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Steady States and Well-balanced Schemes for Shallow Water
Moment Equations with Topography

Julian Koellermeier? Ernesto Pimentel-Garcia'

Abstract

In this paper, we investigate steady states of shallow water moment equations including
bottom topographies. We derive a new hyperbolic shallow water moment model based on
linearized moment equations that allows for a simple assessment of the steady states. After
proving hyperbolicity of the new model, the steady states are fully identified. A well-balanced
scheme is adopted to the specific structure of the new model and allows to preserve the steady
states in numerical simulations.

Keywords: Shallow Water Equations, hyperbolic moment equations, well-balanced, steady states

1 Introduction

Applications of shallow flows can be found in many scientific fields, e.g., in hydrodynamics [41] or
granular flows [23]. An important class of problems considers changing topographies, for example
related to snow avalanches [22] or sediment transport [25]. The main assumption for the widely
used Shallow Water Equations (SWE) is that the horizontal velocity profile is constant along the
vertical axis from the bottom to the surface. However, this assumption quickly brakes down for
more complex flows that yield velocity variations. This is true in practically all applications of
shallow flows and especially in presence of friction terms. But even in typical tsunami or dam break
situations, the assumption of constant velocity profiles is often violated, see [29]. A new model
that takes into account horizontal velocity changes over the vertical direction was developed in [31]
based on an expansion of the velocity profile in polynomial basis functions modeling the deviation
from a constant velocity profile. The resulting Shallow Water Moment Equations (SWME) are
more accurate the more basis functions are considered. Despite the success for simple test cases,
the model lacks hyperbolicity, which was studied in detail in [29]. In the same paper, a new
model called Hyperbolic Shallow Water Moment Equations (HWSME) and a second variant called
the B-HSWME were derived. The models are essentially based on a linearization of the original
SWME model around linear velocity profiles, i.e., all contributions of coefficients of higher order
basis functions are neglected. In [29] the eigenvalues of these models were analyzed and the
first numerical tests confirmed that the models yield similar accuracy as the SWME models with
additional guaranteed hyperbolicity.

While the numerical tests in [31, 29] included standard friction terms for a Newtonian fluid, only
a flat bottom topography was considered. This is obviously a strong simplification and bottom
topographies need to be taken into account as has been done for the SWE in a numerical and
analytical way, see [1, 6, 39, 33] and the references therein. In the context of varying bottom
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topographies, it is paramount to consider steady states of the models because any numerical
simulation should be able to exactly preserve steady states when present. Otherwise, numerical
solutions starting from steady state initial conditions would lead to numerical artifacts or numerical
instabilities. It is therefore important to first study the steady states of the models and then design
tailored well-balanced numerical schemes, which means that the schemes preserve those steady
states by balancing the topography source term and the numerical flux in the correct way so they
cancel out. Since [5], the study and design of well-balanced numerical methods have been very
active fields in the last years, see for instance [2, 4, 10, 17, 13, 35, 21, 40]. In the context of path-
conservative methods introduced in [36], the authors in [15] and more recently in [18] developed
a strategy to obtain well-balanced high-order numerical methods for systems of balance laws. We
will follow this strategy and apply it to a newly derived moment model.

In this paper, we investigate steady states of shallow water moment equations including bottom
topographies and use this to derive a new first order and second order well-balanced numerical
scheme for a new shallow water moment model. The analysis of the existing SWME, including
the hyperbolic versions HSWME and S-HSWME, shows that steady states are difficult to access
analytically and numerically, despite the simple case where the velocity profile is just a linear
function of the vertical variable. Knowing about the problematic terms in the existing models,
we derive a new model that is valid for small deviations from the constant velocity profile. For
this model, we can neglect only the non-linear contributions of the basis coefficients while keeping
the linear contributions of all coefficients. The model is thus called Shallow Water Linearized
Moment Equations (SWLME). It is surprisingly simple, in the sense that it removes some coupling
terms between the equations, but it keeps the overall structure even in the higher order equations.
Subsequently, we prove hyperbolicity, analyze the eigenstructure, and show that the model yields
more realistic propagation speeds than the previous models, while still being hyperbolic. Most
importantly, the model allows for a concise characterization of its steady states with and without
topography terms. The characterization of the steady states then allows to derive a potentially
high-order well-balanced numerical scheme based on the possible steady states of the new model.
We explicitly construct the first order and second order well-balanced scheme in this paper. The
numerical schemes are tested extensively with a standard lake-at-rest test case, two subcritical sta-
tionary solutions, and a transcritical solution. In the end, we also present a test case comparing the
new SWLME to the existing HSWME and S-HSWME models, to outline the good approximation
properties of the new model despite its simplicity.

The rest of the paper is organized as follows: In Section 2 we review the derivation of a vertically
resolved shallow flow model that is employed to derive all the shallow water moment models
presented in this paper. In the following sections we derive and analyze the standard Shallow Water
Equations (SWE) (Section 3), the extended Shallow Water Moment Equations (SWME) (Section
4), and the new Shallow Water Linearized Moment Equations (SWLME) (Section 5) including
their hyperbolicity, steady states, and Rankine-Hugoniot conditions including bottom topography.
In Section 6, we develop a first order and second order well-balanced numerical scheme for the
special case of the shallow water models used in this paper. Numerical tests in Section 7 show
the preservation of the steady states and allow for a comparison of the new SWLME model with
respect to other existing models.

2  Vertically resolved shallow flow model

In this paper, we are concerned with free-surface water flows in one horizontal direction. Model-
ing of free-surface flows starts with the incompressible Navier-Stokes equations, which model the
evolution of the horizontal velocity u in direction x and the vertical velocity w in direction z.
Ozu+0,w = 0, (2.1)
1 1
atu —+ awUQ + 8zuw = —; D+ ;azamz + 9, (22)

where p is the density and g the gravitation constant. The hydrostatic pressure in relation to the
vertical position z with respect to the surface h 4+ b, where b represents the bottom topography
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and h is the water height, is given by
p=(h+b—2)pg. (2.3)

Note that non-hydrostatic effects are not taken into account in this work, as was the same in
[31, 29]. For a non-hydrostatic model based on the Serre-Green-Naghdi model, see [3].
The stress 0, is modeled using the assumption of a Newtonian fluid with dynamic viscosity
W, i.e.,
Opz = 0 U (2.4)

to close the system.

To allow for a more efficient representation of the horizontal velocity variation along the vertical
axis, a mapping is introduced in [31]. This mapping shifts and scales the vertical variable, which
is defined between the bottom at z = b and the surface at z = h + b according to the following
transformation

z—b

(=22,

where the denominator is precisely the water height h. The variable ( is thus defined within the

interval [0, 1]. According to the derivation in [31], the following vertically-resolved system for the
simulation of shallow flows is derived using the mapping from (2.5)

(2.5)

Oh + 0 hu,,, = 0, (2.6)
O¢hu + 0, (hu2 + %h2> + 0¢ (huw - ;sz> = —ghd.b, (2.7)

where u,, is the mean velocity over the vertical (-axis and the so-called vertical coupling term w

is given by . X
W= /O ( /O 0,(hu) (€) dC — D (hu) (Z)) i, (2.8)

The following boundary conditions in the (-direction are used:

Ocule=1 = 0, (2.9)
h
Ocule=o = Fule=o, (2.10)

modeling a stress-free top surface and a slip condition at the bottom with slip length A, see [31]
for more details.

The system (2.6)-(2.7) is called vertically resolved system in [31] as it includes the dependence
on the vertical variable ¢. This system is at the core of this paper as all the models are derived
directly from it.

3 Shallow Water Equations

Similar to the work in [31], we will start with the simple Shallow Water Equations (SWE), which
assume a constant velocity u(t, z, () = un,(t, ) over the whole vertical axis (, see Figure la. The
dependency on the vertical variable ¢ is then resolved by integrating over ¢ € [0,1] and using the
constant velocity u(t,z,() = un(t,z). It was shown in [31] that the vertically resolved system
(2.6)-(2.7) then simplifies to the following set of equations called Shallow Water Equations (SWE)

h hup, B 0 v (0
% (hum> 0 (hufn + ;gfﬂ) = <—gh8wb) DY (um) (3-1)

where w,;, = un, (¢, x) is the horizontal water velocity, h = h(¢,x) is the water height, g is the
gravitational constant, the known function b(z) is the bottom topography, and v and \ are the
kinematic viscosity and the slip length, respectively.
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(a) Constant velocity profile (b) Varying velocity profile
Figure 1: Constant velocity ansatz of SWE model (a) and variable velocity ansatz of SWME model

(b).

