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Abstract—Uncertainty in renewable energy generation6
has the potential to adversely impact the operation of elec-7
tric networks. Numerous approaches to manage this impact8
have been proposed, ranging from stochastic and chance-9
constrained programming to robust optimization. However,10
these approaches either tend to be conservative or leave11
the system vulnerable to low-probability, high-impact un-12
certainty realizations. To address this issue, we propose a13
new formulation for stochastic optimal power flow that ex-14
plicitly distinguishes between “normal operation,” in which15
automatic generation control (AGC) is sufficient to guaran-16
tee system security, and “adverse operation,” in which the17
system operator is required to take additional actions, e.g.,18
manual reserve deployment. The new formulation has been19
compared with the classical ones in a case study on the20
IEEE-118 and IEEE-300 bus systems. We observe that our21
consideration of extreme scenarios enables solutions that22
are more secure than typical chance-constrained formula-23
tions, yet less costly than solutions that guarantee robust24
feasibility with only AGC.25

Index Terms—Automatic generation control (AGC),26
chance constraints, manual adjustment, optimal power flow27
(OPF), wind power.28
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A. Sets 32

G Set of generating units, indexed by g. 33

L Set of transmission lines, indexed by l. 34

N Set of nodes, indexed by n. 35

B. Parameters 36

cg Linear operating cost of generating unit g 37

[€/MWh]. 38

cdg/c
u
g Downward/upward reserve capacity cost of 39

generating unit g [€/MW]. 40

c−g /c
+
g Downward/upward reserve cost of generating 41

unit g [€/MWh]. 42

Bln Power transfer distribution factor (PTDF) of 43

transmission line l with respect to node n. 44

dn Forecasted demand at node n [MW]. 45

f l Maximum capacity of transmission line l 46

[MW]. 47

p
g
/pg Minimum/maximum output of unit g [MW]. 48

rdg/r
u
g Ability of generator g to provide downward and 49

upward reserves [MW]. 50

w̃n Actual wind power production at noden [MW]. 51

ŵn Forecasted wind power production at node n 52

[MW]. 53

ωn Error of the predicted wind power at node n 54

[MW]. 55

C. Variables 56

pg Power output dispatch of unit g [MW]. 57

rg(ω) Reserve deployed by unit g [MW]. 58

r−g (ω)/r+g (ω) Downward/upward reserve deployed by unit g 59

[MW]. 60

rdg/r
u
g Downward/upward reserve capacity of unit g 61

[MW]. 62

αg(ω) Manual adjustment of power output dispatch at 63

unit g [MW]. 64

βg Participation factor of unit g. 65

I. INTRODUCTION 66

O PTIMIZATION under uncertainty is a challenging task, 67

and even more so in network systems where uncertainty 68

realizations in different parts of the network can collude to 69

create unexpected difficulties in maintaining balanced network 70

conditions and managing flow constraints. In many systems, it 71
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is possible to distinguish between normal operations, where the72

