The Cesaro maximal operator in dimension greater than one

A. L. Bernardis and F.J. Martin-Reyes

ABSTRACT. We consider a maximal operators defined on R™ which is related
to the Cesaro « continuity of functions. We characterize the weights w for
which the maximal operator is of weak type, strong type and restricted weak
type (p, p) with respect to the measure w(x) dx.

1. Introduction

The Lebesgue’s Differentiation theorem in the real line establishes that if f €

L. _(R) then
1
(1.1) lim [f(y) = f(zx)ldy =0
R—0* |I($, R)' I(z,R)
for almost every x, where I(z, R) = [t — R,z + R]. We can interpret the above

limit as Cesaro (C,1) continuity of f at x (see [3]). In general, for & > —1, we say
that f is (C,1+ «) continuous at x if

. 1 o«
Rhi{){r [T B[+ /I(LR) |f(y) — f(2)]d(y,0I(z, R))* dy = 0,

where 01I(x, R) is the border of I(x, R), i.e. the set {x — R,z + R} and d(y, dI(z, R))
=min{z + R—y,y — (x — R)}.

In dimension greater than one, a version of the Lebesgue’s Differentiation the-
orem consists of replacing in (1.1) the intervals I(x, R) by the cubes Q(z,R) =
[z — R,z + R]". Following this idea we say that f : R™ — R is (C, 1+ «a) continuous
at x, a > —1, if

1
12 im oo [ 1) - f@)ld 0Q( )" dy = .
3 QG BT Jgu T T
where d(y, 0Q(z, R)) = mini<;<n{x; + R — v;,y; — (z; — R)} is the distance in the
infinity norm from y to the border of Q(z, R). It is easy to see that the (C,1 + «)
continuity of f at z implies the (C, 1+ () continuity of f at = for all § > o > —1.
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In order to study the above limit, it is natural to consider the following maximal
operator:

Mof(@) =swp e [ 7@l 0Q( B dy, > -1,
R>0 Q(z,R)
It follows from the results in [3] that M,, o > —1, is of restricted weak type
(p%a, p%a) and, consequently, it is of strong type (p,p) for p > H% In this pa-
per we are interested in the characterization of the weights w such that M, are
of weak, strong and restricted weak type (p,p) with respect to w. If @ > 0, the
operator M, is pointwise equivalent to the Hardy-Littlewood maximal operator.
For that reason we shall only consider negative values of «. We remark that the
boundedness with weights for the operator M, in one dimension can be obtained

from the corresponding results for the one sided versions studied in [4] (see also [2]).

Throughout this paper o will be a number such that —1 < a < 0 and cube
means a cube with sides parallel to the axis. By |A| and w(A) we denote the
Lebesgue measure of A and the integral fA w(s) ds, respectively. If 1 < p < oo
then p’ will denote its conjugate exponent, i.e., 1/p + 1/p’ = 1. By o we denote
the function w!~?". The letter C' will mean a positive constant not necessarily the
same at each ocurrence and if x € R™ we shall write z = (z1,...,2y).

2. Weighted weak type inequalities

The first result of the paper characterizes the weighted weak type inequalities
for M, by means of a Muckenhoupt type condition.

(2.1) Theorem: Let w be a nonnegative measurable function on R™ and let
—1<a<0. If1 < p< oo then the following are equivalent:
(i) M, is of weak type (p,p) with respect to w(x)dz, i.e., there exists C' such that

w({Maf > N}) < OXP / FlPw,

for all A > 0 and all f € LP(w).
(ii) w satisfies A, o, i.e., there exists C' such that for any cube Q

1/p , 1/p’
( / w) ( [ w00 ds) < ClQen,
Q Q

(2.2) Remark: Observe that if w satisfies Ay, then w is in the Muckenhoupt
Ap = A, o class. Therefore, the weights in A4, o are doubling weights. On the other
hand, if =1 < o < 0 and p(1 + @) > 1 then the Muckenhoupt class A1) is
contained in A4, , (the proof is similar to the one of Proposition 6.1 in [1]).

