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Abstract. We characterize the pairs of weights (u, v) such that the geometric
mean operator G1, defined for positive functions f on (0,∞) by

G1f(x) = exp
(

1
x

∫ x

0

log f

)
,

verifies the weak type inequality
(∫

{x∈(0,∞)/G1f(x)>λ}
u

) 1
q

≤ C

λ

(∫ ∞

0

fpv

) 1
p

in the case 0 < p ≤ q < ∞.
Similar results are obtained for the n-dimensional geometric mean operator Gn

defined by

Gnf(x1, x2, . . . , xn) = exp
(

1
x1x2 · · ·xn

∫ x1

0

∫ x2

0

. . .

∫ xn

0

log f

)
.

1. Introduction and results

Let G1 be the geometric mean operator defined for positive functions f on (0,∞)
by

G1f(x) = exp

(
1

x

∫ x

0

log f

)
.

P. Gurka and B. Opic [4] in the case 0 < p ≤ q < ∞ and B. Opic and L. Pick [8]
in the case 0 < q < p < ∞ characterized the pairs of weights (u, v) such that the
strong type inequality

(∫ ∞

0

G1f(x)qu(x)dx

) 1
q

≤ C

(∫ ∞

0

f pv

) 1
p

(1.1)

holds.
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More recently, L. E. Persson and V. D. Stepanov ([5], [6], [9]) have given a new
characterization of the inequality (1.1) by applying a limiting process. This tech-
nique uses the fact that

G1f(x) = lim
α→0+

(
1

x

∫ x

0

fα

) 1
α

(1.2)

and needs to have a characterization of the weighted Hardy inequality

(∫ ∞

0

(
1

x

∫ x

0

f

)q

u(x)dx

) 1
q

≤ C

(∫ ∞

0

fpv

) 1
p

provided with a suitable control of the best constant C.
A similar approach has been performed by A. Wedestig ([11], [12]) in relation to

the characterization of the pairs of weights (u(x, y), v(x, y)) such that the inequality

(∫ ∞

0

∫ ∞

0

G2f(x, y)qu(x, y)dxdy

) 1
q

≤ C

(∫ ∞

0

∫ ∞

0

f pv

) 1
p

holds, where 0 < p ≤ q < ∞ and G2 is the two-dimensional geometric mean operator
defined by

G2f(x, y) = exp

(
1

xy

∫ x

0

∫ y

0

log f(s, t)dsdt

)
.

The first purpose of this paper is to characterize the pairs of weights (u, v) such
that the weak type inequality

(∫

{x∈(0,∞):G1f(x)>λ}
u

) 1
q

≤ C

λ

(∫ ∞

0

fpv

) 1
p

(1.3)

holds for all λ > 0 and all f > 0 with a constant independent of f and λ, in the
case 0 < p ≤ q < ∞.

The inequality (1.3) can be written as

‖G1f‖q,∞;u ≤ C‖f‖p;v,

which expresses the boundedness of G1 from Lp(v) to Lq,∞(u). If r > 0, the space
Lr,∞(u) is defined by

Lr,∞(u) = {g : (0,∞) → R : ‖g‖r,∞;u < ∞},
where

‖g‖r,∞;u = sup
λ>0

λ

(∫

{x∈(0,∞):|g(x)|>λ}
u

) 1
r

.

It is well known that ‖ · ‖r,∞;u is not a norm. If r > 1, the space Lr,∞(u) is a
Banach function space [2] with the norm

‖f‖∗r,∞;u = sup
t>0

t
1
r f ∗∗u (t),
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where f ∗∗u (t) = 1
t

∫ t

0
f ∗u and f ∗u , the nonincreasing rearrangement of f with respect

to the measure u, is defined by

f ∗u(t) = inf

{
s > 0 :

∫

{x:|f(x)|>s}
u ≤ t

}
.

The relationship between ‖ · ‖r,∞;u and ‖ · ‖∗r,∞;u is given by the inequalities

‖f‖r,∞;u ≤ ‖f‖∗r,∞;u ≤ r′‖f‖r,∞;u, (1.4)

where r′ = r
r−1

is the conjugate exponent of r.