system is operating as desired and (minor) disturbances can be73

managed using simple, automatic controls, and adverse opera-74

tions, where system security is challenged and additional control75

actions may be necessary to “save” the system from significant76

impacts. It is typically desirable to limit the probability that the77

system enters into an adverse operating condition, i.e., to ensure78

that the normal operational controls are sufficient to guarantee79

constraint satisfaction with a high probability. However, it is80

also important to ensure that there exist effective controls to81

limit system impacts and recover feasible operations if we enter82

into an adverse operating condition. In this article, we address83

this problem by exploring a problem formulation that combines84

features of chance-constrained and robust optimization, and is85

related to the idea of chance-constrained programming with86

recovery proposed in [1]. To make our problem formulation87

concrete, we consider the problem of operating a power grid88

under uncertainty. However, similar problems of managing the89

probability of adverse operations and ensuring feasibility re-90

covery in all scenarios could be applied to a range of other91

networks, including, e.g., supply chain networks, emergency92

response networks, and others.93

A. Electric Grid Operation Under Uncertainty94

The optimal power flow (OPF) is a classical tool widely used95

for day-ahead and real-time power system operations, electricity96

markets, long-term planning, and many other applications [2].97

In its deterministic version, the OPF problem seeks to determine98

the least-costly dispatch of thermal generating units to satisfy the99

system’s demand, while complying with the technical limits of100

production and transmission network equipment [3]. However,101

the increasing integration of renewable energy sources into102

power systems leads to increased variability and uncertainty103

in both the power generation and associated power flows. Un-104

derstanding and quantifying the impact of this uncertainty on105

decision-making problems, such as the OPF, is crucial to ensure106

the secure operation of power systems [4].107

Given this context, a large and growing body of work has108

addressed the stochastic version of the optimal power flow109

(SOPF) problem [5]. The SOPF aims to minimize expected110

operational cost and avoid constraint violations while consid-111

ering the uncertainty in its random parameters. Existing works112

deal with uncertainty in SOPF using different approaches, such113

as multistage stochastic programming [6]; robust or worst-case114

optimization [7], [8], [9]; or chance-constraints [10], [11], [12],115

[13], [14], [15]. The major challenge is to design a model that116

captures the risk of constraint violations and accurately reflects117

the operation of power systems, while maintaining computa-118

tional tractability.119

B. Activation of Generation Reserves120

When modeling the impact of uncertain generation on short-121

term operations (i.e., day ahead until real time), it is common122

to assume that forecast errors and renewable energy variability123

will be balanced by the deployment of generation reserves, and in124

particular, by systems such as the automatic generation control125

(AGC) [16]. A benefit of modeling system balancing through126

AGC is that it is naturally represented as an affine control 127

policy, which also simplifies the solution of the optimization 128

problem. However, the common AGC models implemented in 129

the literature typically assume that all generators contribute 130

reserve power according to the affine policy, even for large 131

uncertainty deviations. In reality, generator output will saturate 132

(or stop increasing/decreasing as the deviation grows larger) 133

when they hit their lower or upper generation limit. Furthermore, 134

operators generally take additional actions to manage both bal- 135

ancing and congestion in situations with very large deviations. 136

For example, the North American Reliability Corporation [17] 137

standard for regulating the use of AGC, BAL-005, states that if 138

the AGC becomes inoperative or may impair the reliability of the 139

interconnection, the system operator must use manual controls 140

to adjust generation in order to guarantee balance. 141

While a limited number of studies have shown that modeling 142

generation saturation [18] or accounting for manual reserve 143

activation during large deviations [19] leads to better operating 144

conditions, these models are often computationally expensive. 145

Thus, a more common approach is to apply the affine control 146

policy, but explicitly disregard constraint satisfaction in a frac- 147

tion of the most severe operating conditions. This is typically 148

done by introducing chance constraints that allow violations 149

in a (typically small) percentage of scenarios [10], [11], [12], 150

[13], [14], [15], or by solving robust optimization formulations 151

where the uncertainty set has been designed to contain a certain 152

probability mass [20]. 153

Unfortunately, by failing to model the impact of the worst 154

scenarios (those for which the constraint satisfaction is dis- 155

carded), a chance-constrained formulation may leave the system 156

vulnerable to large disruptions that include generator and line 157

outages, or load shed. As discussed in [12], there could be 158

instances where the combination of generators and renewable 159

outputs collude to produce power flows that significantly exceed 160

the nominal line ratings, even in the absence of a large total power 161

deviation. When the maximum rating of a line is exceeded, this 162

line becomes more likely to trip, leaving the network vulnerable 163

to cascading failures and associated load shed. 164

C. Contributions 165

To address this issue, in this work, we propose a new SOPF 166

formulation that distinguishes between two different operating 167

regimes, namely, normal operation and adverse operation. In 168

the SOPF context, normal operation refers to a situation, in 169

which AGC is sufficient to maintain the system balance, while 170

adverse operation refers to a situation, in which the system 171

operator may need to implement additional actions, such as 172

manual adjustments, to preserve system security. 173

Unlike the standard joint chance-constrained OPF (JCC- 174

OPF), which limits the joint probability of violation of technical 175

constraints, our formulation uses a joint chance-constraint to 176

control the probability of utilizing different reserve actions. 177

Thus, we can impose that AGC alone is to be sufficient with 178

a high probability, while additional corrective actions are only 179

to be implemented for the most adverse scenarios. In doing so, 180

we reduce the need for frequent manual intervention by oper- 181

ators (computational expensive), while also guaranteeing that 182
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additional resources are available to handle adverse operating183

