WEIGHTED INEQUALITIES FOR FRACTIONAL INTEGRAL
OPERATORS WITH KERNEL SATISFYING HORMANDER TYPE
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ABSTRACT. In this paper we study inequalities with weights for fractional integrals
T, given by convolution with a kernel K, which is supposed to satisfy some size
condition and a fractional Hérmander type condition. As it is done for singular inte-
grals, the conditions on the kernel have been generalized from the scale of Lebesgue
spaces to that of Orlicz spaces. Our fractional integrals include as particular cases
the classical fractional integral I,,, fractional integrals associated to an homogeneous
function and fractional integrals given by a Fourier multiplier.

1. INTRODUCTION

Suppose that 7" is a convolution integral operator with kernel K which satisfies some
regularity condition and suppose that we know of some behavior on T" with respect
to Lebesgue measure. Sometimes, if one wants to know the behavior of 7" when we
change the measure, i.e., when we consider the measure w(z)dx where w is a weight,
ie., 0 <we L, (R"), we get an inequality of the type

loc
[rrive <c [anpo, (L.1)

for all 0 < p < o0 and w € A, where Mr is a maximal operator related to the
operator T" which is normally easier to deal with. In general, M is strongly related
with the kernel K and it will be bigger as much rough will be the kernel.

For T' a Calderén-Zygmund singular integral operator (i.e., K € HZ, see the defini-
tion in section 77) inequality holds with My = M, where M is the Hardy-
Littlewood maximal function (see [9]). If T is a singular integral operator with
less regular kernel as in [20], then inequality holds with My = M,, where
M,f = [M(|f|")]"" for some 1 < r < oo (see [34]). The value of the exponent
r is determined by the smoothness of the kernel, namely, the kernel satisfies an
L -Hoérmander condition (see the precise definition in section ??). In [23], the L'-
Hormander condition is generalized to the scale of the Orlicz spaces. For a Young
function A, the LA-Hormander condition is introduced in that paper (for A(t) = ¢"
we get the L™-Hérmander condition) and it is proved that if the kernel satisfies the
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LA-Hormander condition, then inequality holds with My = My, where A is the
complementary function of A and M7 is the Orlicz maximal operator associated to
A (see the definition in section 2). The corresponding inequality for commuta-
tors (with symbol b € BMO) of Calderén-Zygmund singular integrals appears in [28].
For commutators of generalized singular integrals, associated to a kernel satisfying a
Hoérmander type condition given by a Young function A, the corresponding inequality
appears in [21].

In 1974, Muckenhoupt and Wheeden [25] proved inequality for T' the classical
Riesz potential I, and M the fractional maximal function M,, defined for 0 < a < n
and locally integrable function f by

_ fy) _ 1
i = [ Yyt Mas) =sup e [ .

There are fractional integrals with less regular kernel than the Riesz transform. In
[19], Kurtz stated a fractional L"-Hormander type condition and he applied it to
study the boundedness with weights of fractional integrals given by a multiplier (see
Section 5 for definitions). Other generalization of fractional integrals are those whose
kernel is associated to an homogeneous function ). Suppose that €2 is homogeneous
of degree zero and Q € L'(S"!), where S"~! denotes the unit sphere on R". Define
the fractional integral associated to 2 by

Tonf() = [ S0t~ ) dy

In [14] inequalities with weights were establish for this operator, when Q € L(S"1),
s > 1, which generalized the corresponding inequalities for 7, given by Muckenhoupt
and Wheeden in [25]. In a more general context and with an aditional condition in €2,
that is, Q satisfying the L*(S"!)-Dini smoothness condition, Segovia and Torrea [35],
studied the good weights for this operator and its commutators, using extrapolation
theorems. The L*(S™ !)-Dini smoothness condition in € provides a fractional L*-
Hormander type condition on the kernel K, (z) = %

In this paper we study operators T, 0 < a < n, which includes as particular cases
the operators T, and the fractional integrals associated to a multipliers as in [19)].
We shall obtain inequalities of the type (1.1) for these operators when its kernels K,
satisfy a size condition and a fractional L“-Hérmander condition (we will denote it
by H, 4). We would like to point out that no boundedness of the operator T, is used
to derive . Moreover, if we know some boundedness of the operator T, and K,
satisfies a size condition and a suitable fractional LA-Hoérmander condition we shall
prove for the commutators of T,.

