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Abstract

This work introduces a theoretical framework to develop
fully-analytical and multi-modal equivalent circuits that are
applicable to spatiotemporal metasurfaces. Here, time is
considered a periodic variable. Thus, classical models for
purely spatial structures are generalized to cover space-time
scenarios. This paper explores various periodic metastruc-
tures from a circuital perspective, considering just time pe-
riodicity or space-time periodicities. The performance of
the analytical equivalent circuits is validated through an ex-
ternal FDTD code. The results suggest that our analytical
model is a powerful tool to describe and design novel and
advanced space-time microwave and photonic systems.

1 Introduction

The study and development of space-time systems have be-
come a hot topic in the electromagnetics and optic fields
since a few years ago [1–3]. Special attention has been de-
voted to metasurfaces/metamaterials governed by periodic
modulations and/or embedded in moving media [4–6]. The
range of applicability of space-time metasurfaces is vast:
direction-of-arrival (DOA) estimation [7], non-reciprocal
systems [8], novel conceptions of beamformers and fre-
quency mixers [9, 10], digital and programmable surfaces
[11], antireflection temporal coatings [12], microwave cir-
cuit and antenna engineering [13, 14], gain amplifiers [15]
or Doppler clocking [16], among others. However, the
complex electromagnetic analysis of these structures repre-
sents the main drawback for them to be studied, designed,
and developed. To date, most popular commercial software
lacks specific modules applied to analyze time-modulated
systems.

The use of circuit-model approaches [17] has proven to be
a good solution for analyzing space-time metasurfaces un-
der periodic modulations [18]. Circuit models have a long
history of resolving wave-guiding problems in microwave
and millimeter-wave regimes. Very original and popular
solutions are found in [19], where many waveguide discon-

tinuities are modeled via lumped elements. The subsequent
emergence of frequency selective surfaces (FSSs) in terms
of periodic structures [20], and the corresponding analy-
sis techniques focused on the unit cell [21] have extended
the range of application of circuit models, covering scenar-
ios defined by waveguides surrounded by periodic bound-
ary conditions (PBC) [22]. The extension to space-time
systems demands circuit models capable of reproducing a
multi-modal response since plenty of harmonics carrying
energy along several spatial directions appear naturally.

This paper describes a technique to derive equivalent cir-
cuits for time-varying and space-time-varying metasur-
faces. The methodology is inspired by the multi-modal and
fully-analytical circuit derivations for spatially-periodic
structures in [23–25]. The inclusion of time as a new peri-
odic variable has been successfully tested in [18,26], where
an incident plane wave feeds a simple time-varying screen.
This paper extends the method to two-dimensional spa-
tiotemporal screens (3 different periodicities occur in the
problem). The method is applied and validated in a space-
time 1D grating excited by an external plane wave.

2 Analytical method

Let us consider an extremely thin (negligible thickness)
space-time metasurface standing in free space. This struc-
ture is externally excited by the incidence of a plane wave
with period T0 (ω0 = 2π/T0). To generalize, the metasur-
face is assumed to be spatially periodic along the transverse
directions x̂ and ŷ, controlled by px and py respectively.
In addition, the structure is periodically modulated in time
with periodicity value Ts (ωs = 2π/Ts). Given the prob-
lem’s periodic nature, the structure’s analysis is reduced to
the analysis of the unit cell, which is equivalent to analyz-
ing a discontinuity waveguide problem bounded by periodic
boundary conditions.

Figure 1(a) sketches the unit cell in lateral perspective (YZ-
plane). Two regions are henceforth distinguished: left-hand
side region, or region (1), from which the incident wave
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Figure 1. (a): Waveguide discontinuity problem (unit cell)
of the space-time periodic structure. Lateral view (YZ-
plane). (b): Circuit model representation of the unit cell.
Each space-temporal harmonic is considered in terms of
a single transmission line. Just a single higher-order har-
monic is considered, though the number is theoretically in-
finite.

impinges, and right-hand side region, or region (2), where
the transmitted wave propagates. The discontinuity, where
the metasurface stands (z = 0), separates regions (1) and
(2).

The interaction of the incident wave with the disconti-
nuity induces diffraction, which is described in terms of
Floquet harmonics. That means that the electromagnetic
field at both sides of the discontinuity, E(x,y,z, t)(1)/(2) and
H(x,y,z, t)(1)/(2), can be expressed in terms of a Floquet-
Bloch expansion of harmonics as

E(x,y,z, t)(1)/(2) = ∑
m

∑
n

∑
i

E(1)/(2)
nmi enmi (1)

H(x,y,z, t)(1)/(2) = ∑
m

∑
n

∑
i

YnmiE
(1)/(2)
nmi enmi, (2)

being n,m, i integer numbers. Each of the indexes n,m, i
denotes a single periodicity of the problem (px, py and Ts).
The longitudinal direction z is not periodic. The coefficients
E(1)/(2)

nmi refer to the amplitude of a (n,m, i)-th space-time
harmonic, while enmi denotes its vector form. The admit-
tance term Ynmi of a (n,m, i)-th harmonic may be of TM or
TE nature. The amplitude of the incident harmonic (n =
m = i = 0) is composed by the contribution of the incident-
and reflection-coefficient in region (1) E(1)

000 = 1+R, and the

transmission coefficient in region (2) E(2)
000 = T .