conditions, e.g., by scheduling more reserve capacity for manual184

deployment.185

To demonstrate the suitability of our proposed formulation,186

we conduct a computational experiment that compared it to two187

state-of-the-art approaches. The former is the standard JCC-188

OPF, whose drawback is to leave the power system vulnerable189

to severe events, e.g., by dispatching insufficient generation190

capacity or giving up on alleviating congestion. The second191

approach guarantees robust feasibility using AGC only, which192

results in conservative solutions with increased operating costs,193

for instance, due to inefficient and oversized generation capacity.194

Our novel formulation results in decisions that are more reliable195

than the former approach and more cost-efficient than the latter.196

The main contributions of this article are as follows.197

1) We propose a novel OPF formulation that accounts for198

both adverse and normal operations and their relation199

to the various reserve actions employed in actual power200

system operations, such as AGC and manual redispatch.201

2) Our problem formulation combines aspects of chance-202

constrained and robust optimization. We use a joint chance203

constraint to restrict the probability of entering adverse op-204

erating conditions, while enforcing that feasibility recov-205

ery is possible for all scenarios with the use of additional206

controls. Specifically, we limit the probability of manual207

adjustments occurring instead of limiting the probability208

of violation of technical constraints, and guarantee that209

the use of manual controls ensures that the system remains210

feasible in all scenarios. This is representative of a realistic211

setting where the AGC operates under ordinary system212

conditions and the manual adjustments, which are not213

automatic, are implemented under adverse scenarios only.214

3) We show that our approach provides an opportunity to215

obtain solutions that are different than existing chance-216

constrained and robust optimization approaches. In partic-217

ular, our approach yields solutions that are more reliable218

than the conventional joint chance-constrained DC-OPF,219

yet less costly than those approaches that guarantee robust220

feasibility with AGC alone.221

The rest of this article is organized as follows. Section II222

describes the proposed SOPF formulation, which is derived223

from two traditional approaches in the literature. Section III224

describes the reformulation and algorithm used to make our225

proposal tractable and computationally efficient. Section IV226

explains the methodology we use to benchmark our approach,227

while Section V discusses experimental results from a case228

study. Finally, Section VI concludes this article.229

II. PROBLEM FORMULATION230

We start this section by introducing a standard and well-231

known formulation of the joint chance-constrained DC-OPF232

problem. We use this formulation as a basis to construct and233

motivate our proposed stochastic OPF formulation, which is234

presented immediately after.235

Before diving into the detailed mathematical formulations,236

we would like to highlight some distinguishing features between237

our proposed formulation and common stochastic optimization 238

approaches. While our proposed formulation contains a joint 239

chance constraint and thus is a chance-constrained program, 240

there are some significant differences to common joint chance- 241

constrained optimization. In our formulation, the chance con- 242

straint controls the probability of manual reserve activation, not 243

the probability of constraint violation. In a more general setting, 244

the chance constraint can be seen as managing the probability 245

of switching from normal to adverse operations. Furthermore, 246

our proposed problem formulation guarantees that all scenarios 247

can be made feasible by leveraging the additional controls (in 248

our case manual reserve activation), and thus provides robust 249

constraint satisfaction across scenarios. As such, our proposed 250

formulation combines features of chance-constrained and robust 251

optimization. 252

For notational simplicity, as in [14], we assume that there is 253

one dispatchable generator, one uncertain power source (e.g., a 254

wind farm), and one power load per node n. The power dispatch 255

of the generator, the power produced by the uncertain power 256

source, and the power consumed by the power load are denoted 257

by pn, w̃n, and dn, respectively. The power w̃n generated by 258

the uncertain power source at node n is modeled as a random 259

variable, which we decompose as w̃n = ŵn + ωn, with ŵn be- 260

ing the forecast value (assumed unbiased) and ωn the associated 261

forecast error. The system-wide aggregate forecast error is given 262

by Ω =
∑

n∈N ωn, and translates into a system-wide power 263

imbalance, which is balanced by the dispatchable generators 264

through the deployment of reserve. The reserve deployment 265

follows an affine control policy, modeling the actions of the 266

AGC. According to this policy, the reserve provided by the 267

generator at node n is given by rn(ω) = −βnΩ, where βn is 268

the participation factor and ω represents the vector of power 269

forecast errors across all nodes. Furthermore, we distinguish 270

between upward or positive reserve r+n (ω) and downward or 271

negative reserve r−n (ω), with rn(ω) = r+n (ω)− r−n (ω). 272

With this notation in place, the joint chance-constrained DC- 273

OPF problem can be formulated as follows: 274

min
Ξ

∑
n

cn pn + cunr
u
n + cdnr

d
n

+ E
[
c+n r

+
n (ω)− c−nr

−
n (ω)

]
(1a)

s.t.
∑
n

βn = 1 (1b)

∑
n

(pn + ŵn − dn) = 0 (1c)

p
n
+ rdn ≤ pn ≤ pn − run ∀n (1d)

0 ≤ rdn ≤ rdn ∀n (1e)

0 ≤ run ≤ run ∀n (1f)

r+n (ω)− r−n (ω) = −Ωβn∀n (1g)

P

⎛
⎜⎜⎝
−rdn ≤ −Ωβn ≤ run ∀n
−f l ≤

∑
n

Bln(pn − Ωβn+

+ŵn + ωn − dn) ≤ f l ∀l

⎞
⎟⎟⎠ ≥ 1− ε (1h)
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βn, r
+
n (ω), r−n (ω) ≥ 0 ∀n (1i)

where Ξ = (pn, r
+
n (ω), r−n (ω), rdn, r

u
n, βn) is the set of decision275

variables. We remark that rdn and run are the downward and276

upward reserve capacity provided by the dispatchable generator277

at node n, respectively. This reserve capacity is procured by the278

system operator before the forecast errors ω are known.279

The three terms of the objective function (1a) to be minimized280

correspond to the power dispatch cost, the cost of procuring281

reserve capacity, and the expected cost related to the actual282

deployment of that capacity, respectively. The power balance283

in the system is guaranteed for all possible realizations of ω284

through (1b) and (1c). Note that by requiring βn ≥ 0 in (1i),285

we enforce that all reserve deployment only acts to counter-286

balance forecast errors, rather than also allowing redispatch287

among generators to counter congestion. Constraints (1d) ensure288

that the power produced and the reserve capacity offered by289

dispatchable generators are within their minimum and maximum290

power output limits p
n

and pn. This condition is expressed by291

adjusting the generation limits for the dispatchable generation292

by the respective reserve capacities each generator provides.293

Constraints (1e) and (1f) set a limit on the maximum reserve294

capacity each generator is willing or able to provide. Equation295

(1g) models the affine control policy for reserve deployment296

(AGC) we discussed above. Equation (1h) constitutes the joint297

chance-constraint system by which the system operator states298

that the reserves deployed and the line flows must be within299

their bounds with a probability greater than or equal to 1− ε.300

Accordingly, the parameter ε is the maximum allowed probabil-301

ity of constraint violation set by the operator to reflect their risk302

preferences. Note that by implementing a joint chance constraint303

(as opposed to, e.g., multiple single chance constraints), we can304

interpret ε as a metric for overall system security. In the literature305

on chance constrained OPF, ε is often chosen to be in the range306

from 0% to 10%. In (1h), l is the index of transmission lines in the307

power network and f l stands for the capacity limit of line l. Note308

that the joint chance constraint limits the probability that the309

reserve activation exceeds the contracted reserve capacities, and310

thus ensures, in combination with (1d), that the generation limits311

will be satisfied with a high probability. Finally, (1i) imposes the312

positive character of decision variablesβn and random functions313

r+n (ω) and r−n (ω) for all n. Note that the probability in (1h) is314

computed over the probability space of ω and that the equality315

(1g) and the inequality (1i) must hold for almost all ω.316

The popularity of the joint chance-constrained formulation (1)317

stems from its ability to guarantee overall system security by318

ensuring that all constraints will remain satisfied with a high319

probability, while at the same time reducing the expected system320

operating cost substantially compared with robust optimization321

by allowing the violation of reserve capacity constraints and/or322

line flow limits under a small ε-percentage of realizations of ω.323

These realizations, or scenarios, are thus the most detrimental to324

the system in terms of cost. Parameter ε in (1) controls the level325

of risk aversion of the system operator (a lower ε implies more326

risk averse). If ε is set to 0, formulation (1) becomes robustly327

feasible, meaning that all the constraints and variable limits are328

to be satisfied with probability one.329

Fig. 1. Three-node illustrative example.