These results will allow us to obtain, for general operators T, and its commutators,
two-weight inequalities of the type

[rrave<c [ipme. (1.2

for 1 < p < oo and with no assumptions on the weight w. The operators M are
again suitable maximal operators related with 7' and not necessarily the same for

inequalities ((1.1)) and (1.2]).
There is a great amount of works that deal with inequalities of the type (1.2). When
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T is a Calderén-Zygmund operator (with kernel K € HZ), inequality holds with
Mg = MPHL where [p] is the integer part of p and, for k € N, M* denote the Hardy-
Littlewood maximal function iterated k times (see [27]). The corresponding result for
commutators (with symbol b € BMO) of Calderén-Zygmund singular integrals was
proved in [28]. For T a singular integral associated to a kernel K satisfying a general
Hormander’s condition given by a Young function A, the corresponding results, that
include as particular cases those of C. Pérez, has been proved in [2I] When T is the
Riesz fractional integral I, then inequality holds with My = M,,(MP) (this
result is also due to C. Pérez, see [31]). For commutators (with symbol b € BMO) of
I, see [3] and [4].

The paper is organized as follows. Section 2 contains preliminaries and definitions
that are needed to state the results. In Section 3 we estate the conditions on the
kernels that we are going to deal with. We introduce the classes H, 4 for A a Young
function. These classes appeared in [21] in the case @ = 0 and in [23] in the case
a =0 and k = 0. Section 4 is dedicated to study the Coifman type inequality ,
for generalized fractional integrals and their commutators. In Section 5 we give some
applications: we obtain weighted norm inequalities for fractional integrals associated
to a homogeneous function, or a multiplier. Section 6 is devoted to state a strong
type two-weight norm inequality, obtained from the Coifman type inequality and to
apply it to fractional integrals and their commutators.

2. PRELIMINARIES

A function A : [0,00) — [0,00) is said to be a Young function if it is continuous,
convex, increasing and satisfies A(0) = 0 and A(t) — oo as t — oc.

Given a Young function A, define the A-mean Luxemburg norm of a function f on
a ball (or a cube) B by

|‘f|‘A,B:inf{A>0:ﬁLA<%) < 1}. (2.1)

It is well known that if A(t) < CB(t) for all ¢ > t, then ||f||as < C||f||z.5, for
all balls B and functions f. Thus, the behavior of A(t) for ¢t < ¢ is not important.
If A= B, i.e., there are constants tg, c1,co > 0 such that ¢; A(t) < B(t) < c2A(t) for

t > to, then || f||a5 =~ ||[|5,5- _
Each Young function A has an associated complementary Young function A satisfying

t< AN AT() <26, t>0.

There is a generalization of Holder’s inequality

1
T / Fal < 17 11asllgl s, (2.2)

and even another one that will be used later (see [26]): If A,B and C are Young
functions and

A HB(H) < C7(e)
then

1 falle.s < 2| fllazll9gllss- (2.3)
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When A(t) =t set A(t) = 0if 0 <t < 1 and A(t) = co otherwise. Observe that A is
not a Young function, still L# can be identified with L>. Also, writing Zil(t) =1,
the previous Holder inequalities make sense if one of the functions is A or A.
For a complete account on Young functions and Orlicz spaces see [33] and [26].
For each locally integrable function f and 0 < a < n, the fractional maximal
operator associated to the Young function A is defined as

Mg af(x) = sup|B|*/"||f]
B>z

For a = 0, write M4 instead of My 4. When A(t) = t", r > 1, then we write
My 4= M,, and if r = 1 we simply write M, 4 = M, which is the classical fractional
maximal operator. For o = 0 and A(t) = t, then My 4 = M is the Hardy-Littlewood
maximal operator.

For 1 < p < o0, a Young function A is said to belong to B, if there exists ¢ > 0
such that fcoo %% < 00. This condition appears first in [30] and it was shown that
A € B, if and only if M 4 is bounded on LP(dx).

