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Intrinsic thermal fluctuations within a real solid challenge the rigid body assumption that is cen-
tral to Euler’s equations for the motion of a free body. Recently, we have introduced a dissipative
and stochastic version of Euler’s equations in a thermodynamically consistent way (European Jour-
nal of Mechanics - A/Solids 103, 105184 (2024)). This framework describes the evolution of both
orientation and shape of a free body, incorporating internal thermal fluctuations and their concomi-
tant dissipative mechanisms. In the present work, we demonstrate that, in the absence of angular
momentum, the theory predicts that the principal axes unit vectors of a body undergo an anisotropic
Brownian motion on the unit sphere, with the anisotropy arising from the body’s varying moments
of inertia. The resulting equilibrium time correlation function of the principal eigenvectors decays
exponentially. This theoretical prediction is confirmed in molecular dynamics simulations of small
bodies. The comparison of theory and equilibrium MD simulations allow us to measure the orienta-
tional diffusion tensor. We then use this information in the Stochastic Dissipative Euler’s Equations,
to describe a non-equilibrium situation of a body spinning around the unstable intermediate axis.
The agreement between theory and simulations is excellent, offering a validation of the theoretical

framework.
I. INTRODUCTION

The motion of a rigid body in free space is governed
by Euler’s equations which assume that the distance be-
tween the constituent particles is constant [, 2]. This
idealization overlooks the inherent elasticity of solids as
well as the thermal motion that all particles within a
body experience at finite temperatures. While Euler’s
equations have been used for centuries to describe ro-
tational dynamics, they fall short in explaining certain
dissipative phenomena observed in nature like precession
relaxation or tidal locking. Under precession relaxation,
free spinning bodies always end up rotating around the
major axis of inertia, explaining why 98% of asteroids
are spinning in pure rotation [3H5]. Tidal locking de-
scribes how a gravitationally bonded body ends up syn-
chronizing its orbital and rotational periods, as in the
case of our Moon. From a conceptual point of view,
Euler’s equations can be obtained under the rigid body
idealization from the relationship between two orthog-
onal reference systems in motion, the observation that
the inertia tensor diagonalizes in the principal axes ref-
erence system, and the conservation laws, in particular
that of angular momentum [0, [7]. However, until re-
cently, the link between the Hamiltonian motion of the
particles constituting the body and Euler’s equations for
the motion of the body was lacking. This missing link
has been addressed in Ref. [8]. To “derive” Euler’s
equations from Hamilton’s equations one needs to re-
sort to the powerful machinery of the Theory of Coarse-
Graining, also known as Non-Equilibrium Statistical Me-
chanics and, some times, as the Mori-Zwanzig projec-
tor operator method [I0HI4]. In this theory, following
Gibbs [I5] one introduces the notions of microstates and
macrostates. The macrostates, or coarse-grained (CG)
variables, define the coarse-grained level of description
of the system. The theory makes the fundamental mod-

elling assumption that the selected CG variables evolve
in two distinct time scales, one characterized by small
and fast contribution due to collisions/vibrations which
is modelled as white noise, and another slow contribution
due to the cumulative effect of these rapid contributions.
In this way, the theory describes the evolution of the
CG variables as a diffusive Markov process [10, [TT]. One
possible level of description for the motion of a quasi-
rigid body would consider the body as a continuum, and
use the displacement and velocity fields as CG variables,
to produce a viscoelastic field description (including free
boundary conditions) of the free body. In the present
work, however, we consider a coarser level of description,
closer to the original Euler’s description, which takes the
gyration tensor as the primary variable. The gyration
tensor is closely related to the inertia tensor and its eigen-
vectors (defining the principal axes) describe the orien-
tation of the body, while the eigenvalues (referred to as
central moments) describe the overall shape of the body.

In Ref. [8], we have constructed from first princi-
ples the stochastic differential equations that govern the
evolution of the orientation and shape of a quasi-rigid
body. These equations, referred to as Stochastic Dissipa-
tive Euler’s Equations (SDEE), generalize Euler’s equa-
tions in order to include thermal fluctuations and its as-
sociated dissipation. The reversible part of these equa-
tions is given by the usual Euler’s equations, while the
newly derived dissipative part of the dynamics contains
two dissipative mechanisms: an orientational diffusion
of the principal axes, and a dilational friction damping
the oscillations in the central moments. In addition, the
SDEE describe the random motion of the eigenvectors
and eigenvalues due to thermal fluctuations.

For macroscopic bodies, thermal fluctuations become
negligible. However, dissipation cannot be neglected in
general. In Ref. [I6], we have studied numerically the or-
dinary differential equations that result from neglecting



thermal fluctuations in the SDEE. By switching on and
off the different dissipative mechanisms involved, we gave
support to the claim that precession relaxation is due to
orientational diffusion rather than dilational friction. In
fact, Euler’s equations predict that the motion of a body
spinning around the intermediate axis of inertia is unsta-
ble [I7HI9], a result known as the tennis racket theorem
or the intermediate axis theorem. As a consequence, a
free body experiences the Dzhanibekov effect, a strik-
ing phenomena in which the intermediate axis performs
180° degrees flips in a periodic way. When dissipation is
included in the description, the Dzhanibekov effect diss-
apears as a consequence of precession relaxation. In the
process, “organized” rotational kinetic energy is trans-
formed into “disorganized” internal thermal energy while
increasing the entropy of the system, and consequently
heating the body. The resulting minimum kinetic en-
ergy occurs when the body is spinning around the axis of
larger moment of inertia.

In the present paper, we turn our attention to the
Stochastic Dissipative Euler’s equations including ther-
mal fluctuations as formulated in [§]. The objective of the
paper is to compare the predictions of this theory with
Molecular Dynamics simulations of a free body composed
of bonded interacting atoms, see Fig. [I| This constitutes
a stringent test of the theory and constitutes a neces-
sary validation step. The SDEE encompasses several pa-
rameters that must be determined to enable numerical
solutions and generate predictions. The list of these pa-
rameters include the average central moments giving the
size and geometry of the body, an elastic matrix defined
in terms of the covariance of the central moments, and
two sets of dissipative coefficients: an orientational diffu-
sion matrix and a dilational friction matrix. The values
of these parameters are obtained from equilibrium MD
simulations of the body at zero angular momentum. The
test phase of the procedure is to predict non-equilibrium
results about precession relaxation using these previously
determined set of parameters.

