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Outage Performance of Exponentiated Weibull FSO
Links Under Generalized Pointing Errors

Rubén Boluda-Ruiz, Antonio Garcı́a-Zambrana,
Carmen Castillo-Vázquez, Beatriz Castillo-Vázquez and Steve Hranilovic

Abstract—Even in clear conditions, free-space optical (FSO)
links are impaired by scintillation and dynamic misalignment
which result in a slow fading channel. This paper presents
the first characterization of outage performance for single-
input/single-output (SISO) FSO links over exponentiated Weibull
(EW) atmospheric turbulence and generalized misalignment. A
novel feature of this paper is that a generalized pointing error
model is employed which not only takes into account the impact
of different jitters for the elevation and the horizontal displace-
ment but also the effect of different boresight errors for each axis.
The developed asymptotic expressions are used to find optimum
beam widths that minimize the impact of pointing error effects in
a variety of atmospheric turbulence conditions. Obtained results
corroborate that the impact of generalized pointing errors is
approximately the same over moderate and strong turbulence
conditions when an aperture-averaged receiver is considered.
Additionally, the use of a transmitter with optimized beam width
can result in large gains on the order of 5 dB or even greater.

Index Terms—Free-space optical (FSO), outage probability
(OP), pointing errors and outage diversity (Od).

I. INTRODUCTION

FREE-SPACE optical (FSO) systems offer a number of
advantages including a license-free spectrum, immunity

to radio-frequency (RF) interferences as well as robustness to
eavesdropping [1]. However, such communication systems are
vulnerable to both atmospheric turbulence and pointing error
effects even in clear weather, which can greatly reduce its
performance. Atmospheric turbulence results in fluctuations
in both the intensity and the phase of the received optical
beam, severely degrading the link performance. Pointing error
effects at the receiver produced by wind loads and thermal
expansions result in building sways leading to a misalignment
between transmitter and receiver. In this paper, for the first
time, we characterize the outage probability in the case of both
atmospheric turbulence with generalized pointing errors with
independent boresight errors and jitter variances. The expres-
sions serve as a design tool to optimize outage performance
through proper beam width selection in FSO links.

A large number of statistical models have been proposed to
model the impact of turbulence-induced scintillation in FSO
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systems. Log-normal (LN) distributions are accurate in weak
turbulence conditions, Gamma-Gamma (GG) distributions are
accurate for moderate-to-strong atmospheric turbulence and
exponential distributions are appropriate in very strong tur-
bluence [2]. A challenge in these statistical models is that
they often do not provide a good fit to simulation data in
the moderate-to-strong turbulence regime where the impact of
aperture averaging can be significant [3]. Recently, an expo-
nentiated Weibull (EW) model was proposed, which provides
a good fit between simulation and experimental data under
moderate-to-strong aperture averaging conditions [4]–[7]. This
atmospheric turbulence model has been used in a significant
number of research articles [8]–[16] in order to study the
performance of FSO communication systems.

Similarly, the statistical modeling of misalignment in FSO
systems is critical to characterize communication performance
[17]–[20]. In [17], a pointing error model was proposed where
effect of beam width, detector size and independent identical
distributed (iid) Gaussian distributions for the elevation and
the horizontal displacement were considered. This work was
extended to consider different jitter variances in elevation
and the horizontal displacement [18] and by considering
nonzero boresight error at the receiver for iid Gaussian jitter
distributions [19]. In [20], a generalized pointing error model
was considered with different jitters for the elevation and
the horizontal displacement as well as the nonzero boresight
errors to compute ergodic capacity for FSO links over LN and
GG fading channels. In recent years, the combined impact of
EW fading and pointing errors has been studied in different
FSO scenarios [10], [12]–[15]. In [10], the ergodic capacity is
studied over EW atmospheric turbulence with zero boresight
pointing errors. In [12], closed-form expressions for the outage
probability and the bit error rate (BER) were obtained for
various binary modulation schemes over EW atmospheric
turbulence with pointing errors. In [13], a multi-hop FSO
communication systems with decode-and-forward (DF) relay
transmission over the EW fading channels with pointing errors
was proposed. In [14] a closed-form expression for the outage
capacity was derived in terms of the H-Fox function over EW
atmospheric turbulence with nonzero boresight pointing errors.
Furthermore, expressions obtained in [5, eqs. (20)-(22)] for
the EW parameters have been used recently in [15] in order
to investigate the asymptotic ergodic capacity of multiple-
input/multiple-output (MIMO) FSO systems under different
aperture averaging conditions and nonzero boresight pointing
errors. It should be highlighted that a generalized pointing
errors model was not used in any research papers mentioned
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above.
This paper focuses on the asymptotic outage performance

