486 T 2486
« 9¢,, i —113¢y,l; — 45¢4,ls 9y, i —113cy,l, — 45¢, 3l3  9c, 1 — 113c¢,,l, — 45¢,,15
79100 79100 79100
Cy i + 3¢yl — 5¢,15 ¢, li + 3¢, — 5¢y,15 ¢l + 3¢, — 5¢,,15
700 700 700

withcy, =1,¢y, =¢; =0,¢cx, =c0s01_2,¢y, =sinf1_3,¢;, = 0,Cx, =

€0S6_3—C0561 2080, 2
COS01 3, €y, = PRIHLLOTL € [-1,1], and c;; = 4/sin“61_3 —c),2,

according to Egs. (18) and (19). The expression of the ay,, and as,
matrices for other members of the Octahedron and X-Octahedron fam-
ilies are given in Appendix 1, together with the e’ vectors employed to
get them. Fig. 7 shows a realization of the double-expanded octahedron
in which all the struts have the same length, (I; = 1), groups 1 and 2,
and groups 2 and 3 are perpendicular to each other, and groups 1 and 3
form an angle of 60° (i.e. #; 3 = 60°). However, Fig. 8 shows a reali-
zation of the X-double-expanded octahedron in which the struts in
groups 1 and 3 have unit length, while those in group (2) have half the
length (i.e., l, =1/2). In the structure represented in Fig. 8,6; 5 = 90,
(91,3 = 800, and 92,3 = 450.

5. Stability of folded forms

Egs. (8) and (9) establish the relationship between the force:length
ratios of the struts (gp) and the cables (g.) corresponding to the p-th
member full form equilibrium configuration in the Octahedron and the
X-Octahedron families, respectively. Hereinafter, the value of p that
leads to the full form of the p —th member will be referred to as pg. It

—C

| 6,=90 [ 6.,=80

(2) (b)

. 0,=45

has been also stated that all the previous members are obtained in their
folded form from the connectivity patter of the pgy-th member of the
tensegrity family. The g,/q. ratios corresponding to these folded forms
are obtained by introducing proided = Prn—V¥, YEWVY =

{y/ cZ:1<y <pfull}, in Egs. (8) or (9) [40].

5.1. Super-stability

The main advantage of obtaining a super-stable tensegrity structure
is that it remains stable regardless the material used its members (cables
and struts). Additionally, if the structure is super-stable for a particular
force:length ratios assignment, it is always stable regardless the applied
level of pre-stress [39].

As observed in the previous works dealing with the Octahedron and
the X-Octahedron families, all the folded forms represented always
resulted as non-super-stable examples [34,36,37,40]. Therefore, the
options for creating a super-stable folded form are analyzed for both the
Octahedron and X-Octahedron families.

Let the connectivity pattern of the pg,;; member of either Octahedron
or X-Octahedron families be considered. Let Cp,,, € R™:w*™u be the

connectivity matrix and Q (Progea pra) R™ta *™eran be the diagonal matrix
olded D

with the force:length ratio assignment that corresponds to g. = 1 and

== Group 1 bars
== Group 2 bars

é == Group 3 bars

(©) (d)

Fig. 8. X-double-expanded octahedron (p = 3) with controlled geometry (3 =13 =1,1, =1/2,6;. 5 =90°,6;_3 =80, and 6»_3 = 45°): (a) normal view to plane

1-2, (b) normal view to plane 1-3, (c) normal view to plane 2-3, (d) 3D view.
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0 N AN Bk W =

dim(kerD(pfolded 7pfull))

) matrix corresponding to the pgogeq-th member as a folded form of pgy-th member, for both Octahedron and X-Oc-

tahedron families. Calculations are shown up to pgy = 14 due to computational limitations.

the g/q. ratio obtained by introducing prolgea = P —¥, ¥ € ¥ = {y/ €

Z:1<y< pfull} in Eq. (8) for the Octahedron family and Eq. (9) for the
X-Octahedron family. Let the D(

€ Rt *™rn matrix be consid-
Prolded Pfull )
ered as the force density matrix of the pg,jgeq-th member as a folded form
of the pgy-th member, calculated as:
T

D (Protded Prun ) = CPfull Q (Protdea Prun )~ Coun @9

The condition according to which the rank deficiency of the D (Prosea )

matrix must be 4 is studied in Fig. 9, with calculations made up to pg,; =
14 because of computational limitations. The rank deficiency of the

matrix D(Pfolded pra) that corresponds to pgyigeq-th member as a folded form

of the pgy-th member, or the dimension of kerD(Pdel prar)? is

(25)

B _ -1
dim (kerD(pfolded-Pfull) ) =327 +1

withy e ¥ = {y/ €Z:1<y< pfu_[]}. When considering a pair of pgy

and Pgolqeq Values there is no difference between the rank deficiency of
the D(P{olded i) matrix for both the Octahedron and X-Octahedron fam-

ilies. Fig. 9 also shows that when y > 1, i.e. folded forms beyond the
previous one to the pg,-th member, the super-stability condition to the
rank deficiency of the D matrix is not fulfilled.