In this paper, we further elucidate a theoretical insight
concerning the SDEE derived in [§]. We demonstrate
that when the angular momentum of the body vanishes,
the principal axes follow an anisotropic Brownian motion
on the unit sphere. In this way, a body of nanoscopic di-
mensions with zero angular momentum will explore all
possible orientations [20]. Loosely speaking the body
“spins” without angular momentum. The key observation
is that the movement of the principal axes aligns with
the mathematically precise concept of spherical Brown-
ian motion |21} 22]. The anisotropic behavior is due to
the distinct moments of inertia, which introduce a direc-
tional bias in the Brownian motion. This bias reflects the
principle that larger moments of inertia result in slower
rotational motion around the corresponding axis. We
stress that the physical origin of the rotational Brownian
motion of a free body is the intrinsic thermal fluctuations
of the particles that constitute it. This is physically dif-
ferent from the usual Brownian Rotor, where a particle
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FIG. 1: A small crystal of size 6 x 5 x 3 atoms is simulated
with MD. The traces of the three unit principal vectors (in
red, green, blue) have darker colors corresponding to earlier
times. We demonstrate that these traces can be modelled as
realizations of anisotropic Brownian motion on the unit sphere
surface.

immersed in a fluid experiences Brownian motion due to
the bombardment of the surrounding molecules [23H27].

As the motion of the principal axes is a spherical Brow-
nian motion, we predict that the time-correlation func-
tion of the principal vectors decays in a matrix expo-
nential form. We compare this prediction with the MD
simulation results, finding excellent agreement. The ex-
ponential matrix contains the orientational diffusion co-
efficients, and the fitting against the equilibrium MD sim-
ulation results allow us to determine these parameters.

The paper is organized as follows. In Sec. [[I] we sum-
marize the main result of Ref. [§] which is the SDEE. In
Sec [[II] we consider the SDEE when the angular momen-
tum of the system is zero, and show that the motion of
the principal axes correspond to an anisotropic Brown-
ian motion. The details of the mathematical description
of anisotropic Brownian motion are given in Appendix
[VIT} In Sec. [[V] we run equilibrium MD simulations of
a small body, and measure all the required parameters
in the SDEE. In Sec. [V] we compare the numerical pre-
dictions of the SDEE with the results of non-equilibrium
MD simulations in which the body is set into motion
through an “angular kick” that suddenly sets a body ini-
tially at rest into a rotation along the intermediate axis.
We compare the evolution of the rotation kinetic energy,
reflecting precession relaxation, in the mesoscopic and
microscopic simulations, obtaining excellent agreement.
Finally, in Sec. [VI] we present our conclusions.



II. THE MOTION OF A QUASI-RIGID FREE BODY

In this section, we summarize the theory presented in
Ref. [§] for the motion of a quasi-rigid free body. This al-
low us to set up the notation used in the paper. The body,
which is composed of particles bonded with a potential,
is described at a coarse-grained level with the center of
mass position R and gyration tensor G, closely related to
the inertia tensor I. These CG variables capture how the
particles of the body distribute in space, the first giving
the “location” of the body and the latter giving a sense of
its “shape and orientation”. These variables are the ones
used to describe a rigid body in Classical Mechanics un-
der the rigid constraint assumption, and it is natural to
use these phase functions as CG variables. The gyration
tensor is defined as

i;mi <ri —f{) (ri—lf{)T (1)

where the superscript T denotes the transpose matrix.
The prefactor 1/4 in the definition (1| allowed us in [§] to
interpret directly the eigenvalues M, of G as “dilational

masses”, or inertia to dilations. The inertia tensor I is
defined as

G

N
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where [u]x is the cross-product matrix formed from a
vector u. The action of the cross product matrix on an
arbitrary vector v gives the cross product of both vectors
[ulx - v=uxwv.

The tensors G and I are both symmetric, positive def-
inite, and they commute with each other. As a result,
they can be simultaneously diagonalized in the same ref-
erence system. The principal axes system, denoted as
SO, is defined as the reference system with its origin at
the center of mass, in which both tensors can be diago-
nalized. Let €, with a = 1,2,3 be the basis vectors of
the inertial laboratory reference system S and &’ be the
basis of the non-inertial principal axes reference system
SY. The components of the rotation matrix of S° with
respect to S are defined as

Rap = 564 (3)

This shows that &Y are the rows of the rotation matrix
R. In S° the gyration and inertia tensor take the form

RIR =1 (4)

where G is a diagonal matrix whose elements are the cen-
tral moments My, Ma, M3, which we write compactly as
a list M = (M, My, M3). Also, | is a diagonal matrix
whose elements are the principal moments fl, fg, fg. In

this paper, diagonal matrices are represented with voided
fonts, as in A. As the inertia tensor can be expressed
in terms of the gyration tensor in a linear way, the
eigenvalues of the inertia tensor are given in terms of the
eigenvalues of the gyration tensor as

Ia:4(M1+M2+M3—Ma) (5)

Finally, observe that according to , the vectors 2 are
the unit eigenvectors of the gyration and inertia tensors.

The rotation matrix can be expressed in terms of the
exponential matrix

R = ¢ [Alx (6)

where A are the attitude parameters, or orientation for
short. The angular velocity vector w is defined as [2] [§]

d

£’R, = -—R-[w]«x (7)
The time derivative of the orientation and the angular
velocity are related through [8]

dA
22 _B.

o w (®)
where B is the Attitude Kinematic Operator [28] given
by

B =1+ p[n|. + ¢[n]y-[n], 9)

where 1 is the identity matrix, n = A/A with A = |A]|,
and p, g are the following functions of the modulus of the
orientation A

q—l—é sin A

2 (1 —cosA) (10)

_ A
p_ 27

From and @, the gyration tensor can be written
as

G = elAlx .G~ Al (11)

which can be understood as a change of variables from the
six independent components of the symmetric gyration
tensor, to the six degrees of freedom A, M. We have
chosen in Ref. [§] the latter as the primary CG variables
to describe the motion of a quasi-rigid free body.