In non-conservative matrix form, the model can be written as

h 0 1 h 0 v{0
O (hum) T (—ufn + gh 2um> O (hum) - (—gh@d)) DY (um) ’ (32)

The eigenvalues of the left hand side transport matrix are the standard propagation speeds of
the Shallow Water Equations
A1’2 = Um + \V gh (33)

For flat bottom 0,b = 0 and zero friction, the steady state fulfils
Or (huy,) = 0, (3.4)

D (hufn + ;ghQ) = 0, (3.5)

so that the jump conditions (also called Rankine-Hugoniot conditions) from a given state (ho, hotim,o)
to a state (h, hu,,) can be derived by solving the system

hum = ho’u,m’()7 (36)

1 1
hug, + 590 hotig,o + 59h, (3.7)

for which the solution is

<h)_—1+1~m, (3.8)

ho 22
where F'r is the Froude number for the given state defined by

Um,0

Vaho

For a smooth frictionless flow including a bottom topography, the steady state momentum
equation can be modified using the mass equation (3.4) to

Fr=

(3.9)

1
o (u?n +g(h+ b)) =0. (3.10)
The steady state solution can thus be found using
hun,, = const, (3.11)
1
§ufn +g(h+b) = const. (3.12)

The SWE are widely used in simulations of water flows. However, the main deficiency is that
the horizontal velocity u is constant over the height by assumption. The model is thus not able to
predict more complex flow phenomena.
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4 Shallow Water Moment Equations

For the Shallow Water Moment Equations (SWME) derived in [31], the idea is to allow for a
vertical variation of the water velocity profile. This is done by assuming the following ansatz for
the velocity profile, see Figure 1b:

N
u(t7 Z, C) = um(tv x) + Z o (ta x)d’] (C)a (41)

j=1

where u,,(t,z) is the mean horizontal velocity also used in the SWE in Section 3, ¢ is the scaled

vertical coordinate (2.5), a; are coefficients, and ¢, are Legendre ansatz functions for j =1,..., N
defined by ‘

1 & 21 49

¢j(§)—ﬁ@@—§)~ (42)

Note that the larger N, the more variation is allowed in vertical direction. Furthermore, the ansatz
functions form a group of orthogonal basis functions as [31]

! 1
m nd = 76mn7
/O OmondC = 5

with Kronecker delta 6., .

Note that the extension to non-hydrostatic models could be performed by starting from the
non-hydrostatic Serre-Green-Naghdi model, see [3], via a simultaneous expansion of the horizontal
velocity w and the vertical velocity w or the non-hydrostatic pressure contribution, which would
lead to a larger system of equations due to the additional expansion coefficients. This is left for
future work. Another option to represent vertical velocity profiles numerically is by using different
layers in the vertical z—direction (including quasi- or non-hydrostatic pressure using a correction).
For one example we refer to the semi-implicit finite difference scheme proposed in [19, 20], where
different terms are treated explicitly or implicitly, depending on the respective stability conditions.

The initial values for u,, and a; for j = 1,..., N can be computed from some initial velocity
profile u(0, z, () = up(x,() by projecting the initial velocity profile to the basis functions ¢,.

N
uo(,¢) = um(0,2)+ > a;(0,2)¢;(C) (4.3)
j=1
1 1 N
/0 uo(w, )os(C) dC = / wn(0,2) + 3 05(0,2)85(0) | 61(€) de (4.4)
j=1
N 1
= um(O,x)éw+Zaj(0,x)m5i7j, (45)
j=1
which leads to the initial mean and coefficients
1
un0.2) = [ uola ) dc (4.6)
0
1
0i(0,2) = (2¢+1))/ wo(@, O)i(C)d¢ for i = 1,..., N. (@7)
0

The model for the evolution of the coefficients for arbitrary IV can be derived by inserting the
ansatz (4.1) into the vertically resolved system (2.6)-(2.7) and integrating over ¢ € [0,1]. According



13 to [31] this leads to

Oth + 0 hu,, =0, (4.8)
N 042» g y N
2 J 2
m T . 5 =3 m j - 20, 4.
Dty + O lwm+hZ;%+l+2h NE +§;% ghdy.b (4.9)
N N
Otha; + 0y | 2hupa; +h Z AijkOéjOék =Up, Ozho; — Z Bijkﬁx(haj)ak (410)
J,k=1 k=1
v N A
_(22.—|—1)X um—l—z <1+h0”) Qa; ,(4.11)
j=1
for i =1,..., N, the unknown variables (h,u,aq,...,ayn) and
1
Aijr = (20 + 1)/ $id; ¢k dC, (4.12)
0
1 ¢ R
Biji = (2i + 1)/ O pi </ ®; dC) ¢r. dC, (4.13)
0 0
1
Cij = / I 9i0c¢; dC. (4.14)
0

The model can be written in closed form with the precomputed terms A;;x, Biji, Ci; for large
N. We then write it as

oF
oW + —0, W = Qo, W + P, 4.15
with variables W = (h, hu,, haq, ..., ha N)T € RV*2 the flux Jacobian (also called conservative
martrix) g—VI; given by
0 1 0 0
h 2 Q 2 20a1 2an
gn — Uy, — Z 241 Um 2.1+1 2N+1
N N N
ai _ —2Up 1 — Z AljkOéjOék 2011 2,011 + 2 Z Aoy 2umoiN + 2 Z A NpOg
ow jk=1 k=1 k=1
N N N
—2Up 0N — Z Anjrajor 2an 22U, dnN + 2 Z AN1pog 2umdnN + 2 Z ANNEOF

J,k=1

k=1

and right-hand side non-conservative matrix @

0 0 0
0 0 0
N
0 0 umdii+ Y Busox
Q= k=1
N

k=1

0 0 umdni+ Y Byiwak

0
0

k=1
N

k=1

N
Umdin + Y Binkoy

UmONN + > Bynkak

k=1




with Kronecker delta d;;. The friction term P on the right-hand side is defined in [31] as first entry
Py =0 and

N
P, = —(2¢+1)§ um—l-; <1+20ij) aj | i=1,... N+1. (4.16)
The friction term can be given explicitly as
v N v N
Pi=—7(2+1) I E4(2z‘+1)zai,jaj,z’= L...,N+1, (4.17)

j=1 j=1
where the constants a; ; are computed by
(4.18)

min(ifl,j)(n;in(ifl,j)Jrl) if g +j= odd.

{0 if i + 7 = even,
aij:

Note that the right-hand side friction term can become quite stiff for large IV, even though the
friction coefficients A, v can be of order 1. This should be accounted for by appropriate numerical
methods, e.g. Projective Integration [26, 32]. For most of this work, we will neglect the friction
terms but consider non-zero topography changes 0,b.

All the models covered in this paper use the form (4.15) for different simplifications of the
conservative and non-conservative matrix.

We first consider the case N = 1, also called the first order system. This model is described
in [31] and [29]. The velocity profile is then given depending on the mean velocity u,, and the
coefficient a = o7 as

—-b
u(t, z, 2) == um(t, ) + (1 - 22h> a(t, z). (4.19)
Note that the two values for the velocity at the top (z = b+ h) and at the bottom (z = b) are
given by
u(z=b+h) = um—aq, (4.20)
u(z=">b) = up+a. (4.21)

It seems reasonable, to require u(z) to have the same sign over the whole velocity profile. Otherwise,
the flow can no longer be approximated by means of a shallow model assumption, as a vortex could
form. Thus we require in this paper

la(t, 2)] < |u(t, ). (4.22)

Compare Figure 2.

(a) no change of sign (b) change of sign

Figure 2: Velocity profile without change of sign (a) and with change of sign (b). We only consider
velocity profiles without change of sign in this paper.