of FSO links over EW atmospheric channels with generalized
pointing errors following a Beckmann distribution [21] by
using a moment generating function (MGF)-based approach.
It must be noted that there are no published papers that
investigate the outage performance of FSO systems over EW
atmospheric turbulence with generalized pointing errors taking
into account the effect of aperture averaging. Unlike [18],
[19], a generalized pointing error model is taken into account
here, wherein not only the effect of different jitters for the
elevation and the horizontal displacement is carefully analyzed
but also the simultaneous effect of different boresight errors
for each axis is studied. Also, unlike [20], where a generalized
pointing error model was also considered for studying the
ergodic capacity, the outage probability of EW FSO links is
adopted here as a more suitable metric performance for FSO
systems than ergodic capacity due to the fact that atmospheric
turbulence is well described as slow fading. Moreover, the
impact of generalized pointing errors on FSO communication
systems is analyzed in-depth and minimized according to an
optimum beam width for terrestrial FSO applications by using
the derived asymptotic expressions for the outage probability.
Simulation results are further included to confirm the analyti-
cal results.

The remainder of the paper is organized as follows. System
and channel models are described in Sections II and III,
respectively. In Section IV, we obtain the asymptotic closed-
form expression for the outage probability by using an MGF-
based approach, wherein generalized pointing errors follow a
Beckmann distribution. This asymptotic closed-form expres-
sion is totally valid for most practical FSO systems. Numerical
results and discussions are presented in Section V as well as
some interesting conclusions are commented on Section VI.

II. SYSTEM MODEL

Consider a single-input/single-output (SISO) FSO commu-
nications link using on-off keying (OOK) modulation. The
use of infrared technologies based on intensity-modulation
and direct-detection (IM/DD) is assumed here due to their
simplicity and low cost. The intensity of the emitted light is
used to transmit the information, and the photodetector directly
detects changes in the light intensity without the need for a
local oscillator. The received electrical signal for a SISO FSO
link is given by

y = hRx+ z, (1)

where R is the detector responsivity, assumed hereinafter to be
the unity, x is the transmitted optical power, h is the equivalent
real-value fading gain of the channel between the source and
the receiver, and z is additive white Gaussian noise (AWGN)
with zero mean and variance σ2 = N0/2. The channel gain is a
product of three factors, i.e. h = L · ha · hp, atmospheric path
loss L, atmospheric turbulence ha, and geometric spread and
pointing errors hp. Note that both atmospheric turbulence and
pointing errors are considered to be statistically independent.
The path loss, L, is determined by the exponential Beers-
Lambert law as L = e−ΦdSD , where dSD is the link distance

and Φ is the atmospheric attenuation coefficient described in
[22]. The received electrical signal-to-noise ratio (SNR) can
be defined as γT = 4γh2, where γ = P 2

optTb/N0 represents the
normalized received electrical SNR in absence of turbulence,
Popt is the average transmitted optical power and Tb is the bit
period.

III. CHANNEL MODEL

Atmospheric turbulence is modeled using the EW distribu-
tion in order to consider a wide range of turbulence conditions
(weak-to-strong) as well as aperture averaging conditions
i.e., when the condition D ≥ ρ0 holds, where D represents
the diameter of a circular detection aperture (D = 2a) and
ρ0 = 0.79

(
C2
nκ

2dSD
)−3/5

is the plane wave coherence radius
[2]. Here, κ = 2π/λ is the optical wave number, and C2

n is
the refractive index structure parameter. The corresponding
probability density function (PDF) was derived in [4, eqn. (7)]
as follows

fha(ha) =
αβ

η

(
ha
η

)β−1

exp

[
−
(
ha
η

)β]

×
{

1− exp

[
−
(
ha
η

)β]}α−1

, ha ≥ 0

(2)

where β > 0 is a shape parameter related to the scintillation
index (SI), η > 0 is a scale parameter related to the mean
value of the irradiance and α > 0 is an extra shape parameter
that is strongly dependent on the receiver aperture size. By
fitting the EW turbulence model to simulated or experimental
PDF data, several specific values of the parameters α, β and
η as well as some expressions for evaluating these parameters
have been obtained in [4], [5]. In this paper, expressions
obtained in [5, eqs. (20)-(22)] are used for moderate-to-strong
turbulence conditions. The expressions corresponding to the
EW parameters are given as a function of the scintillation
index, σ2

I , as follows

α =
7.220σ

2/3
I

Γ
(

2.487σ
2/6
I

)
− 0.104

, (3a)

β = 1.012(ασ2
I )−13/25 + 0.142, (3b)

η =
1

αΓ (1 + 1/β) g1(α, β)
, (3c)

where g1(α, β) is defined as follows

g1(α, β) =

∞∑
k=0

(−1)kΓ(α)

k!(k + 1)1+1/βΓ(α− k)
. (4)