Moreover, the associate space of Lr,∞(u) is Lr′,1(u), which consists of the functions
f such that

‖f‖r′,1;u =

∫ ∞

0

(∫

{x∈(0,∞):|f(x)|>t}
u

) 1
r′

dt < ∞.

In order to characterize the inequality (1.3), we will perform a limiting process
similar to Wedestig’s one ([11], [12]), but conveniently adapted to the setting of the
weak type inequalities. We will need a sort of weak type Minkowski’s inequality
which will allow us the permutation of the integral with the Lr,∞(u)-norm, r ≥ 1.

The weak type Minkowski’s inequality is established in the following lemma.

Lemma 1. Let r ≥ 1 and let g, f, u be nonnegative measurable functions on (0,∞).
Then, ∥∥∥∥g(x)

∫ x

0

f

∥∥∥∥
r,∞;u

≤ Dr

∫ ∞

0

f(t)‖χ(t,∞)g‖r,∞;udt,

where Dr = r′ if r > 1 and D1 = 4.

It is worth noting that the above inequality asserts that if u is a positive function
on (0,∞), then the pair of weights (u(t), ‖χ(t,∞)g‖r,∞;u) is always a good pair for
the weighted weak type (1, r) inequality for the modified Hardy operator Tf(x) =
g(x)

∫ x

0
f to hold.

Really, instead of Lemma 1, we will use the following lemma, which is an imme-
diate consequence of Lemma 1.

Lemma 2. Let 1 < p ≤ q < ∞ and let g, f, u be nonnegative functions on (0,∞).
Then ∥∥∥∥∥g(x)

(∫ x

0

f

) 1
p

∥∥∥∥∥

p

q,∞;u

≤ Dp,q

∫ ∞

0

f(t)‖χ(t,∞)g‖p
q,∞;udt,

where Dp,q = q
q−p

if p < q and Dp,p = 4.

We will apply Lemma 2 in order to obtain a suitable characterization of the
weighted weak type inequality for the modified Hardy operator. It is contained in
the following theorem.

Theorem 1. Let 1 < p ≤ q < ∞. Let u, v and h be nonnegative functions on
(0,∞). Let s0 ∈ (1, p). The following statements are equivalent:
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(1) There exists C > 0 such that the inequality
∥∥∥∥h(x)

∫ x

0

f

∥∥∥∥
q,∞;u

≤ C‖f‖p,v (1.5)

holds for all positive functions f .
(2) Bs0(p, q, u, v, h) < ∞, where

Bs0(p, q, u, v, h) = sup
t∈(0,∞)

V (t)
s0−1

p ‖χ(t,∞)hV
p−s0

p ‖q,∞;u

and

V (x) =

∫ x

0

v1−p′ .

Moreover, if C is the best constant in ( 1.5), then

Bs0(p, q, u, v, h)




(
p

p−s0

)p

(
p

p−s0

)p

+ 1
s0−1




1
p

≤ C ≤
(

p− 1

p− s0

) 1
p′

Cp,qBs0(p, q, u, v, h),

where Cp,q =

(
q

q − p

) 1
p

if p < q and Cp,p = 4
1
p .

Observe that the theorem provides with a scale of characterizing conditions, one
for each s0 ∈ (1, p).

The weighted weak type inequalities for modified Hardy operators has already
been characterized by K. Andersen and B. Muckenhoupt [1], E. Ferreyra [3] and F.
J. Mart́ın-Reyes, P. Ortega and M. D. Sarrión [7]. However, the characterizations
did not provide us with a suitable control of the best constant.

By applying (1.2) and Theorem 1, we obtain the result for G1:

Theorem 2. Let 0 < p ≤ q < ∞. Let u be a nonnegative function on (0,∞) and
let v be a positive function on (0,∞). Let s0 > 1. The following statements are
equivalent:

(1) There exists C > 0 such that the inequality ( 1.3) holds for all positive func-
tions f and all λ > 0.