In order to prove the theorem we introduce 2n non-centred maximal operators,
which are pointwise bounded by the operators M,. Given z € R®, R > 0 and
i €{1,...,n} we define the maximal operators

1
Nof@) = sup —/ FO (s — (2 — R))™ dy
J@ = s [ G G R)
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and
1
Nida) = s i [ )G+ R d,
zeVi(z,R) Ui(z,R)
where
Ui(z,R) =Ki(z, R)N{y :yi > z:}, Vi(z,R) =Ki(z, R)N{y:yi <z}
and

ICl(Z7R) = {y S Q(ZaR) : |yj - Zj‘ < |y1 - ZZ|a] = 1a 7n}'
Notice that the kernels in N, f(z) and N;rzf(gc) are equal to d(y, 0Q(z, R))*.

(2.3) Proposition: Let —1 < « < 0. There exists a positive constant C' depending
only on a and n such that

N if(z) <CMyf(x) and Notif(ac)SCMaf(m).

for alli =1,--- ,n and all measurable function f.

Proof: We shall only prove that N, f(z) < CM, f(z) because the other inequality
follows in a similar way. Given z € R® and R > 0, let x € U;(2,R) and S =
R+ x; — z. Clearly R < S < 2R. It is easy to see that V;(z, R) C V;(z,S) and
¥i — (z — R) = d(y,0Q(z, S)) for all y € V;(z, R). Then we get that

_ /V Ol G )y = i /V o ), 9, 5)" dy
C «
gora |, ). 90 )" dy
< OM f(2)

Taking supremum on R > 0 we are done.

The following lemma shows necessary conditions on the weight w for the oper-
ators N, ; and Noti to be of weak type (p,p) with respect to w.

(2.4) Lemma: Let w be a nonnegative measurable function on R", let —1 < o < 0
and 1 < p < oo. The following statements holds for all i € {1,--- ,n}.

(i) If N, ; is of weak type (p,p) with respect to w(x)dz, then w € A i.e. there

exists C' such that for all z € R™ and R > 0

1/p l/p/
[ ow) ([ eww--my)  somee
Ui(z,R) Vi(2,R)

+

Py,i?

D0t

(i) IfNOJ;i is of weak type (p,p) with respect to w(z) dx, then w € A ie. there

exists C such that for all z € R™ and R > 0

1/p’

1/p
( / w) ( [ ow+n- y>> < oR™,
V;L(Z7R) UZ(Z7R)
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Proof: We only prove (i) since (ii) is similar. Let z € R™ and R > 0. If we
consider for every n € N the function f(y) = (w(y) + 1/n)' 7 [min{(y; — (2 —
R))avn}}p/71XVi(z,R)(y)7 then for all x € Ui(z7 )

— 1 (e} j—
Noid @) 2 g [ S G Ry =

This means that U;(z, R) C {N,;f > A}. Then (i) follows by a standard argument,
that is, applying the weak type inequality for N ; and letting n tend to infinity.

Before proving Theorem 2.1 we need the following lemma.

(2.5) Lemma: Let w be a nonnegative measurable function on R"™ and let
—1<a<0. If1<p< oo then the following statements are equivalent.

(i) w satisfies Ay 4.

(i) w € N, (A;,a,i N A;r,a,i)'

Proof: Given z € R™ and R > 0, let Q = Q(z, R), U; = U;(z, R) and V; = V;(z, R).

(i) = (ii). Notice that

/ o(y) (g = (25 = B)*"' dy = / o(y)d(y, 0Q)*" dy < / o (y)d(y, Q)" dy.
Vi Vv, Q

Then it is easy to see that w € Ay o implies that w € A, ;. With a similar argu-
ment we obtain that A, , C A"

(ii) = (i). By (ii) we get that
(2.6) w(U;) < Cw(V;) and w(V;) < Cw(U;).

