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A B S T R A C T

In physical applications, the absolute |𝐾|(𝑝, 𝑝) equation should be preferred to the widely used
Rosenau–Hyman 𝐾(𝑝, 𝑝) equation due to the robustness of its compactons and anticompactons
interactions observed in numerical simulations with small hyperviscosity. In order to understand
the effect of the hyperviscosity in solutions with multiple compactons of the |𝐾|(𝑝, 𝑝) equation,
the adiabatic perturbation theory has been applied. For a single compacton, this theory can be
solved analytically showing that the second invariant decreases for 𝑝 smaller than a critical
value, as expected for a dissipative perturbation, but increases otherwise. This analytical
prediction is in good agreement with the numerical results. In order to predict the evolution
of the second invariant in time as a function of the hyperviscosity parameter for general
solutions of the 𝐾(𝑝, 𝑝) equation, a numerical implementation of the adiabatic perturbation
theory has been developed. This adiabatic numerical prediction agrees with the evolution of the
second invariant in the propagation of a single compacton, the generation of compacton trains
from a truncated cosine initial condition, and compacton–compacton chase collisions. However,
discrepancies emerge in other scenarios, such as the generation of a compacton train from a
dilated compacton and in compacton–anticompacton chase collisions. Our findings support the
use of the numerical adiabatic perturbation theory for analyzing the evolution of invariants due
to hyperviscosity in multi-compacton simulations.

1. Introduction

Compactons and anticompactons are compactly supported solitary waves discovered by Rosenau and Hyman in the so-called
𝐾(𝑝, 𝑝) equation [31,32]. They are a manifestation of the balance between nonlinear inertia and nonlinear dispersion, where the
nonlinearity enhances or weakens the inertial or dispersive forces. These phenomena can be modeled by power laws with non-integer
exponents fitted from experimental data; the standard fit with the power law 𝑢𝑝 can be used only when 𝑢 > 0, since it is complex-
valued where 𝑢 < 0 for non-integer 𝑝. A physical example is the flow in deformable porous media, where the constitutive equation
for the permeability is a power law of the porosity (the volume fraction occupied by the melt) [38]; an specific application is the
magma flow through a viscous matrix composed of incompressible solid grains [42]. Moreover, it is necessary that the resulting
evolution equation preserves the positivity of the initial condition to avoid complex values in some regions of the domain; in fact,
numerical simulations of the 𝐾(𝑝, 𝑝) equation have shown that solutions with multiple compactons in interaction generate ripples
with non-positive parts [7,11,34,43]. For real-valued solutions, the power-law should be substituted by the even function |𝑢|𝑝, or the
odd function |𝑢|𝑝−1 𝑢, depending on the specific application. In the last case, the resulting physical model is the so-called absolute
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Rosenau–Hyman |𝐾|(𝑝, 𝑝) equation [13,14], given by

𝑢𝑡 + (|𝑢|𝑝−1 𝑢)𝑥 + (|𝑢|𝑝−1 𝑢)𝑥𝑥𝑥 = 0, (1)

where 𝑢 is the amplitude, 𝑥 is space, 𝑡 is time, subindexes indicate differentiation, and 𝑝 > 1. It was briefly discussed and named signed
𝐾(𝑝, 𝑝) equation by Galaktionov and Svirshchevskii [9]; moreover, the |𝐾|(𝑝, 1) equation was referred to as modular Korteweg–de

ries equation by Pelinovsky et al. [26,37]. There is an additional advantage of the |𝐾|(𝑝, 𝑝) equation with respect to the 𝐾(𝑝, 𝑝)
hen 𝑝 is an even integer and 𝑢 can be negative: in computer simulations, the collisions between compactons and anticompactons
f large amplitude blow up for even p; however, the corresponding solutions for the |𝐾|(𝑝, 𝑝) are stable and robust [14,26].

The study of compacton and anticompacton chase collisions, and the generation of compacton trains from arbitrary initial
onditions for the |𝐾|(𝑝, 𝑝) equation require the use of numerical methods. We have used a Petrov–Galerkin numerical method with
yperviscosity for this equation [13,14]. However, any numerical method for the 𝐾(𝑝, 𝑝) equation could also be used: pseudospectral
n space and variable order, variable timestep Adams–Bashforth–Moulton schemes in time [30,31], quasi-spectral in space and fixed-
ime fourth-order Runge–Kutta scheme in time [27–29], finite elements and finite differences [7,10,19], Padé approximants [23,33],
odified equations [35], particle schemes based on the dispersive-velocity method [6], Hermite wavelet methods [22], cell-average

ased neural network methods [5], and even WENO finite volume methods [2]. In the majority of these numerical methods the
ddition of artificial viscosity is a requirement in order to cope with solutions with multiple compactons and anticompactons;
therwise, instabilities appear which may cause a blow up of the solution. Numerically-induced phenomena are observed in
imulations with numerical methods requiring hyperviscosity, including damping, tails, and dissipative plateaus. They can be studied
nd corrected by means of the method of modified equations, which properly interprets the truncation error terms of the numerical
ethod as a perturbation of the original evolution equation [11,17,35,41]. For equations with solitary waves, these phenomena

diabatically perturb the parameters of these solutions. The corresponding evolution equations for these parameters can be obtained
y perturbation methods, extensively reviewed by Kivshar and Malomed [21]; among these methods, the simplest one is the so-
alled adiabatic perturbation theory, widely used for a large variety of problems [1,3,8,15,16,18,20,24,25,39]. This technique is
ased on the slow evolution in time of the invariants of the equation under the perturbation. It can describe the damping in
mplitude, the change in speed, the formation of tails and plateaus, and other numerically-induced dissipative phenomena. In
volution equations with compactons, the adiabatic invariant theory has been applied to the propagation of one compacton for
he 𝐾(𝑝, 𝑝) equation [12,36] and the |𝐾|(𝑝, 𝑝) equation [14].

In this paper, a numerical implementation of the adiabatic perturbation theory is introduced and applied to solutions with
ultiple compactons for the |𝐾|(𝑝, 𝑝) equation. In Section 2 the compacton solution and the invariants of the |𝐾|(𝑝, 𝑝) equation are
resented. The adiabatic perturbation theory is applied to this equation in Section 3. The numerical method for the simulations of the
𝐾|(𝑝, 𝑝) equation and the numerical implementation of the adiabatic perturbation technique are described in Section 4. Our main
esults are presented in Section 5, for one compacton in Section 5.1, for compacton trains in Section 5.3, for compacton–compacton
hase collisions in Section 5.4, and for compacton–anticompacton chase collisions in Section 5.5. Finally, in Section 6, our main
onclusions and future lines of research are presented.

. Absolute |𝑲|(𝒑, 𝒑) equation

Let us consider the absolute Rosenau–Hyman |𝐾|(𝑝, 𝑝) equation [13,14], given by

𝑢𝑡 − 𝑐0 𝑢𝑥 + (|𝑢|𝑝−1 𝑢)𝑥 + (|𝑢|𝑝−1 𝑢)𝑥𝑥𝑥 = 0, (2)

here 𝑝 > 1 and 𝑐0 is a constant speed in order to stop one compacton in a moving frame of reference with periodic boundary
onditions. The compacton solution of this equation is given by

𝑢𝑐 (𝜉) =

⎧

⎪

⎨

⎪

⎩

sign(𝑐)
(

2 |𝑐| 𝑝
𝑝+1 cos2

(

𝑝−1
2 𝑝 𝜉

))1∕(𝑝−1)
, |𝜉| ≤ 𝑝 𝜋

𝑝−1 ,

0, otherwise.
(3)

where 𝑐 is the speed, that determines its maximum amplitude, and 𝜉 = 𝑥−(|𝑐|−𝑐0) 𝑡−𝜉0, with 𝜉0 the initial position; note that all the
ompactons have a fixed width 𝑤𝑝 = 2𝜋 𝑝∕(𝑝 − 1). Eq. (3) is a compacton for 𝑐 > 0 and an anticompacton for 𝑐 < 0, although both
ropagates with speed |𝑐|; hence, the head-on collisions between compactons and anticompactons observed in the 𝐾(𝑝, 𝑝) equation
or integer even 𝑝 are not possible in the |𝐾|(𝑝, 𝑝) equation, that only allows chase collisions. Eq. (3) is a classical solution of Eq. (2)
hen 1 < 𝑝 < 3, otherwise it is a weak solution, since for 𝑝 ≥ 3 the third-order derivative of |𝑢𝑐 |

𝑝−1 𝑢𝑐 is discontinuous at the
compacton edges. It should be emphasized that the compacton 𝑢𝑐 (𝜉) has ⌈(3 − 𝑝)∕(𝑝 − 1)⌉ continuous derivatives for 𝑝 > 1; hence, it
as no continuous derivatives for 𝑝 ≥ 3, and only one continuous derivative for 2 ≤ 𝑝 < 3.

The |𝐾|(𝑝, 𝑝) equation has four local invariants [14] given by

𝐼1 = ∫ 𝑢 𝑑𝑥, 𝐼2 = ∫
|𝑢|𝑝+1

𝑝 + 1
𝑑𝑥, 𝐼3 = ∫ cos(𝑥) 𝑢 𝑑𝑥, 𝐼4 = ∫ sin(𝑥) 𝑢 𝑑𝑥, (4)

nd one non-local invariant written as

𝐼𝑛𝑙 = 𝑢 (1 +𝐷2)−1 𝑢 𝑑𝑥 = 𝑢𝑤𝑑𝑥, 𝑤𝑥𝑥 +𝑤 = 𝑢, (5)
2

∫ 𝑥 ∫



Mathematics and Computers in Simulation xxx (xxxx) xxxR. Garralon-López et al.

b
E

𝑝

a
a
o
c

where 𝐷𝑥𝑢 = 𝑢𝑥, and

𝑤 = sin(𝑥) ∫

𝑥

−∞
cos(𝑦) 𝑢(𝑦) 𝑑𝑦 − cos(𝑥) ∫

𝑥

−∞
sin(𝑦) 𝑢(𝑦) 𝑑𝑦.