(2) Bexp,s0(p, q, u, v) < ∞, where

Bexp,s0(p, q, u, v) = sup
t∈(0,∞)

t
s0−1

p ‖χ(t,∞)(x)w(x)x
−s0

p ‖q,∞;u

and w = G1(v
− 1

p ).

Moreover, if C is the best constant in ( 1.3), then

Bexp,s0(p, q, u, v)

(
1 +

e−s0

s0 − 1

)− 1
p

≤ C ≤ e
s0−1

p Cp,qBexp,s0(p, q, u, v).

By applying Theorem 2 and performing tedious calculations, we can characterize
the pairs of power weights for the weak type inequality (1.3) to hold.
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Theorem 3. Let 0 < p ≤ q < ∞. If u(x) = xα and v(x) = xβ, the inequality ( 1.3)
holds for all f > 0 and all λ > 0 with a constant independent of f and λ if and only
if α+1

q
= β+1

p
.

The techniques we apply for proving Theorems 1 and 2 also work in higher di-
mensions. Let Gn be the geometric mean operator defined for positive f on (0,∞)n

by

Gnf(x1, x2, . . . , xn) = exp

(
1

x1x2 · · · xn

∫ x1

0

∫ x2

0

. . .

∫ xn

0

log f

)
.

We will be able to characterize the pairs of weights (u, v) on (0,∞)n such that
the inequality

(∫

{(x1,x2,...,xn)∈(0,∞)n:Gnf(x1,x2,...,xn)>λ}
u

) 1
q

≤ C

λ

(∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

fpv

) 1
p

(1.6)

holds in the case 0 < p < q < ∞.
We will perform a limiting process similar to the one used in Theorem 1. We will

need a n- dimensional weak type Minkowski’s inequality and the characterization of
the weighted weak type inequality

(∫

{(x1,x2,...,xn)∈(0,∞)n:Tf(x1,x2,...,xn)>λ}
u

) 1
q

≤ C

λ

(∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

f p(x1, x2, . . . , xn)Πn
i=1vi(xi)

) 1
p

(1.7)

in the case 1 < p < q < ∞, where T stands for the n-dimensional modified Hardy
operator defined by

Tf(x1, x2, . . . , xn) = h(x1, x2, . . . , xn)

∫ x1

0

∫ x2

0

. . .

∫ xn

0

f.

The above mentioned n-dimensional weak type Minkowski’s inequality reads as
follows:

Lemma 3. Let 1 < p < q < ∞ and let g, f , u be nonnegative functions on (0,∞)n.
Then ∥∥∥∥∥g(x1, x2, . . . , xn)

(∫ x1

0

∫ x2

0

. . .

∫ xn

0

f

) 1
p

∥∥∥∥∥

p

q,∞;u

≤ Dp,q

∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

f(t1, t2, . . . , tn)‖χΠn
i=1(ti,∞)g‖p

q,∞;udt1dt2 . . . dtn.

The inequality (1.7) has independent interest. E. Sawyer characterized in a cele-
brated paper [10] the two-dimensional weighted weak type inequality

(∫

{(x,y)∈(0,∞)2:
R x
0

R y
0 f>λ}

u

) 1
q

≤ C

λ

(∫ ∞

0

∫ ∞

0

fpv

) 1
p
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in the case 1 < p ≤ q < ∞. The characterization involved two independent condi-
tions. Moreover, it is not clear that the techniques used by Sawyer could be applied
in dimensions greater than two.

Our next Theorem characterizes the inequality (1.7). Observe that the weight in
the starting space is of product type: v(x1, x2, . . . , xn) = v1(x1)v2(x2) · · · vn(xn). For
such a particular case, our Theorem improves Sawyer’s result in a triple sense: it is
a n-dimensional result, it refers to modified Hardy operators and there is only one
characterizing condition.