The CG variables are phase functions, denoted with
circumflexed symbols. As the microscopic state of the
body evolves according to Hamilton’s equations, the
phase functions A, M also evolve in time. The theory
of CG offers a modelling of the evolution of the CG vari-
ables in terms of a diffusive Markov process. The corre-
sponding Ito SDE for the orientation A is given by [§]

dA =B-(Q-T*-B 7 (Q x 8)) dt + kpTF™dt + dA
(12)



where the spin velocity €2 is obtained from the conserved
angular momentum S of the body as

Q=18 (13)

The spin velocity €2 is a dynamic quantity which is differ-
ent from the angular velocity w introduced in @ which
is a purely kinematic quantity. For a rigid body both
quantities coincide but for a real body they are different
[8]. The dissipative matrix in is given by

I'* = B.elAx.Dy.e~Ax.BT (14)

where Dy is the orientational diffusion matrix. This ma-
trix is defined in terms of Green-Kubo formulae [§] and
it is a symmetric and positive definite matrix by con-
struction. In particular, it has a well-defined square root
matrix.

The component a of the thermal drift vector F* is
given in terms of the Kinematic Operator as (see Eq.
(135) of [8])

[e%

aBO/a O/ ’
Fih = ( ) DS "B (15)

The noise term in has the form
dA = (2kpT)/?B-elA<. D). aW (16)

where dW is a vector of independent increments of the
Wiener process satisfying the mnemotechnical Ito rule

dWdWT = 14t (17)
and the square root matrix D(l)/ ? satisfies
1/2 12\ T
DO . <D0 ) = DO (18)
Now, all the symbols appearing in the SDE for the

orientation are defined.

The SDEs for the central moments obtained in [§] are

dM = TIdt
dII = ICdt — T-vdt + dIT (19)

Here IT is the dilational momentum, defined by the first
equation as the time derivative of the central moments.
The o component of the dilational force is defined as

1 2 T 2

Ko =M, <2ua+ 2(0f -9, - 92,)
keT
2M,

(2 s (M Mf;“)) (20)

Here, repeated indices are summed over except if they
are underlined. The need of breaking this Einstein’s sum-
mation convention arises from the fact that the central

moments do not transform as a vector. The dilational
velocity is v, = II,/M, and the spin velocity in the
principal axes frame is €2, = e~ Alx.Q. The elasticity
matrix X is proportional to the covariance of central mo-
ments fluctuations, given by

1

=
kT

<(M . Mrest)(M _ Mrest)T>g (21)

where (- - -)5 is an average with the rest microcanonical
ensemble [§]. M™' is the average of the central mo-
ments with the rest microcanonical ensemble. We refer
to the contribution to K quadratic in v as the convective
term, whose physical meaning has been discussed in [§].
The contribution quadratic in €2 is referred to as the cen-
trifugal term, and the last term involving the elasticity
matrix 3 as the elastic term. Observe that the dilational
momentum equation in involves a dissipative force
—TI' - v that is to be interpreted as a dilational friction,
where I is a dilational friction matrix.

The temperature of the body T appearing in the SDE
and depends in general on the thermal energy &
of the body. For the solid bodies considered in this work,
typically

T=— 22
- (22)
where the heat capacity is given by the Dulong-Petit law
C = 3Nkp, where N is the number of atoms of the body.
The thermal energy is defined as

E=F— K™t — g4 (23)

where F is the total conserved energy of the body, the
rotational kinetic energy is

1
K™t = 5s-rl.s (24)
and the dilational kinetic energy is

41
K4 = 5H-G—l.n (25)

The SDE for the orientation and the SDE (19)
for central moments are coupled through different terms.
For example, the spin velocity €2 in the orientation equa-
tion contains the inertia tensor I that depends on the
central moments. Observe that, in principle, the orienta-
tional diffusion tensor Dy = Dy(M, £) and it depends on
the instantaneous value of the central moments M and
the thermal energy £ [§]. On the other hand the equation
of the central moments depends on the orientation
through the centrifugal term quadratic in the spin veloc-
ity.

The SDEE governing orientation and shape of the body
has been derived with the Theory of Coarse-Graining,
which is, by construction, thermodynamically consistent.
In particular, we have shown in Ref. [§] that the First



and Second Laws are satisfied.

III. THE SDE AT ZERO ANGULAR MOMENTUM

In this section, we show that when the angular momen-
tum of the body vanishes, the theory in Ref [8] outlined in
Sec. [T characterizes the evolution of the principal axes
as an anisotropic Brownian motion on the unit sphere.
We offer a detailed description of anisotropic Brownian
motion on the sphere in the Appendix [VII}

A. The evolution of orientation

When the angular momentum vanishes, S = 0,
with , reduces to the following Ito SDE

dA = kgTFMdt + BY.C-dW (26)
where
C = (2kpT)'/*D}/? (27)

We wish to obtain the SDE governing the evolution of
the principal axes or, equivalently, of the rotation ma-
trix. This requires deriving an equation for R = e~ [Alx
through Ito Calculus. Calculations vastly simplify by us-
ing the Stratonovich SDE corresponding to and use
of ordinary calculus. In Appendix [VIII] we show that the
Stratonovich SDE corresponding to the Ito SDE is

dA =BT.CodW (28)

From and by using the chain rule in ordinary calcu-
lus, we show in Appendix [[X]that the SDE governing the
rotation matrix is

IR = —[CodW,], R (29)

Therefore, the column vectors of the rotation matrix sat-
isfy the Stratonovich SDE

dcq, = —[CodW], -c, (30)
or in terms of the vector product
dcy = co X (C o dWy) (31)

This equation is identical to in the Appendix
that describes the anisotropic Brownian motion of a par-
ticle moving on the surface of a unit sphere. Therefore,
the SDE for the orientation predicts that the unit
principal vectors describe an anisotropic Brownian mo-
tion on the sphere. It is straightforward to show that the
SDEs (31)) conserve the scalar products c,-cg (see Ap-
pendix [V1I)). Maintaining these conservation laws with a
numerical integrator with finite time step requires special
methods [27]. Instead of using , in the present paper

we update the orientation A in with a predictor-
corrector scheme. This ensures automatically that the
eigenvalues remain unitary at all times.