The invariants 𝐼1, 𝐼𝑛𝑙, and 𝐼2 can be interpreted as a generalized mass, a generalized momentum (since its origin is invariance under
space translation), and a generalized energy (since its origin is invariance under time translation), respectively [43].

3. Adiabatic perturbation theory

An adiabatic perturbation theory can be applied to study the effect of the hyperviscosity parameter on the numerical propagation
of a compacton (or an anticompacton). The |𝐾|(𝑝, 𝑝) equation with hyperviscosity, written as

𝑢𝑡 − 𝑐0 𝑢𝑥 + (|𝑢|𝑝−1 𝑢)𝑥 + (|𝑢|𝑝−1 𝑢)𝑥𝑥𝑥 + 𝜀 𝑢𝑥𝑥𝑥𝑥 = 0, (6)

conserves the first invariant 𝐼1, but slowly changes all the rest of invariants. The evolution equation for the adiabatic change of the
second invariant 𝐼2, referred to as 𝐼2𝜀(𝑡), can be obtained by integration of Eq. (6) after multiplication by |𝑢|𝑝−1 𝑢, resulting in

𝑑𝐼2𝜀(𝑡)
𝑑𝑡

≡ 𝑑
𝑑𝑡 ∫

|𝑢|𝑝+1

𝑝 + 1
𝑑𝑥 = −𝜀 ∫ |𝑢|𝑝−1 𝑢 𝑢𝑥𝑥𝑥𝑥 𝑑𝑥, (7)

where the following equations have been used:

|𝑢|𝑡 =
𝑢
|𝑢|

𝑢𝑡,
𝑑
𝑑𝑡

|𝑢|𝑝+1 = (𝑝 + 1) |𝑢|𝑝 𝑢
|𝑢|

𝑢𝑡,

−𝑐0 ∫ |𝑢|𝑝−1 𝑢 𝑢𝑥 𝑑𝑥 = −
𝑐0

𝑝 + 1 ∫ (|𝑢|𝑝+1)𝑥 𝑑𝑥 = 0,

∫ |𝑢|𝑝−1 𝑢 (|𝑢|𝑝−1 𝑢)𝑥 𝑑𝑥 = 1
2 ∫ (|𝑢|2 𝑝)𝑥 𝑑𝑥 = 0,

and

∫ |𝑢|𝑝−1 𝑢 (|𝑢|𝑝−1 𝑢)𝑥𝑥𝑥 𝑑𝑥 = 1
2 ∫

(

(

(|𝑢|𝑝−1 𝑢)𝑥
)2)

𝑥
𝑑𝑥 = 0.

Eq. (7) can be exactly solved for the propagation of one compacton (3). The initial position 𝜉0 of the compacton remains constant,
ut its speed 𝑐 slowly varies in time, 𝑐(𝜏), with 𝜏 = 𝜀 𝑡. The evolution equation for 𝑐(𝜏) can be obtained by introducing Eq. (3) into
q. (7), and integrating the support of the compacton, resulting in

𝑑
𝑑𝜏 ∫

𝜉

−𝜉
|𝑢𝑐 |

𝑝+1 𝑑𝜉 = −(𝑝 + 1) ∫

𝜉

−𝜉
|𝑢𝑐 |

𝑝−1 𝑢𝑐 𝑢𝑐,𝜉𝜉𝜉𝜉 𝑑𝜉. (8)

with 𝜉 = 𝑝 𝜋∕(𝑝 − 1). By straightforward integration, Eq. (8) yields

𝑑
𝑑𝜏

𝑐(𝜏) = −
(𝑝 − 1)3 (𝑝2 − 3 𝑝 − 1)

(𝑝 − 5) 𝑝3 (𝑝 + 3)
𝑐(𝜏), (9)

which is applicable for 1 < 𝑝 < 5, since the right-hand side of this equation becomes infinite for 𝑝 = 5. The solution of Eq. (9) is

𝑐(𝜏) = exp
(

−
(𝑝 − 1)3 ((𝑝 − 3) 𝑝 − 1)

(𝑝 − 5) 𝑝3 (𝑝 + 3)
𝜏
)

𝑐(0). (10)

The corresponding change in the second invariant is

𝐼2𝜀(𝑡) ≡ 𝐼2(𝜏) = 𝐼2(0) 𝑐(𝜏)(𝑝+1)∕(𝑝−1). (11)

Table 1 shows the expression for the speed 𝑐(𝜏) of one compacton and its second invariant 𝐼2(𝜏) for the |𝐾|(𝑝, 𝑝) equation with
= 1.5, 2,… , 5. Both 𝑐(𝜏) and 𝐼2(𝜏) monotonically decrease for 𝑝 < (3 +

√

13)∕2 ≈ 3.303, but monotonically grow otherwise.
In general, the solution 𝐼2𝜀(𝑡) of Eq. (7) for an arbitrary solution 𝑢(𝑥, 𝑡) of the |𝐾|(𝑝, 𝑝) equation will not be monotonic. Such

result is expected for compacton–compacton and compacton-anticompacton chase collisions. The soliton resolution conjecture
pplied to the |𝐾|(𝑝, 𝑝) equation suggest that its general solution will decompose into a series of compactons and anticompactons
ver a radiation background. Hence, for the evaluation of the right-hand side of Eq. (7), it should be taking into account that the
ompacton solution of the |𝐾|(𝑝, 𝑝) equation satisfies that 𝑢𝑐 (𝑥, ⋅) ∈ C4 for 1 < 𝑝 < 3∕2, 𝑢𝑐 ∈ C3 for 𝑝 < 5∕3, 𝑢𝑐 ∈ C2 for 𝑝 < 2, 𝑢𝑐 ∈ C1

for 𝑝 < 3, and 𝑢 ∈ C0 for 𝑝 ≥ 3; furthermore, |𝑢 |

𝑝−1 𝑢 ∈ C3 for 𝑝 < 3. Hence, the fourth-order derivative 𝑢 in Eq. (7) requires
3

𝑐 𝑐 𝑐 𝑥𝑥𝑥𝑥
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Table 1
The compacton speed 𝑐(𝜏) and the second invariant 𝐼2(𝜏) for the |𝐾|(𝑝, 𝑝)
equation with 𝑝 = 1.5, 2, . . . , 4.5, obtained by evaluation of from
Eqs. (10) and (11), respectively.
𝑝 𝑐(𝜏) 𝐼2(𝜏)

1.5 exp(−13 𝜏∕1701) 𝑐(0) exp(−65 𝜏∕1701) 𝐼2(0)
2 exp(−𝜏∕40) 𝑐(0) exp(−3 𝜏∕40) 𝐼2(0)
2.5 exp(−243 𝜏∕6875) 𝑐(0) exp(−567 𝜏∕6875) 𝐼2(0)
3 exp(−2 𝜏∕81) 𝑐(0) exp(−4 𝜏∕81) 𝐼2(0)
3.5 exp(125 𝜏∕4459) 𝑐(0) exp(225 𝜏∕4459) 𝐼2(0)
4 exp(81 𝜏∕448) 𝑐(0) exp(135 𝜏∕448) 𝐼2(0)
4.5 exp(7889 𝜏∕10935) 𝑐(0) exp(12397 𝜏∕10935) 𝐼2(0)

that 𝑝 < 3∕2. In order to avoid such a limitation, it can be taken advantage of the fact that, by application of the integration by
parts, for a regular enough solution, the following expressions are analytically equivalent

∫ |𝑢|𝑝−1 𝑢 𝑢𝑥𝑥𝑥𝑥 𝑑𝑥 = −∫ (|𝑢|𝑝−1 𝑢)𝑥 𝑢𝑥𝑥𝑥 𝑑𝑥 = ∫ (|𝑢|𝑝−1 𝑢)𝑥𝑥 𝑢𝑥𝑥 𝑑𝑥 = −∫ (|𝑢|𝑝−1 𝑢)𝑥𝑥𝑥 𝑢𝑥 𝑑𝑥 = ∫ (|𝑢|𝑝−1 𝑢)𝑥𝑥𝑥𝑥 𝑢 𝑑𝑥. (12)

Therefore, it is recommended that Eq. (7) will be written as
𝑑𝐼2𝜀
𝑑𝑡

= 𝜀 ∫ (|𝑢|𝑝−1 𝑢)𝑥𝑥𝑥 𝑢𝑥 𝑑𝑥. (13)

The right-hand side of this equation is finite for classical solutions of the |𝐾|(𝑝, 𝑝) equation, i.e., for 𝑝 < 3; in this paper, it will be
lso used for 𝑝 > 3.