While chance-constrained OPF has gained widespread atten- 330

tion and is closely tied to existing criteria for reliability and 331

reserve procurement, the critical nature of power systems prac- 332

tically forces operators to guarantee robust feasibility. Indeed, 333

in those very few ω-scenarios for which AGC is unable or 334

too costly to ensure the system’s integrity, the operators can 335

still take over the affine control policy and manually set new 336

operating points for some generators in the system, those needed 337

to guarantee the satisfaction of the system’s constraints ideally 338

at the minimum cost. The fact that formulation (1) ignores the 339

possible need for a manual control taking over AGC (albeit with 340

a low occurrence) causes it to underestimate the operating cost 341

when ε > 0 or overestimate it when robust feasibility is pursued 342

(ε = 0). The ultimate result is that formulation (1) may produce 343

uneconomical or suboptimal affine control policies. 344

To illustrate our point, we use an example based on the 345

small power system depicted in Fig. 1. The system includes 346

two thermal generating units with the linear production costs, 347

reserve capacity costs, and maximum power limits indicated 348

in the figure. For simplicity, the susceptances of all lines are 349

assumed to be 1 per unit and the capacity of each line is also 350

specified in the figure. A single demand of 80 MW is located at 351

node n3, where there is also a wind farm with a predicted output 352

of 20 MW. We assume that the associated (random) forecast 353

error can take on three different values only, namely, 20, 10, and 354

−20 MW, corresponding to three equally probable realizations 355

or scenarios 1, 2, and 3 in that order. The costs of deploying 356

upward and downward reserve, i.e., c+n and c−n , are 1.2 and 0.8 357

times the generator’s linear operating cost, respectively. 358

Results from problem (1) when ε = 1/3 and ε = 0 are shown 359

in the first two rows of Table I. These results include the opti- 360

mal power dispatch, participation factors, and procured reserve 361

capacities, together with the optimal expected operating cost. 362

Unsurprisingly, the results are quite sensitive to ε. For example, 363

when this is set to zero (to achieve robust feasibility), much 364

more reserve capacity is to be procured than when we allow the 365

system’s constraints to be violated under one of the scenarios, 366

in particular, scenario 3. Accordingly, the cost increases from 367

€95 to €137.5, when ε goes from 1/3 to 0. In contrast, if we 368

take the solution delivered for ε = 1/3 and scenario 3 actually 369

occurs, meaning that the wind power forecast error takes on the 370

value −20 MW, the AGC requires generator g2 to increase its 371

production up to 65 MW, that is, above its maximum output 372
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TABLE I
RESULTS—ILLUSTRATIVE EXAMPLE

limit, while exceeding the maximum capacity of line l1 too.373

But what is more important from a practical point of view is374

that, under such a scenario, the solution to problem (1) when375

ε = 1/3 does not allow for any manual redispatch that can376

restore system feasibility immediately after, because no upward377

reserve capacity has been procured beforehand. Consequently,378

formulation (1) may be too risky or too costly.379

To address this issue, we propose a novel joint chance-380

constrained formulation of the DC-OPF problem that does ac-381

count for the possibility of resorting to a manual redispatch in382

this ε-percentage of events in which the implementation of AGC383

is too expensive or even infeasible. Our approach involves the use384

of manual adjustments to balance and ensure reliability under385

extreme conditions, while model (1) with ε = 0 only employs386

AGC and model (1) with ε > 0 does not consider any corrective387

measures for adverse scenarios. To obtain our formulation, we388

replace the set of constraints (1g) and (1h) in (1) with the389

following ones:390

∑
n

αn(ω) = 0 (2a)

r+n (ω)− r−n (ω) = −Ωβn + αn(ω) ∀n (2b)

− rdn ≤ −Ωβn + αn(ω) ≤ run ∀n (2c)

− f l ≤
∑
n

Bln(pn − Ωβn + αn(ω)+

+ ŵn + ωn − dn) ≤ f l ∀l (2d)

P (αn(ω) = 0 ∀n) ≥ 1− ε (2e)

where αn(ω) is a random variable that represents the manual391

adjustment of the power output of the generator located at392

node n.393

Equation (2a) is required for the implemented power adjust-394

ments to preserve the power balance. Equation (2b) is analogous395

to (1g), but including the manual adjustment requested by the396

system operator. Inequalities (2c) and (2d) enforce that the use397

of AGC in combination with manual redispatch guarantees that398

the system’s constraints are satisfied under any realization of399

ω. Finally, in our proposal, chance-constrained programming is400

employed for a different purpose than that in (1). Specifically, the401

chance-constraint (2e) seeks to characterize the use of manual402

control as an occassional recourse action, thus ensuring that403

AGC is the standard control policy. Again, constraints (2a)–(2d)404

are to be satisfied for almost all ω.405

Our proposal can thus be formulated as follows:406

min
Ξ

∑
n

cn pn + cunr
u
n + cdnr

d
n

+ E
[
c+n r

+
n (ω)− c−nr

−
n (ω)

]
(3a)

Fig. 2. Actions planned over the spectrum of uncertainty realizations
to mitigate imbalances and ensure the reliability of the power system.
(a) Model (1) with ε = 0. (b) Model (1) with ε > 0. (c) Proposal.

s.t. (1b)−(1f), (2a)−(2e), (1i). (3b)

