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Abstract

This paper addresses the problem of plate bending for a square weakened with a full-strength hole including the origin
of coordinates. The vertices of the square lie on the coordinate axes and its neighbourhoods are cut by the same
smooth full-strength arcs which are symmetric with respect to the coordinate axes. Rigid bars are attached to each
component of the broken line of the outer boundary of the plate. The plate bends under the action of concentrated
moments applied to the middle points of the bars. The unknown part of the boundary is free from external forces.
Using the methods of complex analysis, the unknown part of the boundary is found under the condition that the
tangential-normal moment takes a constant value. Numerical analysis is performed and the corresponding graphs are
constructed.
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I. Introduction

The problems of stress concentration control on the boundary of the hole of an elastic body are, from the applied
viewpoint, very important and mathematically rather complicated. Their solvability provides the optimal stress
distribution by selecting the appropriate hole boundary.

The tangential-normal stresses, in the case of plane elasticity theory, or the tangential-normal moments,
in the case of bending of thin plates, can at some points reach values that cause destruction of plates or the
formation of plastic zones near the hole. Proceeding from this, the following problem was posed: given a load
applied to the plate’s boundary, choosing a hole shape such that at its boundary the maximum value of the
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Figure l. Statement of the problem.

tangential-normal stress or the tangential-normal moment is minimal in comparison with the all other holes is
required. It is proved that such a condition is valid provided that tangential-normal stress and tangential-normal
moments are constant at that hole. As is known, such holes are called full-strength ones.

Boundary-value problems of the plane theory of elasticity and plate bending for infinite plates weakened by
unknown full-strength holes with normal stresses acting on their boundaries and forces applied at infinity were
analysed in [1-6].

Boundary-value problems for a finite doubly connected domain with a part of its boundary being unknown
full-strength and the other part being a polygonal line are solved in [7, §].

The axis-symmetric and cycle-symmetric problems of the plane theory of elasticity and plate bending with
partially unknown boundaries are studied in [9—19].

In this article the cycle problem of bending for a square weakened with a full-strength hole is considered.
The vertices of the square lie on the coordinate axes and its neighbourhoods are cut by the same smooth full-
strength arcs which are symmetric with respect to the coordinate axes. Rigid bars are attached to the linear parts
of the boundary. The plate bends by moments applied to the middle points of the bars. The unknown part of the
boundary is free from external forces. Using methods of complex analysis, the analytical image of Kolosov—
Muskhelishvili’s complex potentials (characterizing an elastic equilibrium of the body) is constructed and the
unknown parts of its boundary are determined under the condition that the tangential-normal moment on that
takes a constant value.

2. Statement of the problem

Let a middle surface of a homogeneous isotropic elastic plate on the complex plane z = x + iy occupy a doubly
connected domain, representing a square weakened by an unknown hole. Assume that the point z = 0 is located
inside of the unknown hole. The vertices of the square lie on the coordinate axes and its neighbourhoods are cut
by the same unknown arcs which are symmetric with respect to the coordinate axes (Figure 1).

The side length of the square is assumed to be equal to 2a. Rigid bars are attached to each component of the
broken line of the outer boundary of the plate. The plate bends under the action of concentrated moments M
applied to the middle points of the bars. It is evident that the normals to the middle surface drawn at the points
of rectilinear segments of the boundary turn through one and the same constant angle. Unknown parts of the
boundary are free from outer actions.

Consider the following problem.
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Problem: Find the plate deflection w(x,y) and the unknown parts of its boundary such that the tangential—
normal moment on that plate takes a constant value M; = M, = const.

According to the approximate theory of the plate bending, the deflection of the middle surface w(x,y) in
the case under consideration is a biharmonic function. Since the angle of rotation of the middle surface normal
dw/dn is constant on the linear part of the outer boundary, it is not difficult to see that the torque H,; = 0
and shearing force N, = 0. Thus on the entire boundary H,;, = N, = 0. On the known part of the plate
boundary dw/dn = const and on the unknown part of the boundary the normal bending moment M,, = 0 and
the tangential-normal moment M, = const.