Choosing this linear velocity change with the vertical variable, the first order shallow water
moment model reads [31]

h htty, h 0
O | h | + 0, | hu?, + %gh2 + %ha% =Q0; | hum | — | gh0.b | —
hoy 2hu,, 0 hoy 0

P, (4.23)

>R
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with

0 0 O 0 OF 0 . 1 0
Q=0 0 0 ],P= Um + 1 andJacobianW: —u2, — S +gh 2u, 2
0 0 up 3 (tm + a1 +4301) —2Uy, 0 200 2Um
leading to the system matrix
0 1 0
oF 2
A:W*Q: —ul, — G+ gh 2up 2% . (4.24)
— U001 200 um

The first order system has the distinct real eigenvalue

S

A2 =um+1/gh+a? and A3 = uy,. (4.25)

For positive water height A > 0, the first order shallow water moment model is hyperbolic.

So far, there has been no analysis of the first order system except for the eigenvalues in [29, 31].
In this paper, we investigate the steady state of the model.
For flat bottom 9,6 = 0 and zero friction, the steady state fulfills

Oz (huy,) =
Oy | hu? + lghQ + 1hoz2
N mo2 3
0 2hupma) =

0, (4.26)
0, (4.27)
Um0y (hav) (4.28)

From the first and last equation, we obtain after some modification

hu,, = const, (4.29)
Uy =0 or % = const. (4.30)

Using those relations in the remaining second equation, we can derive the Rankine-Hugoniot con-

ditions from a given state (ho, hotm,o0, ho) to a state (h
fications)

, W, ha) and obtain (after some modi-

o (0 () () () - @) o

We now use the following dimensionless flow numbers:

Um,0
Fr=—""—
Vgho
&%)
Mo = ,
Um0

and write y = h% to arrive at the two solutions

1 1
h=hy V —Fr2+§(y2+y)+§Ma

(4.32)

(4.33)

Fr? (v’ +y* +y) =0. (4.34)

That means that the jump conditions for the SWME with N = 1 lead to a third order polynomial
with two parameters which are the flow numbers Fr and Ma, a consistent extension from the
standard case of the Shallow Water Equations. The new parameter M« measures how far away
the flow is from the standard shallow water model. For Ma = 0, the shallow water equations are
recovered with a constant velocity profile, whereas for |[Ma| = 1, the flow velocity is changing the
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most along the z-axis. For values |[Ma| > 1, the assumption (4.22) is no longer fulfilled and the
model assumption of a shallow flow is not valid any more.
Note that the third order polynomial in (4.34) always has at least one real zero.

For a smooth frictionless flow including a bottom topography, the steady state momentum
equation can be modified using the mass equation to

0, <1ufn +gh+b)+ ;a2) —0. (4.35)

The non-trivial steady state solution can thus be found using

huy, = const, (4.36)
1 1
5“’2” +g(h+0b)+ 5012 = const, (4.37)
L= const. 4.38
h

In Section 6, we will use this form of the non-trivial steady state solution to preserve steady
states within the numerical scheme.

Unfortunately, it is not possible to extend the study of steady states of the SWME form N =1
to N > 1. The first problem is that the SWME loose hyperbolicity for NV > 1 as analyzed in detail
in [29]. Hyperbolicity is a mathematical requirement for first order partial differential equations to
be robust against small perturbations of the initial data, a key property of the real-world physical
processes [43]. The model is only hyperbolic for certain states depending on the values of the
coefficients «;. As one example, consider the case N = 2. This so-called second order moment
model is given by

h Py, h 0
hu hu2, + g + 1ha? + Lhal hu ghOyb v
8 m 81 m 2 3 1 5 2 — aw m _ T — —P 439
1 hoa + 2hu, o + %halaz @ hay 0 A ( )
hae 2humas + 2hod + 2had hag 0
with
0 0 0 0 0
({0 0 0 0 _ Um + 01 + Q2
Q= 0 0 um—% & and P = 3(um+a1+ag+45a1)
0 0 g U + 5(um+a1+a2+125a2)
Where the two coefficients are now a1, as.
This leads to the Jacobian
0 1 0 0
2 2
or [ foign-% o,
ov —2001 Uy, — %0410(2 207 22Uy, + % 4%
—%a% — 200Uy, — %a% 2009 4% Uy, + 4%
and the full system matrix reads
0 1 0 0
o? 2 a2 2a 2a
A=9E | B ountgh—F 2un 5 (4.40)
9% =201 U, — F10 201 Uy + Qo =
—%a% — QU9 — %a% 205 —F Uy, + &%

However, the system is not hyperbolic and the non-hyperbolic regions are clearly shown in
Figure 3. In particular, the eigenvalues depend on «; and as. It was shown in [29] that the
non-hyperbolic regions can be reached in standard simulations which makes the SWME models
with N > 1 prone to stability problems.



157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

- [ w
T T T

o fyf gh
=

|
ra
T

|
w
T

1 i i i i i L
-3 -2 -1 o 1 2 3

@yl \"E

Figure 3: Non-hyperbolic region of N = 2 model in blue, from [29].

There are several hyperbolic regularization of the SWME with arbitrary N that restore hyper-
bolicity and yield more stable solutions while achieving similar accuracy as the original model. For
more details, see [29]. However, it is very difficult to investigate the steady states for these models
as the number of non-conservative terms is large. At the same time, those models do not depend
on the higher order coefficients «; any more, which leads to a drastic simplification.

5 Shallow Water Linearized Moment Equations

In the previous section we have seen that the general SWME lacks hyperbolicity and a proper anal-
ysis of steady states is difficult due to the non-conservative terms. Note that even the hyperbolic
HSWME model and the related S-HSWME model in [29] pose the same problems for computing
the steady states.

In this paper, we propose a new hyperbolic model for the simulation of shallow flows, which
is called Shallow Water Linearized Moment Equations (SWLME). Its derivation is based on the
insights from the SWME N = 1 model. We saw that the steady states are easy to obtain as long
as there are not that many non-conservative terms in the model and as long as the higher-order
equations for the variables ho; are not too complicated.

The difficult expressions in the higher-order equations are obtained by the non-linear terms
9y (hu?) and ¢ (huw) in the vertically-resolved system (2.6)-(2.7), which require the computation
of the following terms after insertion of the ansatz (4.1)

1
| $i0¢ (uw) d¢.

1
/ ¢u?d¢  and
0

Following an exact derivation, the first term evaluates to

/0 ey

2

1 N
/@- Um + Y0y, | d¢ (5.1)
0 i=1

N 1
> 2ajak/0 bipibrdC  (5.2)

k=1

1 N 1
u /0 ¢id<+;2umaj /O bty dC +

N
2 1
= U QG+ EAi' Q. .
O+2i+1u « —1—21_1_1 2 RO O (5.3)
3,

Assuming small deviations from a constant profile, i.e., a; = O (€) allows for neglecting the last

10
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term containing the coefficient coupling oo, = O (62). This results in

/0¢u O~ g1 tm®

The second term exactly evaluates to

1 1 N
/O $:i0c (uw) d¢ = —%Humax(hozi)+;Bijkaj8x(hozk). (5.4)

Again assuming small coefficients «; = O (e€) that only change moderately, the last term containing
the coefficient coupling ;0. (hay) is neglected. This results in

1
1

This leads to two changes in the equation system:

1. The left-hand side transport term does no longer include the non-linear couplings between
different «;.

2. The right-hand side non-conservative term does no longer contain coupling terms between
different «;.

Due to the linearization, the new model is called Shallow Water Linearized Moment Equations
(SWLME).

Remark 1. The linearization procedure outlined for the SWLME is related to the hyperbolic
regularization procedure that leads to the so-called Hyperbolic Moment Equations (HME) for
rarefied gases in [9], which are linearized around the equilibrium point in conservative variables.
Another similar linearization was performed in the derivation of the so-called Simplified Hyperbolic
Moment Equations (SHME) for rarefied gases in [30], which neglects the non-linearity in the ansatz
to derive a hyperbolic but much simpler moment model.