. Numerical methods

The simulations of the solutions of the |𝐾|(𝑝, 𝑝) equation in this paper have been obtained by means of a finite element method
ased on a Petrov–Galerkin formulation. We use piecewise linear test functions, cubic B-splines as trial functions, the product
pproximation for the nonlinear terms, and periodic boundary conditions [4,7,33]. This method results in the system ordinary
ifferential equations given by

(E)
𝑑𝑈𝑗

𝑑𝑡
− 𝑐0 (E)𝑈𝑗 +

(

(E) + (E)
)

(|𝑈𝑗 |
𝑝−1 𝑈𝑗 ) + 𝜀(E)𝑈𝑗 = 0, (14)

where 𝑈𝑗 (𝑡) = 𝑈 (𝑥𝑗 , 𝑡) ≈ 𝑢(𝑥𝑗 , 𝑡), a uniform mesh is used in space 𝑥𝑗 = 𝑥0 + 𝑗 𝛥𝑥, with 𝑗 = 0, 1,… , 𝑁 , and the matrices can been
written in a compact format by using difference operators given by

(E) = E−2 + 26E−1 + 66 + 26E1 + E2

120
, (E) = −E−2 − 10E−1 + 10E1 + E2

24𝛥𝑥
,

(E) = −E−2 + 2E−1 − 2E1 + E2

2𝛥𝑥3
, (E) = E−2 − 4E−1 + 6 − 4E1 + E2

𝛥𝑥4
,

with the shift operator E defined such that E𝑈𝑗 = 𝑈𝑗+1, and E−1 𝑈𝑗 = 𝑈𝑗−1.
For the integration in time of Eq. (14), the implicit midpoint rule is used, resulting in

(E)
𝑈𝑗,𝑚+1 − 𝑈𝑗,𝑚

𝛥𝑡
− (𝑐0 (E) − 𝜀(E))

(𝑈𝑗,𝑚+1 + 𝑈𝑗,𝑚

2

)

+ ((E) + (E))
(

|

|

|

|

|

𝑈𝑗,𝑚+1 + 𝑈𝑗,𝑚

2

|

|

|

|

|

𝑝−1 (𝑈𝑗,𝑚+1 + 𝑈𝑗,𝑚

2

)

)

= 0. (15)

here 𝑈𝑗,𝑚 = 𝑈𝑗 (𝑡𝑚) ≈ 𝑢(𝑥𝑗 , 𝑡𝑚), with 𝑡𝑚 = 𝑚𝛥𝑡, 𝑚 = 0, 1,… ,𝑀 , for a fixed timestep numerical integration. The nonlinear
equation (15) is solved by means of Newton’s iterative method with an absolute tolerance error of TOL = 10−10 as stopping criterion.
Method (15) is second-order accurate in space for 𝜀 > 0, although it is fourth-order accurate for 𝜀 = 0, and second-order accurate
in time, being (linearly) unconditionally stable [19,33]. The computational complexity of this numerical algorithm is linear in both
the number of grid nodes and the number of timesteps, 𝑂 (𝑁 𝑀); in fact, the Newton’s method used in each time step converges in
less than five iterations. The algorithm has been implemented in Matlab and executed on multiple laptop and desktop computers;
the most powerful one is an Intel Core i5-13500 processor with a base clock speed of 2.5 GHz, a turbo boost up to 4.8 GHz, and
32 GB of high-speed DDR5 RAM. We execute an instance of the code in every core of the machine, resulting in a typical time for
simulation of several hours, depending on the grid size and the timestep.

The invariants of the |𝐾|(𝑝, 𝑝) equation will be numerically evaluated by means of the trapezoidal rule (recommended for periodic
functions in Ref. [40]),

𝐼1,𝑚 = 𝛥𝑥
𝑁
∑

𝑗=0
𝑈𝑗,𝑚, 𝐼2,𝑚 = 𝛥𝑥

𝑁
∑

𝑗=0

|𝑈𝑗,𝑚|
𝑝+1

𝑝 + 1
, 𝑚 = 0, 1,… ,𝑀.

By using these expressions, the numerical method (15) without hyperviscosity (𝜀 = 0) conserves the first invariant by construction;
owever, the second invariant is not conserved.
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Table 2
The variation in the first and second invariants of a |𝐾|(2, 2) equation for the propagation of one
compacton with speed 𝑐 as a function of 𝑐0 and 𝜀 by using 𝛥𝑥 = 0.01, 𝛥𝑡 = 0.002, 𝑥 ∈ [0, 250],
and 𝑡 ∈ [0, 200], and TOL = 10−10. The (∗) indicates that the value corresponds to |𝐼𝑖(0) − 𝐼𝑖(79)|,
𝑖 = 1, 2.
𝑐0 |𝐼1(0) − 𝐼1(200)| |𝐼2(0) − 𝐼2(200)| |𝐼1(0) − 𝐼1(200)| |𝐼2(0) − 𝐼2(200)|

𝜀 = 0 𝜀 = 10−5

0 4.7 ⋅ 10−12 (∗) 2.1 ⋅ 10−11 (∗) 2.4 ⋅ 10−10 4.7 ⋅ 10−4

0.1 1.2 ⋅ 10−11 5.5 ⋅ 10−11 3.7 ⋅ 10−12 4.7 ⋅ 10−4

0.5 2.7 ⋅ 10−12 2.8 ⋅ 10−12 1.4 ⋅ 10−10 4.7 ⋅ 10−4

1 3.7 ⋅ 10−12 1.1 ⋅ 10−11 2.2 ⋅ 10−10 4.7 ⋅ 10−4

A numerical implementation of the adiabatic perturbation theory allows the comparison between the numerical evolution of
he second invariant and its adiabatic prediction in solutions with multiple compactons. Eq. (13) will be numerically solved by the
econd-order trapezoidal method (equivalent to a quadrature with the trapezoidal rule),

𝐼2𝜀,𝑚+1 = 𝐼2𝜀,𝑚 + 𝛥𝑡 (𝑖𝜀,𝑚+1 + 𝑖𝜀,𝑚)∕2, 𝐼2𝜀,0 = 𝐼2,0, (16)

with

𝑖𝜀,𝑚 = 𝜀 𝛥𝑥
𝑁
∑

𝑗=0
𝑉𝑥𝑥𝑥,𝑗,𝑚 𝑈𝑥,𝑗,𝑚,

where the third- and first-order spatial derivatives has been approximated by

(E)𝑉𝑥𝑥𝑥,𝑗,𝑚 = (E) (|𝑈𝑗,𝑚|
𝑝−1 𝑈𝑗,𝑚), (E)𝑈𝑥,𝑗,𝑚 = (E)𝑈𝑗,𝑚.

Note that, for classical solutions, i.e., 1 < 𝑝 < 3, these approximations are fourth-order accurate.

5. Presentation of results

The main goal of this paper is the assessment of the numerical implementation of the adiabatic perturbation theory for the
study of the evolution of the second invariant in solutions with multiple compactons for the |𝐾|(𝑝, 𝑝) equation. In Section 5.1 its
evolution during the numerical propagation of one compacton of the |𝐾|(2, 2) equation is studied as a function of 𝑐0, 𝜀, and 𝛥𝑥∕𝛥𝑡.
In Section 5.2 the adiabatic perturbation theory is applied to the one-compacton solution of the |𝐾|(𝑝, 𝑝) equation. Its evolution for
initial conditions that generate multiple compactons for the |𝐾|(2, 2) equation is analyzed in Section 5.3. Compacton–compacton
hase collisions and compacton–anticompacton chase collisions for the |𝐾|(𝑝, 𝑝) equation are considered in Sections 5.4 and 5.5,
espectively.

.1. One compacton of the |𝐾|(2, 2) equation

Let us begin illustrating the general features observed in the propagation of one compacton solutions with and without
yperviscosity. Table 2 shows the variation of the first and second invariants in the propagation of one compacton with 𝑐 = 1,
or 𝑐0 = 0, 0.1, 0.5, and 1, without hyperviscosity (𝜀 = 0) and with small hyperviscosity (10−5), both with 𝛥𝑥∕𝛥𝑡 = 5. Without

hyperviscosity (𝜀 = 0), the second invariant for 𝑐0 > 0 is well conserved, with variations in its value of the same order in
magnitude to those observed for the first invariant. However, for 𝑐0 = 0 an instability appears; until 𝑡 = 79 the second invariant
is well conserved, as indicated by the values marked with (∗) in the table, but then it starts to grow until it blows up. The
table also illustrates that for a typical value of the hyperviscosity in the study of compacton-anticompacton chase collisions,
𝜀 = 10−5, the second invariant evolves following the analytical adiabatic perturbation theory presented in Section 3. Specifically,
𝐼2𝜀(𝑡) − 𝐼2(0) = (exp(−3 𝜀 𝑡∕40) − 1) 𝐼2(0) as shown in Table 1; hence, the value in the last column of Table 2 can be predicted by the
approximation |𝐼2(200) − 𝐼2(0)| ≈ 15 𝜀 𝐼2(0) = 4.7 ⋅ 10−4, being independent of 𝑐0.

An instability like the one observed in Table 2 for 𝑐0 = 0 and 𝜀 = 0 is usually associated to the violation of the Courant–Friedrichs–
Lewy (CFL) condition. It states that, for the stability and convergence of a numerical method, it is necessary that the numerical speed
𝛥𝑥∕𝛥𝑡 be larger than the propagation speed of the solution. For one compacton with speed 𝑐 > 0 in a moving frame with 𝑐0, this
condition requires that the numerical speed 𝛥𝑥∕𝛥𝑡 ≥ |𝑐 − 𝑐0|. Let us recall that the numerical simulations of one compacton of the
(2, 2) equation are accompanied by numerically-induced radiation [14,33,34]; precisely, forward and backward wavepackets of

adiation propagating with group velocities 6 𝑐0 and 0, respectively, have been reported (note that these group velocities are 5 𝑐0
nd −𝑐0 in the reference frame moving at 𝑐0). Similar phenomena are expected for the |𝐾|(2, 2) equation; hence, the CFL condition
hould be 𝛥𝑥∕𝛥𝑡 ≥ max{|𝑐 − 𝑐0|, 5 |𝑐0|}. However, in Ref. [34], it was shown that the origin of the self-similar radiations for the
(2, 2) equation is the numerical approximation to the linear 𝑐0 term; thus, these radiations should be absent for 𝑐0 = 0.

Further exploration of the potential role of the CFL condition in the instability of the one compacton solution observed in Table 2
or 𝑐0 = 0 and 𝜀 = 0 is required. Fig. 1 shows the evolution in time of |𝐼2(𝑡) − 𝐼2(0)| the for such a solution with 𝛥𝑥∕𝛥𝑡 = 5 (blue line
arked with squares), 5.1 (yellow line with stars), 5.2 (green line with circles), and 20 (red line with triangles), the first three ones
5
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Fig. 1. The variation of the second invariant |𝐼2(𝑡) − 𝐼2(0)| for the propagation of one compacton of the |𝐾|(2, 2) equation with 𝑐 = 1 and 𝑐0 = 0, for 𝛥𝑥 = 0.01,
ith 𝛥𝑡 = 𝛥𝑥∕5 (blue line), 𝛥𝑥∕5.1 (yellow line), and 𝛥𝑥∕5.2 (green line), and for 𝛥𝑥 = 0.02, with 𝛥𝑡 = 𝛥𝑥∕20 (red line), all with 𝜀 = 0, 𝑥 ∈ [0, 250], and TOL = 10−10.