The theorem reads as follows:

Theorem 4. Let 1 < p < q < ∞. Let u be a nonnegative function on (0,∞)n and
let v1, v2, · · · , vn be nonnegative functions on (0,∞). Let s1, s2, . . . , sn ∈ (1, p). The
following statements are equivalent:

(1) There exists C > 0 such that the inequality ( 1.7) holds for all positive func-
tions f and all λ > 0.

(2) Bs1,s2,...,sn(p, q, u, v1, v2, . . . , vn, h) < ∞, where

Bs1,s2,...,sn(p, q, u, v1, v2, . . . , vn, h)

= sup
(t1,t2,...,tn)∈(0,∞)n

Πn
i=1Vi(ti)

si−1

p ‖χΠn
i=1(ti,∞)hΠn

i=1Vi(xi)
p−si

p ‖q,∞;u

and

Vi(xi) =

∫ xi

0

v1−p′
i .

Moreover, if C is the best constant in ( 1.7), then

Bs1,s2,...,sn

n∏
i=1




(
p

p−si

)p

(
p

p−si

)p

+ 1
si−1




1
p

≤ C ≤
n∏

i=1

(
p− 1

p− si

) 1
p′

Cp,qBs1,s2,...,sn .

From Theorem 4 and the fact that

Gnf(x) = lim
α→0+

(
1

x1x2 · · ·xn

∫ x1

0

∫ x2

0

. . .

∫ xn

0

fα

) 1
α

, (1.8)

we can prove the following Theorem.

Theorem 5. Let 0 < p < q < ∞. Let u be a nonnegative function on (0,∞)n

and let v be a positive function on (0,∞)n. Let s1, s2, . . . , sn > 1. The following
statements are equivalent:

(1) There exists C > 0 such that the inequality ( 1.6) holds for all positive func-
tions f and all λ > 0.

(2) Bexp,s1,s2,...,sn(p, q, u, v) < ∞, where

Bexp,s1,s2,...,sn = sup
t1,t2,...,tn∈(0,∞)n

Πn
i=1t

si−1

p

i ‖χΠn
i=1(ti,∞)wΠn

i=1x
−si

p

i ‖q,∞;u

and w = Gn(v−
1
p ).
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Moreover, if C is the best constant in ( 1.6), then

Bexp,s1,s2,...,sn

n∏
i=1

(
1 +

e−si

si − 1

)− 1
p

≤ C ≤ Πn
i=1e

si−1

p Cp,qBexp,s1,s2,...,sn .

The paper is organized as follows. Section 2 is devoted to the proof of the lemmas.
The sections 3, 4, 5 and 6 contain the proofs of Theorems 1, 2, 4 and 5, respectively.

2. Proofs of the Lemmas

We only prove Lemmas 1 and 2. The proof of Lemma 3 is similar.

Proof of Lemma 1. Suppose first that r > 1. By the definition of the associate space
and Fubini’s Theorem,

∥∥∥∥g(x)

∫ x

0

f

∥∥∥∥
∗

r,∞;u

= sup
‖h‖r′,1;u≤1

∫ ∞

0

g(x)

(∫ x

0

f(t)dt

)
h(x)u(x)dx

= sup
‖h‖r′,1;u≤1

∫ ∞

0

f(t)

(∫ ∞

t

g(x)h(x)u(x)dx

)
dt ≤

∫ ∞

0

f(t)‖χ(t,∞)g‖∗r,∞;udt.

Then, (1.4) yields
∥∥∥∥g(x)

∫ x

0

f

∥∥∥∥
r,∞;u

≤ r′
∫ ∞

0

f(t)‖χ(t,∞)g‖r,∞;udt.

The above argument does not work in the case r = 1. The result in this case is a
consequence of a theorem due to F. J. Mart́ın-Reyes, P. Ortega and M. D. Sarrión.
They showed in [7] that the couples of weights (u, v) such that the weak type in-
equality ∥∥∥∥g(x)

∫ x

0

f

∥∥∥∥
1,∞;u

≤ C

∫ ∞

0

fv (2.1)

holds for all positive f are those that satisfy

J = sup
0<t<∞

‖gχ(t,∞)‖1,∞;uess sup
x∈(0,t)

v−1(x) < ∞. (2.2)

Moreover, they proved that the best constant C in the inequality (2.1) verifies
C ≤ 4J .