Coming back to our example, results from (3) are also included 407

in the last row of Table I. Observe that the system operating cost 408

is significantly reduced with respect to that of formulation (1) 409

with ε = 0. Furthermore, as in the case of formulation (1) 410

with ε = 1/3, our proposal also renders a solution for which, 411

if scenario 3 occurs, the implementation of AGC violates the 412

maximum output limit of generator g2 and the capacity of 413

line l1. However, unlike the solution to (1), the one delivered 414

by our proposal procures 20 MW of upward reserve capacity 415

from generator g1 so that the system operator can release this 416

generator from AGC and manually dispatch it at 20 MW under 417

scenario 3. For illustrative purposes, Fig. 2 summarizes how the 418

mentioned approaches respond to an uncertain scenario. 419

In the following section, we discuss how we solve formula- 420

tions (1) and (3). 421

III. SOLUTION METHODOLOGY 422

Chance-constrained programs, such as (1) and (3), belong 423

to the class of NP-hard problems. In general, there is no finite 424

tractable reformulation of the chance-constraint (1h) or (2e). 425

As a result, a wide variety of different approaches have been 426

proposed to approximate the feasible region determined by these 427

constraints, namely, distributionally robust optimization [21]; 428

the scenario approach [22]; sample average approximation 429

(SAA) [23]; and the inner convex approximations based on the 430

conditional value-at-risk [24] or ALSO-X [25]. In this work, 431

we resort to SAA boosted with bounding, tightening and valid 432

inequalities. Consequently, the chance-constrained programs (1) 433

and (3) are reformulated as mixed-integer programs (MIP). To 434

do that, we assume that ω has a finite discrete support defined 435

by a collection of atoms {ωs ∈ R|N |, s ∈ S} and respective 436

probability masses P (ω = ωs) =
1
|S| ∀s ∈ S = {1, . . . , |S|}. 437

Accordingly, ωns and Ωs are realizations of the respective ran- 438

dom variables under scenario s, and the decisions αns, r+ns, and 439

r−ns for the dispatchable unit at nodenmay vary for each scenario 440
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s. We define q = �ε|S|� and the vector y of binary variables ys441

∀s ∈ S . Thus, the MIP reformulation of problem (3) is written442

as follows:443

min
Θ

∑
n

cn pn + cunr
u
n + cdnr

d
n +

1

|S|
∑
s

c+n r
+
ns − c−nr

−
ns

(4a)

s.t. (1b)−(1f) (4b)∑
n

αns = 0 ∀s (4c)

r+ns − r−ns = −Ωsβn + αns ∀n, s (4d)

− rdn ≤ −Ωsβn + αns ≤ run ∀n, s (4e)

− f l ≤
∑
n

Bln(pn − Ωsβn + αns+

+ ŵn + ωns − dn) ≤ f l ∀l, s (4f)

− ysr
d
n ≤ αns ≤ ysr

u
n ∀n, s (4g)

βn, r
+
ns, r

−
ns ≥ 0 ∀n, s (4h)∑

s∈S
ys ≤ q (4i)

ys ∈ {0, 1} ∀s (4j)

where the set of decision variables is Θ = (pn, r
−
ns, r

+
ns444

rdg , r
u
g , ys, αns, βn). Constraints (4g)–(4j) represent the sample-445

based MIP reformulation of the joint chance-constraint (2e).446

For a given scenario s ∈ S , the inequalities (4g) establish that a447

manual adjustment to the production of the dispatchable unit at448

node n in scenario s can only be done when ys = 1. Otherwise,449

if ys = 0, the power forecast error must be handled by the450

AGC. Expression (4i) ensures that the probability of the joint451

chance-constraint is met and (4j) enforces the binary character452

of variables ys. A MIP reformulation for the SAA of (1) can be453

found in [26].454

As mentioned above, problem (4) [and the SAA-based refor-455

mulation of (1) too] becomes rapidly intractable as the power456

system size and/or the number of scenarios |S| grows. To al-457

leviate this issue, we make use of the methodology proposed458

in [26], where a synergistic combination of constraint screen-459

ing and valid inequalities is exploited. In particular, line flow460

constraints that remain nonbinding for all scenarios s ∈ S have461

been screened out. The identification of these constraints is462

carried out by computing the worst-case flow per line l and463

per scenario s in both directions over a relaxation of problem464

(4). Essentially, this involves solving 2× |S| linear programs465

per line l maximizing (minimizing) the corresponding line flow.466

If the respective maximum (minimum) line flow in scenario467

s is strictly smaller (greater) than (minus) the line capacity468

f l (−f l), the ≤-constraint (≥) in (4f) can be safely removed469

from (4). Furthermore, to tighten the relaxed LP formulation470

of (4), we introduce the valid inequalities developed in [26],471

which guarantee that, in at least (1− ε)-percentage of scenarios,472

Algorithm 1: Adaptation of ALSO-X.
Input: Stopping tolerance parameter δ
Require: Relax the integrality of y

1: q ← 0, q ← �ε|S|�
2: while q − q ≥ δ do
3: Set q = (q + q)/2 and retrieve Θ∗ as an optimal

solution to (4).
4: Set q = q if P (y∗ = 0) ≥ 1− ε; otherwise, q = q
5: end while

Output: A feasible solution of model (4).