(For easy interpretation of the references to color in this figure, the blue line is marked with two squares, the yellow one with stars, the green one with circles,
and the red one with triangles). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. The variation of the second invariant |𝐼2(𝑡) − 𝐼2(0)| for the propagation of one compacton of the |𝐾|(2, 2) equation with 𝑐 = 1, 𝑐0 = 0 (left panels) and
𝑐0 = 0.1 (right panels), 𝜀 = 0 (top panels) and 𝜀 = 10−8 (bottom panels), for 𝛥𝑥∕𝛥𝑡 = 10 (yellow line), 5 (orange line), 2 (blue line), 1 (red line), and 0.5 (green
line), with 𝜀 = 0, 𝑡 ∈ [0, 500], 𝛥𝑥 = 0.1, and 𝛥𝑡 = 0.01, 0.02, 0.05, 0.1, and 0.2. (For easy interpretation of the references to color in this figure, the yellow
ine is marked with a circle, the orange one with a star, the blue one with a triangle, the red one with a diamond, and the green one with a square.). (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

ith 𝛥𝑥 = 0.01, but the last one with 𝛥𝑥 = 0.02. The blow-up instability is observed in the panels for 𝛥𝑥∕𝛥𝑡 = 5 (starting at 𝑡 = 79)
nd 5.1 (at 𝑡 = 156). However, for 𝛥𝑥∕𝛥𝑡 = 5.2 and 20 the second invariant is well conserved, with no instability. Apparently, the
FL condition is 𝛥𝑥∕𝛥𝑡 > 5.1 for 𝑐0 = 0 in this simulations.

Fig. 2 shows the variation of the second invariant for one compacton with 𝑐 = 1, with 𝑐0 = 0 (left panels) and 𝑐0 = 0.1 (right
panels), 𝜀 = 0 (top panels), and 𝜀 = 10−8 (bottom panels), with 𝛥𝑥∕𝛥𝑡 = 10 (yellow line marked with a circle), 5 (orange line with
a star), 2 (blue line with a triangle), 1 (red line with a diamond), and 0.5 (green line with a square), with 𝛥𝑥 = 0.1. In the top left
panel, for 𝑐0 = 0 and 𝜀 = 0, the second invariant is well-conserved for 𝛥𝑥∕𝛥𝑡 = 10 (yellow line) and 5 (orange line), although it
rows two orders of magnitude in the timespan. In the cases 𝛥𝑥∕𝛥𝑡 = 1 (red line) and 0.5 (green line) the solution becomes unstable
efore 𝑡 = 500. However, for 𝛥𝑥∕𝛥𝑡 = 2 (blue line) the result is not conclusive, but apparently a behavior similar to that of 0.5 is
xpected for times larger than the timespan in the plot.
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Fig. 3. The propagation of a numerical compacton with 𝑐 = 1 and 𝑐0 = 0 for the |𝐾|(2, 2) equation with either 𝛥𝑥 = 0.01 and 𝛥𝑡 = 0.002 (left column, entitled
CFL = 5), or 𝛥𝑥 = 0.02 and 𝛥𝑡 = 0.001 (right column, entitled CFL=20), both with 𝜀 = 0, 𝑥 ∈ [0, 250], and TOL = 10−10.

In the top right panel of Fig. 2, for 𝑐0 = 0.1 and 𝜀 = 0, the second invariant is also well-conserved for 𝛥𝑥∕𝛥𝑡 = 10 (yellow line)
and 5 (orange line), but reaches very large values for 2 (blue line), 1 (red line), and 0.5 (green line), although without the instability
inside the timespan observed for 𝑐0 = 0.

In the bottom left panel of Fig. 2, for 𝑐0 = 0 and 𝜀 = 10−8, the most noticeable feature is that the results for 𝛥𝑥∕𝛥𝑡 = 10 (yellow
line) and 5 (orange line) overlap up to the plot resolution and follow the prediction of the adiabatic perturbation theory for the
evolution of the second invariant. The result for 𝛥𝑥∕𝛥𝑡 = 2 (blue line) also follows it, but with some oscillations. The second invariant
for 𝛥𝑥∕𝛥𝑡 = 1 (red line) initially follows the adiabatic perturbation until 𝑡 = 20, but at 𝑡 = 100 begins to grow about three orders of
magnitude. In the last case for 𝛥𝑥∕𝛥𝑡 = 0.5 (green line) the disagreement with the perturbative prediction already starts at the first
timesteps.

Finally, in the bottom right panel of Fig. 2, for 𝑐0 = 0.1 and 𝜀 = 10−8 with 𝛥𝑥∕𝛥𝑡 = 10 (yellow line), 5 (orange line), and 2
(blue line) the second invariant follows the dynamics predicted by adiabatic perturbations based on the hyperviscosity. However,
for 𝛥𝑥∕𝛥𝑡 = 1 (red line) and 0.5 (green line) there are deviations starting at 𝑡 = 80 and at the first timesteps, respectively.

The results in Fig. 2 suggest that there are numerically-induced phenomena in the simulations of the |𝐾|(2, 2) equation for 𝑐0 = 0
beyond the forward and backward self-similar radiations observed for the 𝐾(2, 2) equation with 𝑐0 > 0 in Ref. [34]. In order to clarify
such phenomena, Fig. 3 shows the propagation of a compacton with speed 𝑐 = 1 in a rest frame 𝑐0 = 0 for 𝛥𝑥∕𝛥𝑡 = 5 (left panel)
and 20 (right panel), corresponding to the invariants plotted with blue and red lines, resp., in Fig. 1. In both cases forward and
backward radiations are emitted by the compacton; however, they are not self-similar. It should be remarked that simulations with
𝑐0 = 0 for the 𝐾(2, 2) equation blow up in the first few timesteps. The robustness of the |𝐾|(2, 2) equation allows stable simulations
for 𝑐0 = 0, but losing the self-similarity of the radiations.

Fig. 3 left panel, for 𝛥𝑥∕𝛥𝑡 = 5, shows that the backward radiation remains nearly at rest, with a very slow speed of −0.0042.
But the forward radiation emits thin wavepackets with the maximum wavenumber (𝑘 = 𝜋∕𝛥𝑥), as shown in the left panel at 𝑡 = 40.
A careful follow up of these wavepackets show that their group velocity is between 2 and 7, linearly depending on the amplitude
of their envelope. Hence, the CFL condition do not holds for these thin wavepackets. Moreover, they reenter the domain and reach
the position of the left front of the backward radiation at 𝑡 ≈ 67.5 (not illustrated in the panels). In the left panel at 𝑡 = 75, it can
be observed that the thin wavepackets have a larger amplitude than the backward radiation. The instability associated to the CFL
condition starts at 𝑡 = 79, cf. Table 2, when the leading thin wavepacket reaches the left side of the compacton (illustrated in the
left panel with 𝑡 = 80 as a sharp front over the backward radiation at 𝑥 ≈ 195). Subsequently, the amplitude of both radiations start
to grow until the solution blows up (in the figure this behavior is illustrated with the panel at 𝑡 = 120 where the radiation nearly
reaches the amplitude of the compacton). This instability is the one observed in Fig. 1 (blue curve marked with squares) for the
second invariant.

Fig. 3 right panel, for 𝛥𝑥∕𝛥𝑡 = 20, shows that the backward radiation moves with a slow speed of −0.14 and the forward radiation
emits thin wavepackets with a group velocity between 3 and 5, also linearly depending on their amplitude (see right panels at 𝑡 = 40,
60, and 80). The first wavepacket (peak in the figure) moves with a group velocity of 4.1 at 𝑡 = 40, accelerating up to 5.1, a speed
that remains constant at 𝑡 = 60 and 80 (in the panel at 𝑡 = 100 this peak is over the backward radiation, being difficult to see). This
wavepacket reenter the domain and reach the position of the left front of the backward radiation at 𝑡 ≈ 62.5, reaching the left side
7



Mathematics and Computers in Simulation xxx (xxxx) xxxR. Garralon-López et al.

i
f
w

s
F
e
a

a
t

Fig. 4. Evolution of the second invariant 𝐼2(𝑡) (blue curve) and the prediction of the numerical adiabatic perturbation theory for 𝐼2𝜀(𝑡) (red curve with circles)
n the propagation of one compacton for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 3.33 (top left panel), 3.331 (top right), 3.332 (bottom left), and 3.333 (bottom right),
or 𝑐 = 1 = 𝑐0 with 𝜀 = 10−5, 𝛥𝑥∕𝛥𝑡 = 5, 𝛥𝑥 = 0.01, and 𝛥𝑡 = 0.002. (For interpretation of the references to color in this figure legend, the reader is referred to the
eb version of this article.)

Fig. 5. Zoom in 𝑡 ∈ [0, 2] of the plots on the evolution of the second invariant in Fig. 4.

of the compacton at 𝑡 ≈ 79.5 without any noticeable feature (see the panel at 𝑡 = 80). No instability is produced, as observed in the
panels at 𝑡 = 100 and 200, and in the second invariant plotted in Fig. 1 (red curve marked with triangles).

