WEIGHTED WEAK TYPE INEQUALITIES FOR MODIFIED
HARDY OPERATORS AND GEOMETRIC MEANS OPERATORS
IN DIMENSIONS ONE AND GREATER

PEDRO ORTEGA SALVADOR AND CONSUELO RAMIREZ TORREBLANCA

ABSTRACT. We characterize the pairs of weights (u,v) such that the geometric
mean operator (1, defined for positive functions f on (0, c0) by

Gife) e (3 [ 1os1).

verifies the weak type inequality

: 1
J o) <S(f )
{2€(0,00)/G1 f(x)>\} A \Jo

in the case 0 < p < ¢ < 0.
Similar results are obtained for the n-dimensional geometric mean operator G,
defined by

1 1 x2 Tn
Gn.f(xthw--aIn):eXp </ / -.-/ logf)
T1T2 " Tn Jo Jo 0

1. INTRODUCTION AND RESULTS

Let G1 be the geometric mean operator defined for positive functions f on (0, 00)

by
Gif(x) =exp (é /Oxlogf) :

P. Gurka and B. Opic [4] in the case 0 < p < ¢ < oo and B. Opic and L. Pick [§]
in the case 0 < ¢ < p < oo characterized the pairs of weights (u,v) such that the
strong type inequality

([ e f@)%(@dm)é <o fpv); (1)

holds.
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More recently, L. E. Persson and V. D. Stepanov ([5], [6], [9]) have given a new
characterization of the inequality (1.1) by applying a limiting process. This tech-
nique uses the fact that

AR
Gif(z) = lim (;/0 f ) (1.2)

and needs to have a characterization of the weighted Hardy inequality

([ (o)) <e([ )

provided with a suitable control of the best constant C'.
A similar approach has been performed by A. Wedestig ([11], [12]) in relation to
the characterization of the pairs of weights (u(x,y), v(x,y)) such that the inequality

(/ooo /OOO G2f(33>y)qu(:v,y)dxdy)é <C (/OOO /OOO fpv);

holds, where 0 < p < ¢ < oo and (5 is the two-dimensional geometric mean operator

defined by
1 rory
Gaof(z,y) = exp —/ / log f(s,t)dsdt | .
LY Jo Jo

The first purpose of this paper is to characterize the pairs of weights (u,v) such
that the weak type inequality

(/ u)qgg(/ fpv>p (1.3)
{z€(0,00):G1 f(z)>A} A 0

holds for all A > 0 and all f > 0 with a constant independent of f and A, in the
case 0 < p < g < o0.
The inequality (1.3) can be written as

||G1f||q700;u < CHpr;vv

which expresses the boundedness of Gy from LP(v) to L?*°(u). If r > 0, the space
L™ (u) is defined by

L (u) = {g: (0,00) = R : [|g]lrcom < 00},

where

1
9o =0 ([ o)
A>0 {z€(0,00):|g(z)|>A}

It is well known that || - ||;.co 18 Dot & norm. If » > 1, the space L"*(u) is a
Banach function space [2] with the norm

* L s
LF 117 o0z = sUD 7 f37(2),
t>0
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where fr*(t) = 1 fot fu and f, the nonincreasing rearrangement of f with respect
to the measure u, is defined by

f:j(t):inf{s>0:/ ugt}.
{z:[ f()|>s}

*
r,00U and H Hr,oo;u

| fllr oo < 1 :,oo;u < Tle”T,OO;ua (1.4)

is the conjugate exponent of r.

The relationship between || - is given by the inequalities

T
r—1

Moreover, the associate space of L™ (u) is L' (u), which consists of the functions

f such that
1
' lu — / (/ U) dt < oo.
0 {z€(0,00):| f(x)|>t}

In order to characterize the inequality (1.3), we will perform a limiting process
similar to Wedestig’s one ([11], [12]), but conveniently adapted to the setting of the
weak type inequalities. We will need a sort of weak type Minkowski’s inequality
which will allow us the permutation of the integral with the L"*°(u)-norm, r > 1.

The weak type Minkowski’s inequality is established in the following lemma.

where 1’ =

1f1

Lemma 1. Let r > 1 and let g, f,u be nonnegative measurable functions on (0, 00).

Then,
Hg<x> Lo <o [T sl
0 r,00;U 0

where D, =71" ifr > 1 and D; = 4.

It is worth noting that the above inequality asserts that if u is a positive function
on (0,00), then the pair of weights (u(t), ||X(,00)9|lr,00:u) 15 always a good pair for
the weighted weak type (1,7) inequality for the modified Hardy operator T'f(z) =

g(z) [ f to hold.
Really, instead of Lemma 1, we will use the following lemma, which is an imme-
diate consequence of Lemma 1.