Since the problem is symmetric with respect to segments connecting the middle points of the opposite square
sides, and to the coordinate axes OX and OY, it is easy to show that on the segments [4¢41], [4445],

ow

— =0, Hy,s =N, =0.

on
To study the above-formulated problem, it is sufficient to consider a curvilinear hexagon 414,A43A44A45A4¢ which
is denoted by S. Let us introduce the notation Fl = A1A2, Fz = A3A4, F3 = A4A5, F4 = AGAI, I' = U;-‘erj,
Y1 = AyAs, vy = AsAg, Yy = Ule ¥;- The arc abscissa of the point # € I' Uy counted from the point 4, is denoted

by s. By M, M,, M5, M4 we denote the principal bending moments applied to I'y, I';, I'5, ['4 respectively. Due
to the equilibrium of the cut-out part of the plate and A4, || 4445, A3A4||AsA1, We have

M M
M1= MndS=M3: M,,dS:—, M4: M,,dS:MZZ M,,dS:—. (1)
I s 2 Iy I 2

The boundary conditions of the problem can be written in the form

ow _ {dl =const, tel U, 2
on 0 tel;UTy

M = const, Hyy=M,=N,=0, tey, 3)
H,=N,=0, tel. 4

3. Problem solution

As is known, the biharmonic in S function w(x, y) can be presented by the Goursat formula

w(x, ) = Re [2¢(2) + x(2)], ()

where ¢(f) and x(¢) are holomorphic functions in S. We can replace formula (5) by a formula more convenient

for our purpose:
aw aw R
Tt =9@)+z¢'2)+¥(), zES, (6)
dax ay
where ¥ (z) = x/(2).
It is known that M,, N,, H,, and M; are expressed in terms of the functions ¢(z) and ¥ (z) by formulas
analogous to those of Kolosov—Muskhelishvili (see [20, 21]):

1 z s dH,, -
_ M, + i/ N, + ds || dz=lp(z) + z¢'(z) + ¥ (2), zeS (7)
D1 =) J;, s ds
(M, + M) = M, + M, = —4D(1 + v)Re¢'(2), ze S (®)
Ny +iN, = —4D¢"(z), zeS )
where
34v
[=— ,
1—v

v is the Poisson coefficient and D is the cylindrical rigidity.
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Taking into account formulas (6), (7) and (8), the boundary conditions of problem (2)—(4) can be presented
in the form

Re [e—"“@ ((p(t) + ip() + W)] = 2—: teT, (10)
Re [e‘“(t) (l(p(l) + 10/ (D) + W)] —C(t), teT, (11)
lp(t) + t¢'(1) + ¥ (1) = B(2), tey (12)
Reg/() = —gpit—. 1<y (13)
where . t
B(t) = zﬁ ( | M(to)e™® dsy — %e’i’) . C(t) = Re (e ™™OB(r)),

where «(?) is the angle size, made by the outward normal # and the axis OX:

al)=oa, tely, k=1,2,3,4,

T (14)
N=o=—-+5k—-1).
a(f) = ok 1 + 2( )
Taking into account (1), (3) and (14), one gets
0. ren 0 tel UT,
B0 =1 _melasi . =1, . 15
o 2D(l(+v))’ tey 2D(1=0)° tel3UTYy

Subtracting (10) from (11) and differentiating with respect to the arc abscissa s and taking into account that
C(?), a(t) and dw/0dn are piecewise-constant on I", we obtain

Img'(f) = 0, terl. (16)
In what follows, the functions ¢(z) will be assumed to be continuous in the closed domain S, while functions
¢'(z) and ¥ (z) are continuously extendable on the boundary of S, with the exclusion of the points 4;, A3, A5, Ag
in the neighbourhood of which the following estimate is admitted:
0" (@) < Mz — A ™%, 1Y (@) < M|z — 4| ™%, 0<d& <1, k=2,35,6. (17)
Equalities (13) and (16) are, in fact, the Keldysh—Sedov problem for the domain S:

M,
—_, tey
4D(1 + v) (18)
Img'( =0, teT.