The results shown in Fig. 3 suggests that the maximum speed of the thin wavepackets emitted by the forward radiation have a
peed of 5.14, hence for a stable simulation the CFL condition should be 𝛥𝑥∕𝛥𝑡 > 5.14. This analysis explains the results plotted in
ig. 1, where 𝛥𝑥∕𝛥𝑡 = 5.2 yields a stable simulation, but 𝛥𝑥∕𝛥𝑡 = 5.1 results in the blow up of the solution. Currently, we have no
xplanation to the appearance of the thin wavepackets from the forward radiation, and to the lack of self-similarity of the forward
nd backward radiations for 𝑐0 = 0. Future research is required to explain the origin of these numerically-induced phenomena.

5.2. One compacton of the |𝐾|(𝑝, 𝑝) equation

The numerical simulations of the propagation of one compacton for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 1.5, 2.5, 3.5, and 4.5 show
n excellent agreement between the evolution of the second invariant and the analytical prediction of the adiabatic perturbation
heory. However, there is a disagreement for 𝑝 around the critical value 𝑝𝑐𝑟 = (3 +

√

13)∕2 ≈ 3.303 that separates the region in
which the analytical adiabatic perturbation theory predicts that the second invariant decreases in time, 𝑝 < 𝑝𝑐𝑟, or increases in time,
otherwise.

Fig. 4 shows the second invariant 𝐼2(𝑡) (blue curve) and its numerical adiabatic prediction 𝐼2𝜀(𝑡) (red curve marked with circles)
for the propagation of one compacton of the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 3.33 (top left panel), 3.331 (top right), 3.332 (bottom left),
8
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Fig. 6. The generation of a compacton train from a truncated cosine as an initial condition for the |𝐾|(2, 2) equation with a frequency of 𝜔̃ = 0.1 (left panels)
and 0.05 (right panels), with the corresponding contour plots (bottom panels). In the left panels, the simulations use 𝑥0 = 215, 𝑐0 = 1, 𝛥𝑥 = 0.02, 𝛥𝑡 = 0.001,
𝜀 = 1 ⋅ 10−4, and 𝑥 ∈ [0, 250]; and in the right panels, they use 𝑥0 = 380, 𝑐0 = 1, 𝛥𝑥 = 0.1, 𝛥𝑡 = 0.01, 𝜀 = 1 ⋅ 10−4, and 𝑥 ∈ [0, 600].

and 3.333 (bottom right), for 𝑐 = 1 = 𝑐0 with 𝜀 = 10−5. The evolution of 𝐼2(𝑡) in all the panels is approximately linear in time,
although the analytical prediction is an exponential behavior in time, due to the tiny exponent. The top panels show that the slope
of 𝐼2(𝑡) (blue curves) is −6.37 ⋅ 10−9 for 𝑝 = 3.330, and −2.91 ⋅ 10−9 for 𝑝 = 3.331. It should be noticed that the slopes for these values
of 𝑝 > 𝑝𝑐𝑟 are negative, against the prediction of the analytical adiabatic perturbation theory; moreover, the numerical adiabatic
perturbation theory also predicts a negative slope (as illustrated in the top right panel).

The bottom panels in Fig. 4 show that the slope of 𝐼2(𝑡) is positive for 𝑝 = 3.332 and 3.333, specifically, 5.59 ⋅10−10 and 4.03 ⋅10−9,
respectively. However, the numerical adiabatic perturbation theory predicts a negative slope for 𝑝 = 3.332 (bottom left panel) and a
positive one for 𝑝 = 3.333 (bottom right panel). By using inverse linear interpolation, we estimate that the change between negative
and positive slopes of 𝐼2(𝑡) occurs at 𝑝 = 3.3318368 ± 0.0000008, but for 𝐼2𝜀(𝑡) occurs at 𝑝 = 3.3323790 ± 0.0000007, both larger than
the analytical prediction 𝑝𝑐𝑟. Hence, the adiabatic perturbation theory analytically underpredicts the value of 𝑝𝑐𝑟, but numerically
overpredicts it; however, in the last case, the estimation has a relative error of only the 0.02%.

We have no rigorous explanation for the mismatch between the adiabatic prediction of the critical value 𝑝𝑐𝑟 and the numerical
results. However, Fig. 5 shows a zoom in the time interval [0, 2] of the plots for 𝐼2(𝑡) (blue curve) and 𝐼2𝜀(𝑡) (red curve with circles)
in Fig. 4. It is observed that the numerical invariants oscillate for 𝑡 < 1, with four maxima and three minima, before entering into a
monotonic linear evolution. Such transitory oscillations are outside the predictions of the analytical adiabatic perturbation for the
evolution of one compacton; we think that they are associated with the emission of the numerically-induced radiation observed in
Fig. 3.

5.3. Multiple compactons for the |𝐾|(2, 2) equation

The adiabatic perturbation theory can be used to predict the evolution of the second invariant in arbitrary solutions of the |𝐾|(2, 2)
equation with multiple compactons. In the study of the generation of compacton trains, the most widely used initial condition is a
truncated cosine profile, given by

𝑢(𝑥, 0) =
{

cos(𝜔̃ (𝑥 − 𝑥0)), 𝜔̃ |𝑥 − 𝑥0| ≤ 𝜋∕2,
9

0, otherwise.
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Fig. 7. The evolution of the second invariant (top panels) and its time derivative (bottom panels) for the |𝐾|(2, 2) equation (blue line) and the corresponding
predictions from adiabatic perturbations (red line with red circles) for the solutions plotted in Fig. 6. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 6 shows the generation of a compacton train from two truncated cosine initial conditions, one with 𝜔̃ = 0.1 (left panels) and
another one with 𝜔̃ = 0.05 (right panels), both with 𝜀 = 1 ⋅ 10−4. For 𝜔̃ = 0.1 (left panels), the initial condition (𝑡 = 0) generates a
train of four compactons in succession, with decreasing amplitudes of 1.35, 0.92, 0.55, and 0.26, values that remain constant from
𝑡 = 160 until 𝑡 = 200, followed by a small zero-mass residual and an oscillatory tail that stretches to the left as time passes. The
panel at 𝑡 = 0 shows the initial condition. The first compacton is well-separated from the rest ones at 𝑡 = 40, the second one is in
the process of separation, and both are connected by a dissipative plateau. At 𝑡 = 80, 𝑡 = 120, and 𝑡 = 160 the first two, three, and
four compactons, respectively, are well-separated from the rest ones, with plateaus of increasing amplitude from the right to the
left between them. At 𝑡 = 160, the four compactons are well separated from the residual and its oscillatory tail, that has reentered
the domain. Finally, at 𝑡 = 200, the tallest compacton is over the oscillatory tail, without any change on its amplitude. The bottom
left panel shows a contour panel with the four compactons in yellow, orange, green–orange, and cyan-white colors, the residual in
blue color, and the first part of the oscillatory tail in dark blue (the full oscillatory tail is not represented in this contour panel for
clarity).

For 𝜔̃ = 0.05, the right panels in Fig. 6 show that the initial condition (at 𝑡 = 0), which width is exactly the double of that of the
one in the right panel, generates a train of eleven compactons of decreasing amplitudes of 1.44, 1.23, 1.01, 0.808, 0.621, 0.453,
0.304, 0.186, 0.104, 0.0858, and 0.0510 (at 𝑡 = 580). At 𝑡 = 40, no compacton is well separated from the rest, with all connected
to an emerging oscillatory tail. At 𝑡 = 80 (𝑡 = 180), the first three (six) compactons are well separated, with plateaus of increasing
amplitude from the right to the left, with the fourth (seventh) one in process of separation of the rest ones; simultaneously, the
oscillatory tail stretches. At 𝑡 = 380, eight compactons are well separated with plateaus between them and the tallest compacton in
contact with the oscillatory tail that has reentered the domain; the remaining smaller compactons are in process of separation near
the right boundary of the domain.

Finally, at 𝑡 = 580, in the right panels in Fig. 6, eleven compactons can be observed, with the three smallest one in process of
separation; the five smallest compactons (from the eleventh to the seventh) have already collided with the tallest compacton, which
is now between the seventh and sixth compactons; the second compacton has collided with the three smallest compactons (from
the eleventh to the ninth), being now at the left of the eighth compacton; and the third compacton is over the oscillatory tail, with
the residual at the left of the three smallest compactons. The bottom right panel shows a contour panel with the eleven compactons
in colors from yellow to blue, and the residual and the first part of the oscillatory tail in dark blue (the whole oscillatory tail is not
represented in this contour panel). Let us highlight that, in the contour plot, the slope for the tallest compacton changes in every
chase collision with the shortest ones, due to its delay during the interaction (illustrated in the top left part of the bottom right
panel).

Fig. 7 illustrates that the prediction of the adiabatic perturbation theory (red curve with circles) for the evolution of the second
invariant (blue curve) is in excellent agreement with the numerical results for both the truncated cosine with 𝜔̃ = 0.1 (left panels)
and 0.05 (right panels). The second invariant remains nearly constant until 𝑡 = 7 for 𝜔̃ = 0.1 (top left panel) or 𝑡 = 17 for 𝜔̃ = 0.05
(top right panel), where its slope rapidly changes down to −3.4⋅10−5 (bottom left panel) or −6.6⋅10−5 (bottom right panel). After that
large change, the time derivative of the second invariant remains nearly constant until some oscillations appear when the oscillatory
tail of the residual touches the leading compacton at 𝑡 = 172 (bottom left panel) or at 𝑡 = 380 (bottom right panel). Even during
10

these oscillations, the prediction of the numerical adiabatic perturbation theory agrees with the numerical results.
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Fig. 8. The generation of a compacton train from a dilated compacton with 𝑐 = 1 = 𝑐0 and 𝑤 = 10 as an initial condition for the |𝐾|(2, 2) equation by using
𝛥𝑥 = 0.01, 𝛥𝑡 = 0.002, 𝜀 = 1 ⋅ 10−4, and 𝑥 ∈ [0, 250]. The top panels show six time snapshots, and the bottom panels show a contour plot (bottom left panel) and a
surface plot with the initial condition in red color (bottom right panel). (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Another standard way to study the generation of compacton trains is by using a dilated compacton as an initial condition, given
by [14,23,33]