It must be noted that expressions obtained in [5, eqs. (20)-
(22)] are valid when the aperture averaging (AA) AA < 0.9
[5]. The aperture averaging factor, AA, can be defined by
the normalized variance of power fluctuations of the incident
optical field on a collecting lens. It can also be defined by the
ratio of the irradiance flux variance obtained by a finite-size
collecting lens to that obtained by a point-like receiver [23],
i.e. AA = σ2

I (D)/σ2
I (0), where σ2

I (D) and σ2
I (0) denote the

scintillation indexes for a receive aperture of diameter D and
a point-like receiver, respectively. The scintillation index is
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expressed as in [2, eqn. (69), Chapter 10] under both weak
and strong turbulence conditions as follows

σ2
I (D) = exp

 0.49σ2
R(

1 + 0.65d2 + 1.11σ
12/5
R

)7/6


× exp

0.51σ2
R

(
1 + 0.69σ

12/5
R

)−(5/6)

1 + 0.9d2 + 0.62d2σ
12/5
R

− 1,

(5)

where the parameter d is defined as d =
√
κD2/4dSD. The

scintillation index, σ2
I (D), can also be expressed as a function

of the EW parameters [5, eqn. (19)].
The attenuation due to geometric spread and pointing errors

can be approximated, as in [17, eqn. (9)], as follows

hp(r; z) ≈ A0 exp

(
−2r2

ω2
zeq

)
, (6)

where v =
√
πa/
√

2ωz , A0 = [erf(v)]2 is the
fraction of the collected power at r = 0, and
ω2
zeq = ω2

z

√
πerf(v)/2v exp(−v2) is the equivalent beam

width. The radial displacement r at the receiver plane can
be expressed as r2 = x2 + y2, where x and y represent the
horizontal displacement and the elevation, respectively. Both x
and y are modeled as independent Gaussian random variables
with different jitters for the horizontal displacement (σx)
and the elevation (σy), and different boresight errors in each
axis of the receiver plane (µx and µy) i.e., x ∼ N(µx, σx)
and y ∼ N(µy, σy). It must be noted that a circular
detection aperture of radius a is assumed at the receiver,
shown in Fig. 1, where the beam footprint with generalized
misalignment on the detector plane is illustrated. Furthermore,
the approximation in Eq. (6) is in good agreement with the
exact value when the beam width ωz > 6a, as shown in [17,
appendix]. The approximate expression for hp can even be
used when ωz < 6a but obtaining a normalized mean-squared
error (NMSE) NMSE > 10−3. Therefore, ϕx = ωzeq/2σx and
ϕy = ωzeq/2σy are the ratios between the equivalent beam
radius at the receiver and the corresponding pointing error
displacement standard deviation (jitter) at the receiver. The
radial displacement at the receiver is distributed according to
the well-known Beckmann distribution, whose integral-form
PDF can be found in [21, eqn. (2.37)] as follows

fr(r) =
r

2πσxσy

×
∫ 2π

0

exp

(
− (r cos θ − µx)

2

2σ2
x

− (r sin θ − µy)
2

2σ2
y

)
dθ.

(7)

This is a versatile statistical model that includes many distribu-
tions as special cases such as Rayleigh, Hoyt and lognormal-
Rician, among others [17]–[19]. In order to efficiently find
asymptotic closed-form solutions for the outage performance,
an MGF-based approach is used here due to the fact that
the Beckmann distribution is mathematically intractable. The
MGF corresponding to the squared Beckmann distribution (r2)

Receiver aperture plane

ωz

a

r

σx

σy

µx

µy

x

y

Fig. 1: Beam footprint with pointing errors on the receiver.

can easily be derived from the sum of two independent squared
normal random variates as

Mr2(t) = E[et·r
2

] =
exp

(
µ2
xt

1−2tσ2
x

+
µ2
yt

1−2tσ2
y

)
√

(1− 2tσ2
x)
(
1− 2tσ2

y

) , (8)

with E[·] denoting expectation.

IV. ASYMPTOTIC OUTAGE PERFORMANCE ANALYSIS

The outage probability (OP), Pout, can be defined as the
probability that the instantaneous combined SNR, γT , falls
below a certain specified threshold, γth, that is

Pout := P (γT ≤ γth) =

∫ γth

0

fγT (h)dh. (9)

Using Eq. (9), the outage probability can be written as

Pout = P (4γh2 ≤ γth) =

∫ √γth/4γ
0

fh(h)dh. (10)

The PDF of h = L · ha · hp can be written as

fh(h) =

∫ A0

0

fh|hp(h|L · hp)fhp(hp)dhp, (11)

where fh|hp(h|L · hp) is the conditional probability given a
pointing error state hp and L acts as a scaling factor. Hence,
the resulting conditional distribution can be written as

fh|hp(h|L · hp) =
1

L · hp
fha

(
h

L · hp

)
. (12)