Re¢'(t) = —

Problem (18) has a unique solution:

@)= (19)
Y= 4pa 1)
Hence one obtains
M,
_ 20
YO =~ 1b0 1)’ (20)

where the constant was neglected because it is not necessary for the construction of the solution to the posed
problem. It is generally used for the determination of some additional conditions for obtaining analytical
solutions, which is not relevant in this case.
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Substituting the values B(f), C(f) and ¢(¢) into the boundary conditions (10) to (12), one gets the following

problem:
. K — 0, tell;UT
R —ia(f) =y / — ) 1 2
e[e (2 YO P tel;UT4
a1 =t ) =
#(Grv0) = e 1o,
where

M; M
K=—2  P=—— |
D1 —v) D —v)
LettreI,j=1,2,3,4. Thent — A; = i|t — 4;|". Hence we obtain
Re (fe7") = Re (e ™ A(1))
where A(%) is a piecewise-constant function, A(1) = 4;,t € I';,j =1,2,3,4.
Thus if 7 € T,/ = 1,2,3,4, then

e[y 1242

Taking into account (14), the conditions (21), (22) and (24) can be written as follows:

K _x; L 0 tel'T Uy
Re|—e #'t+e*'Yy()| =1 ,
e|:2€ te v}()] {—g, tel’3Ul,

K . 7 0 telh Uy
Im|—e #'t—e*'y(@)| ="
m[ze ¢ '/f()] {—g, teT,UT,’

_T; a te F]
R [ 4lt:| = i ,
°l¢ {0, tels

_T; a te Fz
I [ 4%]:: ’ .
mie {0, te F4

Combining equations (28) and (26) in the following way: K (28) — (26), we obtain
K _x, 7; Ka, tely,
Im|—e 't He*'| = ’ .
m[ze + ¥ (t)e ] {}5), feT,
Analogously, from (25) and (27) we obtain

K . x; ak, tel
Re| —e %t — ¢y (He? | = ’ )
e|:28 e ] {g, tely

e2))

(22)

(23)

24)

(25)

(26)

27

(28)

(29)

(30)

Letz = w(¢), ¢ = & + in, conformally map the domain S onto the upper half-plane Im¢ > 0. By a; we denote
the image of the point 4, j = 1,...,6. Assume that as = 1, as = —1, and the middle point of the arc 4,4;

turns into { = oo. Since the domain is symmetric with respect to the axis OY, —a, = a3 and —a; = ay.

Denote
K x. 7
0(0) = 5o Hole) + Y,
W(E) = e o) — )
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Taking into account (31) and (32), the boundary conditions (25), (26), (29) and (30) take the form

— |0, & € (—o0,a) U (ay,00) = J2aKi, § € (—az, —ay),
() + B(E) = {_P’ o) L 0@ - 0@ = { P €
v+ TE = [ e v - T = |, e,
(34)
The solution to the boundary-value problem (33) and (34) is given by the Keldysh—Sedov formula [22]:
X(¢) [ —a 2aKidE ! Pdg “  Pidg ]
(I) = — _ s —— - - — N 35
=2 )., mee-0 J.xmec-o ) xeec-o G
X(¢) [ -1 pdg @ P dE @ 2aK dE ]
() = - S k- B — 4+ G, I 0, (36
O=%i Lo moe-0 L xec-ot ), mee-o" me =0 60
where
(C+a)¢—1)
= 0 3
) \/(C +a))(¢ —ar) fme = 0. 7
( —a)C+1)
= 0. 38
() \/(C +a))(¢ —ar) fme = G%)

By Xi(¢) and X5(¢) we mean the branch of the holomorphic function in the upper half plane which at infinity
takes the value
Xi(00) = Xa(00) = 1.