To see the effect of the changes in practice, consider the simple case N = 2 that will later be
extended for larger N. The model reads

h hu h
hu, hu2, + gh; + $haf + tha3 hu v
- m = T - 7P
O hoy +9 2R, 01 @9 hay A
has 2ht,y, cin has
with
0 0 O 0 0
|0 0 0 O _ Um + 01 + Qg
@=10 o Uy 0 and P = 3(um + o1 +az +43aq)
0 0 U, 5t + a1 + g + 12%042)

The changed entries are given in red, illustrating the derivation above. While the model looks
simpler than the SWME model (4.39), in comparison with the HSWME from [29], the differences
are smaller as the HSWME model also neglects the high-order linear terms. Most importantly,
the momentum equation, which is the second equation of the model, is exactly recovered by the
SWLME and the system matrix A still depends on the second coefficient a3, which is both not the
case for the HSWME model. The system matrix is given by

0 1 0 0
2 2
Ao | ~F —untoh—F 2w, o2 (5.5)
— 22Uy, 001 2001 Uy, 0
— 22Uy, 2 209 0 U
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Albeit being a simpler model, the model captures most of the original model, including the conser-
vation of mass and momentum and the dependence of the momentum terms hu on the higher order
equations. The second column of the system matrix is not changed at all, leading to the correct
momentum influence on the higher order equations. Only the coupling between the higher-order
equations, induced by the non-linear parts (e.g. hajas and ha3 and the additional non-conservative
terms) is reduced. However, there is still a non-linear velocity and momentum coupling between
all higher-order equations.

This procedure can be generalized to an explicit system for arbitrary N following the same
strategy. The model equations read:

h i, h
hity, i, + g% + $ha? + ...+ g hak hity,
o | b | 1o, 2ht 0 =Qd, |t | + P (5.6)
han 2h o N hay

The non-conservative term is simplified to

Q = diag (0,0, up, . .., Upy,) -

The system matrix of the new SWLME then reads

0 10 0
2 2
2 a; [N 21 2an
gh—um—?—...—zN_H Zum 3 IN+1
AN = 72“771,“1 20&1 Um, € R(N+2)X(N+2)' (57)
-2 Um N 20[N Um,

For the model with general N > 2, the same observations as for the N = 2 model hold, including
the conservation of mass and momentum as well as the exact second column of the system matrix.
The coupling between the higher-order equations is reduced, but still present.

An analysis of the system matrix reveals the following theorem.

Theorem 1. The SWLME system matriz Ay € RVT2XWN+2) (5.7) has the following character-
istic polynomial

N
3a?
_ o o 2 o %
Xax (A) = (Um — A) [ (A = um) gh ;:1 %+ 1
and the eigenvalues are given by
and MNjyo =wu, for i=1,...,N. (5.8)

The system is thus hyperbolic.

Proof. The proof closely follows the proof of the characteristic polynomial of the HSWME system
matrix in [29]. However, we can compute the characteristic polynomial and all eigenvalues explicitly
here. B

We write A = X\ — u,y,, so that we can compute the characteristic polynomial using

Xay(A) = det(Ay — )
= det(AN—(X+um)I).

12



When writing Ay, the following notation is used for conciseness:

N 2
do=gh+3, %Jlrl’
d; = —2uay, fori=1,...,N
¢ =2aq;, fori=1,...,N
b = 22 fori=1,...,N.

2i+17
203 Computing the determinant ‘AN — (X—l— um) 1 ‘ by developing with respect to the first row
204 yields
—X — U, 1
dO Um — A bl e bN
‘AN— (X—i—um) I‘ = dy 1 -
dN CN —X
um—x bl bN do bL bN
~ C1 -2 d1 -2
= (7)\ - um) : . . —1- .
CN —X dN 7}
:CN+1€R(N+1)><(N+1) :DN+1€]R(N+1)><(N+1)

The determinants of Cn41, Dy+1 are computed by developing with respect to the last row as

um—X bl bN bL bel bN
@ —A N+2 —A oN+2 [ X
Onaal=| y = (Ve | T H-DH (R [
CN —X —X
:BNGRNXN
and
do b}v bN b1~ bN_1 bN
di —A N+2 —A oN+2 (X
Dyl =| y = ()" | +(=1)2+2 (=X) Dl
dy Y -2
=BNERNXN

The determinant of By is easily computed as
N\ N—1
Bl = (=) ox (<X)

With the help of this, we get
Covirl = —ext (1) 4 (A ewl == (3) (_ §b> (N (um)
and analogously

|Dn 1] = —dnbn (—X> o + (—X> |IDn|=...= <—X> " (- zN:dibi> + (—X>N \dB_/ .

13
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N N  4a? N N a?
Note that — EiZI Cibi = — Z'LZl 21‘0;1'17 - Ei:l dlbl = Zz 1 27,+1 ’I,Lm, dO - gh’ + Zz 1 27,+1
Next, insertion of these terms into the characteristic polynomial of the system matrix Ay yields

‘AN— (X+um) 1’ (—X—um) NCN+1| =1+ |Dysa

= (G [(_x)“ <_ib> N _x)]
HRACORER
- () e

- (umA)N[(Aum — gh - 222+1

which proves the first part of the theorem.
Setting the characteristic polynomial to zero results in the following propagation speeds of the
system:

)\12—Um and )\H_Q:um, for i=1,...,N.

2+1

The propagation speeds prove that the system is hyperbolic for positive water height. O

From the form of the eigenvalues, the new model for N > 2 can be seen as a consistent extension
of the hyperbolic N = 1 model from Section 4, compare also the eigenvalues in equation (4.25).

We remark that such an analysis is not possible for the original SWME model for arbitrary N
as the eigenvalues have a very complicated structure and cannot be given in analytical form. For
the new hyperbolic model, the eigenvalues \; 5 still depend on all flow variables. However, the
analysis can be carried out analytically. For the hyperbolic HSWME and SHSWME models in
[29], the eigenvalues depend solely on ay, which is a drastic simplification. For those models, the
eigenvector analysis is still very involved and theoretical results are only possible for small values
of (Ma); < 1. In this case, the model has the same wave properties as the SWLME system. From
a straightforward computation, the eigenvectors v; for i = 1,..., N 4+ 2 of the SWLME system can
be derived as

L +
— | w,
2au,
’ULQ = (59)
an
anN
6011
( (7’L+1—2)+1)—3gh+22 1 21+1
6apt1-1u
3a? .
viga = | @+ 1—i)+1) = 3gh+ 0, oot |, fori=1,...,N, (5.10)
5n+3—i,3
On43—i,N

for Kronecker delta d; ;.
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It can be checked that the first two eigenvalues A o are genuinely non-linear, while all other
eigenvalues \;1o for i =1,..., N are linearly degenerate. Note that the analysis of eigenvalues and
eigenvectors is not possible for the SWME system, due to the lack of hyperbolicity. The lineariza-
tion within the N higher moment equations during the derivation procedure consistently leads to
the resulting N linearly degenerate eigenvalues. However, the first two eigenvalues, correspond-
ing to the unchanged conservation of mass and momentum, remain genuinely non-linear. The
full characterization of the eigenstructure of the SWLME allows for the use of efficient numerical
methods, for example using the relation between Riemann solvers and PVM methods [14].