Determining the combined effect of the EW atmospheric
turbulence and generalized pointing errors might be mathemat-
ically intractable due to the fact that the Beckmann distribution
presents certain impediments from a practical point of view
since a closed-form solution for its integral in Eq. (7) is
unknown. As a result, the asymptotic behavior at high SNR is
investigated here in order to carefully study how generalized
pointing errors and atmospheric turbulence impact on outage
performance. In this way, an asymptotic expression for the
atmospheric turbulence is adopted in order to obtain simple
closed-form expressions, assuming a single polynomial term
as follows

fha(ha)
.
= m1h

m2−1
a , ha ≥ 0 (13)

based on the fact that that the asymptotic behavior of the per-
formance of FSO communication systems is dominated by the
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behavior of the PDF near the origin, i.e., fha(ha) at ha → 0+

determines high SNR performance [24]. The parameter m1 is
a positive constant, and the parameter m2 quantifies the order
of smoothness of fha(ha) at the origin. Both parameters are
determined by the channel PDF in Eq. (2). The high SNR
approximations are especially useful for performance analysis
of FSO systems, where severe fading renders necessary a
large SNR for achieving a target OP. Hence, as shown in
the Appendix, an asymptotic expression of fha(ha) can be
obtained from as follows

fha(ha)
.
= m1h

m2−1
a =

αβ

ηαβ
hαβ−1
a , ha ≥ 0. (14)

Therefore, substituting Eq. (14) into Eq. (12) gives

fh|hp(h|L · hp) =
1

L · hp
fha

(
h

L · hp

)
.
=

αβ

Lηαβ
1

hp

(
h

L · hp

)αβ−1

.

(15)

The asymptotic behavior corresponding to the PDF of h can
be expressed as follows

fh(h)
.
=

αβ

Lηαβ

∫ A0

0

1

hp

(
h

L · hp

)αβ−1

fhp(hp)dhp. (16)

After some straightforward algebraic manipulations in
Eq. (16), we can express the PDF of h as

fh(h)
.
=

αβ

(Lη)
αβ
hαβ−1

∫ A0

0

h−αβp fhp(hp)dhp. (17)

In order to avoid computing the PDF corresponding to the
generalized pointing error, fhp(hp), we use an MGF-based
approach. Equivalently, notice that hp(r; z) ≈ A0 exp

(
−2r2

ω2
zeq

)
,

we can rewrite the expression in Eq. (17) as follows

fh(h)
.
=

αβhαβ−1

(LηA0)
αβ

∫ ∞
0

exp

(
αβr2

ω2
zeq

)
fr2(r2)dr2. (18)

Notice that the MGF of a random variable χ can also be
interpreted as the expectation of the random variable exp (tχ),
the integral in Eq. (18) can easily be computed as the MGF
corresponding to the random variable r2 as

fh(h)
.
=

αβhαβ−1

(Lη)αβAαβ0

E

[
e

2αβr2

ω2
zeq

]

=
αβMr2

(
2αβ
ω2
zeq

)
(LηA0)αβ

hαβ−1,

(19)

where ω2
zeq = 4σxσyϕxϕy . With the expression in Eq. (19),

the closed-form asymptotic solution for the outage probability
corresponding to the considered SISO FSO link with general-
ized pointing errors can readily be obtained as

Pout
.
=
Mr2

(
αβ

2σxσyϕxϕy

)
(2LηA0)αβ

(
γth
γ

)αβ/2
, (20)

where Mr2(·) is expressed as follows

Mr2

(
αβ

2σxσyϕxϕy

)

=

ϕxϕy exp

(
αβµ2

x

2σ2
x(ϕ2

x−αβ) +
αβµ2

y

2σ2
y(ϕ2

y−αβ)

)
√

(ϕ2
x − αβ)

(
ϕ2
y − αβ

) .

(21)

The Mr2(·) must always be greater than 0. It is straightforward
to show that the outage probability behaves asymptotically
as (Ocγ)−Od , where Od and Oc denote outage diversity
and coding gain, respectively [24]. At high SNR, the outage
diversity determines the slope of the outage probability versus
average SNR curve in a log-log scale and the coding gain (in
decibels) determines the shift of the curve in SNR. It must
be noted that the outage diversity is Od = αβ/2 when the
effect of the EW atmospheric turbulence is the dominant effect
in relation to generalized pointing errors at high SNR, i.e,
when αβ < {ϕ2

x, ϕ
2
y} according to Eq. (21) and, hence, the

asymptotic expression derived in Eq. (20) only holds when
the atmospheric turbulence is the dominant effect. In other
words, the outage diversity only depends on the atmospheric
turbulence when larger amounts of generalized misalignment
are not assumed. When pointing errors dominate, it is con-
jectured that outage diversity will depend on ϕ2

x, ϕ2
y and

nonzero boresight errors, however, this case is difficult to
derive given the Beckmann distribution. It can be shown
that most practical terrestrial FSO systems operate under the
condition of atmospheric turbulence is the dominant effect.
This will be verified numerically in Section V. It must also be
mentioned that a much higher outage diversity can be achieved
under this condition and, hence, a much better performance
is obtained. As a result, the adoption of the transmitter with
accurate control of their beam width is especially important
here to satisfy this desired FSO scenario in order to maximize
the outage diversity.