It easy to show that

_Ixé)l, § € (—00,—az) U (—ay, 1) U(ay,00),

%) = {—im(sn, £ € (—az —an U(1,an) ’ &9
_IX@)l, & € (=00, —ar)U(—1,a1) U (az, 00),
LE = {ile(E)l, £ € (—ar,—1)U (@, @) ’ (40
1X1(6)| = [X2(=&)I. (41)
Taking into account (39) and (40), the formulas (35) and (36) can be written as follows:
Xy (0)i [ a1 24K dE a pgg ]
D7) = s L E— Im¢ >0, (42
©=" /_ GEIE-0 /_ GG me=0. @
X(2) [ 24K dE @ pde ]

W) = — - > — ], I > 0. 43
©="" /_ GEOE-0 /_ GEIE —0) me “)

4. Definition of deflection

Since all mechanical values such as deflection, bending moments, etc. are defined by complex potentials ¢(z),
¥ (z), solutions can be obtained in a straightforward way.

To obtain a numerical solution to the plate deflection w(x,y) = Re[zp(z) + x(z)], where ¢(z) and ¥ (z) are
holomorphic functions in S (¥(z) = x'(z), that is, x(z) = [ ¥(z)dz + C, C = const), we consider a conformal
mapping function z = w(¢), { = & + in, which maps the domain S onto the upper half-plane Im¢ > 0. By
virtue of (20) and (31) the obtained solutions ¢(z) and ¥ (z) are defined as functions of variable ¢:

¢(2) = p(w(§)) = — (),

My
4D +1)"
K =z .
V(z) = Y(o(¢)) = <<D(§) - 56_4'0)(5)) e 4,
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We calculate these functions ¢(z) = ¢(w(¢)), ¥(z) = ¥(w(¢)) at the points ¢. In the half-plane, if we
choose these points ¢ sufficiently close to each other, then the points z (where z = w(¢)) of the considered
domain S corresponding to them will also be close to each other. Therefore we can calculate values of deflection
bending moments of the considered body at any point with high accuracy, since mapping functions z = w(¢),

©(z) = p(w(¢)) and ¥ (z) = ¥ (w(¢)) are analytical.
Taking into account (20), (31) and Z - z = |z|?, where z = w(¢), the plate deflection has the form

—Molo(0)I?

m + X(w(f))i| )

w(x,y) = Re [—

where x = Rez = Re(w(¢)), y = Imz = Im(w(¢)) and

/ K T _Ti oy
x@©) = [vowed+c = (cb(g)—;e 4'w(;>)e H/(§)d¢ +Ci,

where ®(¢), w(¢) and K are defined by (42), (49) and (47) correspondingly. Thus, one obtains
_ Mol (@)I? gy E
w(x,y) = Re [—m + / (CD@) -3¢ CU(C)) Tw'(¢)d¢ + C1:|

where C; = const.

5. Construction of unknown parts of the boundary

Since the functions X;(¢) and X>(¢) have singularities of order 0.5 at the points & = +a,, for the functions ®(¢)
and W(¢) to be bounded near the points ¢; and —a it is necessary and sufficient for the following conditions to
be fulfilled:

—a di ap dE
k[ —= 4P| — = _4tcCc=o, 44
/ XE)IE Ta) / XE)IE Ta) 49

a) %- ay ds
K| —= 4 p| — = _c=o. 45
/al GEIGE £a) | / XGE)IE £an) )

If we replace & by —& in condition (45) and take into account condition (41), we will obtain the condition
which coincides with condition (44). This condition is in fact the system of two equations involving unknown
parameters a;, ap, C and K:

aj
{2aKf_aale+Pf‘f1W+c 0, (46)
2aK [, te@ieran + P L o m@ieray + € =0

Solving the system with respect to K and C we obtain

P I a \Xl(sn(al —£2)

—— (47)
@ X)X -a})
—a 2aK d& /‘” d&
C= — 2 4P| — 48
/_a2 [X1(§)I(ar — &) —a X1 E)N(a1 — &) (48)

Conditions (47) and (48) are valid for arbitrary parameters a, a,, | < a; < a, < 00, that is, conditions (44)
and (45) are valid for these conditions.