B. The evolution of the shape

Let us move now to the form of the SDE for central
moments when the angular momentum vanishes. In this
case, the dilational force has no centrifugal component

and reduces to

dM,, = I1,dt
_ 1 2 kBT —1 rest

dIl, = M, (2ua+ M, (X7 as(Mp Mg™) | dt
— Topvpdt + dI, (32)

Observe that when the body has zero angular momen-
tum, the evolution of the central moments is uncoupled
from the evolution of the orientation.

A good approximation to the set of equations is
given by the following linearized set of equations

dM,, = I1,dt
dIL, ~ —MEI[E " as(Mg — ME™)dt
— T, sTgdt + dI1, (33)

where we have approximated in some places M ~ M®4,
have neglected the convective term quadratic in the di-
lational velocity v and the small term kpT/M,. Ob-
serve that when the angular momentum vanishes, we
have M® = M™t by definition of M**'. Finally, we
have redefined Ty,; = Top/Mj'. With these approx-

imations, the evolution of the central moments is an
Ornstein-Uhlenbeck (OU) process, for which the equilib-
rium time-correlation of central moments can be explic-
itly computed. The equilibrium time correlation func-
tions oscillate with frequencies determined by the elas-
ticity matrix 3 which decay in a time scale determined
by the dilational friction matrix IV.

IV. EQUILIBRIUM MD SIMULATIONS AT S=0

In this section, we consider equilibrium MD simula-
tions of a small body directed to measure the different
parameters that enter the SDE 7 . These param-
eters will then be used in non-equilibrium simulations in
order to validate the theory.

Simulations have been carried out with LAMMPS
(Large-scale Atomic/Molecular Massively Parallel Sim-
ulator), where a parallelepiped crystal made of 6x5x3
atoms interacting with a Lennard-Jones potential (LJ)
was constructed. Also, to ensure atomic cohesion, we
add a non-linear bond contribution. Last, to maintain
the crystal’s shape, but to allow some deformation in



it, we add an angular potential. Details of the numer-
ical simulations are given in the Supplemental Material
(SM). We take €¢,0 and m (the mass of one atom) as
fundamental LJ units, so that 7 = mo?/e is our unit of
time. The initial microstate is selected by first carrying
out an NVT simulation to equilibrate the crystal to a pre-
scribed temperature 7" using a Nosé-Hoover thermostat.
In order to average different simulations, we uniformly
choose 30 equilibrated microstates and we subject each
of them to a transformation leading to a fixed value FE
of the energy and to a zero value of the angular mo-
mentum vector. Then, each microscopic configuration
evolves in an NVE ensemble until the system is fully
equilibrated at the prescribed energy. Once we have a
typical equilibrium state at energy F and zero angular
momentum, we consider two types of simulations, equi-
librium and non-equilibrium. In the equilibrium simula-
tions we continue in the NVE ensemble to enter a produc-
tion phase in which we measure different observables. In
non-equilibrium simulations, we produce an angular kick
that transforms the velocities in the initial typical equi-
librium microstate in such a way that the system begins
to rotate at a particular initial angular velocity around
the intermediate principal axis. Details on the implemen-
tation of the angular kick are given in the Supplemental
Material.

We set the total energy for the NVE simulations to £ =
2342¢. This value is a typical one observed in the NVT
equilibration phase. Through the equipartion theorem

Z m; ‘ 3(N —2)kpT

g rest

this corresponds to a temperature of T' = 8.7¢/kp. We
have checked that, to a very good approximation the tem-
perature scales linearly with the total energy, E = CT
with the heat capacity following the Dulong and Petit
law C = 3]\fk13.

The gyration tensor G(t) of the body as a function of
time is computed from . The eigenvalues provide the
central moments M, (¢) and the unit eigenvectors &2 (¢)
give the direction of the principal axes.

The measured equilibrium averages of the central mo-
ments at rest M™' and the elasticity matrix X of the
central moments are

Mt = (91.2,62.5,21.0)mo>

2.635 0.003 0.001
0.003 1.273 0.001 | 7€ (35)
0.001 0.001 0.162

> =

We have checked that the elasticity matrix is practically
independent on the temperature in the range T'= 4 — 8
in LJ units. Observe that the elasticity matrix is ap-
proximately diagonal. This entails a simplification in the
dynamics of the central moments . By assuming that

the dilational friction matrix I is also diagonal, the evo-
lution equations of the central moments take the
form (repeated indices are not summed over here)

dM,, = 1, dt
dIl, ~ —w2 (Mg — MY dt — T/ I, dt 4+ dII,  (36)

where w? = M2, are the frequencies of oscilla-
tion. Using the values , the theoretical frequencies
are

wa — (5.873,6.998,11.363)7 (37)

The equilibrium time-correlation for central moments, as
predicted by the Ornstein-Uhlenbeck process is

(M, (H)Mq) ™ = (Mo M) e Dol cos(wat)  (38)

In Fig. [2] we show the equilibrium time correlation func-
tions for the central moments. To these curves, we have
fitted the expressions with the fitting parameters

Wa — (5.870,7.008,11.357)7 1

0.0295 0 0
' = 0 00393 0 1 (39)
0 0  0.0930

The agreement of the fitted values for w, and the pre-
dicted values is very good, and shows that the mod-
elling of the central moments with a simple O-U process
is quite accurate and allows us to measure the dilational
friction matrix I".