A,B-

3. THE CONDITIONS IN THE KERNELS

In this paper, we shall consider fractional convolution operators of the type T, f =
K, * f, 0 < a < n, where the kernels K, are supposed to satisfy conditions that
ensure certain control on their smoothness and their size.

In [19] a sort of fractional Hérmander condition appears in the scale of L" spaces.
As mentioned in the introduction, the L"-Hormander condition for singular integrals
has been generalized to the scale of Orlicz spaces (see [23]). In this way, the same can
be done for fractional integrals.

From now on, we adopt the following convection: |z| ~ s will stand for the set

{s <|z[ <2s} and [|f||.ajej~s will stand for || f X {me laB029)-

Definition 3.1. Let A be a Young function and let 0 < o < n. The kernel K, is said
to satisfy the H, o Hormander condition, we write K, € H, 4, if there exist ¢ > 1
and C > 0 such that for any y € R™ and R > c|y|,

> @R Kal- = 9) = Kal)llajszn e < C.

m=1

If A gives rise to L", 1 <r < oo, then simply write H,, instead of H, 4.

Definition 3.2. The kernel K, is said to satisfy the H} . condition if there exist
c¢>1 and C > 0 such that

||
Koz —y) — Ko(2)] < CW, 2| > clyl.
When o = 0, then Hy 4 = H4 as defined in [23]. If A is a Young function, then
there exists ¢y > 0 such that ¢ < C'A(t) for all ¢ > ¢, and therefore H, 4 C Ha ;.

Also, it is easy to see that H . CHayoo CHoysand Hyy C Hyg, for 1 < s <r < o0.
Definition 3.3. Let A be a Young function and let 0 < o < n. The kernel K, is said
to satisfy the S, 4 condition, denote it by saying K, € So 4, if there exists a constant
C > 0 such that

||KQHA7|$‘NS < (Cs*™™.
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When a = 0, simply write Sp 4 = Sa, and when A(t) = ¢, write S, 4 = S,. In this
case the condition is meS | Ko (x)|dr < Cs®. Clearly So.4 C Sa.

Next, we define new classes of kernels depending on a Young function A and some
exponent k > 0, which will be related with the order of the commutator, (when k& = 0,
H,, a0 coincides with the class H, 4):

Definition 3.4. Let A be a Young function and k € N. We say that the kernel K
satisfies the Hy a1 Hormander condition, we write K € Hq sy, if there exist ¢ > 1
and C' > 0 (depending on A and k) such that for all y € R™ and R > c|y|

e}

ST @R mE || Ka(- — ) = Ka()l| ajomen g < C.

m=1

As before, if A gives rise to L, 1 < r < oo, simply write H, ,j instead of H, .
Observe also that Hy 4 k41 C Ha k-

The next proposition shows the relation between the conditions S, 4 and H, 4z
with the corresponding ones for oo = 0.

Proposition 3.5. If K, (z) = |z|*K(x) with K € H NS4 then K, € Ho 41N S A

Proof. 1t is clear that K, € S, 4 is equivalent to K € S4. To prove that K, € H, 4%
let |z| ~ s and |y| < s/2 then s/2 < |x — y| < 5s/2 and therefore, by the mean value
theorem,

[Ko(z —y) — Ko(2)| < |z —y|*|K(z —y) — K(z)| + |[K(2)]||2 — y|* =[]
<05 |z —y) ~ K@)+ U K@)
Let R > 0 and s = 2™R. Then, for |y| < R and |z| ~ 2™R, we have
[Ko(z —y) = Ka(2)] < CQMR)™ [|K(2 — y) — K(z)| + 27| K(2)]]
Therefore, since K € H4j, NS4,

S @R mH | Kol = y) — Kol ajsznr
m=1

Z 2"R)"m"|K(- —y) — K()|| aju|~amr

+C Y 27" m (2" R)" (K| ajeinamr < O

m=1

4. THE COIFMAN TYPE INEQUALITIES

We first state and prove the result for the operator T, f = K, * f.
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Theorem 4.1. Let A be a Young function and let T,,f = Ky* f, with K, € Hy 4NS,.
Then for any 0 < p < oo and any w € Ay,

|Tof(z)]Pw(z) de < C’/ Ma’zf(x)pw(x) dx , felLy, (4.1)
R" n

whenever the left-hand side is finite.