On the other hand, by making the dyadic partition of the cube () we obtain 2"
cubes @;. If we apply the above inequalities to the cubes @); we get that

(2.7) w(Q) < Cw(U;) and w(Q) < Cw(V;)

foralli=1,---,n. Now, since
/Q"(y)d(y, Q) dy = Z/ o(y)(yi — (zi — R))*" dy
i=1"Vi

+ /U o(y)(zi + R —y;)*" dy,
=1 i

the inequalities in (2.7) and w € NIy (A7, N AT

o p}a’i) imply that w € Ap 4.

Proof of Theorem 2.1: The implication (i)=-(ii) follows directly from Proposition
2.3, Lemma 2.4 and Lemma 2.5.
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(ii) = (i). Given z € R™ and R > 0, let @ = Q(z, R) be any cube with centre x.
By the Holder inequality and the A, , condition we obtain

AJﬂWW@£D%@§<[Jﬂ%oup<40@M@mwwdaUﬁ
<C (/Q flpw)l/p (/Q w) o Q[1Fe/n

Mo f(z) < CMu(f ) (),
where M, g(x) = supp~g {m fQ(x R) |g|w} Now (i) follows from the above

Therefore,

inequality and the well known fact that M,, is of weak type (1,1) with respect to
w(z)dz.

3. Weighted strong type inequalities
The strong type (p,p) for the operator M, is characterized also by A, ..

(3.1) Theorem: Let -1 < o < 0 and 1 < p < oo. Let w be a nonnegative
measurable function on R™. The following statements are equivalent:
(i) M, is of strong type (p,p) with respect to w, i.e., there exists C' such that

[isasr<c [isro.

for all f € LP(w).
(ii) w satisfies Ap 4.

In order to prove the theorem we need to give a suitable characterization of the
condition A, . This characterization appears in Proposition 3.3 and it is given in
terms of the Muckenhoupt A, condition with respect to a general Borel measure
(see [5]). First we state the definition and then the proposition.

(3.2) Definition: If p is a Borel measure finite on compact sets, it is said that
a nonnegative measurable function w satisfies A,(1), 1 < p < oo, if there exists a
positive constant C such that

(/deu)l/p (/Q wl‘p'du>l/p/ < @),

(3.3) Proposition: Let -1 < @ < 0 and 1 < p < oco. Let w be a nonnegative
measurable function. The following statements are equivalent:

(a) w satisfies Ap «.

(b) There exists C' such that for any cube @ with centre in x and alli=1,---,n

1/p ) 1/p’
</w) (/dmmedQ < ClQern,
Q Q

for all cubes Q.
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(c) For all i = 1,--- ,n, the functions y — w(y)|h — y;|~ satisfy A,(un:) with a
constant independent of h € R where duy, ; = |h — y;|*dy, i.e., there exists C' such
that for any cube Q, allh € R and alli =1, -+ ,n,

1/p , 1/p’
(/ w) (/ U(y)hyilapdy> SC/ |h — ;| dy.
Q Q Q

As a corollary of Proposition 3.3, we get that the classes A, . are left open.

(3.4) Corollary: Let —1 < a < 0, 1 < p < o0, and let w be a nonnegative
measurable function on R™. If w satisfies Ap o then there existse > 0,0 < e < p—1,
such that w satisfies Ap_c .

It is clear that Theorem 3.1 follows from this corollary, Theorem 2.1 and
Marcinkiewicz interpolation theorem. Therefore, the proof of Theorem 3.1 will
be complete as soon as we prove Proposition 3.3 and Corollary 3.4.

Proof of Proposition 3.3: Given x € R"™ and R > 0, Q will denote the cube
Q = Q(z,R). For every i, 1 < i < n, let e; be the point of R™ with all the
coordinates equal to zero except the i-th coordinate which is equal to 1.