Rankine-Hugoniot conditions can be derived analogously to the SWME case with NV = 1 as
follows. For flat bottom 0,b = 0 and zero friction, the steady state fulfills

Oy (hum) = 0 (5.11)
Oy | hu?, + 1gh2 + 1hoz2 +...+ #hoﬂ =0 (5.12)

U2 3t TNy '
O Qhupmar) = w0y (hay) (5.13)
: (5.14)
0 Chuman) = umdy (hay) (5.15)

First looking at all equations except the second, we obtain after some modification

hu,, = const, (5.16)
um—Oor% = const, fori=1,... N. (5.17)

Using those relations in the remaining second equation, we can derive the Rankine-Hugoniot con-
ditions from a given state (ho, hotim,0, ho1,0s---,hoan ) to a state (h, hum, hay,. .., hay) and
obtain (after some modifications)

2 2 N 3 2
h—h : = — — — — =0.
( O)l gho +2<(h0) ( )) ;224—19% ((ho) +(h0) +(h0)>1
(5.18)
We extend the previous dimensionless flow numbers by using one number for each variable:

Um,0
Fr = —=, 5.19
Toha (5.19)
(Ma), = cu,O7 fori=1,...,N, (5.20)
Um,0

writing y = %, we arrive at the two solutions

N
1 1 )
h=hy V —Fr’4-(y —— (Ma); Fr* (y° + v =0. 5.21
0 5 (v +y)+;2i+1( o); Fr? (y° +y* + ) (5.21)
From the previous equation, we see a new dimensionless number Ma? := Ziv 19007 +1 (M a) ap-

pearing. The new number M« measures the total deviation from equilibrium. This leads to a
consistent extension of the SWME N = 1 test case above. We see that the Rankine-Hugoniot
conditions allow for similar solutions as before, this time with F'r and M« as dimensionless flow
numbers. We note that the equations always have at least one solution for non-zero Fr and Ma.
Analogously, we extend the conditions for smooth and frictionless steady states including a
bottom topography. We will later use this to derive a well-balancing scheme. We can derive

1 3L 1
1 S 2| _o. 22
Oy <2um+g(h+b)+2 E 5 1041) 0 (5.22)

15



29 The non-trivial steady state solution can thus be found using

hu,, = const, (5.23)

1u2 +g(h+b) + 3 z ! o = const (5.24)
2 m g 2 P 2’L+ 1 7 - ) .

% = const, fori=1,...,N. (5.25)

20 This expression can be used in the following numerical methods section to obtain a proper well-
2 balancing scheme for the new model. First, we will rewrite the model in the proper form with a
2 conservative and non-conservative part to use it in the numerical schemes thereafter.

The system (5.6) with topography but without friction terms is therefore written in the form

Us + 0, F(U) + B(U)9,U = S(U)yb. (5.26)

By straightforward calculation, we obtain

h hu,
iy, hufn—l—gh;—&—%ha%—f—...—i——w}ﬂha?v
U = haq , F(U) = 2hu,, o ) (527)
han 2hu, N
B(U) = diag(O, 0, U, ..., _um)- (5.28)

We can also write this system in the form

OW + AW)a,W =0, (5.29)
with
h
Ry,
hox AW) —SW
hOéN
b
0
—gh
23 where A(W) has the form (5.7) and S(W) = 0
0

234 For comparison we note that also the existing HSWME and S-HSWME models from [29] can
235 be written in the same form, see the appendix A.

» 6 Numerical methods
a7 In this section, we recall the general high-order well-balanced method from [18] and construct
28 the first order as well as the second order scheme for applications of the SWLME derived in the

29 previous section. At the end of the section we will outline the specific spatial discretization scheme
20 used for the numerical tests in the next section.
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.1 6.1 A general high-order well-balanced procedure

The previously derived shallow water models can all be written as non-conservative systems of the

form
U + 0, F(U) + B(U)0,U = S(U)0,b. (6.1)
It is well known that these systems are equivalent to
W + AW)o, W =0, (6.2)
where oF
W= ( g ) AW) = ( aU(U)SrB(U) —SO(U) )

The goal of this section is to develop a family of numerical methods that are well-balanced for the
frictionless SWLME introduced before, i.e., that preserve the stationary solutions verifying (5.23),
(5.24) and (5.25). In this section we will follow [18] adding the non-conservative products. The
interested reader is referred to this reference for details and proofs.

We consider semi-discrete finite-volume methods of the form

sz 1 4 Tivl o
= (D+1+D +/ 1 A(Pi(x))—]P’i(:z:)dx» (6.3)

T2

22 where

x
243 o Wi(t) = / W (t,z) dx is the respective cell average value,
x

i+d
244 e P;(x) is a high-order well-balanced operator in the sense defined in [18].
. Di , =D* (W 1 W ) is the respective fluctuation with reconstructed states
2
W;rl = Pi(x i+%)a W;% = ]P)i-i-l('ri—&-%)a
and D(W;, W,.) verifies:
B W) + i) = [ A D (64)
s

25 where W is a family of paths joining W; with W,..
26 In order to design the high-order well-balanced operator we follow the strategy introduced in

s [15]. The following steps need to be performed in order to compute P; at the cell [2;_1,2;, 1] for
2 a given family of cell values {W;}:

1. Obtaining the steady solution W;(z) such that:

1[5
E/ ; Wi (z)dx = W, (6.5)
249 if possible. In other cases consider W;* = W/,

2. Computing the fluctuations {V;};cg, within the stencil S;:

1

Vi=W; - Ar

/ " Wr)de, e S (6.6)

N\

3. Applying the reconstruction operator with the necessary order to the fluctuations {V;},cg,:

Qi(z) = Qi(z; {Vj}jes,)-

17



4. Defining the well-balanced operator:
Pi(z) = Wi (z) + Qi(x).

P; is well-balanced for every steady solution provided that the reconstruction operator @); is
exact for the null function. Moreover, it is conservative, i.e.,

1 [}
s /z,+ P;(z)dr =W,;, for all i,

1
2
x0 provided that @; is conservative, and it is high-order accurate provided that the steady solutions

51 are smooth (see [18] for details).

o

» 6.2 First order well-balanced scheme

2

o

s We apply the steps of the previous subsection to the system (5.29) in a first order setup before
x4 considering the second order scheme in the next section. As the bottom topography b is known,
»s  we will focus on the other variables of the system.

The cell averages of the initial condition will be computed using the mid-point rule, that is

WP = Wy(z;), for all i,

6 where Wo(z) is the initial condition.
»7  In the case of the SWLME system, the steady state solutions verify:

o

hu,, = Ci = const,
%u?n +g(h+b) + ;Z} Qiila? = Cp = const,
% = (3 = const,
% = (4 = const,
an

= C = const.
h N+2

Using the mid-point rule in (6.5) the first step is to obtain, if possible, the stationary solution W
such that:

Wi(z;) = Wi (6.7)
With this information the constants C1, Ca, Cs,...,Cn42 can be computed as
C = hium,ia
N
Cy = %ugnz +g(hi +b(z;)) + % Zj:l ﬁa?,ia
C(3 = %a
Cny2 =

Using the relations (6.8), the stationary solution can be evaluated in a point = a. The evaluation
of the steady state solution requires finding roots of the function

f(h) = Dh* 4 2h3g + 2h2(gb(a) — Cy) + C%, (6.9)
where the parameter D is given by

3

3
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The derivative of the function f is given by
f'(h) = 4Dh? 4 6h*g + 4h(gb(a) — Cy).

The positive root h. of f'(h) is

=39+ /992 — 16D(b(a)g — C=)
- 4D ’

he (6.10)

and we can see that it is a minimum of the function f. An example of a function f is plotted in
Figure 4.

f(h)
104
5_
0 L L 2
—-54
_10_
— f(h)
—-154 ® hc
® ho

0.00 025 050 075 100 125 150 175 2.00 h

Figure 4: An example of the root finding function f(h) (6.9) with some constants C;. The minimum
h. and the initial value of the Newton algorithm hg are shown.

Remark 1. In case of D = 0, the minimum simplifies to

_2(b(a)g — Cy)
L

Remark 2. In order to find the roots of f(h) the Newton-Raphson method is employed with initial
value hg that is the positive Toot of

f"(h) = 12Dh? + 12hg + 4(gb(a) — Cs),

given by

—3g + /99> — 12D(b(a)g — Cs)
ho = — .

It is easy to see that 0 < hg < h., compare also Figure 4.

We can conclude then the following: If f(h.) < 0 there exist two possible states for W*(z, 3 ),

(]
one subcritical and one supercritical. The following criterion will be used to choose one state:

1. If W; is subcritical or supercritical, then we will choose the solution in the same regime

(subcritical or supercritical) as W; for W} (z, . 1 ).

2. If W, is transcritical, then the solution that has the same behaviour (subcritical or supercrit-
ical) as W;_1 will be selected for W;(x,_ 1 ) and the solution whose behaviour is the same as
Wi1 will be selected for Wi (z;,1).

7
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Following the procedure described in [18], the reconstruction operator reduces to P;(z) = W} (z)
and the first order numerical scheme reduces to:

At
n+1 __ n__ = — +
Wit = Wit — (D, + D), (6.11)

for Wﬁ_l = Pi(x;_1) and W, = Pi(z;; 1), where we have used that P(z) = W () is a steady
2 2
solution.