Let us move now to the dynamics of the unit eigenvec-
tors. As shown in Fig[l] the unit eigenvectors trace a ran-
dom trajectory as a consequence of thermal fluctuations.
We claim that these MD trajectories can be modelled as
realizations of a Brownian motion on the unit sphere. To
confirm that this is the case and that, consequently, the
theory presented describes well the observed microscopic
dynamics of the orientation of the body, we compute the
equilibrium time correlation matrix of the eigenvectors

E(t) = (°(t)e’T)™ (40)

As shown in the Appendix [VII a crucial analytical pre-
diction of the SDE is that the equilibrium time cor-
relation matrix of the eigenvectors is

1
E(t) = ge_At (41)
where e~A? is the exponential matrix, and the matrix A

is given by
- % (Tx[D]1 — D) (42)

Here, the matrix D is related to the noise amplitude
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FIG. 2: The equilibrium time correlation function of the central moments (M (t)M,) shows that the central moments display

a damped oscillatory motion. From the maxima and minima of this curve we fit an exponential e Tat (in black) that allows us
to extract the value of the dilational frictions I',,. The insets show the fitting with (38)).
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FIG. 3: The measured equilibrium autocorrelation functions
E.(t) of the three principal eigenvectors as a function of time
(symbols). Fitted to these curves are exponential functions
(solid lines), from which the values A, are obtained using (45).

through

D= C-CT = 2k3TD, (43)

In terms of A, Dy is

Dy = /@% [;Tr[A]l - A} (44)

as can be easily deduced by taking the trace of . The
measured off-diagonal elements of the correlation matrix
E(t) are vanishingly small. A diagonal time correlation
matrix E(t) = E(t) indicates that the matrix in is
also diagonal A = A. The autocorrelation function that
resides in the diagonal of E(¢) is predicted to decay as a
simple exponential function

1
Ei(t) = 5o !

Eg(t) _ %e—Azt
1
Es(t) = ge_ASt (45)

We plot in Fig|3|the autocorrelation function of the prin-

cipal unit vectors which decay exponentially, in full agree-
ment with the theoretical prediction. From the fitting
values for A, we extract the orientational diffusion ma-
trix Dy, as follows. Because A = A is diagonal
implies

D 1 1T [A]l1 — A (46)

= —— |=Tr —
07 kpT 2

which is a diagonal matrix. From the fitted values of A,
in Fig. [3| the matrix takes the value

2.2338 0 0
Dy = 0 08587 0 x 1075(re)™t  (47)
0 0 1.9129

In summary, the exponential decay of the autocorrelation
of unit eigenvalues allow us to measure the orientational
diffusion matrix.

V. NON-EQUILIBRIUM SIMULATIONS WITH S # 0

In this section, we will compare results from non-
equilibrium microscopic MD simulations with non-
equilibrium numerical solutions of the SDEs , for
a spinning body. The parameters to be used in the SDEs
have been obtained in ,,. Because the size
of the system is small (the crystal has 90 atoms) ther-
mal fluctuations are rather large and the signal to noise
ratio is small. Therefore, in order to compare the noisy
signals in both simulation methods, and to be able to
validate the theory, it is necessary to perform some sort
of averaging. On one hand, the average in the MD sim-
ulations will be over initial microstates compatible with
a given (non-equilibrium) macrostate, i.e., with the same
energy, angular momentum, and central moments. The
first two observables (energy and angular momentum)
are conserved by construction of the algorithm. To ob-
tain microscopic configurations with the same value for
the central moments M, we carry out a long simulation in
the NVE ensemble, compute the central moments along
the entire simulation, and select those microstates which
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FIG. 4: Averaged central moments over 50 simulations, after
the “angular kick”. From top to bottom: M, M, and Ms.
Observe that the central moment M, corresponding to the
intermediate axis, is hardly affected by the centrifugal forces,
while the decay time scales for M; and Mj3 is different, re-
flecting different values of the dilational friction.

have similar values of M. This is done through a Kmeans
algorithm that cluster the central moments into groups
of equal variance, minimizing the within-cluster sum-of-
squares distance to the centroid of each group [30]. Fol-
lowing this procedure, we select a cluster of 50 different
microscopic configurations with equal energy and angular
momentum, and central moments differing by less than
1%. Note that we do not group the microstates with
similar values of the dilational momenta I, which fluc-
tuates around zero and seems to have no big effect on the
results.

On the other hand, the average in the SDE will be done
over different realizations of the stochastic process start-
ing from an initial non-equilibrium macrostate identical
to the one occurring in the MD simulations.

A. MD simulations

The non-equilibrium MD simulations are performed as
follows. A microstate z is selected from the equilibrium
simulations with prescribed values of F,S,M. Then, a
rotation of the crystal is performed to reorient it with
the intermediate axis in the y axis. This will enable us to
observe the disappearance of the Dzhanibekov effect as a
result of precession relaxation. Finally, an “angular kick”
is imparted, as described in the Supplemental Material.
This angular kick transforms the microstate z to 2’ with
an angular velocity @ = (0,9,0) and the same original
total energy E. We choose a value of Q = 0.7571. If
we run now the MD simulation starting from the new
microstate z’, the crystal will rotate around the interme-
diate axis with an angular momentum S =1 - Q = S°4.
After the applied angular kick, the centrifugal force pro-
duces an initial expansion of the crystal that starts os-
cillating, producing an oscillatory motion of the central
moments which is superimposed to their thermal motion
as shown in Fig. ] Eventually these oscillations damp

MD MD#ve
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FIG. 5: Dilational energy K%!(t) defined in (25 for an ini-
tial angular velocity Q = 0.757 . Green line corresponds to
the averaged value over 50 different initial conditions with the
same value F, S and M. Gray line corresponds to an indi-
vidual MD simulation. Inset: zoom of the initial behavior of
Kd“(t) that shows the decay of the dilational energy after the
angular kick.

out and the dilational kinetic energy K4(¢) defined in
(25)) goes down to its thermal noise level, as shown in Fig.
After the initial angular kick around the intermediate
axis, the system rotates and displays the Dzhanibekov
effect in very much the same way as in the fully deter-
ministic case [I6]. This effect is appreciable from the flip-
flop evolution of the intermediate axis as shown in Fig.
[(l At long times, due to precession relaxation the crys-
tal ends up spinning around the major axis, which aligns
with the conserved angular momentum vector. To keep
track of the evolution of the system towards the equilib-
rium final state, we choose as observable the rotational
kinetic energy K™t defined in . A single realization
of the MD simulation is shown in gray in Fig[7] where it
is apparent that the noise level does not allow for a clear
distinction between signal and noise, thus justifying the
averaging over 50 different simulations with the same E,
S and similar central moments.