(a)=(b). For fixed i, 1 <i < n, let us define Q = Q(#,2R) and Q = Q(T, 2R)
where & =  — 2Re; and T = x + 2Re;. It is clear that the set {y € Q : y; < a;} is
contained in U;(Z,2R) and the set {y € Q : y; > x;} is contained in V;(Z,2R). On
the other hand, |z; — y;| = d(y, dQ), for all y € U;(&,2R) and |z; — ys| = d(y, 9Q),
for all y € V;(z,2R). Then,

/ o(y)le; — yil " dy < / o(y)d(y, 9Q)°" dy+/ a(y)d(y, 9Q)°" dy.
Q U;(Z,2R) V;(Z,2R)

Now (b) follows by using that w is a doubling weight and the conditions A; o,; and
A

o, (see Lemma 2.5).

(b)=(c). Let us fix i € {1,...,n}. Assume first that |z; — k[ < R. For fixed i,
1<i<n,let @=Q(Z,2R) where & =z + (h — x;)e;. Then
/ o(y)lh =yl dy < / o(y)l: —yil* dy.
Q Q
Now (c) follows from this inequality, (b) and the fact that |Q|'t®/™ < CfQ |h —
yil* dy.

Now, we shall assume that |x; —h| > R. If b > z;+ R (the other case is similar)
then

[ o=l dy = [ o)+ R gt dy

h—yi
zi+R—y;

/Qa(y)|h — i dy < (W)wl /Q o(y)(zi + R — ;)" dy.

where g(y;) = . Since g is an increasing function we get that
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Hence, by using the first part of the proof with h = z; + R, we get that

(/Qw)l/p (/Q U(y)h—yi|ap/>1/1" < CR"(h— (z; — R))* < C/Q b — ] dy.

(¢) = (a). The implication follows from the following inequalities
/Q a(y)d(y, 0Q)*" dy = Z/ a(y)(yi — (zi — R)*" dy
i=17/Vi
n
+30 [ oo+ R dy
i=1 /Ui

<y / o)y — (wi — R)|* dy
i=17Q
+ /Q o(y)lzi + R — yi| ™" dy,

i=1

by using (c¢) with h =2; — R and h = z; + R.

Proof of Corollary 3.4: We know by Proposition 3.3 that w(y)|h — y;|~* satisfies
Ap (o) with an Ay, (up, ;)-constant independent of . Then (see [5],p.5) there exists
€ > 0 depending only on the A, (up, ;)-constant such that w(y)|h — y;|~* satisfies
Ap_e(pn,;) where the A, _.(up,i)-constant depends only on the A,(up,;)-constant
and €. Applying again Proposition 3.3 we obtain that w satisfies Ap—_c o.

4. Restricted weak type inequalities

As we said above, the operator M, is not of weak type ( with respect

_1 L)
14a’ 1+«

to Lebesgue measure if o < 0 but it is of restricted weak type ( ; in other

1 1 )
14a’ 1+«
inequality for characteristic functions

1
14’

L(H%, 00)(dx). Therefore, it is interesting to study the weights w such that w({z :
Maoxe(x) > A}) < CAPw(E) for all A > 0 and all measurable sets E C R™.

words, M, satisfies the weak type (1—+a’ H%)

or, equivalently, M, maps the Lorentz space L( 1)(dx) into the Lorentz space

(4.1) Theorem: Let w be a nonnegative measurable function on R™ and let
—1<a<0. If1 <p< oo then the following are equivalent:

(i) M, is of restricted weak type (p,p) with respect to w(x) dz, i.e., there exists C
such that w({z : Myxg(x) > A}) < CA"Pw(E) for all A > 0 and all measurable
E CR™

(ii) w satisfies RAp o, I.e., there exists C' such that for every cube @ and all mea-
surable E C R"

</Q “’> </EQ a0, a@“dy)p <clqrr [ o

The proof of the theorem is similar to the proof of Theorem 2.1 and we omit
it.
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