constraints (4e) and (4f) must be individually satisfied by the 473

deployment of AGC only. Q2474

Alternatively, we have also implemented an adaptation of the 475

inner convex approximation ALSO-X [25], which is able to 476

identify good feasible solutions of problem (4). As the original 477

approximation algorithm, our adaptation works iteratively. It 478

first relaxes the integrality of y and then enters a loop whose 479

core step is to perform a bisection search over parameter q. 480

A pseudocode is provided in Algorithm 1. 481

IV. EVALUATION PROCEDURE 482

In this section, we outline the procedure for evaluating the 483

performance of the two approaches compared in this article, 484

namely, as follows. 485

1) The joint chance-constrained problem with AGC only 486

formulated in (1) and denoted as AGC-ε hereinafter. For 487

ε = 0, the constrains must be satisfied for all scenarios 488

and model (1) is formulated as a linear program. For ε 
= 0, 489

model (1) is reformulated as a MIP problem and efficiently 490

solved using the procedure described in [26]. 491

2) The joint chance-constrained problem with both auto- 492

matic and manual generation control formulated in (3) 493

and denoted as AMGC-ε. Notice that for ε = 0, the results 494

obtained by AGC-0 and AMGC-0 are the same. For ε 
= 0, 495

model (3) is reformulated as the MIP model (4) and solved 496

using the procedure described in Section III. The approach 497

that solves model (4) using the heuristic procedure de- 498

scribed in Algorithm 1 is denoted as AMGC-H-ε. 499

First, let (p∗n, r
d,∗
g , ru,∗g , β∗n) denote the optimal dispatch and 500

reserve capacity decisions delivered by AGC-ε, AMGC-ε, or 501

AMGC-H-ε with the in-sample scenario set S . We evaluate the 502

performance of these decisions on an out-of-sample scenario 503

set denoted by S′ and indexed by s′, with |S| � |S′|. Each out- 504

of-sample scenario s′ is characterized by the realization of the 505

forecast errors ωns′ and the system wise aggregate forecast error 506

Ωs′ , with Ωs′ =
∑

n∈N ωns′ . For each scenario s′, we formulate 507

the following real-time operation problem: 508

min
Ψ

∑
n

cn p
∗
n + cunr

u,∗
n + cdnr

d,∗
n + c+n r

+
ns′

− c−nr
−
ns′ + P (Δ+

ns′ +Δ−ns′) (5a)

s.t.
∑
n

αns′ +Δ+
ns′ −Δ−ns′ = 0 (5b)
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r+ns′ − r−ns′ = −Ωs′β
∗
n + αns′ ∀n (5c)

− rd,∗n ≤ −Ωs′β
∗
n + αns′ ≤ ru,∗n ∀n (5d)

− f l ≤
∑
n

Bln(p
∗
n − Ωs′β

∗
n + αns′ + ŵn+

+ ωns′ − dn +Δ+
ns′ −Δ−ns′) ≤ f l ∀l (5e)

r+ns′ , r
−
ns′ ,Δ

+
ns′ ,Δ

−
ns′ ≥ 0 ∀n. (5f)