B. SDE simulations

We carried out 50 simulations of the SDEs with
the same initial values of the orientation, central mo-
ments and dilational momenta of the corresponding non-
equilibrium MD simulation, using a predictor-corrector
explicit scheme[d]. In Fig. []] we compare the average
of the rotational kinetic energy K™™' obtained from the
SDE (red) and MD (green) simulations. The rotational
kinetic energy starts and ends at the same values in both
SDE and MD, as a consequence of the identical initial
macrostate selected. The stochastic precession relaxation
produces a spinning about the major axis. The initial
damping and long-term decay time of the MD signal is
well captured by our SDE model. The very good agree-
ment of the MD and SDE results provides a further val-
idation of the proposed theory.



FIG. 6: Time evolution (plotted with increasing thickness) of the principal vectors e1(t) (red, left), e2(¢) (green, middle), and
es(t) (blue, right) for one particular MD simulation. The Dzhanibekov effect where e2(t) flips direction is noticeable: at early
times (thinner thickness of the line) e2(t) is pointing downwards, and at later times (thicker thickness) it is pointing upwards.
A video illustrating the process described above is provided as Supplementary Material.
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FIG. 7: Comparison of the average rotational kinetic energy
K™"(t) for an initial angular velocity Q = 0.757! and the
same values of £, S, M. Red line corresponds to an average
over 50 different realizations of the SDE simulations. Green
line corresponds to the average over 50 initial conditions in
MD simulations. Gray line corresponds to an individual MD
simulation. Inset: Zoom of the initial behavior of K™%(¢) that
captures the fact that the angular kick excites oscillatory mo-
tion of the central moments through centrifugal forces. This
effect is also reproduced in the SDE simulations. The time
scale of the initial oscillations in the inset coincides with the
time scale of the damping of central moments at equilibrium,
as shown in Figs. [T}

VI. CONCLUSIONS

In this paper we have compared the predictions of the
Stochastic Dissipative Euler’s Equations , with
the results of Molecular Dynamics simulation. Fitting
parameters at equilibrium allows us to predict the non-
equilibrium precession relaxation of the body, reflected
in the evolution of the average rotational kinetic energy.
In addition, when angular momentum vanishes, we con-
firm through the exponential decay of the autocorrelation
function of the principal unit eigenvectors that the mo-

tion of these vectors can be modelled as an anisotropic
Brownian motion, where the stochasticity is intrinsic,
rather than due to an external bath (gas or liquid). The
agreement between the theoretical model and the sim-
ulations is excellent, thus confirming the validity of the
former.

We have observed that orientational diffusion strongly
depends on the value of the rest central moments. Chang-
ing the size and geometry of the body changes strongly
the value of the coefficients. Larger bodies display much
smaller orientation fluctuations. In addition, the correla-
tion time of the principal axes also depends strongly on
the body’s dimensions, increasing with size. As a con-
sequence, MD simulations are readily unfeasible to ac-
cess the long time scales in which a non-spinning body
will change its overall orientation. In order to estimate
the orientational diffusion coefficients from MD, we can
only consider small bodies. We are currently attempt-
ing to find scaling relationship between geometry and
the orientational diffusion coefficients. This requires ex-
tremely long simulation times, and will be presented else-
where. On the other hand, using very small bodies (such
as molecules) can result in Hamiltonian flows that are
non-mixing, potentially leading to the absence of a well-
defined equilibrium state. This poses a challenge, as
a well-defined equilibrium is an implicit assumption in
modeling mesoscopic dynamics with a diffusion Markov
process. Not all interaction potentials between the par-
ticles of the body ensure the mixing property. For exam-
ple, using almost linear harmonic springs does not give,
in general, an ergodic system, as the famous Fermi-Pasta-
Ulam-Tsingou problem of thermalization showed [3IH34].
We have dealt with this problem by ensuring sufficiently
non-linear interactions, based on the Lennard-Jones po-
tential and adding strong non-linear bond interactions.
The model atomic potential energy considered in the
present paper does not correspond necessarily to a real
material. Future work should focus on realistic potentials



for diamond and silica, for example. Further compar-
isons between theory and MD simulations are strongly
constrained to a small window of system sizes: smaller
sizes may not be ergodic, larger body sizes lead to ex-
tremely long correlation times. It is possible to play with
temperature, as we have observed that orientational dif-
fusion increases with the temperature of the body. In the
present paper, in order to have observable effects that al-
low for a quantitative precise estimation of d, we have
considered very high temperatures (kT ~ 9¢) that may
not be entirely realistic. Because the model selected does
not correspond necessarily to a real material, we are not
yet able to provide accurate estimates of the time scales
involved in the precession relaxation rate for real mate-
rials of realistic sizes.