The condition which the D matrix needs to be positive semi-definite
is considered here. Fig. 10 shows the minimum eigenvalue of the

D(pmmea pra) matrix for the Octahedron family (with g,/q. given by Eq.

(8), Fig. 10(a) and (c)) and for the X-Octahedron family (with gp/q.
given by Eq. (9), Fig. 10(b) and (d)). Calculations are again made up to
Pran = 14 because of computational limitations. Each curve in Fig. 10(a)

10

and (b) represents the minimum eigenvalue of D(pmled P

yasa function
of pgy for a fixed value of pgoigeq- All the curves have a negative hori-
zontal asymptote as pg,j increases. However, the curves in Fig. 10(c) and

(d) represent the minimum eigenvalue of D(Pr et ) as a function of pgyy
olded Dl

for fixed values of ¥ = pru —Prolded- These curves indicate that, for a

particular value of y, the minimum eigenvalue of D(pf e Bran) increases
olded D

as pgq increases, but it is always negative, with an asymptote in 0.
Particularly interesting is the curve that corresponds to y = 1, for which

the D(pfolded ) force density matrix always has a rank deficiency of 4,

Fig. 9 (Eq. (25)). For this case, the minimum eigenvalue of D(

Protded Prul ) Is

the closest to 0, but it is negative, so D(

Pfoldedeull) is never positive semi-

definite.
Therefore, it can be concluded that folded forms of the Octahedron
and X-Octahedron families can never be super-stable as the corre-

sponding D(Pfolrled prar) TALTIX does not have a rank deficiency equal to 4,

and/or it is not positive semi-definite.

5.2. Stability by geometry control

The linear combination of vectors of the basis of kerD, e,
(i=1,-,1V), adopted to obtain the geometry of the structure, has a
significant influence when dealing with the stability of the folded forms
of both Octahedron and X-Octahedron families [40]. In fact, this linear
combination could lead to either a stable or an unstable tensegrity
structure. Therefore, a study of this influence is worth performing.

A tensegrity structure is stable if its K € R®" tangent stiffness matrix
is positive definite, and if the 6 null eigenvalues that corresponds to its
rigid solid motions in space [1] are not considered. As explained in
[1,37], the tangent stiffness matrix is computed as the sum of the Kg
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Fig. 10. Minimum eigenvalue Ay, of matrix D(pmed prar)

as a function of pgy: for fixed values of pgoiged ((@) for Octahedron and (b) for the X-Octahedron families), and

for fixed values of y = pry —Prolded (¢) for Octahedron and (d) for the X-Octahedron families). Calculations are shown up to pgy = 14 due to computational

limitations.

elastic stiffness matrix and the Kg geometric stiffness matrix, meaning
that K = Kg + Kg. If A € R¥™ is the equilibrium matrix of the ten-
segrity [37], A could be defined as:

N

Then, the elastic stiffness matrix, Kg, in the global coordinate system can
Ec%

be written as:
AT
(9)® )

where Ei, Q, and Lg are the Young modulus, the cross-sectional area
and the initial length of the k = 1, ---, m member, respectively. The Kg
geometric stiffness matrix is written employing the tensor product
(Kronecker product), ® , as:

C"diag(C-x)
C'diag(C-y)
C'diag(C-z)

(26)

Kg = A~diag< 27)

11

Ke=1I;®D (28)
The folded forms of the Octahedron and X-Octahedron families can be
stable or unstable depending on the linear combinations of vectors of the
basis of kerD considered (ef, withi =1,---,IV) [40]. Section 4 shows that
this linear combination is explicitly related to the position of the
structure in space and to its shape, which is the key aspect of structural
stability. Once the force:length ratio of each member of the tensegrity is
known (Egs. (8) or (9)) and the shape of the structure is assigned (Egs.
(16), (18), and (19)), the Kg and K; matrices can be computed and the
stability analysis performed. This analysis enables the designer to
discover the range of values of the 6 variables controlling the geometry
of the structure (the length of each group I (k = 1,2,3) and the angles
formed between each pair of groups: 6,_, (§=1,2 and h = 2,3 with
g # h), which lead to a stable tensegrity.