Lemma 2. Let 1 < p < ¢ < oo and let g, f,u be nonnegative functions on (0, 00).

Then
g(x) ( /0 f) .

where Dyq = L if p < q and Dy, = 4.

p [ee]
<D,, / POty 92 sl
0

We will apply Lemma 2 in order to obtain a suitable characterization of the
weighted weak type inequality for the modified Hardy operator. It is contained in
the following theorem.

Theorem 1. Let 1 < p < q¢ < oo. Let u, v and h be nonnegative functions on
(0,00). Let sg € (1,p). The following statements are equivalent:
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(1) There exists C > 0 such that the inequality

oo [1] <, 159
0 q,00;1
holds for all positive functions f.
(2) B, (p,q,u,v,h) < oo, where
Byo(p, ¢, u,0,h) = sup V()7 XtV 7 lgoci

te(0,00)

and

Moreover, if C is the best constant in (1.5), then

( : >p ' 1\¥

p—s P o

» )po 1 <C< (p—SQ) Cy.qBso (P, g, u, v, h),
+ —

pP—S0 so—1

Bso(pchauavah) (

1

where C, , = (L> ’ ifp<qand Cp, = Av |

Observe that the theorem provides with a scale of characterizing conditions, one
for each s¢ € (1,p).

The weighted weak type inequalities for modified Hardy operators has already
been characterized by K. Andersen and B. Muckenhoupt [1], E. Ferreyra [3] and F.
J. Martin-Reyes, P. Ortega and M. D. Sarrién [7]. However, the characterizations
did not provide us with a suitable control of the best constant.

By applying (1.2) and Theorem 1, we obtain the result for Gy:

Theorem 2. Let 0 < p < g < 0o. Let u be a nonnegative function on (0,00) and
let v be a positive function on (0,00). Let so > 1. The following statements are
equivalent:

(1) There exists C > 0 such that the inequality (1.3) holds for all positive func-
tions f and all A > 0.
(2) Bexp.so (D, q,u,v) < 00, where

—s0

sp—1
Bexp,so(paQ»“vv): sup t r HX(t,OO)(m)w(x)x P
t€(0,00)

q,005Uu

and w = Gl(v_%).
Moreover, if C is the best constant in (1.3), then

P sp—1
) < C < GOTOp,deXp,so (pa q,u, U)'

e %

Bexp.so (P, ¢, u, ) (1 +
So —

By applying Theorem 2 and performing tedious calculations, we can characterize
the pairs of power weights for the weak type inequality (1.3) to hold.
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Theorem 3. Let 0 < p < q < oo. If u(x) = 2 and v(x) = 2P, the inequality (1.3)

holds for all f > 0 and all A > 0 with a constant independent of f and X if and only
if ekl — g+1
p

The techniques we apply for proving Theorems 1 and 2 also work in higher di-
mensions. Let G, be the geometric mean operator defined for positive f on (0, 00)"

by
Gnf(x1,29,...,T,) = exp (xlxz / / / log f)

We will be able to characterize the pairs of weights (u,v) on (0,00)" such that
the inequality

1 1
- C 0o oo 00 P
(/ u)qg—(/ / / fpv)p (1.6)
{(z1,22,...,xn)€(0,00)™:Gp, f (x1,22,...,Tn ) >A} A 0 0 0

holds in the case 0 < p < ¢ < o0.

We will perform a limiting process similar to the one used in Theorem 1. We will
need a n- dimensional weak type Minkowski’s inequality and the characterization of
the weighted weak type inequality

1

( “)
(z1,22,..,2n)€(0,00)": T f(21,22,...,n) > A} (17)
T

in the case 1 < p < ¢ < oo, where T stands for the n-dimensional modified Hardy
operator defined by

1 T2 Tn
Tf(xl,:rQ,...,xn)—h(xl,xg,...,xn)/ / / f.
o Jo 0

The above mentioned n-dimensional weak type Minkowski’s inequality reads as
follows:

D=

Lemma 3. Let 1 <p < g < oo and let g, f, u be nonnegative functions on (0, 00)".

Then
x1 X9 T inp
g(l’l,l'g,...,ﬂ?n)(/ / / f)
0 0 0

q,00;U

S Dp’q\/o /(; /(; f(tl,tg,...7 )“XH tl,oo g”qooudtldt? d

The inequality (1.7) has independent interest. E. Sawyer characterized in a cele-
brated paper [10] the two-dimensional weighted weak type inequality

(] =S )
{@y)e(0,00)2: 7 [ F>7} A\Jo Jo
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in the case 1 < p < ¢ < oco. The characterization involved two independent condi-
tions. Moreover, it is not clear that the techniques used by Sawyer could be applied
in dimensions greater than two.