Proof. The proof follows standard procedures. For simplicity we may assume that
¢ = 1 in the condition H, 4. First we shall prove that if w € Ay, 0 < p < oo,
0 <d <min{l,p} and f € L2°, then

M(Tof)(x) < CM, 5f(x), (4.2)

where M!f = (M*|f|°)'/? with

r€eEB a€R

M*f () = sup int ﬁ /B () - aldy.

Finally, we shall check that it is possible to apply the Fefferman-Stein inequality, see
[16], which states that for all 0 < p < co and w € A,

M |l Loy < CUMP | o) (4.3)
for all functions such that the left-hand side is finite.
First, let us prove (4.2)). Fix x € R", and a ball B = B(zp, R) containing x. For

B = B(zp,2R), sct fi = fXgand fo = f — fi. Choose a = |T, f2(z5)|°. Then, by
Jensen’s inequality,

1/6

1 1
< /B ol + /B Tufoly) = T folaes)|dy
<IT+1I.

Since K, € S, we have

1< [ ([ 5= 20 ay
= 1 LN ([ 1t = 2y )

< L1 ( / _z,<3R‘Ka<y‘Z>'dy) iz

(3R)"
<ci /é|f(2)ldz < OM, f(2).
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Notice that M, f(r) < CM,zf(r). To estimate Il observe that using the generalized
Holder’s inequality for A and A and the fact that K, € H, 4, we get

Ko(y — 2)f(2)dz — /n_g K.(zg —2)f(2)dz

R*\B

|Taf2(y) - Taf2(x3)’ -

= / ()| Kaly — 2) — Ko(zp — 2)|d2
|z—zp|>2R
mzz/ mR<|z— ocB|<2m+1R| (Z)HKO‘(y - Z) - Ka(l’B — Z)|dZ

Z C"R)"|[fllz)2wp~amrl Kaly =) = Ka(zp = )l|4)z-2p/~2mr

=C Z(T”R)“I!fl!z,\z_z3|~2mR(2mR)"’al\Ka(y =) = Ka(zp = llajz—epl~amr

m=1

< OM,zf(2),

so its integral average over B with respect to the y-variable gives the same bound for
II.

The reasoning to complete the proof follows the same arguments given in [21I]. Here
we include them for the sake of completeness. By the extrapolation results obtained in
[T1], the inequality will hold for all 0 < p < oo and all w € A if, and only if, it
holds for some fixed exponent 0 < py < oo and all w € A.,. Therefore, fix py € (1, 00),
w € Ay and f € L, and assume without loss of generahty that || M, 7 flrow) and
|7 f1| zro (w) are both finite. Since w € A, then there exists r > 1 (that can be taken
greater than pg) such that w € A,. Observe that for all 0 < § < po/r < 1, we have
that 1 <r < py/é and thus, w € A, /5. Then

IMS(Ta Dl oy = [M(Taf 1) [ < C T oy < 0.
The right hand side is finite by assumption. So by (4.3) and (4.2]),

ToflPw < C | (Ms(Tof))™w < C | (M(Tof))w < C (Mo zf)"w.

R™ R™ R7

O

Remark 4.2. If K, € S, NH, ~ we get ({4.1) for any 0 < p < oo and for all w € Ay
with A(t) = t, which means M, on the right hand side.

Commutators. Commutators of the classical fractional integral I, with a BMO
function have been extensively studied (see, for example [7], [3], [35], [I5]). Now we
are going to study commutators of general fractional operators. As before, T,, will be
a fractional operator given by convolution with a kernel K.

Recall that a locally integrable functions b is said to belong to BMO if

1
Ibllsno = Sup — / b(z) — by dir < oo,
B |B’ B
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where the sup runs over all balls (or cubes) B C R" and bp denotes the integral

average of b over B.
Given T, and b € BMO, define the k-th order commutator, £ > 0, by

74, (0) = [ 0a) = b)) Kl =) ) dy.