It is immediate that the couple (u(t), ‖χ(t,∞)g‖1,∞;u) satisfies the condition (2.2)
with J ≤ 1. Therefore

∥∥∥∥g(x)

∫ x

0

f

∥∥∥∥
1,∞;u

≤ 4

∫ ∞

0

f(t)‖χ(t,∞)g‖1,∞;udt,

as we wished to prove. ¤
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Proof of Lemma 2. By the definition of ‖ · ‖q,∞;u and Lemma 1 with r = q
p
, we have

∥∥∥g(x)
(∫ x

0
f
) 1

p

∥∥∥
p

q,∞;u
= sup

λ>0
λp

(∫

{x∈(0,∞):g(x)p
R x
0 f>λp}

u

) p
q

=

∥∥∥∥g(x)p

∫ x

0

f

∥∥∥∥
q
p
,∞;u

≤ Dp,q

∫ ∞

0

f(t)‖χ(t,∞)g
p‖ q

p
,∞;udt

= Dp,q

∫ ∞

0

f(t)‖χ(t,∞)g‖p
q,∞;udt.

¤

3. Proof of Theorem 1

(1) ⇒ (2) Suppose that (1.5) holds. It is equivalent to



∫�
x∈(0,∞):h(x)

R x
0 g

1
p v
− 1

p >λ

� u




1
q

≤ C

λ

(∫ ∞

0

g

) 1
p

. (3.1)

Let t ∈ (0,∞). Let g be the function defined by

g(x) =

(
p

p− s0

)p

V (t)−s0v(x)1−p′χ(0,t)(x) + V (x)−s0v(x)1−p′χ(t,∞)(x).

For all x ∈ (t,∞),

h(x)

∫ x

0

g
1
p v−

1
p = h(x)

∫ t

0

g
1
p v−

1
p + h(x)

∫ x

t

g
1
p v−

1
p

= h(x)
p

p− s0

V (t)−
s0
p

∫ t

0

v1−p′ + h(x)

∫ x

t

V − s0
p (z)v1−p′(z)dz

=
p

p− s0

h(x)V (x)
p−s0

p .

On the other hand, the integral on the right-hand side of (3.1) can be estimated
as follows:∫ ∞

0

g =

(
p

p− s0

)p

V (t)−s0

∫ t

0

v1−p′ +

∫ ∞

t

V −s0(z)v(z)1−p′(z)dz

≤
[(

p

p− s0

)p

+
1

s0 − 1

]
V (t)1−s0 .

Hence, (3.1) implies



∫�
x∈(t,∞): p

p−s0
h(x)V (x)

p−s0
p >λ

� u




1
q

≤ C

λ

[(
p

p− s0

)p

+
1

s0 − 1

] 1
p

V (t)
1−s0

p

for all λ > 0.
By the definition of ‖ · ‖q,∞;u, the above inequality gives

∥∥∥χ(t,∞)(x)h(x)V (x)
p−s0

p

∥∥∥
q,∞;u

V (t)
s0−1

p

(
p

p− s0

)[(
p

p− s0

)p

+
1

s0 − 1

]− 1
p

≤ C,
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that is,

Bs0(p, q, u, v, h)

(
p

p− s0

)[(
p

p− s0

)p

+
1

s0 − 1

]− 1
p

≤ C.

(2) ⇒ (1) We are going to prove the inequality (3.1). Let g > 0, λ > 0 and

Oλ = {x ∈ (0,∞) : h(x)
∫ x

0
g

1
p v−

1
p > λ}.