Our next Theorem characterizes the inequality (1.7). Observe that the weight in
the starting space is of product type: v(xy, za, ..., x,) = vi(x1)ve(z2) - - - v, (2,). For
such a particular case, our Theorem improves Sawyer’s result in a triple sense: it is
a n-dimensional result, it refers to modified Hardy operators and there is only one
characterizing condition.

The theorem reads as follows:

Theorem 4. Let 1 < p < q¢ < co. Let u be a nonnegative function on (0,00)" and
let vy,vq, -+ v, be nonnegative functions on (0,00). Let sq,82,...,5, € (1,p). The
following statements are equivalent:

(1) There exists C' > 0 such that the inequality (1.7) holds for all positive func-
tions f and all A > 0.
(2) Bs,.s9.5n (D @0, 01,02, ..., Uy, h) < 00, where

le,sz,...,sn (pa q,U,V1,V2,..., UTth)
si—1 n P—3q
= sup I, Vi(ti)» ||XH?:1(t¢,OO)hHi:1Vi($i) 7 | g.00mu

(t1,t2,e e stn ) E(0,00)™
€T ,
_ 1-p
Vi(z;) = / (U
0

Moreover, if C is the best constant in (1.7), then

and

p 1
p ) P
-
- S C S H <p > CP7qBS1,82,~~7Sn'

1 .
e s) + si—1 =1

From Theorem 4 and the fact that

Gus = ([ ) (19

we can prove the following Theorem.

n
51,827 S | | (

=1

Theorem 5. Let 0 < p < q < oo. Let u be a nonnegative function on (0,00)"
and let v be a positive function on (0,00)™. Let s1,89,...,8, > 1. The following
statements are equivalent:

(1) There exists C' > 0 such that the inequality (1.6) holds for all positive func-
tions f and all X > 0.
(2) Bexp,si,sa,..8n (D5 ¢, U5 v) < 00, where

s;—1 =5

J— n P P
Bexp,si 52,50 = sup I, ¢; ||XH" (tzyoo)w]:[l_lm ||q oo5u
tl,tz,‘..,tne(o,oo)

and w = Gn(v_%).
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Moreover, if C is the best constant in (1.6), then

—s;
Si

n
e P -1
n
Bexp,s1,s2 ..... Sn H (1 + N 1) < C < Hi:le P Cp,dexp,sl,sg,...,sn-
i —

i=1

The paper is organized as follows. Section 2 is devoted to the proof of the lemmas.
The sections 3, 4, 5 and 6 contain the proofs of Theorems 1, 2, 4 and 5, respectively.

2. PROOFS OF THE LEMMAS

We only prove Lemmas 1 and 2. The proof of Lemma 3 is similar.

Proof of Lemma 1. Suppose first that » > 1. By the definition of the associate space
and Fubini’s Theorem,

Joto) [ oo - [ st ([ ) noputoras

= sw [T a0 ([T s@neue) i< [0l

HhHr/,l;uSI

Then, (1.4) yields

Hg<x> [

The above argument does not work in the case r = 1. The result in this case is a
consequence of a theorem due to F. J. Martin-Reyes, P. Ortega and M. D. Sarrion.
They showed in [7] that the couples of weights (u,v) such that the weak type in-

equality
oo [
0

holds for all positive f are those that satisfy

r,oo;udt-

< / SOl

SC’/ fo (2.1)
1,005u 0

J = sup [|gX(t00)ll1,00mess sUpr~ () < 00. (2.2)
0<t<oo z€(0,t)

Moreover, they proved that the best constant C' in the inequality (2.1) verifies
C<4J.