The present theory describes orientational diffusion
due to intrinsic thermal fluctuations. The phenomena is
very different from rotational diffusion due to the inter-
action with an ambient gas that produces additional fric-
tion. This latter phenomenon should be modelled with
a Brownian rotor with viscous friction [23H27] or with
kinetic theory [35]. For a dense gas, it is anticipated
that the friction with the gas will dominate over the in-
trinsic orientational diffusion. It is an open question at
which gas densities the intrinsic rotational diffusion, as
discussed in this paper, will be surpassed by the effects
of gas friction. Interaction with radiation as it is encoun-
tered in optolevitodynamic experiments is also a source
of stochasticity due to the discrete nature of photons.
The comparison of the magnitude of these different ef-
fects clearly deserves further study. The significance of
the present work lies in its validation of the theoretical
model by comparing it with Molecular Dynamics (MD)
simulations in situations where such comparisons are fea-

sible.
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VII. APPENDIX: BROWNIAN MOTION ON A SPHERE

In this appendix, we summarize some mathematical re-
sults on the Brownian motion of a particle on the surface
of a sphere and its anisotropic generalization.
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A. Tto vs Stratonovich

We first recall the connection between the Ito and
Stratonovich interpretation of an SDE. The following Ito
SDE

dx = A(x)dt + O(x)-dW, (48)

with A(x) the drift, ©(x) the noise amplitude ma-
trix, and dW; a vector of independent increments

of the Wiener process, corresponds to the following
Stratonovich SDE [306]

dx = [A(x) — V(x)]dt + O(x) 0 dW,  (49)

where the stochastic drift is

0

a—Xk@ij (50)

1
Vi == §®kj
and repeated indices are summed over. Both SDE (48],
correspond to the following Fokker-Planck Equation
(FPE)

O P(x,1) = —QAP(x,t) +

90

DN | =

B. Anisotropic Brownian motion on the sphere

It is well-known [21], 22] that the evolution of a particle
with position r € R? on the surface of a sphere due to
Brownian motion is described by the following Stochastic
Differential Equation (SDE)

dr = [r]x o dW; Stratonovich (52)
with the corresponding SDE in the Ito interpretation

dr = —r + [r] - dW, Tto (53)
where dW; € R? is a a vector of independent increments

of the Wiener process and [r]« is the cross-product ma-
trix formed from the vector r.

A natural generalization of the SDE for describing
non-isotropic Brownian motion on the sphere is
dr = [r]x-C o dW, Stratonovich  (54)

where C € R?*3 is a constant symmetric matrix. We
write this equation in the form (49)

dr = O(r) o dWy (55)
where
Or) = [i].-C (56)

and C is a constant matrix. The corresponding Ito SDE



is given by
dr =Vdt + ©-dW, (57)

where V is given in . Noting that the matrix ® has
components

O = €imr1Chyj (58)
then
1 0

= §€kl/m’rl’cm’j o 6ilmrl(—jmj

1
—5 (TI‘[C'CT}IE - CijC’mjrm) (59)

which means
1
V= —3 (Tr[D]1 — D)-r, (60)
where we have defined the symmetric positive definite

J
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diffusion tensor
D=cC.c” (61)

and the superscript T denotes the transpose matrix. The

Ito SDE is then
dr=—A-r+r]x-C-dW, Ito (62)
where the matrix A € R**3 is
A= % (Tr[D]1 — D) (63)

Here 1 is the unit matrix. The matrix A is sym-
metric and positive definite. This can be easily seen
from the fact that A,D commute and, hence diago-
nalize in the same basis. If the eigenvalues of D are
(di1,da,ds), then the eigenvalues of A are easily seen to
be (d2;d3, d2'2*'d3, dl;d"‘). Because d, > 0, all the eigen-
values of A are positive. When C =1 =D, then A =1,
and recovers the SDE for isotropic Brownian
motion.

C. The FPE for anisotropic Brownian motion

To get the FPE that corresponds to the Ito SDE we translate the connection between the FPE (51)) and the

Ito SDE , this is

BCEE 10 8 S
OuP(r,t) = 5 {2 (Tr[D]1 — D).r} Pet) + 555 1] C-CTIL P(r, 1)
o [1 10 0 10 (0
— or |5 (0PI = D)t POty + 5ol DL P )+ o (DT Pl (00
Let us compute the term within rounded parenthesis
0 0 0
(31,_ [[r]x 'D'[r]zz}ij> = _Weiki’Di/j’ej’k/j Ip, TR = —€ikir €51k Dirjr (OkjThr + OprjT)
J J J

— _eiji'ej’k'jDi'j’ I‘k/ —

= eii'jej'k/jDi/j’rk/ = [5ij/5i'k/

= Di/iri/ — TI‘[D]I‘i

The last term in the rhs of then cancels the first
term and the FPE for anisotropic Brownian motion
is simply

10 ., )

Oy P(r,t) = ia[r]X~D-[r]XaP(r7t) (66)

The diffusion matrix of this FPE is clearly positive (semi)

€ikir €555 Dirjr T
~~

— 62]?'51/_]'} Di’j'rk’ = 6ij/6i'k/Di’j'rk/ — 6ik/5i’j'Di/j’rk/

(65)

definite, because, for any arbitrary vector v we have
vIr]L D-[r]x-v=vT [r]L-C-CT [r],-v

= (CT [t -v)* >0 (67)



D. The equilibrium distribution for spherical Brownian
motion

Let us find the equilibrium distribution of the FPE
. Observe that any probability of the form P(r) =
¢(r), with r = |r|, is a stationary solution of the FPE

because

r

0 ,
—(r) = &)~ (68)

At the same time, any average of a function F(r) is time-
independent. This is shown as follows

d
%/dI‘F(T‘)P(Lt)

_ / AeF(r) 3 37D e S P(r. )

1 OF(r)  .p 9 _
=5 [P LD e P =0
:—%/drF’(r)?[r]ZQD{r]X%P(I‘J):0 (69)

=0

Now consider the probability that the particle has a par-
ticular modulus 7. By definition it is given by the push-
forward

P(r,t) = / drd(r — |r|)P(r, 1) (70)

This quantity is, in fact, time-independent. It takes the
value P(r,0) that it has at the initial time and, also, the
value P(r,00) = P(r,0) that has at equilibrium. There-
fore, we have

P(r,0) = /drd(r — |r[) P®Y(r)
= gb(r)/dré(r — [r|) = ¢(r)dmr? (71)

This means that the equilibrium solution must be given
by

pear) = L0 (72)

472

Observe that the stationary solution of the FPE depends
on the initial distribution. For example, if the initial con-
dition is one in which we are certain that the particle is
at a particular point rg on the surface of the unit sphere,
i.e. |rg| = 1, the initial condition is P(r,0) = d(r — rp).
The corresponding stationary solution of the FPE with
this initial condition is