𝑢(𝑥, 0) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

4 𝑐
3 cos2

(

𝑥−𝑥0
4

)

, −2𝜋 ≤ 𝑥 − 𝑥0 < 0,
4 𝑐
3 , 0 ≤ 𝑥 − 𝑥0 ≤ 𝑤,
4 𝑐
3 cos2

(

𝑥−𝑥0−𝑤
4

)

, 𝑤 < 𝑥 − 𝑥0 ≤ 𝑤 + 2𝜋,

as illustrated in Fig. 8 (𝑡 = 0 panel) for 𝑥0 = 190 and 𝑤 = 10, with 𝑐 = 1 = 𝑐0 and 𝜀 = 1 ⋅ 10−4. In this case, the dilated compacton
with amplitude 1.33 decomposes into three compactons of decreasing amplitudes 1.86, 1.25, and 0.400, values that remain constant
from 𝑡 = 40 until 𝑡 = 100. The three compactons are separated by dissipative plateaus and accompanied by an oscillatory tail residual
of increasing frequency and decreasing amplitude towards its left side. The panels at 𝑡 = 20, 40, and 60 show that the oscillatory
tail separates from the smallest compacton and stretches as time passes. At 𝑡 = 80 the tail has reentered the domain, overlapping
with the leading compacton. Finally, at 𝑡 = 100 the tail reaches the right boundary of the second compacton. The bottom left panel
shows a contour plot with the three compactons in yellow, green and blue color, and the residual and the oscillatory tail in dark
blue. Finally, the bottom right panel shows a surface plot of the solution with the initial condition highlighted in red color.

The numerical adiabatic perturbation fails in order to predict the evolution of the second invariant for the generation of
compacton trains from the dilated compacton initial conditions. Fig. 9 compares the second invariant (blue curve in top panels)
with its adiabatic prediction (red curve with black circles in top panels) and their corresponding time derivatives (bottom panels);
the left panels show the whole time interval [0, 100] and the right ones a zoomed time interval [0, 5]. The top and bottom left panels
show that the adiabatic prediction follows the same trends as the invariant for 𝑡 ∈ [2, 100]. In fact, if Eq. (13) is solved by using
𝐼2(2.5) as initial condition instead of 𝐼2(0), the new predicted curve only deviates from the invariant about 0.005% (not illustrated
in the figure).

The top right panel in Fig. 9 shows that the adiabatic prediction (red curve with circles) deviates slowly from the second invariant
until 𝑡 ≈ 1; there it starts a larger deviation up to 𝑡 ≈ 2, after which the deviation remains nearly constant; at 𝑡 ≈ 2, the relative
error is about 0.048%, increasing slowly up to 0.056% at 𝑡 = 100. The bottom right panel shows that the observed deviation
is due to fluctuations in the time derivative of the second invariant estimated by the adiabatic prediction between 𝑡 = 0.21 and
𝑡 = 2.25. Apparently, the fluctuations are associated to the large noise in the numerical evaluation of the third-order derivative in
the right-hand side of the adiabatic Eq. (16) observed for 𝑡 < 3. It should be noticed that, when the right-hand side of Eq. (16) is
evaluated by using either the second-order or the fourth-order derivative instead of the third-order one, cf. Eq. (12), the results are
noisier and the deviations are larger.
11
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Fig. 9. The evolution of the second invariant (top panels) and its time derivative (bottom panels) for the |𝐾|(2, 2) equation (blue line) and the corresponding
predictions from adiabatic perturbations (red line with black circles) for the solutions plotted in Fig. 8. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Fig. 10. Compacton–compacton chase collisions for the |𝐾|(2, 2) equation with compacton speeds of 𝑐1 = 1 and 𝑐2 = 0.1 = 𝑐0, and hyperviscosity 𝜀 = 1 ⋅ 10−5 (left
panels), and 𝑐1 = 2, 𝑐2 = 1 = 𝑐0, and 𝜀 = 1 ⋅ 10−4 (right panels), both by using 𝛥𝑥 = 0.01, and 𝛥𝑡 = 0.002.

5.4. Compacton–compacton chase collisions

In order to evaluate the effectiveness of the numerical adiabatic perturbation theory for the evolution of the second invariant in
compacton–compacton chase collisions, let us start with the |𝐾|(2, 2) equation. Fig. 10 (left panels) shows a compacton–compacton
12
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Fig. 11. Evolution of the second invariant (top panels) and its time derivative (bottom panels) for the |𝐾|(2, 2) equation (blue line) and the corresponding
predictions from adiabatic perturbation (red line with red circles) in compacton–compacton chase collisions with compacton speeds 𝑐1 = 1 and 𝑐2 = 0.1 = 𝑐0, and
hyperviscosity 𝜀 = 1 ⋅ 10−5 (left panels), and 𝑐1 = 2, 𝑐2 = 1 = 𝑐0, and 𝜀 = 1 ⋅ 10−4 (right panels), by using 𝛥𝑥 = 0.01, and 𝛥𝑡 = 0.002. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

chase collision with speeds 𝑐1 = 1 and 𝑐2 = 0.1 = 𝑐0, and 𝜀 = 1 ⋅10−5. The top left panel at 𝑡 = 0 shows the initial condition with both
compactons by using a logarithmic vertical scale. At 𝑡 = 5 it shows both compactons during its interaction and the appearance of a
backward radiation with a sharp front. At 𝑡 = 20, the tallest compacton has crossed the smallest one, being at its right; additionally,
the left part of the zero-mass residual is appearing at left side of the smallest compacton. At 𝑡 = 70, the separation of the tallest
compacton from the other one is observed, with a dissipative plateau between them with an amplitude of 2.1 ⋅ 10−6; the residual
generates an oscillatory tail with an amplitude larger than that of the backward radiation.

The residual is separating from the smallest compacton at 𝑡 = 150 in the top left panel in Fig. 10, with its oscillatory tail stretching
towards the left. Finally, at 𝑡 = 200, the larger compacton has reentered the domain, approaching the oscillatory tail of the residual,
that is well-separated from the smallest compacton. The bottom left panel in Fig. 10 shows a contour plot of this solution, with the
leading compacton in yellow, the other compacton in blue, and the residual in dark blue (the whole oscillatory tail of the residual
is not illustrated for clarity).

Fig. 10 (right panels) shows a compacton–compacton chase collision with speeds 𝑐1 = 2 and 𝑐2 = 1 = 𝑐0, and 𝜀 = 1 ⋅ 10−4. At
𝑡 = 5, while the compactons are interacting, a backward radiation with a sharp front is observed. At 𝑡 = 15, the tallest compacton
has exchanged its relative position with the smallest one, and simultaneously half of the zero-mass residual has appeared at left
side of the smallest compacton; the residual has an amplitude larger than that of the backward radiation visible at its left side. At
𝑡 = 20, both compactons are well separated, with the residual connected to the smallest one, and the backward radiation moving to
the left with a speed of −𝑐0.

The dissipative plateau between both compactons is appearing at 𝑡 = 25 in the top right panel in Fig. 10, with the residual and
its oscillatory tail propagating towards the left direction. Finally, at 𝑡 = 50, the compactons are separated by a plateau of amplitude
2.1 ⋅ 10−5, with another plateau of 4.2 ⋅ 10−5 between the residual and the smallest compacton; the oscillatory tail of the residual is
stretching towards the left, with an amplitude larger than that of the backward radiation. The bottom right panel in Fig. 10 shows
a contour plot of the solution, with the leading compacton in yellow, the other compacton in light blue, and the residual and the
first part of the oscillatory tail in dark blue.

Fig. 11 shows that the evolution of the second invariant during the compacton–compacton chase collisions for the |𝐾|(2, 2)
equation shown in Fig. 10 is in an excellent agreement with the prediction of the numerical adiabatic perturbation theory. The
top panels show that, before and after the chase collision, the second invariant 𝐼2(𝑡) exponentially decays as predicted by the
corresponding equation in Table 1, but during the chase collision the slope of the second invariant changes. During the whole
simulation, the prediction of the adiabatic perturbation 𝐼2𝜀(𝑡) (blue curve) coincides with the evolution of the invariant 𝐼2(𝑡) (red
curve with circles).

The agreement is further illustrated in the bottom panels in Fig. 11, that show the evolution in time of 𝑑𝐼2∕𝑑𝑡 (blue curve) and
𝑑𝐼2𝜀∕𝑑𝑡 (red curve with circles). During the compacton–compacton chase collision, both have a small minimum, a big maximum
and then another small minimum; after the chase collision both remain constant. Let us emphasize that the panels show the time
interval [0, 50] in order to highlight the chase collision, although the excellent agreement continues in the whole time interval of
the simulation, 𝑡 ∈ [0, 200].

The behavior of the adiabatic perturbation theory for the prediction of the evolution of the second invariant in the compacton–
compacton chase collisions can also be illustrated for the |𝐾|(𝑝, 𝑝) equation for non-integer 𝑝 ≠ 2. Fig. 12 shows contour plots for
four representative compacton–compacton chase collision with 𝑝 = 1.5 (top left panel), 𝑝 = 2.5 (top right), 𝑝 = 3.5 (bottom left)

−5
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and 𝑝 = 4.5 (bottom right panel), all with 𝑐1 = 1 = 𝑐0, 𝑐2 = 0.9, and 𝜀 = 1 ⋅ 10 . In the initial condition, the position of both
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Fig. 12. Contour plots of the compacton–compacton chase collision for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 1.5 (top left panel), 𝑝 = 2.5 (top right panel), 𝑝 = 3.5
(bottom left panel) and 𝑝 = 4.5 (bottom right panel), with 𝑐1 = 1 = 𝑐0, 𝑐2 = 0.9, 𝜀 = 1 ⋅ 10−5, 𝛥𝑥 = 0.01, and 𝛥𝑡 = 0.002.

compactons are 𝑥0,1 = 99 − 𝑤𝑝∕2 and 𝑥0,2 = 101 + 𝑤𝑝∕2, where 𝑤𝑝 = 2𝜋 𝑝∕(𝑝 − 1) is the width of the compacton (3). The four
panels show similar trends, although the compactons and the residual are wider for smaller 𝑝: the two compactons collide and
separate, generating during the interaction a residual moving backwards at −𝑐0 with an oscillatory tail that stretches towards the
left (it should be noticed that only the oscillations with higher amplitudes of the tail, which exhibits the lowest frequencies, are the
only ones shown plotted in contour plots for clarity). The residual reenters the domain two times, crossing both compactons with
a small change in its slope after the interaction with each compacton. However, there is no noticeable change in the slope of the
compactons.