It is immediate that the couple (u(t), || X(,00)9(l1,00:u) Satisfies the condition (2.2)
with J < 1. Therefore

Hg(ﬂc) /Oxf

as we wished to prove. O

< 4/ f(t)“X(t,OO)gHLoo,udt;
1,00;u 0
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Proof of Lemma 2. By the definition of | - ||¢cc;u and Lemma 1 with r = 1, we have

P

» q
= sup AP / u
q,005u A>0 2€(0,00):9(x)P [y f>AP}
o@l [ 1] <D [ O g et
0 9 5oy 0
p7 9

=Dy [ TOIx009l
0

Hg(x) (fow f)%

3. PROOF OF THEOREM 1

(1) = (2) Suppose that (1.5) holds. It is equivalent to

1

q c o %
/ N 5\ (/ g) : (3.1)
{xE(O,oo):h(m) Jo gPv P>)\} 0

Let ¢t € (0,00). Let g be the function defined by

o) = (52 ) VO 0 xanle) + V(o) ol

For all z € (¢, 00),

x t z
h(a:)/ grov e :h(g:)/ gpvp_{_h(a;)/ gruT
0 0 ¢

/

X(tvoo) ('7;) :

On the other hand, the integral on the right-hand side of (3.1) can be estimated
as follows:

p 1 1—
< V(t) —%°.
— L\P— 50 +80—1 (®)

Hence, (3.1) implies

1
q

1
C p ]_ P 1—s
J o) =5 |GER) ] v
{xe(t,oo): L_p(z)V(z) P >)\} A P =50 so— 1

pP—s0

for all A > 0.
By the definition of || - ||; .00, the above inequality gives

so— P 1 17w
v (20 [G2s) e <
q,00;u P — So P — So 50— 1

pP—sQ

X0 @)V ()
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1
p 1 9
Bso(p,q,u,v,h)< P )K L )+ 1 <C.
P — So D — So s0—1

(2) = (1) We are going to prove the inequality (3.1). Let ¢ > 0, A > 0 and

Oy ={z € (0,00) : h(z) foxgiv_% > A}
For all z € Oy, by applying Holder’s inequality with exponents p and p’, we have

A <hle) [ gr = hta) [T a0V VT S

1

o) ([Coret) v (1)

This implies that

O, C {:v € (0,00) : h(z) (/Ozgvso—l);'wx)”p” (;’:;O)’b > A}.

Then, the above inclusion and Lemma 2 give

1
A(/ u) <A / Lo
Ox {xE(O 00) x)(f gVso— 1)5V(;p) P (L*l) p’ >)\}
1 1
/ P p—sg

=) I
(=)o ( | v nesnv
o ,

B (2227 ( mg(t)dt)’l’,

that is,

IN

00U
1 a9,
o

1
P
qoou

and we are done.

4. PROOF OF THEOREM 2

(1) = (2) Suppose that (1.3) holds. It is equivalent to

o) S
{xe(0,00):w(x)G1 f(x)>A} A 0

30 50 SO

Let t > 0 and f(z) = txou(z) +e rtr z 7
The function f verifies

X(t’oo) ('I.) :

=50
[rmer(ie )
0 80—1
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and if x € (¢, 00), then
S0_1 _50

Gif(x)=tr "z 7.
By (4.1) we have

</{z€(t,oo):w(m)tﬂpl_1m_m

for all A >0, 1. e. ,

=
Vv
p
=
IS
~__
Ql
VA
> Q
~
gl
7 N
—_
+
V)
S | o
| 4
—_
~__
S =

30

—1 =50 e~ S0 P
t7 X (too) (2)w(2) 27 [lgo0m | 1+ <C.

Then

e\ Tr
Bexp780(p>Q;u7U) (1 + ) S O
So — 1

(2) = (1) Suppose that Beyp s, (P, q,u,v) < 0o. There exists ag such that so < 2
for all & € (0, ap). Then

spa

P q w(x)® (so—Da -
B,, (—,—,u,l, (=) ): sup 15" o (2)0(@) 5 [0 o
o « te(0,00) “

(sg—Da —s0 a a
= S(Up )t P ||X(t700) (l’)UJ(ZE)ZL‘ P ||q,oo;u = BeXI%SO (p7 Q> U, U) < 0.
te(0,00

Applying Theorem 1, we have that for every a € (0, ) there exists C, > 0 such

that
T C [\
frenn?) S5
{2€(0,00): &% o p5 0} A 0
where
: p—o \"
Ca S Bexp,so (p7Q7u7 U) <p . OéS()> C%}%' (43)

The inequality (4.2) is equivalent to

1

(/ 1 u) < G (/ f> (1.4
{J:E(O,oo):w(a:)(% Jo f“)a>>\} A 0

By (1.2) and dominated convergence, the left-hand side of the inequality (4.4)
tends to the left-hand side of the inequality (4.1) when « tends to 0.