Note that Ψ = (r+ns′ , r
−
ns′ , αns′ ,Δ

+
ns′ ,Δ

−
ns′) where Δ+

ns′ and509

Δ−ns′ are two slack variables that quantify the positive and510

negative power deviations at each node n, respectively. These511

deviations are penalized in the objective function through pa-512

rameter P , which is to be set large enough so that scenario513

s′ is counted as infeasible if any of the corresponding slack514

variables takes on a strictly positive value. For each scenario515

s′, model (5) determines the reserve deployments to keep the516

network balanced at the minimum cost. Note that constraints517

(5b)–(5f) are equivalent to constraints (4c)–(4h) but with the518

addition of the slack variables Δ+
ns′ and Δ−ns′ , which guarantee519

the feasibility of model (5) for any scenario realization.520

Using the solution to model (5), we split the out-of-sample521

scenario set S′ into three subsets as follows. First, we solve522

model (5) with variables αns′ , Δ
+
ns′ , and Δ−ns′ fixed to 0, that is,523

enforcing that forecast errors can only be handled by AGC. If524

the problem is feasible, the scenario s′ belongs to subset S′A and525

the real-time operation cost is denoted by Cs′ . If this problem526

is infeasible, we solve model (5) without fixing any variable.527

If max(Δ+
ns′ ,Δ

−
ns′) = 0, then the forecast errors can be offset528

using automatic and manual reserves, and scenario s′ is included529

in subset S′M. Finally, if max(Δ+
ns′ ,Δ

−
ns′) > 0, then automatic530

and manual reserves are not enough to maintain the power bal-531

ance and power deviations occur during the real-time operation.532

In that case, scenario s′ belongs to the subset S′D. In the next533

section, we evaluate the performance of the different approaches534

by comparing the percentage of scenarios that belong to each535

subset, as well as the expected cost of the real-time operation.536

V. NUMERICAL RESULTS537

In this section, we compare the performance of the different538

approaches presented in Section II using modified versions of the539

IEEE-118 and IEEE-300 test systems widely employed in the540

technical literature on the topic. The 118-bus system (medium541

case) shows the performance of our novel model in a worst-case542

scenario where very few generators can deploy reserve and either543

have a very cheap or very expensive marginal cost. On the other544

hand, the 300-bus system (large case) illustrates its performance545

in a larger system where, in addition, more flexibility is available546

by the presence of more generators with the ability to back up.547

A. Medium Case: IEEE-118548

The IEEE-118 test system has 118 nodes, 19 generators, and549

186 transmission lines, and the original data pertaining to this550

system are publicly available in the repository [27]. We assume551

that six generators can provide reserves, and their corresponding552

data are given in Table II. Notice that units 12, 65, and 111553

have a much higher production cost than units 49, 61, and 100.554

TABLE II
GENERATORS WITH CAPABILITY TO PROVIDE RESERVE

TABLE III
MEDIUM CASE: OUT-OF-SAMPLE PERFORMANCE COMPARISON

For these six units, the reserve deployment costs are computed 555

as c−n = 0.8 cn and c+n = 1.2 cn, and the reserve capacity costs 556

are cdn = cun = 0.2cn. Besides, we add 25 wind power plants 557

throughout the system as suggested in [28]. We consider that 558

the wind power forecast error is normally distributed, i.e., ω ∼ 559

N(0,Σ), where 0 and Σ represent, respectively, the zero vector 560

and the covariance matrix. We also assume that the standard 561

deviation of ωn at node n is a 15% of the wind power forecast 562

wn. The uncertainty pertaining to the renewable generation of 563

the wind farms is characterized using 1000 scenarios, that is, 564

|S| = 1000. Finally, the penalty costP due to deviations is twice 565

the production cost of the most expensive generator. All data of 566

this modified 118-bus system are available at [29]. 567

To provide meaningful statistics, each method is run for ten 568

different sets of randomly generated scenarios. Accordingly, we 569

report results averaged over these ten instances. All optimization 570

problems have been solved using GUROBI 9.1.2 [30] on a 571

Linux-based server with CPUs clocking at 2.6 GHz, 6 threads, 572

and 16 GB of RAM. In all cases, the optimality GAP has been 573

set to 10−9% and the time limit to 10 h. 574

We compare the different approaches following the out- 575

of-sample evaluation procedure described in Section IV with 576

100 000 different scenarios drawn from the same distribution, 577

that is, |S′| = 100 000. We compare the results of four dif- 578

ferent approaches, namely: 1) AGC-0, which corresponds to 579

the joint chance-constrained OPF model (1) with ε = 0% (i.e., 580

all scenarios must be satisfied); 2) AGC-5, which is the joint 581

chance-constrained OPF model (1) with ε = 5% (that is, 50 sce- 582

narios may have violated constraints); 3) the proposed AMGC-5 583

approach, which is the proposed stochastic OPF model (3) with 584

ε = 5% (50 scenarios may use manual adjustments to redispatch 585

generators); and 4) AMGC-H-5, which is the proposed stochas- 586

tic OPF model (3) solved with the heuristic ALSO-X procedure 587

to solve AMGC-5. The results given in Table III include the 588

following. 589

1) The percentage of scenarios, in which the forecast errors 590

are handled using AGC only |S′A|. 591

2) The percentage of scenarios, in which manual redispatch 592

is required to keep power balance throughout the network 593

|S′M|. 594
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TABLE IV
COMPARISON OF DECISIONS MADE BY AGC AND AMGC

3) The percentage of scenarios, in which automatic and man-595

ual reserves are not enough to offset power imbalances and596

therefore, power deviations are inevitable and the system597

security is compromised |S′D|.598

4) The total expected cost.599

As expected, AGC-0 gives very conservative and expensive600

solutions, but is able to handle power imbalances using only601

AGC in 99.56% of the scenarios and only has 0.28% scenarios,602

in which system security is compromised. In comparison, we603

observe that the expected cost of the AGC-5 solutions is 28%604

lower on average than those of AGC-0 and that AGC activation605

is sufficient to guarantee system security in 94.12% of scenarios606

(close to the desired violation probability of 95%). However, the607

AGC-5 are not able to offset power imbalances with both types608

of reserves in 5.71% of the scenarios, thus compromising the609

safety of the system. The proposed AMGC-5 approach is able610

to compute dispatch solutions while taking into account both611

automatic and manual reserves. As expected, imbalances are612

compensated with AGC in 94.30% of the scenarios, and manual613

reserves are only required in 5.41% of them. Note that these614

percentages are very close to the desired values of 95% and615

5%. Although there is still 0.29% scenarios in which system616

security is compromised, the proposed methodology reduces617

the expected cost by 18% with respect to AGC-0 (which has618

reliability levels). Finally, the results obtained with the heuristic619

ALSO-X algorithm AMGC-H-5 are slightly more conservative620

and expensive than those of AMGC-5. However, these results621

confirm that Algorithm 1 provides a good feasible solution to622

formulation (4).623

To give more details on the out-of-sample performance of the624

different approaches, Table IV gathers a summary of the OPF625

decisions β∗n, rd,∗n , and ru,∗n . For conciseness, we aggregate the626

units providing reserves into cheap and expensive generators.627

Interestingly, AGC-0 yields more conservative OPF decisions628

since both cheap and expensive generators are dispatched to629

provide AGC. Conversely, the other methods mainly allocate630

AGC to cheap generators only. Notice that in the case of AGC-5,631

the values of β, rd, and ru are 0 for expensive generators, which632

means that these units will not be available for manual reserve633

during the real-time operation of the power system and there-634

fore, the probability of incurring in dangerous power deviations635

increases. Conversely, both AMGC-5 and AMGC-H-5 procure636

more reserve capacities so that cheap and expensive generators637

can be effectively and efficiently redispatched to minimize the638

real-time operation cost while reducing power deviations.639

To further illustrate the differences between the methods640

compared in this section, we compute for each out-of-sample641

scenario s′ the overall level of infeasibility, quantified by the642

Fig. 3. Expected cost versus the average deviation of the 5% scenar-
ios with the largest deviations for each of the four considered methods.
The results for AGC-0 (denoted by stars) are clustered to the lower right
of the figure, indicating that the method finds very reliable, but also very
costly solutions. The results for AGC-5 (denoted by crosses) are clus-
tered to the upper left of the figure, indicating that this method finds less
costly, but also much less reliable solutions.The results for the proposed
approach AMGC-5 and the associated heuristic method AMGC-H-5
are clustered in the middle of the figure, indicating that the proposed
method finds a good tradeoff between cost and reliability. Note that the
markers for AMGC-5 and AMGC-H-5 partially overlap, indicating that the
heuristic AMGC-H-5 method identifies close-to-optimal solutions.

total deviation Δs′ as follows: 643

Δs′ =
∑
n

(
Δ+

ns′ +Δ−ns′
)
.