Fig. 13 compares the evolution of the second invariant (blue curves) and the prediction of the adiabatic perturbation (red curves
with circles) for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 1.5 (top left panels), 2.5 (top right ones), 3.5 (bottom left ones), and 4.5 (bottom
right ones). For 𝑝 = 1.5, both curves agree until 𝑡 = 380 where the adiabatic prediction deviates from the second invariant (top part
of the 𝑝 = 1.5 panel), due to a large deviation of the time derivative of the second invariant in the adiabatic prediction (bottom part
of the 𝑝 = 1.5 panel); note that there is an additional small deviation in the time derivative from 𝑡 = 120, that disappears around
𝑡 = 280, but whose effect on the invariant is not noticeable in the top part of the 𝑝 = 1.5 panel.

The agreement between the adiabatic prediction and the evolution of the invariant and its time derivative is excellent for 𝑝 = 2.5,
3.5, and 4.5 as illustrated in the corresponding panels in Fig. 13. For 𝑝 = 2.5 (top right panels), the behavior is very similar to that
observed for 𝑝 = 2 on the left panels in Fig. 11. However, for 𝑝 = 3.5 (bottom left panels), the invariant increases in time, as
expected from the propagation one compacton with 𝑝 > (3 +

√

13)∕2 ≈ 3.303 (see the discussion of Table 1 in the main text).
However, during the compacton–compacton chase collision, the slope of the second invariant temporally changes its sign (top part
of the 𝑝 = 3.5 panel), as observed in its time derivative (bottom part of the 𝑝 = 3.5 panel), which is matched accurately by the
adiabatic perturbation. Finally, for 𝑝 = 4.5 (bottom right panels), the slope of the second invariant decreases during the chase
collision (top part of the 𝑝 = 4.5 panel), but without changing sign, as illustrated by its time derivative (bottom part of the 𝑝 = 4.5
panel).

The second invariant for compacton–compacton chase collisions of the 𝐾(𝑝, 𝑝) equation decreases before and after the chase
collision for 𝑝 = 2.5, but increases in both cases for 𝑝 = 3.5; the value of 𝑝 at which this change in the slope occurs can be numerically
estimated as follows. For such a task, the slopes of 𝐼2(𝑡) and 𝐼2𝜀(𝑡) can be calculated by linear fitting its values after the chase collision,
i.e., in the interval 𝑡 ∈ [55, 100]. In Section 5.1, for one compacton, it has been shown that the change in slope occurs for 𝑝 = 3.3318;
we expect a similar value for the compacton–compacton chase collision. However, the slopes are −5.99 ⋅ 10−7 and −7.68 ⋅ 10−8 for
𝑝 = 3.31 and 3.32, respectively.

Fig. 14 shows the evolution of 𝐼2 (blue curve) and of 𝐼2𝜀 (red curve with circles) during the chase collision for 𝑝 = 3.32 (top left
panel), 3.33 (top right panel), 3.34 (bottom left panel), and 3.35 (bottom right panel). The slope of the invariant for 𝑡 ∈ [55, 100] is
negative for 𝑝 = 3.32 and 𝑝 = 3.33, being in the last case −1.40 ⋅ 10−8. However, for 𝑝 = 3.34 and 3.35, the slope becomes positive,
specifically, 4.92⋅10−8 and 1.13⋅10−7, respectively. Although not illustrated in the plots, the slope change occurs between 𝑝 = 3.332222
and 3.332224, for which the slopes are −5.80 ⋅ 10−12 and 7.54 ⋅ 10−12, respectively; in fact, for 𝑝 = 3.332223 the slope is −2.13 ⋅ 10−13,
being zero in practice (the invariant oscillates irregularly around a constant value in the time interval 𝑡 ∈ [55, 100]). The critical
value of 𝑝 for this change in slope can be estimated by using a linear interpolation, resulting in 𝑝 = 3.3322229 ± 0.0000001.
14
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Fig. 13. Evolution of the second invariant (𝐼2) and its time derivative (𝑑𝐼2∕𝑑𝑡) for the |𝐾|(𝑝, 𝑝) equation (blue line) and the corresponding predictions from
adiabatic perturbation (red line with red circles) in compacton–compacton chase collisions for 𝑝 = 1.5 (top left panels), 𝑝 = 2.5 (top right panels), 𝑝 = 3.5 (lower
left panels) and 𝑝 = 4.5 (lower right panels) with compacton speeds 𝑐1 = 1 = 𝑐0 and 𝑐2 = 0.9, and hyperviscosity 𝜀 = 1 ⋅ 10−5 by using 𝛥𝑥 = 0.01, and 𝛥𝑡 = 0.002.
For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

.5. Compacton–anticompacton chase collisions

The adiabatic perturbation theory for the evolution of the second invariant can also be evaluated in compacton–anticompacton
hase collisions for the |𝐾|(𝑝, 𝑝) equation. Fig. 15 shows contour plots for chase collisions with 𝑝 = 1.5 (top left panel), 𝑝 = 2.5 (top
ight), 𝑝 = 3.5 (bottom left) and 𝑝 = 4.5 (bottom right); in the initial condition, the compacton has speed 𝑐1 = 1 = 𝑐0 and is located at
0,1 = 99−𝑤𝑝∕2, and the anticompacton has speed 𝑐2 = −0.5 and is located at 𝑥0,2 = 101+𝑤𝑝∕2. In the contour plots, the compactons
ave yellow color, the anticompactons have dark blue color, and the residual has either blue or cyan color; note that compactons
nd anticompactons are wider for smaller 𝑝.

The four panels in in Fig. 15 show similar trends. The compacton and the anticompacton collide and separate, generating a
esidual that moves backwards at about −𝑐0 with an oscillatory tail that stretches towards the left (in the contours only the first
scillations of this tail are plotted for clarity). The residual reenters the domain two times, crossing both compactons with a change
n its slope after the interaction with each compacton; but there is no noticeable change in the slope of the compactons. Let us
ighlight that, for 𝑝 > 1.5, a second chase collision between the compacton and the anticompacton is observed around 𝑡 = 500.

Fig. 16 compares the prediction of the adiabatic perturbation theory and the evolution of the second invariant in the compacton–
nticompacton chase collisions for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 1.5, 2.5, 3.5, and 4.5, and hyperviscosity 𝜀 = 1 ⋅ 10−4 (the same
imulations shown in Fig. 15). For 𝑝 = 1.5 (top left panels), the prediction 𝐼2𝜀 (red curve with black circles) only agrees with the
nvariant 𝐼2 (blue curve) before the start of the chase collision at 𝑡 = 17; after this time, a large deviation is observed, with a final
15

elative error of 4.4% at 𝑡 = 500. This mismatch is due to the large deviation between 𝑑𝐼2∕𝑑𝑡 (blue curve) and 𝑑𝐼2𝜀∕𝑑𝑡 (red curve
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Fig. 14. Simulation of a chase collision compacton–compacton for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 3.32 (top left panel), 3.33 (top right panel), 3.34 (bottom left
panel), and 3.35 (bottom right panel), in the comoving frame of reference of the first compacton, with speeds 𝑐1 = 1 = 𝑐0 and 𝑐2 = 0.9, by using 𝛥𝑥 = 0.01,
𝛥𝑡 = 0.002, 𝜀 = 1 ⋅ 10−5, and 𝑡 ∈ [0, 100].

Fig. 15. Contour plots of the compacton–anticompacton chase collision for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 1.5 (top left panel), 𝑝 = 2.5 (top right panel), 𝑝 = 3.5
(bottom left panel) and 𝑝 = 4.5 (bottom right panel), with 𝑐1 = 1 = 𝑐0, 𝑐2 = −0.5, 𝜀 = 1 ⋅ 10−4, 𝛥𝑥 = 0.01, and 𝛥𝑡 = 0.002.

with circles) shown in the bottom part of the 𝑝 = 1.5 panel; although 𝑑𝐼2∕𝑑𝑡 remains nearly constant, 𝑑𝐼2𝜀∕𝑑𝑡 shows a change of
two orders of magnitude with a minimum about 𝑡 ≈ 50.

The plot insert in the bottom part of the 𝑝 = 1.5 panel in Fig. 16 shows that 𝑑𝐼2∕𝑑𝑡 (blue curve) has a V-like shape between
𝑡 = 17 and 60; specifically, it increases up to a small maximum, then decreases down to a large minimum, increases again up to a
maximum similar to the previous one, and, finally, returns to its original value. The profile of the change in 𝑑𝐼2𝜀∕𝑑𝑡 (red curve) in
the bottom part of the 𝑝 = 1.5 panel is not related with this V-like shape, being asymmetrical, with large gradients before reaching
a minimum and with a subsequent exponential relaxation towards the 𝑑𝐼2∕𝑑𝑡 curve. We expect that during a future second chase
collision a new large deviation will appear in 𝑑𝐼2𝜀∕𝑑𝑡 (not observed in the plot).