The main key aspect for the circuit derivation is the knowl-
edge of the electric-field profile Es(x,y, t) at the space-
time discontinuity (z = 0), which allows for the following

electric-field continuity condition

E(x,y,z = 0, t)(1)/(2) = Es(x,y, t), (3)

that after some manipulations leads to

E(1)/(2)
nmi = E000

∫
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∫
py

∫
Ts

Es(x,y, t) · [enmi]
∗dxdydt∫

px

∫
py

∫
Ts

Es(x,y, t) · [e000]
∗dxdydt

, (4)

rewritten as
E(1)/(2)

nmi = E(1)
000Nnmi . (5)

Nnmi is interpreted as a complex transformer with turn ratio
1 : Nnmi from a circuital point of view. It is straightforward
to demonstrate that E(1)

nmi = E(2)
nmi, thus we can henceforth

remove the superscripts (1)/(2) and directly write Enmi.

By now imposing the instantaneous continuity of the Poynt-
ing vector across the space-time discontinuity

H(1)(x,y,z, t)×Es(x,y, t) = H(2)(x,y,z, t)×Es(x,y, t), (6)

and after some manipulations, the reflection coefficient R is
finally expressed as

R =

Y (1)
000 −Y (2)

000 − ∑
n,m,i

|Nnmi|2(Y (1)
nmi +Y (2)

nmi)

Y (1)
000 +Y (2)

000 + ∑
n,m,i

|Nnmi|2(Y (1)
nmi +Y (2)

nmi)
. (7)

The expression in (7) describes a circuit topology based
on an infinite connection in parallel of transmission lines
with admittances Y (1)/(2)

nmi . Each of these transmission lines
is actually related to a different and individual space-time
Floquet harmonic. A sketch of the model is illustrated in
Fig. 1(b).

3 Validation

In order to validate the equivalent circuit, two different sys-
tems will be considered. The first case is the simplest one,
consisting of an infinitely extended metallic plane (perfect
conductor is assumed), which appears and disappears peri-
odically in time (see inset in Fig. 2). In the periodic cycle,
the time in which the screen remains in the metallic state
is given by DTs, while (1−D)Ts denotes the time in which
the screen keeps vanished, with 0 ≤ D < 1, D is the duty
cycle. The structure is excited by a plane wave imping-
ing normally and with frequency ω0 = 2π · 20 · 109 rad s−1

(T0 = 1/[20 ·109]s). The time period of the screen is twice
the period of the incident wave; namely, Ts = 2T0. In this
case, the nonexistence of spatial periodicity reduces the
analysis to a 1D-periodic (time-only) problem. The circuit
elements, as the transformers Nnmi or the harmonic ampli-
tudes Enmi can be perfectly described by temporal index,
Ni,Ei. The incident wave excites infinite temporal harmon-
ics, whose amplitude is mainly governed by the ratio Ts/T0
and the duty cycle D. Fig. 2 shows the amplitude of the first



51 harmonics with orders ranging from i = −25 to i = 25.
As can be seen, a few of them have similar amplitude, re-
marking the fundamental one (i = 0) and the harmonic with
order i =−4. These results have been validated with an in-
house FDTD code intentionally developed for this purpose.
The agreement between the results given by our model and
CST is very good, confirming the circuit approach as a use-
ful design tool.

A second case concerns a space-time grating alternating be-
tween its natural state and a fully metal screen, as shown in
the inset of Fig. 3(a). The grating is spatially periodic along
the y direction. Its periodicity is defined as py = p. The
width of the grating slit is defined by the parameter w. The
structure is excited by the incidence of a plane wave im-
pinging normally. Again, the time modulation of the screen
is Ts = 2T0. The problem now has two periods; thus, the
circuit elements can be described by two indexes: m and
i. Notice that the index m refers to the spatial modula-
tion, whereas i denotes the temporal one. When the inci-
dent wave illuminates the grating, infinite Floquet harmon-
ics are excited at the space-time discontinuity. Fig. 3 shows
the amplitude of some of these harmonics. We focus on
those with orders m for i = 0 in Fig. 3(a), and the inverse
case considering orders given by m = 0, ∀i. In both cases,
comparisons with FDTD have been carried out to check the
validity of the predictions given by the circuit model. As
can be observed, a good agreement is again obtained. As a
result of the findings, the present analytical framework po-
sitions as an interesting tool for the analysis and design of
spatiotemporal metastructures.
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