For all x ∈ Oλ, by applying Hölder’s inequality with exponents p and p′, we have

λ < h(x)

∫ x

0

g
1
p v−

1
p = h(x)

∫ x

0

g(t)
1
p V (t)

s0−1
p V (t)

1−s0
p v(t)−

1
p dt

≤ h(x)

(∫ x

0

g(t)V (t)s0−1dt

) 1
p
(∫ x

0

V (t)
(1−s0)p′

p v1−p′(t)dt

) 1
p′

= h(x)

(∫ x

0

gV s0−1

) 1
p

V (x)
p−s0

p

(
p− 1

p− s0

) 1
p′

.

This implies that

Oλ ⊂
{

x ∈ (0,∞) : h(x)

(∫ x

0

gV s0−1

) 1
p

V (x)
p−s0

p

(
p− 1

p− s0

) 1
p′

> λ

}
.

Then, the above inclusion and Lemma 2 give

λ

(∫

Oλ

u

) 1
q

≤ λ




∫(
x∈(0,∞):h(x)(

R x
0 gV s0−1)

1
p V (x)

p−s0
p
�

p−1
p−s0

� 1
p′ >λ

) u




1
q

≤
(

p− 1

p− s0

) 1
p′

∥∥∥∥∥h(x)

(∫ x

0

gV s0−1

) 1
p

V (x)
p−s0

p

∥∥∥∥∥
q,∞;u

≤
(

p− 1

p− s0

) 1
p′

Cp,q

(∫ ∞

0

g(t)V (t)s0−1‖χ(t,∞)hV
p−s0

p ‖p
q,∞;udt

) 1
p

≤ Cp,qBs0(p, q, u, v, h)

(
p− 1

p− s0

) 1
p′

(∫ ∞

0

g(t)dt

) 1
p

,

and we are done.
2

4. Proof of Theorem 2

(1) ⇒ (2) Suppose that (1.3) holds. It is equivalent to
(∫

{x∈(0,∞):w(x)G1f(x)>λ}
u

) 1
q

≤ C

λ

(∫ ∞

0

fp

) 1
p

. (4.1)

Let t > 0 and f(x) = 1
t
χ(0,t)(x) + e−

s0
p t

s0
p
−1x−

s0
p χ(t,∞)(x).

The function f verifies
∫ ∞

0

fp = t1−p

(
1 +

e−s0

s0 − 1

)
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and if x ∈ (t,∞), then

G1f(x) = t
s0
p
−1x−

s0
p .

By (4.1) we have

(∫

{x∈(t,∞):w(x)t
s0
p −1

x
− s0

p >λ}
u

) 1
q

≤ C

λ
t

1−p
p

(
1 +

e−s0

s0 − 1

) 1
p

for all λ > 0, i. e. ,

t
s0−1

p ‖χ(t,∞)(x)w(x)x
−s0

p ‖q,∞;u

(
1 +

e−s0

s0 − 1

)− 1
p

≤ C.

Then

Bexp,s0(p, q, u, v)

(
1 +

e−s0

s0 − 1

)− 1
p

≤ C.

(2) ⇒ (1) Suppose that Bexp,s0(p, q, u, v) < ∞. There exists α0 such that s0 < p
α

for all α ∈ (0, α0). Then

Bs0

(
p

α
,
q

α
, u, 1,

w(x)α

x

)
= sup

t∈(0,∞)

t
(s0−1)α

p ‖χ(t,∞)(x)w(x)αx
−s0α

p ‖ q
α

,∞;u

= sup
t∈(0,∞)

t
(s0−1)α

p ‖χ(t,∞)(x)w(x)x
−s0

p ‖α
q,∞;u = Bexp,s0(p, q, u, v)α < ∞.

Applying Theorem 1, we have that for every α ∈ (0, α0) there exists Cα > 0 such
that (∫

{x∈(0,∞):
w(x)α

x

R x
0 f>λ}

u

)α
q

≤ Cα

λ

(∫ ∞

0

f
p
α

)α
p

, (4.2)

where

C
1
α
α ≤ Bexp,s0(p, q, u, v)

(
p− α

p− αs0

) p−α
pα

C
1
α
p
α

, q
α
. (4.3)

The inequality (4.2) is equivalent to

(∫

{x∈(0,∞):w(x)( 1
x

R x
0 fα)

1
α >λ}

u

) 1
q

≤ C
1
α
α

λ

(∫ ∞

0

f p

) 1
p

. (4.4)

By (1.2) and dominated convergence, the left-hand side of the inequality (4.4)
tends to the left-hand side of the inequality (4.1) when α tends to 0.