It can be convenient to compare with the outage perfor-
mance obtained here in a similar context without considering
generalized pointing errors. Notice that the impact of pointing
errors in our analysis can be suppressed by assuming A0 → 1,
µx = µy = 0, ϕ2

x → ∞ and ϕ2
y → ∞, the corresponding

asymptotic expression can easily be derived from Eq. (20) as
follows

Pnpeout
.
=

1

(2Lη)αβ

(
γth
γ

)αβ/2
. (22)

Note that the above expression is the asymptotic behavior
corresponding to the outage probability over EW atmospheric
turbulence when no generalized pointing errors are considered,
which allows us to easily obtain once again the outage diver-
sity, i.e., the slope of the outage probability versus SNR. It is
noteworthy to mention that the outage diversity, Od = αβ/2,
corresponding to the EW atmospheric turbulence had not been
derived in any earlier work [8], [9], [11]–[14], [16], which not
only depends on channel parameters but also on AA.

V. NUMERICAL RESULTS AND DISCUSSION

As an illustration of the asymptotic outage probability ex-
pression obtained in Eq. (20), some numerical results over EW
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atmospheric turbulence channels with generalized pointing
errors are carefully analyzed in this section. It must be noted
that the system configuration adopted in this study is used
in most practical terrestrial FSO communication systems as
in [17], [19], [25], [26], shown in Table I. Different weather
conditions are adopted in this paper: haze visibility of 4
km with C2

n = 2× 10−14 m−2/3 and clear visibility of 16
km with C2

n = 8× 10−14 m−2/3, corresponding to moderate
and strong turbulence conditions, respectively. A wavelength
value of λ = 1550 nm is chosen due to its low attenuation
as well as the proliferation of high-quality transmitter and
detector components. A source-destination link distance of
dSD = 3 km is assumed together with a D = 10 cm receiver
aperture in order to study a practical FSO communications
system, wherein the typical link distance values are between
1-5 km as well as typical values for the receiver diameter
are on the order of 5-20 cm. Rytov variance values of
σ2
R = {3, 12} are derived for dSD = 3 km corresponding to

moderate and strong turbulence, respectively. Additionally,
the optical beam width is relatively wide, 2-10 mrad of
divergence at 1/e2 that is equivalent to a beam spread of 6-
30 m at 3 km (the source-destination link distance considered
here). Nevertheless, a narrower beam width should be used
to avoid a high geometric loss when link distances greater
than one kilometer are assumed. In this case, the use of
automatic pointing and tracking systems is required in order
to reduce pointing error effects, typically between 0.05-1 mrad
of divergence at 1/e2 that is equivalent to a beam spread of
15-300 cm at 3 km [25], [26]. Pointing errors are present
here assuming different jitters values and nonzero boresight
errors, which can take values up to 0.1 mrad or even much
smaller [27]. Parameters α, β and η are calculated from
Eq. (3), obtaining values of (α, β, η) = (4.57, 1.18, 0.52) and
(α, β, η) = (4.31, 1.35, 0.58) corresponding to moderate and
strong turbulence, respectively, for a source-destination link
distance of dSD = 3 km and a 10 cm receiver aperture.

A. Outage probability

The results corresponding to this asymptotic outage perfor-
mance analysis are depicted in Fig. 2 as a function of the
inverse normalized threshold SNR, γ/γth, when a D = 10
cm receiver aperture is used. This aperture size has been
selected according to the technical specifications for commer-
cial FSO applications given in [28]. A beam width value of
ωz = 200 cm is considered corresponding to a 0.66 mrad of
divergence at 3 km, approximately. It can be shown that a
value of ϕ2 = 6.25 greater than the product of αβ is computed
when a beam width value of ωz = 200 cm and a jitter angle
of 0.13 mrad at 1/e2 that is equivalent to a value jitter of
40 cm at 3 km are assumed. Hence, atmospheric turbulence
is the dominant effect even when the greatest jitter value is
considered. Note that the condition ωz > 6a is satisfied for
this aperture size, i.e, D = 10 cm. At the same time, differ-
ent jitters values of (σx, σy) = {(35, 35), (30, 15), (10, 5)} cm
together with boresight error values of (µx, µy) = (10, 20) cm
are considered in order to evaluate how generalized pointing
errors impact on the FSO communications system under

TABLE I: An Example of a FSO System Configuration.