In the case we could not find such a stationary solution verifying (6.7) the standard trivial recon-
struction is considered.

6.3 Second order well-balanced scheme

Now we consider the second order scheme for which a second order spatial reconstruction using
the minmod limiter will be employed, see [18].
The cell averages of the initial condition are again computed using the mid-point rule:

WP = Wo(z;), for all 4,

where Woy(z) is the initial condition.

1. Obtaining the steady solution: In the same fashion as for the first order scheme, if possible,

the steady state W;* needs to be found such that
Wi (z;) =W, (6.12)

After computing the constants Cq, Ca, Cs,...,Cn42 as in (6.8), the stationary solution can be
evaluated in a point z = a. In order to do this, the roots of the function f in (6.9) needs to
be computed. As defined in (6.10), f has a minimum in h.. Again if f(h.) < 0 there exist
two possible values for W (i 1,7 & §) and we use the same criterion as for the first order
scheme in order to choose one.

2. Computing the fluctuations: After the evaluation of the stationary solution in a point r = a
the fluctuations {V;_1,V;, Viy1} in (6.6) are computed using the mid-point rule

Vieir =Wo1 = Wi (xi-1),
Vi =W, - W}(z;) =0,
Vier = Wipr — Wi (2ia).

3. Applying the reconstruction operator: After the fluctuations are computed, the minmod
reconstruction is used to obtain the reconstruction operator (see [45])

VimVia Vi = Vi Vin — Vi
1 +1 17 +1 )(l‘—.’L‘i),

Qi(x) = V; + minmod (

Az 20z Az
where
min{a,b,c} if a,b,¢>0,
minmod(a, b, ¢) = ¢ max{a,b,c} if a,b,c <0,
0 otherwise.

4. Defining the well-balanced operator: The well-balanced reconstruction operator is given by
Pi(z) = Wi (z) + Qi().

The well-balanced property can be lost if a quadrature formula is used directly in the right part
of (6.3), as the quadrature formula is in general not exact. Therefore, the semi-discrete scheme is
first rewritten as proposed in [18] taking into account the non-conservative part

T, 1

dWZ N 1 itg 0 0

e (P o [ (AR @) R — A ) S ) |

-3
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where W/ is the stationary solution found at the first step verifying (6.5). In our particular case,

it reads as

aw, 1
dt  Ax

L[ <B(IP’¢($))83$]P( ) B @) Ui @) de

(D+1 + D+ F(Pi(wiyy)) = F(U (wi41)) + F(UF (2i-1)) = F(Pi(w;

L (S(Pi(x)) — S(U; (x )))a b(z) | dz
[ 520

Once this equivalent form is obtained, the mid-point rule can be applied to the integrals without
losing the well-balanced property. Observe that, in this case, we have

/:ﬁ; (B(Pi(x))aaxpi(x) ~ B(U(2)) a% U (x)> "

~ Az (B([P’i(xi)) ~ B(U? (xi))) (%Ui*(xi) + AasB(]P’i(xi))%Pi(aci)

= AxB(Pi(JL‘i))%Pi(xi)

(6.13)

= AzB(P;(z;))minmod (Vi —Vier Vi = Viea Vin = Vi) ,

Az 2Ax T Az

Therefore, this leads to

O (D, + D+ PRy y) ~ FUF (i) + F(U; (2, ) — F(Bir,

dt Az
) Vi=Vioi Vimi—Vior Vipr =V
+AzB(P;(z;))minmod < Ar Ar ' Az > )7

for VVZJr 1= = Pi(x 17%) and W, b1 = = P;(z; 1). The discretization in time is performed with a
Runge—Kutta TVD method of order 2, see [27].

Remark 3. The extension to higher-order is straightforward: Although not implemented in the
present paper, a third order well-balanced scheme will be based on the two point Gaussian quadrature
formula for computing the averages. In the first step, we need to find the constants C;j, j =
1,..., N + 2 such that

1 1
§Wi*(xa,cl, ...,CN+2) + §Wi*(a:b,01, ...,ON+2) =W,

where x, and xp are the two quadrature points and W} (x,Cy, ...,Cn42) represents the stationary
solution given by the constants C; evaluated in x. Then we follow the steps considering a third
order reconstruction operator (e.q. CWENO reconstruction [34]) and using again the two point
Gaussian quadrature.

6.4 Spatial discretization

In order to completely define the scheme, what remains is to define the form of the fluctuations

Di+ . and the non-conservative terms in (6 3), for which we use a path-consistent scheme based on
2
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segments in the conservative variables as family of paths joining two states:

. Yy W, W)\ _ ( Ui +s(U, = 1))
\P(SaWhWT) - ( \I/b(S;VVl,W,«) ) - ( bl +S(b7 —bl) 3 s € [0, ].]7

26 and a PVM-like method [14] corresponding to a choice in (6.4) of

1
DY, = 5 (F(U) = F(U) + Biyy (U = U) = Siuy (b, = b) (6.15)
+ Qi+é(UT — U~ A:%SH%(br - bl))) )

where

a7 Is a generalized Roe matrix [44] where A; 1 = J; 1 + B, 1 and ;1 verify

1
2

JiJr%(UT - Ul) = F(UT) - F(Ul>7 (616)
By, :/O B(U, + s(U, — U))) ds, (6.17)
Si-‘,—% :A S(U + s(U, — Uy)) ds, (6.18)

and the polynomial viscosity matrix is Q;, 1= P(A;, %), for polynomial P. The source term

evaluates to

0

hi+h,

0
In the case of the model SWLME, it can be shown that the system (6.16) leads to an evaluation

of the Jacobian
oF

‘]i+% = @(hRaum,R7al,R7"'7aN7R)7 (619)
at the intermediate values
_ hl + hr _ mum,l + v hrum,r

h ,  Um,R = )
T2 . Vi + VR

and
s — mhraj,r + v hrhlaj,l
P iy + VR

28  Remark 4. We point out that (6.19) is a generalization of the mean values that are obtained with
20 the Roe matrix for the usual Shallow Water equations.

j={1,..,N}.

From (6.17) we obtain that B, 1 is an evaluation of the non-conservative terms

Bi+% = diag(0,0, —Um b, .., —Um. p), (6.20)
at values { ( ) }
h2upt-hZug+hihy | (w—up)log (22 ) — (updu;) .
Um b = (hy—hy)2 : if hr 7§ hl,
HTT—H” if h, = hy;.
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Setting A; 1 = J; 1 + B, 1 and S, 1, it can be shown that A; 1 is a Roe matrix in the sense of
[44].

For the polynomial viscosity matrix @, 1 an HLL-like method that correspond to choosing a
polynomial approximation of the matrix Q as P(x) = ag + a1z in (6.15) is used, see [17] for more
details. The coefficients are given as

0= Srlsl‘_5l|sr| o |S7’|_|Sl|

) a o o
S, =S RCR—
where S, and S; are the maximum and the minimum eigenvalue of A, 1 respectively.

Remark 5. The eigenvalues of AH% are computed numerically. However, it is possible to use
Cardano’s formula to obtain exact eigenvalues.

Remark 6. Dry-wet fronts often appear in applications. The use of numerical schemes then
becomes a difficult task. In the case of the shallow water equations, the literature is extensive:
see for instance [8, 11, 12, 24, 7, 38]. Two different approaches are mainly considered when
dealing with wet-dry fronts. The first approach applies a modification of the numerical source term
Si+% so that the scheme remains well-balanced and is able to consider wet-dry fronts. The second
more sophisticated approach is based on the solution of partial Riemann problems, which involves
a detailed study of the system under consideration. In this paper we have not taken into account
wet-dry fronts and it will be considered as future work. The first approach should be the preferred

option since solving Riemann problems in the case of the SWLME could prove challenging.