On the other hand, (4.3) implies that the upper limit of Ci§ when « tends to

sg—1
0 is bounded above by eOTCp,deXp,SO (p,q,u,v) < co. Then, taking upper limit
when « tends to 0 in the inequality (4.4), we obtain the inequality (4.1) with C' <

30

—1
e r vadeXESU (pa q,u, ’U).

|
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5. PROOF OF THEOREM 4

(1) = (2) Suppose that (1.7) holds. It is equivalent to

a ,
C (o] oo oo ;
/ 1 ul <+ (/ / / g)
{xe(o,oo)n;h(x)fo“”l 0“”2...1‘””"9:711 v p>A A 0 0 0

1=1"1

Let (tq,ts,...,t,) € (0,00)". Let g be the function defined by

g= ﬁ (( L )p Vi(t) ™" i (i) ™ X o (1) + Vz‘(%)_sivi(Iz‘)l_p/X(ti,oo)(Iz‘)) :

i=1 p !

For all (zq,x9,...,x,) € I (t;, 00),

R e Tnoy -1 L p P—s;
h(xl,xg,...,xn)/ / / grII? v, * :h(xl,xg,...,xn)H Vi(zy) 7 .
0o Jo 0 i P Si

On the other hand,

[ Lol v

Hence, (5.1) implies
" p 1 D 1—s;
‘/i L Ta
<Il(5) « o=l v

p pP—S;
h H ’ S‘X(ti,oo) (23)Vi(z;) @

q,005U

which means

) 1
()
By a5 — <C.
9925000y n ];! ( » )p + 1 —
= P—S; si—1
(2) = (1) Let us prove the 1nequahty (5.1). Let g >0, A >0and O, = {x €

(0,00)™ : h(z) [ f7 - Ow"gPH ', “ > A}
If x € O,, Holder’s inequality gives

1

e ([ [ e e (222)

=1

Then, by the n-dimensional weak type Minkowski’s inequality (Lemma 3) and the
definition of By, s, ... s, We have

() s

G e NEEL 1y
T gIL V™ 1) Vi(z;) » ( )
)(/0 /0 /o ! H () b—=35;

1
v

<Cqu( _Sz)p
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(7] [ ottt T AT Vi) T
0 0 0
<o TS ([ )

6. PROOF OF THEOREM 5

dtdty - -

q,00;u

(1) = (2) Suppose that (1.6) holds. It is equivalent to

P S
{z€(0,00)":w(x)Gn f(x)>A} A 0 0 0

Let (t1,ta,...,t,) € (0,00)" and let f be the function defined by

i

La! _si -1 =2
f) =11 (‘X(o,m(ﬂfi) +e vt w pX(ti,oo>(5Ci)) :

t.
i=1 ¢

Si_ 34

If © € 17 (t;,00), then G, f(x) =Pt x, 7.
On the other hand,

P T ()

Substituting the above identities in (6.1), we have

: 1
e - ( e=Si )p
Si 4 8i u —
</{we<07w>nzw<w>nﬁ_ltf EALESY! ) A U si— 1

3

forall A >0, 1. e.

3

n : =i e % p
11 1t 7 ||wnz 1X(ti,00) T3 © ||qoouH (1+ . _1> <C.

=1

Then

n e_si
Bexp,s1,52,...,sn (pa Q7 U, U) H (1 + S: — 1) S C
i=1 v

(2) = (1) Suppose that Bexp s, .ss....sn (P, ¢, u, v) < 00. There exists ag > 0 such
that s; < £ for all 4 and all a € (0, ). Then

b q W\T1,T2,...,T “
BSl,SQ,..‘7Sn (_ - u71717"'717 ( ”> )

a 1T Ty

(s;—1)a —s;a

_ n P aTn P
= sup 1L ¢, ||XH?:1(ti700)w Iz, | 2 co3u
(t1,t2,...,tn)€(0,00)™
(s—1)a —s;
— n p n P
sup Hizlti HXH?:l(ti, )’LUH —1L; Hq oo

( ctn)€(0,00)™
Bexp 81,82,.- ,sn(paQ7u U) < O0.

-dt

)

3 =
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By Theorem 4, we have that for every a € (0, aq) there exists C, > 0 such that

q Ca /Oo /oo /oo p) %
U < = ... fa , 6.2
/{xG(O co)n;—w@)® ey S SO A ( o Jo 0 (6.2)

‘xyxg-xn JO

where

pP—«

1 n pa
Cs < Bexp,s17s2, .S p7Qau U H <p Oz81> C

=1

Qo=

Rla

The inequality (6.2) is equivalent to

J ) =S
{zG(O,oo)”:w(a:)(* ot fOZQ...fOx" fo‘)a>)\} A

Ty
(6.4)
Then, taking upper limit when « tends to 0 in the inequality (6.4), we obtain the

s;—1

inequality (6.2) with C' < Cp 4 Bexp.si.s0,..5m | izt e
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