Hence we conclude that boundary problems (33) and (34) have infinite solutions, which are given by
formulas (42) and (43). From equalities (31) and (32) we obtain

) + W) s,

o) = =

Im¢ > 0. (49)
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Passing in formulas (42) and (43) to the limit ¢ — &y € (—1, 1) and using the Sokhotski—Plemelj formulas, we
obtain

P P
@ (&) = iPo(0) — > V(&) = Wo(&o) — Ei’ (50)

where

XE) [ [ 2aKdE @ pdE ]
D = _ — 4+ C, -1, 1), 51
o) = o U |X1(s>|(s—so)+/al XGEIGE — &) oe=LD Ol

_ _XZ(EO) a2 2aK d& a“ Pd¢ _ _
we =50\ [t e L meie—m <) @ty o

fl Pdé
—1 1X1(E)IE — &)

/1 Pdg
—1 1X2(8)IE — &o)

included in equalities (51) and (52) are singular and exist in the Cauchy principal value sense.
Replacing & by —&, and & by —& in equality (51), and using (41), we get

The integrals

and

Do(—&0) = Wo(40), & € (=1,1). (53)
The equation of arc y; is given by formula
o 'Y
(= oty = TRERE) (54)

Inserting in the last formula the values ®(&,) and W (&) defined by equality (50) and taking into account (53),

we find
(= oty = 20 5 SE) B P

< i X £ € (—1,1). (55)

Hence, it can be easily seen that the arc y, is symmetric with respect to the OY-axis. Analogously, the equation
of arc y, is given by the formula

d(—&o) — <Do($o)ﬁ n l.cb(fo) + q’o(—&))ﬁ

t = w() = e T &0 € (—00,az) U (az, +00).
X&) [ 2aKdE a Pdg
Pol0) = "o [/ X)IE —E0) / X©)IE —E0) } e ma) Ui, teo)

(56)

Taking into account equality (9), from equality (20) we obtain that the shearing force N, = 0, in other words,
all the conditions on the boundary are fulfilled.

The graph for the arc y, is constructed by w;(&;) = w(&) for & € (—1,1), and graphs for the arc y; by
wy(&) = w(&) for & € (ay, +00) and w3(&) = w(&y) for & € (—o0, —ay). Since the problem is cyclically
symmetric, the remaining parts of the full-strength contour are constructed by rotating the graph w(&) by value
/2. Values K and C are defined from formulas (47) and (48) for given P.

Let the width of the plate be # = 0.1, the Poisson coefficient be v = 1/3 and Young’s modulus be £ =
5 x 10°. Then the cylindrical rigidity will be

ERW?

D=—— =46875.
12(1 — v2)

In Figure 2, the graphs of a full-strength boundary for different parameter selections are constructed.
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P=10,a=1,a1 =21, ay = 25,
K =13.508, C = 50.292, M = 625,
My =422.125,h=0.1,v =1/3

P=10,a=1,a1 =5,a92 =7,

K =12.994, C = 53.162, M = 625,
M =406.063,h =0.1,v =1/3

N

P=10,a=1,a; =10,ay =99,

K =10.51, C' = 58.084, M = 625,
My =328483,h=0.1,v=1/3

2N
SN

P = 10,a:1,a1 = ll,ag :55,
K =10.744, C' = 56.022, M = 625,
M, =335.75,h=0.1,v =1/3

S I /
~ S >

P=10,a=1,a1 =9, ay = 33,
K =10.984, C = 55.21, M = 625,
My =343.25,h=0.1,v =1/3

P=9a=1,a1 =9,a, =17,
K =10.652, C = 47.657, M = 562.5,
My =332.875,h=0.1,v =1/3

Figure 2. Graphs of a full-strength boundary for different parameter selections.

6. Conclusion

The most effective methods for studying the problem posed here turned out to be those of the theory of analytical
functions of complex variables. Kolosov—Muskhelishvili formulas are used for investigating and the solution is
written in quadratures. The unknown full-strength parts of the plate boundary are constructed. This problem is
both of mechanics and of geometry since we search the shape of a hole in a plate and the conformal mapping

function is used to define it.

The applications of elastic plates weakened by full-strength holes are of great interest in several areas of
mechanical construction (building practice, mechanical engineering, shipbuilding, aircraft construction, etc).

Cherepanov [3, 4] proved that the tangential-normal stresses of a plate weakened by a hole with a full-
strength contour is less than 40% of the maximum tangential-normal stress of a plate weakened by a circular

hole.
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