Remark 7. Regarding the extension to the two-dimensional case, we need to discuss two problems:
the mathematical model and the numerical method. A model extension for the two-dimensional case
is ongoing work. It is based on an expansion of both vertical velocity direction with the same basis
and leads to a larger moment system due to the additional expansion coefficients. Regarding the
extension of the numerical scheme, path-conservative methods have been developed in the past.
They can be based on a dimensional splitting, which does not take into account cross-directional
terms. However, as it has been pointed out in the literature, these approximations can produce
some errors when computing isotropic solutions. In recent years, many authors have tackled these
multidimensional effects, e.g., see [42] for a review on the topic. The multidimensional extension
will be considered in future work. We expect from this extension an improvement in the numerical
results with respect the standard 2D shallow water equations.

7 Numerical tests

In this section several tests with increasing complexity are considered to validate the results ob-
tained starting from steady state initial conditions with the well-balanced first and second order
schemes for the SWLME. Subsequently, we use a transient dam-break problem to compare the
SWLME with the results obtained for the HSWME and the SHSWME, see [29]. For implementa-
tion details used in all examples of this section we refer to the implementation [28].

7.1 Well-balanced property

The first four test cases are intended to show that the scheme is effectively well-balanced. A 1000-
point uniform mesh, free boundary conditions and a CFL number of 0.5 are used. In all cases we
exemplarily use N = 8 moments and g = 9.812.

Test 1: Lake at rest

For the lake at rest, a zero velocity profile corresponding to water at rest with the following bottom
topography is used in the spatial domain [—1,1]

2—22 if —05<x<0.5,
bo(z) = { 1.75 otherwise, (7.1)
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and therefore
Wo(x) = (ho(x), um,o(x)ho(x), a1,0(x)ho(2), ..., an0(x)ho(x)) = (3 — bo(2),0,0,...,0).  (7.2)

The initial condition is shown in Figure 5. In Table 1 we observe that the well-balanced and
also the non well-balanced schemes of first and second order capture well the lake at rest. This
is due to the fact that straight lines are used as the paths in the numerical scheme. This is a
parameterization of the stationary solutions [5, 37]. For the first order test case, even the standard
non well-balanced scheme gives the right solution.

Scheme (1000 cells) | [|Ah||1 (Ist) | [|Aullr (Ist) | ||AR|lx (20d) | ||Aull; (2nd)
Well-balanced 0.00 8.16e-16 0.00 8.16e-16
Non well-balanced 0.00 7.12e-16 4.51e-15 1.75e-14

Table 1: Well-balanced vs non well-balanced schemes: L' errors ||A - ||; at time ¢t = 0.5 for the
SWLME model with initial conditions (7.1) and (7.2).

t=0.000

3.25 4 — h+b

3.00

2.75 1

2.50 1

2.25 1

2.00 1

1.75 A

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Figure 5: Initial condition for the lake at rest (7.1) and (7.2).

Test 2: Subcritical stationary solution

We consider a subcritical stationary solution as initial condition in the spatial domain [0, 3], similar
to [16]. The bottom topography is chosen as

bo(a) = { 0.25(1 + cos(5m(z 4+ 0.5))) if 1.3 <z < 1.7, (7.3)

0 otherwise.

As Wy(z) we take the subcritical stationary solution such that Cy = 3.5, Cy = 17.56957396120237
and C; =0 for i € {3,..., N +2}. The initial condition is shown in Figure 6. In Table 2 we observe
that our well-balanced schemes of first and second order capture well the subcritical stationary
solution while the non well-balanced schemes do not. The non well-balanced scheme shows a clear
error whereas the well-balanced scheme is exact up to almost machine prevision.

Test 3: Transcritical stationary solution
Next, we consider a transcritical stationary solution using an initial condition in [0, 3] similar to

[16]. The bottom topography is chosen as

(7.4)

bo() = 0.25(1 + cos(bm(x 4+ 0.5))) if 1.3 < < 1.7,
0= 0 otherwise.
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Scheme (1000 cells) | [|Ah|[1 (Ist) | [|Awullr (Ist) | ||AR]lx (2nd) | ||Aull; (2nd)
Well-balanced 9.16e-16 1.79e-15 1.42e-15 3.24e-15
Non well-balanced 2.48e-6 5.08e-6 3.21e-5 8.40e-5

Table 2: Well-balanced vs non well-balanced schemes: L' errors ||A - ||; at time ¢ = 0.5 for the
SWLME model with initial condition (7.3).

t =0.000 t =0.000
—L 2.8 1 | —
254 h+b u
b
2.6 1
2.0
2.4 1
1.5
2.2
1.0 1
2.0
0.5
1.8
0.0
0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0

Figure 6: Initial condition for the subcritical stationary solution (7.3).

As Wy(x) we take the transcritical stationary solution

W*(z)

if ©<1.5

if 2> 15 (7.5)

wo(o) = {
where W, and W* are the subcritical and supercritical stationary solutions such that C; = 2.5,
Cy = 21.15525 and C; = 0 for i € {3,...,N 4+ 2}. The initial condition is shown in Figure 7.
In Table 3 we observe that our well-balanced schemes of first and second order capture well the
transcritical stationary solution while the non well-balanced schemes do not. Again, the non well-
balanced schemes result in a large error while the well-balanced schemes achieve a very accurate
steady state solution.

Scheme (1000 cells) | [|Ah||1 (Ist) | [|Awully (Ist) | ||AR]lx (2nd) | ||Aull; (2nd)
Well-balanced 3.53e-14 2.95e-13 3.53e-14 2.98e-13
Non well-balanced 1.46e-5 1.22e-4 3.07e-4 1.12e-3

Table 3: Well-balanced vs non well-balanced schemes: L! errors ||A - ||; at time t = 0.5 for the
SWLME model with initial condition (7.4) and (7.5).

Test 4: Subcritical stationary solution with non zero moments

We consider the following initial condition in [0, 3] that is a subcritical stationary solution with
non-vanishing coeflicients «;. The bottom topography is chosen as

if 1.3<x<1.7
otherwise

bo(z) = { 8.25(1 + cos(5m(z + 0.5)))

As Wy(x) we use the subcritical stationary solution such that C; = 3.5, Cy = 21,15525 and
C; =0.25 for i € {3,..., N 4+ 2}. The initial condition is shown in Figure 8. In Table 4 we observe
that our well-balanced schemes of first and second order capture well the subcritical stationary

(7.6)
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Figure 7: Initial condition for the subcritical stationary solution (7.4) and (7.5).

solution while the non well-balanced schemes do not. Even in this test case with non-zero higher-
order coefficients «; the well-balanced scheme is much more accurate than the standard non well-
balanced version.

Scheme | [|[Ah||1, (Ist) | ||Aullr (Ist) | |[Aasl|r (Ist) | [|AR||1 (2nd) | ||[Au||; (2nd) | [|Acy|]1 (2nd)
wb 4.00e-15 9.71e-15 4.45e-15 2.56e-15 7.66e-15 5.04e-15
Non wb 3.11e-6 6.65e-6 6.98e-7 3.98e-5 1.04e-4 2.52e-5

Table 4: Well-balanced (WB) vs non well-balanced schemes: L' errors ||A - ||; at time t = 0.5 for
the SWLME model with initial condition (7.6).

7.2 Second-order accuracy

The following test is devoted to check the accuracy of the well-balanced second-order scheme.

Test 5: Subcritical stationary perturbation

In this test we consider a perturbation of a subcritical stationary solution. Let us define the bottom
bo(z) as in Test 3 and 4, see (7.4). The subcritical stationary solution Wy (z) is described by the
constants: C; = 0.3, Cy = 9.88825 and C; = 0.25 for i € {3,..., N + 2}. The perturbed initial
condition is given by

W (2) = Wo(x) + b(a),

where §(z) = (1073 - ¢7500(==2)% 0 0 . 0). The spatial domain is [0,3], free boundaries are
considered and the final time is t = 0.4. We use grids consisting of 50, 100, 200, 400, 800, 1600
uniform points in order to compute the errors and check the order of our second-order well-balanced
method. The numerical solutions are compared with a reference solution, which is computed with
a mesh of 6400 uniform points using the same numerical scheme. In Table 5 we show the results
from which we conclude that the expected second-order of accuracy is obtained in all variables.