As an example of application, the stability analysis of the expanded
octahedron and the X-expanded octahedron (pgy1geq = 2) as folded forms
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Fig. 11. 3D, right, front, and plan views of the region of values (612, 613, 02_3) that provide a stable expanded octahedron (psoidea = 2) as a folded form of the

double-expanded octahedron (pg; = 3) in the Octahedron family with different lengths of groups of struts: (@) 3 =l =13 =1,(b)h =2, = I3 = 1, 4
I, =1, 13 = 2. Colors are added to the represented solutions to better identify them in the different presented views of the regions.

13 = l, 12 = 2, and (d) 11
of the double expanded octahedron and the X-double-expanded octa-
hedron (pgy = 3), respectively, are presented. All the cables have a
force:length ratio of g. =1 and the struts are assigned a force:length

ratio obtained from Eq. (8) (g, = —(3(;?)1 = —%, for the expanded oc-
tahedron) and Eq. (9) (gp = —gg:};f} = —%, for the X-expanded octa-

hedron). The vectors of the basis of kerD and the a; matrices required to
obtain the geometries of the structures are given in Appendix 1. Four
different studies are performed for each structure, and the lengths of the
Iy (k = 1,2,3) groups are always fixed, and the 6; 5, 6;_3, and 65 3
angles are modified. In the first study, all the lengths are equal to one,
Ik =1 (k = 1,2, 3), while in the other cases, one of the groups has a

12

length of 2, and the others have a length of 1. The computations are
made by assuming the structures are built in steel, i.e., Ex = 200, GPa,
and the Q; cross sectional areas of both cables and struts are such that
the maximum prestress in both types of elements equals 1 % of the EQy
product, as suggested by [1] for conventional tensegrity structures.
Fig. 11 and Fig. 12 show the 6;_3, 61_3, and 6,_3 ranges of values for
which the folded forms of the Octahedron and the X-Octahedron fam-
ilies, respectively, are stable for the lengths of the groups of struts
considered.

The first aspect that stands out when comparing Fig. 11 and Fig. 12 is
that regions of stable structures are similar but more voluminous in the
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Fig. 12. 3D, right, front, and plan views of the region of values (6;_2, 613, >_3) that provide a stable X-expanded octahedron (po4ea = 2) as a folded form of the X-
double-expanded octahedron (pg, = 3) in the Octahedron family with different lengths of groups of struts: () ) =L =13 =1,(D) L =2, =3 = 1, L =
13 =1,12 :2,and(d)11 =lz =1,l3 =2.

13
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Fig. 13. Rotations of region of stable solutions for the expanded octahedron as a folded form of the double-expanded octahedron when l; =2, =13 =1 (Fig. 11
(b)), to get the region of stable solutions corresponding to ; = I3 = 1, I = 2 (Fig. 11(c)).

Table 2

Correspondence between the axes of the different 3D regions of stable solutions
when one of the groups has twice the length of the others, Fig. 11 and Fig. 12(b),
(c), and (d).

L—-l-1I3

2-1-1 1-2-1 1-1-2
012 023 013
013 012 023
023 O3 012

X-Octahedron family. In other words, there are more combinations of
the 6;_2, 613, and 05_3 angles that lead to stable tensegrities, indicating
that the additional cable in the basic rhombic cell, Fig. 1(b), provides
stability to the structure. Another important aspect for both families is
that there are more stable solutions when the same length is employed
for all the groups of struts in the structure, suggesting that shorter struts
lead to more stable structures.

Finally, an important finding for both families is that, when
comparing the cases where the length of one of the groups if twice as
long as the lengths of the others (Fig. 11 and Fig. 12(b), (c) and (d)), it
becomes evident that the region of stable solutions is the same in all
three cases, but in a rotated form. That is why the four different views of
the regions in Fig. 11 and Fig. 12(b), (c) and (d) have been included. If
the region that corresponds to I; = 2, I, =13 =1 in Fig. 11(b) is first
rotated by —z/2 around the 0;_3 axis and the region around the 6;_»
axis is rotated by —z/2, the region of stable solutions that corresponds to
I, =13 =1, I, =2 presented in Fig. 11(c) is obtained, as shown in
Fig. 13. The correspondence between angles 6, _2, 6;_3, and 6-_3 for the
casesh :2,12 :l3 :1,11 :l3 :1,12 :Z,andll = lz = 1,13:2i5
summarized in Table 2. This table presents an important result, as it

14

indicates that having the 3D region corresponding to one of cases (e.g.,
I, =2, =13 =1), the 3D region corresponding the other two cases can
be obtained by only changing the axis indicated in Table 2, with major
computations savings.