Parameter Symbol Value

source-destination link distance dSD 3 km
Wavelength λ 1550 nm
Receiver aperture diameter D = 2a 10 cm
Transmit divergence at 1/e2 θz 0.66 mrad
Beam width at 3 km ωz ≈200 cm
Jitter angle at 1/e2 θs 0.11 mrad
Maximum jitter at 3 km σx, σy ≈35 cm
Boresight angle at 1/e2 θb 0.06 mrad
Maximum boresight at 3 km µx, µy ≈20 cm

20 40 60 80 100
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Normalized electrical SNR, γ/γth (dB)
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Eq. (20)
Monte Carlo
Moderate
Strong

ωz = 200 cm

dSD = 3 km

(µx, µy) = (10, 20) cm

(σx, σy) = (35, 35) cm (σx, σy) = (30, 15) cm
(σx, σy) = (10, 5) cm no pointing errors

Fig. 2: Outage performance for a 10 cm receiver aperture
together with a beam width value of ωz = 200 cm when differ-
ent jitter values of (σx, σy) = {(35, 35), (30, 15), (10, 5)} cm
are assumed under different atmospheric turbulence condi-
tions.

different atmospheric turbulence and aperture averaging con-
ditions. In order to confirm the accuracy and usefulness of
the derived expression, Monte Carlo simulation results, where
the FSO link is modeled using Eq. (1), and generating the
corresponding variates from the exact PDF in Eq. (2) for EW
atmospheric turbulence and Eq. (6) for generalized pointing
errors are used. Although the typical outage performance
target is set to 10−6 for most practical FSO systems, Monte
Carlo simulation results only up to 10−9 (due to long time
involved) are included in this analysis due to the fact that
targets as low as 10−9 are typically aimed to achieve. As
can be seen in Fig. 2, the derived expression for the outage
probability is in good agreement with these simulation results.
Furthermore, simulation results corroborate that the asymptotic
expression obtained here lead to a simple bound on the
OP that get tighter over a wider range of SNR. Outage
performance without pointing errors is also displayed using
Eq. (22). As commented before, a higher diversity order,
which is determined by the product of αβ/2, is achieved when
the atmospheric turbulence is the dominant effect in relation
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to generalized pointing errors. This assumption is widely
adopted in most practical terrestrial FSO communication sys-
tems. Further, it can be observed that the outage probability
decreases as generalized pointing errors increase. In other
words, jitters values of (σx, σy) = {(35, 35), (30, 15)} cm sig-
nificantly reduce much more the outage performance than
jitters values of (σx, σy) = (10, 5) cm in both atmospheric
turbulence scenarios. It should be highlighted that the 10 cm
receiver aperture is considered as a aperture-averaged receiver
under moderate-to-strong turbulence due to the fact that this
diameter is greater than the atmospheric coherence length
ρ0 = {12.6, 5.5} mm under moderate and strong turbulence,
respectively. As expected, aperture averaging can significantly
improve the performance under moderate and strong atmo-
spheric turbulence regardless of generalized pointing errors.
Note that atmospheric turbulence is much more damaging for
moderate turbulence than strong turbulence conditions. This
phenomenon has been investigated by different authors in the
literature [23], [29], where pointing error effects were not
considered. On the one hand, outage diversities of Od = 2.7
and Od = 2.92 are obtained over moderate and strong tur-
bulence, respectively. On the other hand, a coding gain of
8.3 dB is achieved over strong turbulence channels in relation
to moderate turbulence channels when a different visibility is
considered. Although, a coding gain of approximately 1 dB is
also achieved over strong turbulence when the same visibility
is assumed for both turbulence regimes. It can also be observed
that aperture averaging can take place even for relatively small
apertures, i.e. D = 10 cm, particularly under strong turbulence
conditions, as commented on [23].

B. Impact of generalized pointing errors
Taking into account the coding gain Oc in Eq. (20), the

impact of generalized pointing errors translates into a loss,
Losspe[dB], relative to EW atmospheric turbulence without
generalized misalignment fading in Eq. (22) given by

Losspe[dB]

,
20

αβ
log10

(
A−αβ0 Mr2

(
αβ

2σxσyϕxϕy

))
.

(23)

The above expression computes the additional power needed
to obtain a given outage performance when there is pointing
error versus no pointing error. The loss, Losspe[dB], derived
above is plotted in Fig. 3 for a 10 cm receiver aperture as a
function of the source-destination link distance when different
jitter values and boresight errors are considered as well as
different turbulence conditions. It can be observed in Fig. 3
that the loss generally remains at a constant level as source-
destination link distance increases. However, it can also be
seen in Fig. 3(b) that the loss slightly increases as source-
destination links distance increases under strong turbulence
conditions due to the fact that the product of αβ increases as
source-destination link distance increases for this aperture size
(D = 10 cm) under strong turbulence. Additionally, the loss
increases considerably as nonzero boresight errors increase,
i.e., as the severity of pointing errors is getting great.