For 𝑝 = 2.5 (top right panels in Fig. 16), the invariant 𝐼2 (blue curve) has a behavior similar to that observed for 𝑝 = 1.5, with a
large deviation of the adiabatic prediction 𝐼2𝜀 (red curve with circles) after the chase collision, with a final error of 3.8% at 𝑡 = 500.
However, 𝑑𝐼2∕𝑑𝑡 (bottom part of the 𝑝 = 2.5 panel) shows a local maximum, instead of the V-like shape observed for 𝑝 = 1.5. The
prediction 𝑑𝐼 ∕𝑑𝑡 shows large oscillations during the chase collision. The reason could be the large gradients of the solution during
16
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Fig. 16. Evolution of the second invariant (𝐼2) and its time derivative (𝑑𝐼2∕𝑑𝑡) for the |𝐾|(𝑝, 𝑝) equation (blue line) and the corresponding predictions from
adiabatic perturbation (red line with red circles) in compacton–anticompacton chase collisions for 𝑝 = 1.5 (top left panels), 𝑝 = 2.5 (top right panels), 𝑝 = 3.5
(lower left panels) and 𝑝 = 4.5 (lower right panels) with compacton speeds 𝑐1 = 1 = 𝑐0 and 𝑐2 = 0.5, and hyperviscosity 𝜀 = 1 ⋅ 10−4 by using 𝛥𝑥 = 0.01, and
𝛥𝑡 = 0.002. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

the chase collisions that result in large errors in the numerical approximation of its third-order derivative in the right-hand side of
the adiabatic Eq. (16); like in the case of the dilated compacton presented in Section 5.3.

The adiabatic perturbation theory prediction for the time derivative of the second invariant is in good agreement with the
numerical result between compacton–anticompacton chase collisions for the |𝐾|(𝑝, 𝑝) equation with 𝑝 > 3, however, during the
hase collisions there are deviations that result in a constant mismatch between this invariant and its adiabatic prediction. This
ehavior is illustrated in Fig. 16, for 𝑝 = 3.5 (bottom left panels), where the 𝐼2 (blue curve) grows in time, but with a large change
n slope during the two chase collisions occurring in 𝑡 ∈ [0, 500]. The value of 𝑑𝐼2∕𝑑𝑡 (blue curve) in the bottom 𝑝 = 3.5 panel is
lways positive, with a local maximum during the chase collisions; however, that of 𝑑𝐼2𝜀∕𝑑𝑡 (red curve with black circles) has a
egative minimum for 𝑡 < 10.5, and a subsequent positive maximum, smaller than that of 𝑑𝐼2∕𝑑𝑡, during the first chase collision;
etween the chase collisions, it follows the same trend as 𝑑𝐼2∕𝑑𝑡. It should be noticed that, during the second chase collision, only

the local positive maximum in 𝑑𝐼2𝜀∕𝑑𝑡 is observed, which is also smaller than that of 𝑑𝐼2∕𝑑𝑡. Quantitatively, after the first chase
collision, the deviation between 𝐼2 and 𝐼2𝜀 is about 0.5%, remaining nearly constant until the second chase collision; the final
deviation, during the second chase collision, is of 0.7% at 𝑡 = 500.

For 𝑝 = 4.5 (bottom right panels), the invariant 𝐼2 (blue curve) grows in time, with changes in slope during the chase collisions;
in general trends, the behavior is similar to that observed for 𝑝 = 3.5. The adiabatic prediction 𝑑𝐼2𝜀∕𝑑𝑡 (red curve with black circles
in the bottom part of the 𝑝 = 4.5 panel) is negative in the time derivative for 𝑡 < 13.8, with a large local minimum (two orders of
magnitude larger than the one observed for 𝑝 = 3.5); subsequently, a local positive maximum is observed, but smaller than that of
𝑑𝐼 ∕𝑑𝑡. After the first chase collision, there is a good agreement between 𝑑𝐼 ∕𝑑𝑡 and 𝑑𝐼 ∕𝑑𝑡; however, there is a constant deviation
17
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Fig. 17. The evolution in time of the second invariant (blue curve) and its linear fit in 𝑡 ∈ [150, 200] (red curve with circles) in a compacton–anticompacton
chase collision for the |𝐾|(𝑝, 𝑝) equation with 𝑝 = 3.3600 (top left panel), 3.3607 (top right panel), 3.3608 (bottom left panel), and 3.3614 (bottom right panel),
with speeds 𝑐1 = 1 = 𝑐0 and 𝑐2 = 0.9, by using 𝛥𝑥 = 0.01, 𝛥𝑡 = 0.002, 𝜀 = 1 ⋅ 10−5, 𝑥 ∈ [0, 250], and 𝑡 ∈ [0, 200]. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

of about 13.6% between the invariant 𝐼2 and its prediction 𝐼2𝜀 (top chase 𝑝 = 4.5 panel); the final deviation is 13.7% at 𝑡 = 500
(during the second chase collision).

The second invariant after the compacton–anticompacton chase collision for the |𝐾|(𝑝, 𝑝) equation has a negative slope for 𝑝 = 1.5
nd 2.5, but a positive one for 𝑝 = 3.5 and 4.5 as shown in Fig. 16. Hence, there is a critical value of 𝑝 where this change in the slope
ccurs, that can be determined by using linear interpolation of the slopes. Fig. 17 illustrates the evolution of the second invariant for
∈ [0, 200] (blue curve) and its linear fit in 𝑡 ∈ [150, 200] (red curve with circles) in a compacton–anticompacton chase collision for
he |𝐾|(𝑝, 𝑝) equation with 𝑝 = 3.36 (top left panel), 3.3607 (top right panel), 3.3608 (bottom left panel), and 3.3614 (bottom right
anel). For 𝑝 = 3.3600 and 3.3607 the slopes of 𝐼2(𝑡) in 𝑡 ∈ [150, 200] are negative, −3.01 ⋅ 10−8 and −9.51 ⋅ 10−10, respectively, but

for 𝑝 = 3.3608 and 3.3614 they are positive, 3.21 ⋅ 10−9 and 2.82 ⋅ 10−8, resp.; in all these cases the slope for 𝐼2𝜀 is positive (although
not illustrated in the plots because its values are outside their vertical axis span). A linear fit estimates that the critical value of 𝑝
is given by 3.3607228 ± 0.0000001.

6. Conclusions

The adiabatic perturbation theory has been applied to the |𝐾|(𝑝, 𝑝) equation numerically solved by a Petrov–Galerkin method
with small hyperviscosity. This numerical method exactly preserves the first invariant, but does not conserve the second invariant,
which evolves in time as a function of the hyperviscosity parameter. For the propagation of a single compacton, this theory predicts
that the compacton speed is a function of a slow time scale governed by an ordinary differential equation; its analytical solution has
been obtained. It determines the adiabatic evolution of the second invariant, which decreases or increases depending on whether 𝑝
is smaller or larger than a critical value 𝑝𝑐𝑟 = (3 +

√

13)∕2 ≈ 3.303.
We have observed that the numerical propagation of a single compacton of the |𝐾|(2, 2) equation without hyperviscosity presents

an instability associated with the CFL condition. The compacton emits thin wavepackets of radiation with a group velocity larger
than that of the compacton and those of the fronts of the numerically-induced, forward and backward radiation. The CFL condition
should cope with such thin wavepackets in order to avoid potential instabilities in simulations without hyperviscosity. It should be
highlighted that such instabilities do not appear when small hyperviscosity is included in the simulation.

The evolution of the second invariant during the numerical propagation of a single compacton of the |𝐾|(𝑝, 𝑝) equation with small
yperviscosity agree with the predictions of the numerical adiabatic perturbation theory. However, there is a small discrepancy in
he estimation of the critical value of 𝑝 that separates when the evolution of the second invariant either decreases or increases as a
unction of the hyperviscosity. The numerical estimation yields a critical value of 𝑝 ≈ 3.332, which differs from the analytical value
𝑐𝑟 ≈ 3.303. This small difference of about 1% could be associated with the emission of the numerically-induced radiation.

A numerical implementation of the adiabatic perturbation has been developed for solutions of the |𝐾|(𝑝, 𝑝) equation with multiple
ompactons simulated with small hyperviscosity. The numerical adiabatic prediction is in excellent agreement with the numerical
volution of the invariant in the propagation of a single compacton, the generation of compacton trains from a truncated cosine
nitial condition, and compacton–compacton chase collisions. However, there is a discrepancy between the adiabatic prediction
nd the numerical results for scenarios involving the generation of a compacton train from a dilated compacton and compacton–
nticompacton chase collisions. While there is an initial agreement, substantial deviations in the invariant evolution with respect
18
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to the adiabatic prediction are observed when the solution have large spatial gradients. Currently, we have no explanation for such
a discrepancy.

The numerical estimation of the critical value of 𝑝 in compacton–compacton chase collisions result in a value ≈ 3.332; this
alue coincides with the one obtained for the propagation of a single compacton, reinforcing the agreement of the numerical
diabatic prediction of the second invariant. However, in the case of compacton–anticompacton chase collisions, a critical 𝑝 ≈ 3.360
s estimated. The origin of this discrepancy with the result for compacton–compacton chase collisions may be related with the
isagreement between the numerical adiabatic predictions and the evolution of the second invariant in such cases.

Let us summarize some lines for further research. In general terms, our findings validate the use of the adiabatic perturbation
heory for the analysis of the numerically-induced evolution of the invariants due to the hyperviscosity. Hence, they suggest that
odifying the numerical method to correct for the effects introduced by the hyperviscosity could lead to a new numerical scheme

hat nearly preserves the second invariant. Our intention is to study it in the near future.
Additionally, we have observed wavepackets of numerically-induced radiation generated from the one compacton solution in

umerical simulations conducted without hyperviscosity. Their detailed analysis, by using a slowly varying envelope approximation
nd proper perturbation methods, is also an interesting topic for further research.

Finally, we have studied a numerical method for the |𝐾|(𝑝, 𝑝) equation; in the future we will evaluate the adiabatic perturbation
heory with alternative numerical methods to determine whether it also predicts the corresponding numerically-induced phenomena
ith similar success.
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