6. Conclusions

The FDM has been employed to get the equilibrium configuration of
tensegrity structures from the Octahedron and X-Octahedron families.
The final spatial realization of such structures depends on the linear
combination of vectors that constitute a basis of the null space of the D
tensegrity force density matrix. However, it is difficult to control the
final geometry of the structure by directly changing the parameters
involved in the linear combination of these vectors.

A new analytical formulation that enables the designer to control the
shape of the tensegrity has been provided for the Octahedron and the X-
Octahedron families. The formulation is based on the fact that all the
struts in the structures of these families are grouped into three distinct
sets, with the struts in each set having the same lengths and spatial
orientations. Depending on the specific member of the Octahedron or X-
Octahedron families to be obtained, this formulation defines the pa-
rameters to be used in the linear combination of the vectors. These pa-
rameters are defined in terms of both the lengths of each group of struts
and the angles between these groups, allowing for complete control over
the structure’s geometry. Controlling the geometry of these types of
tensegrities is essential for their use in the construction industry, such as
in the form of simple modules that can be connected to build larger
structures. In addition to the new formulation for geometry control, it
has been proven that the folded forms of tensegrities in the Octahedron
and X-Octahedron families can never be super-stable, which is a novel
finding in the literature.
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Tensegrity geometry is not relevant when considering the super-
stability of the structure. However, this work has shown that geometry
becomes important when evaluating whether a structure is stable or
unstable, which is a key factor in construction of a tensegrity structure.
As demonstrated, folded forms in the Octahedron and X-Octahedron
families can be considered stable if certain geometric conditions are met.
For fixed lengths of the groups of struts, there are closed regions of stable
solutions defined by the angles formed between each group of struts
(61-2, 013, and 05_3). Examples of these regions have been presented for
both the expanded octahedron as a folded form of the double-expanded
octahedron and for the X-expanded octahedron as a folded form of the X-
double expanded octahedron. The examples indicate that the longer
struts groups, the fewer stable solutions exist. Furthermore, when
comparing the regions of stable solutions for the Octahedron and the X-
Octahedron families, the additional cable in the X-Octahedron’s
rhombic cell enhances stability for given strut lengths. Finally, it has
been shown that the 3D regions obtained in the 6; 5, 6;_3, and 6, 3
space are the same in all three cases, but they are rotated around specific
axes. Therefore, once one of the 3D regions has been computed, the
other two can be obtained by simply applying the corresponding rota-
tions, leading to significant computational savings.
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Some possible bases of kerD and the corresponding a; matrices to control the shape of 2 first member of both Octahedron and X-Octahedron
families are indicated below. For the double-expanded octahedron and X-double-expanded octahedron are given in Egs. (22) and (23). Connectivity

between nodes can be calculated from Fig. 2 and Fig. 4:

e Octahedron and X-octahedron (p = 1)

s =

1

_ O O = O

Coli + el —cyls

2 -2
0o 4
-3 1
5 1
1 1
1 1

¢l ¢l —cyls
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Cx; ll Cy1 ll Cz l]
8 8 8
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(29)
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e Expanded octahedron (p = 2)
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-1 -149 -3 11
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0 -148 72 -4
(eI eII eIII eIV ) —
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15¢,, 1 + 5¢4,15
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Co i — 3cy, o ¢l — 3¢y, 1y ¢, i — 3¢,y
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(30)

(31

The vectors of the basis of kerD and the corresponding a; matrices employed to obtain the geometries of the expanded octahedron as a folded form of
the double-expanded octahedron and the X-expanded-octahedron as a folded form of the X-double-expanded octahedron presented in section 5.2 are:

e Expanded octahedron (pygeq = 2) as a folded form of the double-expanded octahedron (pg; = 3)
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as =

e X-expanded octahedron (psogeq = 2) as a folded form of the X-double-expanded octahedron (pgy, = 3)
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In Egs. (29)-(33), ¢y, = 1, ¢y, = ¢;; = 0, ¢y, = c0861_2, €y, = sinb_5, ¢;, = 0, ¢y, = cosby_3, ¢y, = W €[-1,1], and ¢,, =
1/ sin291,3 — Cy32.
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