In order to minimize the effect of generalized pointing
errors, the beam width, ωz , is chosen to minimize the outage
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Fig. 3: Loss, Losspe[dB], for (a) moderate atmospheric tur-
bulence, and (b) strong atmospheric turbulence when a 10
cm receiver aperture is considered under different nonzero
boresight error values.

probability given in Eq. (20) in Fig. 4. Note that the beam
width is an important parameter to consider in the FSO
communications link design. In this way, the optimization pro-
cedure is finished by finding the optimum beam width, ωzopt ,
that gives the minimum loss in Eq. (23). This optimum beam
width is achieved by using numerical observation methods for
different jitters values and an aperture size of D = 10 cm.
The optimum value is obtained with the help of software
packages such as Mathematica (version 10.4.1.0) by using a
derivative-based method, which was found through a sweep
of the beam width subject to constraints such as ωz > 6a,
ωz > {σx, σy} and αβ < {ϕ2

x, ϕ
2
y}. It can be seen in Fig. 4

that numerical results for the optimum beam width are plotted
as a function of the horizontal jitter when different vertical
jitter values of σy = {10, 20, 25, 30} cm are assumed. From
this figure, it can be deduced that the outage performance
optimization provides numerical results (red, blue, green and
cyan colors) tending to a linear performance for each value of
σy (black color), where the corresponding slope only depends
on the EW atmospheric turbulence. Note that the optimum
beam width depends on the maximum value between σx and
σy . This linear behavior leads to easily obtain a first-degree
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Fig. 4: Optimum beam width, ωzopt , versus horizontal jitter,
σx, when different vertical jitter values, σy , are assumed in
FSO links over EW atmospheric turbulence together with a
source-destination link distance of dSD = 3 km for a 10 cm
receiver aperture.

polynomial, which is derived from the obtained optimum beam
width values through polynomial interpolation given by

ωzopt ≈ (−0.036(αβ)2 + 0.77αβ + 1.76)σx, (24)

where the slope follows a quadratic form in αβ. In the light
of the expression obtained in Eq. (24), it can be observed
that the optimum beam width is strongly dependent on the
outage diversity, Od = αβ/2. In other words, this optimum
beam width depends on the aperture averaging as well as on
the receiver aperture diameter due to the fact that α and β are
related to these parameters through the scintillation index as
can be seen in Eqs. (3) and (5). As can be seen in Fig. 4, it
is clearly depicted that the approximation remains very close
to numerical results. Interestingly, it can also be seen in this
figure that different slopes are derived for the optimum beam
width when the product of αβ is equal to 5.41 and 5.84 for
moderate and strong turbulence, respectively. It is noteworthy
to mention that a slightly greater optimum beam width is
required for strong turbulence in comparison with moderate
turbulence due to the fact that the product of αβ is greater
under strong turbulence than moderate turbulence. It should
be noted that the above expression can be used to estimate
the optimum beam width when the boresight error takes small
values up to 0.03 mrad, as reported in [27].

Numerical results for the optimum beam width are used
in Fig. 5 for a 10 cm receiver aperture when jitter values of
(σx, σy) = (5, 20) cm are assumed under different turbulence
conditions. According to the expression in Eq. (23), it can be
observed in Fig. 5 that losses of 48, 53.2 and 57.2 decibels are
achieved for beam width values of ωz = {100, 150, 200} cm
under moderate turbulence conditions. Analogously, losses of
48, 53.2 and 57.2 decibels are also achieved for beam width
values of ωz = {100, 150, 200} cm under strong turbulence
conditions. Note that the minimum achievable loss for jitter
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Fig. 5: Outage performance for a 10 cm receiver aperture
together with jitter values of (σx, σy) = (5, 20) cm when
different beam width values of ωz = {100, 150, 200} cm are
assumed under different atmospheric turbulence conditions.

values of (σx, σy) = (5, 20) cm is 48 dB for an optimum beam
width of ωzopt = 100 cm in this case.

C. Impact of different jitters for the elevation and the hori-
zontal displacement and nonzero boresight errors

For a better understanding of the impact of assuming dif-
ferent jitters for the elevation and the horizontal displacement,
the loss, Losspe[dB] in Eq. (23), is plotted in Fig. 6 for a 10
cm receiver aperture as a function of the relation between σy
and σx when different boresight error values are considered
as well as different turbulence conditions. As can be seen in
both subfigures, the effect of different jitters for the elevation
and the horizontal displacement has also been evaluated, and,
hence, it can be observed that as the relation between jitters
increases, the outage performance decreases.