On the other hand, (4.3) implies that the upper limit of C
1
α
α when α tends to

0 is bounded above by e
s0−1

p Cp,qBexp,s0(p, q, u, v) < ∞. Then, taking upper limit
when α tends to 0 in the inequality (4.4), we obtain the inequality (4.1) with C ≤
e

s0−1
p Cp,qBexp,s0(p, q, u, v).

2
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5. Proof of Theorem 4

(1) ⇒ (2) Suppose that (1.7) holds. It is equivalent to




∫(
x∈(0,∞)n:h(x)

R x1
0

R x2
0 ...

R xn
0 g

1
p Πn

i=1v
− 1

p
i >λ

) u




1
q

≤ C

λ

(∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

g

) 1
p

. (5.1)

Let (t1, t2, . . . , tn) ∈ (0,∞)n. Let g be the function defined by

g =
n∏

i=1

((
p

p− si

)p

Vi(ti)
−sivi(xi)

1−p′χ(0,ti)(xi) + Vi(xi)
−sivi(xi)

1−p′χ(ti,∞)(xi)

)
.

For all (x1, x2, . . . , xn) ∈ Πn
i=1(ti,∞),

h(x1, x2, . . . , xn)

∫ x1

0

∫ x2

0

. . .

∫ xn

0

g
1
p Πn

i=1v
− 1

p

i = h(x1, x2, . . . , xn)
n∏

i=1

p

p− si

Vi(xi)
p−si

p .

On the other hand,
∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

g ≤
n∏

i=1

[(
p

p− si

)p

+
1

si − 1

]
Vi(ti)

1−si .

Hence, (5.1) implies
∥∥∥∥∥h

n∏
i=1

p

p− si

χ(ti,∞)(xi)Vi(xi)
p−si

p

∥∥∥∥∥
q,∞;u

≤ C

n∏
i=1

[(
p

p− si

)p

+
1

si − 1

] 1
p

Vi(ti)
1−si

p ,

which means

Bs1,s2,...,sn

n∏
i=1




(
p

p−si

)p

(
p

p−si

)p

+ 1
si−1




1
p

≤ C.

(2) ⇒ (1) Let us prove the inequality (5.1). Let g > 0 , λ > 0 and Oλ = {x ∈
(0,∞)n : h(x)

∫ x1

0

∫ x2

0
. . .

∫ xn

0
g

1
p Πn

i=1v
− 1

p

i > λ}.
If x ∈ Oλ, Hölder’s inequality gives

λ < h(x)

(∫ x1

0

∫ x2

0

. . .

∫ xn

0

gΠn
i=1V

si−1
i

) 1
p

n∏
i=1

Vi(xi)
p−si

p

(
p− 1

p− si

) 1
p′

.

Then, by the n-dimensional weak type Minkowski’s inequality (Lemma 3) and the
definition of Bs1,s2,··· ,sn we have

λ

(∫

Oλ

u

) 1
q

≤
∥∥∥∥∥h(x)

(∫ x1

0

∫ x2

0

. . .

∫ xn

0

gΠn
i=1V

si−1
i

) 1
p

n∏
i=1

Vi(xi)
p−si

p

(
p− 1

p− si

) 1
p′

∥∥∥∥∥
q,∞;u

≤ Cp,q

n∏
i=1

(
p− 1

p− si

) 1
p′
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×
(∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

g(t1, t2, . . . , tn)Πn
i=1Vi(ti)

si−1‖hΠn
i=1χ(ti,∞)Vi(xi)

p−si
p ‖p

q,∞;udt1dt2 · · · dtn

) 1
p

≤ Cp,qBs1,s2,...,sn

n∏
i=1

(
p− 1

p− si

) 1
p′

(∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

g

) 1
p

.