(7.7)

7.3 Comparison between the SWLME, HSWME and SHSWME

In the following two tests, the results for the new SWLME model are compared with other hyper-
bolic models, HSWME and SHSWME, for which a Roe matrix was derived and explicitly given in
the appendix A. These tests will be done in the spatial domain [—0.4,0.4] with g =1 and N = 8.
We consider a flat bottom topography (b, = 0) and neglect friction terms. In this test case, the
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2.51 —— h+b — u
b 2.8
2.01
2.6
15
2.4+
1.0 221
0.5 2.0
0.0 1.8
0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0
t =0.000
0.500 4
0.475 1
0.450 1
0.425 4
0.400 4
0.375 1
0.350 1
0.325 1
0.300 —— alpha_i
0.0 0.5 1.0 15 2.0 2.5 3.0

Figure 8: Initial condition for the subcritical stationary solution (7.6).

well-balanced property is of no interest, we therefore only compare the standard first and second
order schemes.
Test 6: transient model comparison with standard dam-break test

We are going to consider the following dam-break initial condition taken from [29] without friction
terms

Wo(x) = (ho(2), um,0(x)ho(x), a1,0(x)ho(x), ..., an 0 () ho (), (7.8)
where uy, o(z) = 0.25, aq 0(z) = —0.25, ano(z) = 0.25, a; o(z) = 0,7 € {2,..., N — 1}, and
5 if <0,
ho() = { 1 if x> 0. (79)

Figure 9 shows the numerical results obtained with the first and second order scheme for the
SWLME, and the first order schemes for the HSWME and the SHSWME. The results for the
second order schemes applied to the latter two models are quantitatively the same as the first
order results and thus omitted here. We can conclude that the results obtained are quite similar
for all models in the variables h,u and ;. As expected, the second order scheme captures the
rarefaction waves better. We point out that the speed of the shock that travels from the left to the
right is slightly higher in the case of the SWLME than in the other two models because in (5.8) we
observe that all the a; are taken into account for the maximum and minimum eigenvalues while

in the HSWME and SHSWME only «a; is contributing.
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Number of cells | [|Ah||; | Order | [|Au|l;y | Order | ||Aal||1 | Order
50 2.15e-03 - 1.86e-03 - 5.80e-04 -

100 6.67e-04 | 1.69 | 5.83e-04 | 1.67 | 1.99e-04 | 1.55

200 1.76e-04 | 1.92 | 2.03e-04 | 1.52 | 6.02¢e-05 | 1.72

400 5.21e-05 | 1.76 | 7.24e-05 | 1.49 | 1.79e-05 | 1.75

800 1.42e-05 | 1.88 | 2.25e-05 | 1.69 | 4.61e-06 | 1.96

1600 3.32e-06 | 2.09 | 5.12¢e-06 | 2.13 | 1.08e-06 | 2.09

Table 5: Order of accuracy for the second-order well-balanced scheme: L' errors ||A -||; at time
t=04.

Test 7: transient model comparison with square root velocity profile

For the last test, we consider the following dam-break initial condition:

Wo(z) = (ho(x), um,o(z)ho(x), a1 0(x)ho(x), ..., ano(z)ho()), (7.10)
where we use a square root initial velocity profile (4.1) (0, x,¢) = u, (0, x) +Z§V:1 a;(0,2)p;(¢) =
V/C, such that the initial variables can be computed according to (4.6) and (4.7) as up,o(z) = 1
and

- _3 - _1 - _ 1 - _3
041,0(1‘)—__73 OLQ@(CE)_ _i’ a3,0('r)_ _E’ 04470(13) B _E? (711)
015,0(1:) - 397 0670(1') - 5 067,0(33) - 2917 0870(1’) - 95 °
The initial water height is chosen as
5 if <0,
ho(w) = { 1 if 2> 0. (7.12)

In Figure 10 we show the numerical results obtained with the first and second order scheme for
the SWLME, and the first order schemes for the HSWME and the SHSWME. We can conclude
that the results obtained are quite similar for all of them in the variables h,u and «;. This is not
the case for the variable ag where we can see that both the HSWME and the SHSWME result
in strong oscillations. In comparison, the new SWLME is more stable than the other two models.
Again the second order scheme captures the rarefaction waves better. Note that the emerging
instability is not the result of an unstable high-order scheme, as the solutions for HSWME and
BHSWME are even unstable with the first order scheme, while the SWLME yields stable results
for both schemes. We point out that in this test the difference between the speed of the shock is
even higher in the SWLME than in the other test because this time all the «; have a non-zero
initial value.
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(c) First coefficient a;.
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-04 -03 -02 -01 00 0.1 0.2 0.3 0.4
(b) Velocity u.
t=0.100
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—— 02_HLL_SWLME
0797 — 01 HLL HSWME
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0.5
0.4
0.3 1
0.2
0.1
T " T " " " "
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(d) Last coefficient as.

Figure 9: Results obtained with the different models for the standard dam-break initial condition
(7.8) and (7.9) for variables h,u, a1, ag at t=0.1.
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Figure 10: Results obtained with the different models for the dam-break with square

(c) First coefficient a;.
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profile initial condition (7.10) and (7.12) for variables h,u, aq, ag at t=0.1.

30

root, velocity



400

401

402

403

404

405

406

407

408

409

410

411

412

413

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

8 Conclusion

In this paper, we analytically and numerically investigate steady states of Shallow Water Moment
Equations (SWME). After showing that the steady states for the SWME with N = 1 are extensions
of the standard Shallow Water Equations (SWE), we pointed out that the case for arbitrary N
poses difficulties due to the loss of hyperbolicity and the structure of the model. The analysis
was generalized with the help of a newly derived model called Shallow Water Linearized Moment
Equations (SWLME), based on a linearization during the derivation. The concise derivation of the
SWLME allowed to prove hyperbolicity and to fully characterize its eigenstructure analytically.
This information was used to define a first order and a second order well-balanced numerical
scheme preserving the steady states of the model numerically up to machine precision. Numerical
results for lake-at-rest, subcritical, and transcritical initial conditions showed the success of the
numerical scheme. Additionally, we compared the new SWLME model to other existing shallow
water moment models, obtaining very similar solutions for the standard dam-break test. The
solution for a more complex velocity profile seems more stable with the new SWLME model while
existing models show emerging instabilities.

The current work is a major step towards a better understanding of shallow water moment
models and opens up many possibilities for future work and applications. Next steps could be a
detailed stability analysis of the models including the right hand side friction terms, which were
neglected in this paper, or the design of proper implicit numerical scheme for potentially stiff
friction terms. An extension towards well-balanced schemes of higher-order is possible following
the construction of the second order scheme in this paper.
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A HSWME and f-HSWME models

The HSWME and S-HSWME models are derived and explicitly given in [29]. For our numerical
schemes, we can write these two models in the form (6.1) where the conservative flux is given by

hu,,
2
hu2, + g + %ha%
2hu,, 0
FHSWME 17y — pBHSWME () — %ha%
0
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the non-conservative matrix is given by

0 0
0 0
—Uu §a1
m 5
4
BHSWME (17) — —01 Um 701
- ?
9 .
531
N+1
N aIN+1 Y
aN—11 Um
0 0
0 0
3
—Um gal .
—Q Um 50
BBHSWME(U): ) 7 :
541
N+1
N1 N1
5N+2N71a1 Um

a1 with By = %al the parameter of the S-HSWME model. The source term S is the same as
a2 for the SWLME model.
The respective terms for the generalized Roe scheme from (6.16), (6.17) and (6.18) can be
obtained by:
oF
JﬁEWME = JfJZSWME = @(hR,um,RﬂLR, ey N, R),
using (6.19), and

BH%WME _ BHSW]WE

BHSWME __ HSWME
i+i (um,b7a1,b)7 BH_l - BB (u

m,b al,b)v
where the Roe averages are given by

hium,T+hl2um,l+hlhr {(umylfum,r)log(%> 7(um)T+um,l)}

U b = (e =h)? it he 7 b,
’ U, rFUm 1 .
Umorbtmg i hy =,
and
h2aq +hiar+hih, [(061,1*011,7-)109(%>*(al,rﬂLOél,L)] T h
oy = (hr—h1)? 1 T 7& 1y
? ay rtaq, .
rrtens it hy = hy.
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