Finally, the impact of nonzero boresight pointing errors
translates into a loss, Lossnzb[dB], relative to zero boresight
pointing errors that can be deduced as

Lossnzb[dB]

,
(10/ ln(10))µ2

x

σx (σyϕxϕy − αβσx)
+

(10/ ln(10))µ2
y

σy (σxϕxϕy − αβσy)
.

(25)

For the sake of clarity, the above expression computes the
loss of nonzero boresight errors versus zero boresight errors
for different jitter values. In the light of the above expression,
it must be noted that the impact of nonzero boresight error
is symmetric in relation to the y-axis. The impact of nonzero
boresight error, Lossnzb[dB], is also studied in Fig. 7 for a 10
cm receiver aperture as a function of the horizontal boresight
error when different vertical boresight error values are as-
sumed as well as different turbulence conditions. As expected,
the effect of nonzero boresight error can dramatically reduce
the performance of FSO communication systems, increasing
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Fig. 6: Loss, Losspe[dB], for (a) moderate atmospheric tur-
bulence, and (b) strong atmospheric turbulence when a 10
cm receiver aperture is considered under different nonzero
boresight error values.

its effect as jitter values increase. Equivalently, the same results
and conclusions can be drawn when the impact of nonzero
boresight is depicted as a function of the vertical boresight
error instead of the horizontal boresight error.

Apparently, taking into account obtained results, we can say
that the impact of generalized pointing errors is approximately
the same over moderate and strong turbulence conditions when
an aperture-averaged receiver is considered. However, it is im-
portant emphasize from these figures that moderate turbulence
might be slightly more robust than strong turbulence when
larger amounts of misalignment in terms of jitter variances
are assumed. It should be highlighted from these figures that
the effect of different jitters is more damaging than the effect
of nonzero boresight errors in terrestrial FSO links due to
the fact that the maximum nonzero boresight error reported
is much smaller than jitter variances. Moreover, the effect of
nonzero boresight error is strongly related to jitter values since
its effect increases as jitter variances also increase.

VI. CONCLUSION

A study of the outage probability of FSO communication
links over EW and generalized misalignment fading channels
is performed in order to readily study how basic system pa-
rameters impact on the FSO communications system, wherein
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Fig. 7: Loss, Lossnzb[dB], for (a) moderate atmospheric
turbulence, and (b) strong atmospheric turbulence when a 10
cm receiver aperture is considered under different nonzero
boresight error values.

the radial displacement at the receiver is determined by a
Beckmann distribution. This statistical distribution allows us
to take into account not only the effect of different jitters
for the elevation and the horizontal displacement but also the
simultaneous effect of different boresight errors for each axis.

From this analysis, we can conclude that the beam width
can be optimized in order to improve the outage performance
of FSO links in presence of both EW atmospheric turbulence
and generalized pointing errors. It can also be concluded that
the optimum beam width is a feasible method for reducing
pointing error losses in terrestrial FSO links. This latter is due
to the fact that the optimum beam width not only depends
on the outage diversity but also on the aperture averaging,
obtaining different values for moderate and strong turbulence
conditions.

Additionally, it is concluded that aperture averaging can take
place even for relatively small apertures, particularly under
strong turbulence conditions. Also, it has been demonstrated
that the aperture averaging has a strong effect on both outage
diversity and coding gain. Obtained results corroborate that
both moderate and strong turbulence channels are almost
equally affected by generalized pointing errors when an
aperture-averaged receiver is considered, being the effect of
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different jitters more damaging than the effect of nonzero
boresight errors in most practical FSO links. In this way, strong
turbulence channels might be more interesting than moderate
turbulence channels as a consequence of achieving not only
a greater coding gain but also a higher outage diversity
under aperture averaging conditions. Finally, the study can be
extended to other atmospheric statistical models, which can be
expanded into a Maclaurin series.

APPENDIX
ASYMPTOTIC BEHAVIOR OF EW ATMOSPHERIC

TURBULENCE

When the PDF of the atmospheric turbulence can be ex-
panded in a Maclaurin series, the exact outage probability can
be expressed as a power series. In this case, the first term of
this series is the dominant term, i.e., OP .

= (Ocγ)−Od . Hence,
the corresponding asymptotic expression of fha(ha) can easily
be obtained from the corresponding series expansion of the
exponential function in Eq. (2) [31, eqn. (1.211.1)] as follows

fha(ha)
.
=
αβ

η

(
ha
η

)β−1{
1− 1 +

hβa
ηβ

}α−1

.
=
αβ

η

(
ha
η

)β−1
hαβ−βa

ηαβ−β
.
=

αβ

ηαβ
hαβ−1
a .

(26)
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