2

6. Proof of Theorem 5

(1) ⇒ (2) Suppose that (1.6) holds. It is equivalent to
(∫

{x∈(0,∞)n:w(x)Gnf(x)>λ}
u

) 1
q

≤ C

λ

(∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

f p

) 1
p

. (6.1)

Let (t1, t2, . . . , tn) ∈ (0,∞)n and let f be the function defined by

f(x) =
n∏

i=1

(
1

ti
χ(0,ti)(xi) + e−

si
p t

si
p
−1

i x
− si

p

i χ(ti,∞)(xi)

)
.

If x ∈ Πn
i=1(ti,∞), then Gnf(x) = Πn

i=1t
si
p
−1

i x
− si

p

i .
On the other hand,

∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

f p =
n∏

i=1

t1−p
i

(
1 +

e−si

si − 1

)
.

Substituting the above identities in (6.1), we have
(∫

{x∈(0,∞)n:w(x)Πn
i=1t

si
p −1

i x
− si

p
i >λ}

u

) 1
q

≤ C

λ

n∏
i=1

t
1−p

p

i

(
1 +

e−si

si − 1

) 1
p

for all λ > 0, i. e. ,

Πn
i=1t

si−1

p

i ‖wΠn
i=1χ(ti,∞)x

−si
p

i ‖q,∞;u

n∏
i=1

(
1 +

e−si

si − 1

)− 1
p

≤ C.

Then

Bexp,s1,s2,...,sn(p, q, u, v)
n∏

i=1

(
1 +

e−si

si − 1

) 1
p

≤ C.

(2) ⇒ (1) Suppose that Bexp,s1,s2,...,sn(p, q, u, v) < ∞. There exists α0 > 0 such
that si < p

α
for all i and all α ∈ (0, α0). Then

Bs1,s2,...,sn

(
p

α
,
q

α
, u, 1, 1, . . . , 1,

w(x1, x2, . . . , xn)α

x1x2 · · ·xn

)

= sup
(t1,t2,...,tn)∈(0,∞)n

Πn
i=1t

(si−1)α

p

i ‖χΠn
i=1(ti,∞)w

αΠn
i=1x

−siα

p

i ‖ q
α

,∞;u

= sup
(t1,t2,...,tn)∈(0,∞)n

Πn
i=1t

(si−1)α

p

i ‖χQn
i=1(ti,∞)wΠn

i=1x
−si

p

i ‖α
q,∞;u

= Bexp,s1,s2,...,sn(p, q, u, v)α < ∞.
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By Theorem 4, we have that for every α ∈ (0, α0) there exists Cα > 0 such that

(∫

{x∈(0,∞)n:
w(x)α

x1x2···xn

R x1
0

R x2
0 ...

R xn
0 f>λ}

u

)α
q

≤ Cα

λ

(∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

f
p
α

)α
p

, (6.2)

where

C
1
α
α ≤ Bexp,s1,s2,...,sn(p, q, u, v)

n∏
i=1

(
p− α

p− αsi

) p−α
pα

C
1
α
p
α

, q
α
. (6.3)

The inequality (6.2) is equivalent to

(∫

{x∈(0,∞)n:w(x)
�

1
x1x2···xn

R x1
0

R x2
0 ...

R xn
0 fα

� 1
α

>λ}
u

) 1
q

≤ C
1
α
α

λ

(∫ ∞

0

∫ ∞

0

. . .

∫ ∞

0

f p

) 1
p

.

(6.4)
Then, taking upper limit when α tends to 0 in the inequality (6.4), we obtain the

inequality (6.2) with C ≤ Cp,qBexp,s1,s2,...,sn

∏n
i=1 e

si−1

p .

2
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versidad de Málaga, 29071 Málaga, Spain

E-mail address: ramirez@anamat.cie.uma.es