_a(le 1)

PH(r) 47

(73)
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E. Correlation function

The equilibrium correlation function of the position
of a particle perfoming a Brownian motion on the unit
sphere can be analytically computed, as follows. The
FPE can be written as

O¢P(r,t) = LP(r,t) (74)
where the Fokker-Planck operator is given by

10 0

—§a[r}x~ '[r]xg (75)

The stationary correlation function can be expressed as
137]

(ro(t)rg) = /drPeq(r)rge’Ctra (76)

where the exponential of the Fokker-Planck operator is
defined in terms of its series expansion

o0

tTL

=" L (77)
n=0

We wish to compute the action of the exponential oper-

ator on the unit vector, e“*r. The second term in the

series expansion is Lr that we write explicitly in compo-

nent form as

10 0
Lry = _§Tmeuau’raDu’V'€V’Bvrﬂ aT,yrv
1
= iDu’V’%au’eW’wra
1
= iD,U/V/ (5au’5u"y - 5a’y5u’u’) o
1 1
= tiara — §TI'[D]I'»Y (78)
Therefore,
Lr=—-Ar (79)

where the matrix A has been defined in . It is then
obvious that

eFlr =e Aoy (80)

where the matrix exponential is introduced through the
series expansion.

The correlation matrix (76| is now
(roa(t)rg) = /drPeq(r)ra [67At]/3B’ rg
=[] 4p / dr P*(r)rarg

) - 1
[e At]/ﬁﬂ’ §5aﬁ'

(B

(81)



and we conclude that the equilibrium time correlation
matrix of the position of the Brownian particle on the
unit sphere is given by

(r(r”) = ce A (82)

F. Representation in terms of a rotation matrix

We consider now a time-dependent rotation matrix R
R: (C17C2303) (83)

where ¢, are column vectors. Because R is an orthogonal
matrix, its columns c,, form an orthonormal basis set. We
propose now a SDE for the rotation matrix in such a way
that the basis vectors describe a Brownian motion on the
unit sphere. In order to reach this goal, we introduce the
angular velocity wg in the principal axes frame through

d
to be compared with . Both angular velocities and
are related through

wo=R-w (85)

We may use as an inspiration to construct an SDE in
the space of rotation matrices. To achieve this objective,
we transform the angular velocity wg into a stochastic
process, this is

dW,
dt

wyp—>Co (86)
and postulate the following Stratonovich SDE for the ro-
tation matrix

dR = —[CodW, R Stratonovich (87)

In terms of the columns c,, we may write in the
form

dcy = —[CodWy], -c;
dcy = — [CodWy], -co
dcg = —[CodWy], -c3 (88)

where in each equation we have exactly the same value of
the independent increment of the Wiener process dWj.
Therefore, the columns of the rotation matrix experience
an anisotropic Brownian motion on the surface of the
unit sphere of the form . We conclude that the pos-
tulated SDE for the rotation matrix is an alternative
representation of anisotropic Brownian motion.

Observe that the SDE has a number of conserved
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quantities. By scalarly multiplying with ¢, we have

cl-deg =cl-(csg xCodW,) = (c, x cg)T-C o dW,
(89)

and this implies

d(ck-cg) = cl-deg + cgdca

= (ca x c5)T-CodW, + (cs x cy)'-CodW; =0
(90)

This means that both the modulus of the vectors and the
angle between them are conserved by the dynamics. If
initially ¢X'-csg = dap, these orthonormality conditions
are mantained at all times, as expected.

For future reference, we also construct the Ito version

of the Stratonovich SDE(88]). By analogy with , ,
the Stratonovich SDE (88]) is equivalent to the following
Ito SDE

deo, = —A-cq — [C-dW]y ¢, (91)

where A is given by . Equation is equivalent to
the following Ito SDE for the rotation matrix

IR = —A-R - [C-dW],-R Ito  (92)

This concludes our review of the anisotropic Brownian
motion of a particle on the unit sphere.

VIII. APPENDIX: DERIVATION OF ((28)

We start from the Stratonovich SDE for the ori-
entation

dA = kgTF"dt + BT .C-dW (93)
where
C = (2kpT)/?DY/? (94)
This is of the form of the Ito SDE with

A = kpTF™
© = B -(2kpT)"/*Dy/* (95)

The corresponidng Stratonovich SDE is now
dA = (kgTF™ — V) dt + BT-C-.odW  (96)

where the stochastic drift V is given by , which in
the present case is

Vi =kpT {B'RT'D‘I)/Q} ki 0iAk [B'RT"D‘%/Q} ij
o] m 5], o



The rotation matrix and the kinematic operator satisfy
B-R" =B” (98)

as can be shown from the results in Sec. K.1 of the
Supplemental Material of Ref. [8]. By using the property

©3), becomes

0
Vi =kgT ['DOLM/ Bk’kaTBi'i kBTFEh (99)
E

Therefore, becomes

dA = BT.C-0dW (100)

which is (28)), as we wished to demonstrate.

IX. APPENDIX: DERIVATION OF (29)

By using the chain rule of ordinary calculus with the
Stratonovich SDE we wish to obtain a Stratonovich
SDE for the rotation matrix. Indeed
oR

dR = a—rR'-dA =

. T- . A
A 8AB C-odW

(101)

From the results in Sec. K.1 of the Supplemental Mate-
rial of Ref. [§], the derivative of the rotation matrix with
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respect to the orientation is given by

R,

A, = —B;ﬁleuﬂgR(;V (102)
Using this derivative in (101]) leads to
OR v T %
dR ., = aA; Boa R, 5[C-dWi]p
= -B_}eupsRovBaaRL 5/[C-dW, ]z
= —€upsRov B jBaa Rl 5 [C-dW, g (103)
—_— ——
[B-T-B-RT] ;4
The property implies
B T.BR"=1 (104)
and, therefore,
ARy = —€,35Roy B Baa RE 5/ [C-dW ] 5
6[.;6/
= —€.asRp [C-dW] (105)

which is the desired result .
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