Fig. 3 plots the average value of Δs′ for the 5% scenarios 644

with largest deviations (Δ̄5%) versus the expected cost for each 645

method and each of the ten independent samples. As observed, 646

AGC-0 involves very low deviation levels but the highest ex- 647

pected cost. Under AGC-5, the expected cost is decreased at the 648

expense of increasing the system deviations. Finally, the pro- 649

posed methods AMGC-5 and AMGC-H-5 manage to maintain 650

similarly low levels of deviations as AGC-0, but at a significantly 651

lower cost. 652

To conclude this case study, we provide the average com- 653

putational times of the different approaches. Since AGC-0 is 654

formulated as a linear programming problem, it takes 6.1 s 655

on average to be solved. Using the efficient solution procedure 656

proposed in [26], AGC-5 is solved in 14.3 s. Since the proposed 657

AMGC-5 requires the use of extra variables to properly model 658

the deployment of manual reserves, its average computational 659

time increases up to 3288.5 s. Nevertheless, the heuristic proce- 660

dure described in Section III is able to reduce this time to 73.6 s 661

with a very slight impact on the performance of AMGC-5. 662

B. Large Case: IEEE-300 663

The IEEE-300 test system has 300 nodes, 57 generators, and 664

411 transmission lines, and the original data pertaining to this 665

system are also publicly available in the repository [27]. This 666

system has 15 generators with the ability to use reserve, i.e., 667

it is possible to size the reserve. Small wind farms have been 668

distributed throughout the system, a total of 119, with a share 669

of 40%. The forecast error is also normally distributed, as in the 670

IEEE-118 case study, and has a standard deviation of 15% of 671

the predicted value (the optimization setup of the solver, and the 672

number of in-sample and out-of-sample scenarios is the same 673
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TABLE V
LARGE CASE: OUT-OF-SAMPLE PERFORMANCE COMPARISON

too). All data of this modified 300-bus system are available674

at [29].675

As can be seen in Table V, in this system, results similar to676

those in Table III are obtained. AGC-0 obtains the most conser-677

vative and expensive solution, where 99.22% of the scenarios are678

handled by AGC. On the contrary, AGC-5 obtains a solution that679

is approximately 1.8% cheaper1 than AGC-0, but is much less680

reliable as the system’s security is not guaranteed in 5.75% of the681

scenarios. For the proposed approach AMGC-5, imbalances are682

compensated with AGC in 94.31% of the scenarios and manual683

adjustments are required in 5.03% of them. Its reliability is684

similar to AGC-0, with only about 0.5% of samples with system685

insecurity. However, the AMGC-5 solution is 1.3% cheaper. This686

again highlights the ability of the proposed model to provide687

more reliable and cheaper solutions compared with existing688

methods.689

As mentioned above, an unfortunate aspect of the proposed690

AMGC-5 model is that it requires significantly higher computa-691

tional time compared with AGC-0 and AGC-5. Both AGC-0692

and AGC-5 can be solved in approximately 20 and 100 s,693

respectively. In contrast, AMGC-5 exceeds the allocated time694

limit of 10 h, and terminates with a final MIPGap achieved in the695

range of 0.2%–0.5%. One option to reduce computation time is696

to leverage the proposed heuristic method AMGC-H-5 instead of697

AMGC-5. For the 300-bus system, AMGC-H-5 solves in about698

170 s. This increase in computation time comes at the expense699

of slightly more expensive solutions. While AMGC-H-5 is as700

reliable or more reliable than AMGC-5 and AGC-5, it does have701

0.5% higher operating costs than AMGC-5. Given that this cost702

is still significantly lower than that of AGC-0 and the reliability703

of the solution is much better than for AGC-5, we conclude that704

the heuristic method AMGC-H-5 is a good option for scaling705

our proposed optimization model to larger systems.706

VI. CONCLUSION707

Existing approaches to solve the stochastic OPF are either708

overly conservative and expensive, or leave the system vul-709

nerable to low-probability, high-impact events. To address this710

issue, we present a novel stochastic optimal power flow formu-711

lation that distinguishes between “normal” operation conditions712

in which power deviations are balanced with AGC only, and713

“adverse” operation under which manual redispatch actions are714

required. As a result, our approach yields solutions that are more715

reliable and less conservative than existing approaches in the716

literature.717

1Note that, in this system, the cost difference is much lower because the
number of generators with the ability to provide reserve is greater, i.e., it accounts
for more flexibility resulting in more optimal affine control policies for AGC-0.

Our model is formulated as a joint chance-constraint program 718

that limits the probability that operators manually adjust the 719

power output of the generators. To assess the contributions of 720

our proposal, we compare it with existing approaches using an 721

illustrative three-bus network and more realistic ones, such as 722

the 118-bus and 300-bus systems. The obtained results for the 723

larger systems demonstrate that the proposed methodology is 724

able to achieve dispatch decisions that maintain almost identical 725

security levels, but are cheaper than approaches that pursue fea- 726

sibility with AGC actions only under any uncertainty realization. 727

A drawback of our proposed approach is that the computational 728

burden increases due to the modeling of the manual redispatch 729

actions. However, we also suggest an heuristic algorithm to solve 730

the proposed model and verify that the computational time is 731

drastically shortened without causing a significant decline in 732

performance. 733

While the proposed approach represents a step toward more 734

realistic modeling of reserve activation in stochastic OPF prob- 735

lems, several open questions remain. Avenues for future work 736

include, for example, how to incorporate restrictions on manual 737

reserve activation (such as, e.g., limiting the number of genera- 738

tors that participate in the manual activation), a more detailed and 739

realistic modeling of reserve cost that acknowledges the possible 740

cost difference between automatic AGC reserves and manually 741

activated reserves, as well as a strategy to handle situations in 742

which the problem becomes infeasible (due to, e.g., high levels 743

of uncertainty, severe system congestion, or limited generation 744

capacity). 745
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