Note that for k = 0, T}, = T,. Also observe that T, f = bTu ' f — T2, (bf), k > 1.

Theorem 4.3. Let T, be a fractional operator with kernel K, and suppose that T,
is bounded from L% (dx) to LP°(dx), for some 1 < pg,q0 < oo. Let b € BMO and

k € N. Let A and B be Young functions such that Z_l(t) B7X(t) < C. ' (t) with
Cr(t) =t(1+logt t)*. If K, € SuN Hypy then, for any 0 < p < oo and any w € A,

/ T3 f (2) [P w(z) v < OHbHBMO/R Mz f(e)’ wz)de, — felr, — (44)
whenever the left-hand side s finite.

Proof. The proof of this Theorem follows the same steps as in Theorem 3.3, part (a)
in [21]. So we only point out the differences. The corresponding inequality in Lemma
5.1 of [21] for the operator T%, is the following

??‘
H

ME(TE ) (z) < ||b\|BMoM (T2, f) (@) + C |blhno Mo f (), (4.5)

J

for 0 < <e<1andk >1 (the case k = 0 is inequality (4.2))).
In order to estimate the term /7 in (5.4), p. 1413 of [21], for the operator T, proceed
as in the proof of Theorem [4.1] In fact, using that K, € S,, Holder’s inequality with
Cj and C; and the generalized Holder’s inequality for A, B, Cy,

n<@ ([ 1Koty = 20062) = 52t )

S@ / (=) — bl (=) ( / z|<3R'Ka(y‘Z>'dy) iz

O [ 1) = bglt17(e)ias
< OIBIE 0 b5) gy 3l 5 < € 1Wllaro Mo (2).

For the rest of the proof, observe that, by extrapolation, it suffices to obtain the
theorem for some fixed exponent 0 < pg < oo and all w € A,. Therefore, choose py
such that the operator T, is bounded from L% (dx) to LP°(dz). Then, it is possible to
obtain that ||T7 , f[|Lrew) < 0o for all 0 < j < k— 1. The rest of the proof follows the
proof of Theorem 3.1, part (a) of [21].

I
=)

O

Remark 4.4. Asin [21], changing in Theorem the hypothesis on the kernel by the
condition K, € Sy N Hy oo, then ([E4) still holds with A(t) = Cy(t) = t(1 + log™ t)*.
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5. APPLICATIONS

The fractional integral operator. Note that the kernel of the fractional integral
I, Ko(z) = II%’ belongs to S, N HY ., C S, N Hy . Consequently, by Remark
estimate (4.1]) holds for I, with M,z = M We thus recover the result in [25].

On the other hand, it is easy to show that H; . C Hacok, for all £ > 0. Conse-
quently, ley Remark estimate holds for the commutator of I, with A(t) =
t(1+ log™ t)*.

The fractional integral operator with rough kernel. Denote by S"~! the unit
sphere of R”™. For z # 0, we write 2/ = z/|z|. Consider a function Q defined on S™~1.
This function can be extended to R™ \ {0} as Q(z) = Q(z’) (notice the abuse in also
calling the extension 2). Thus € is a homogeneous function of degree 0.
Given a Young function B we define the L®-modulus of continuity of 2 as
wp(t) = sup Q- +y) — Q()[[sgn1.
ly|<t
Set Ky(z) = Qz)/|z|"~* and let T, be the corresponding operator with kernel
K,. We can then prove the following proposition for K,.
Proposition 5.1. Let Q € L5(S"Y) and k > 0. If
1
1\* dt
/ (1 + log —) wg(t) — < o0, (5.1)
. t t
then K, € S, N HaBk-

Proof. First, notice that Q € LB(S"1) implies that K (z) = ‘(|n € Sg. In fact, since

1 S S e ()
—_ B( P dpdo(z)
|B<O’ 3)| |z|~s Sn—1

then ||K||B\m|~s < S ||Q||B,S"*1-

cof a(EEN)u,

On the other hand, it was proved in [21] that if Q € LB(S"™1) and if Q satisfy (5.1)),
then K € Hpy. Now, from Remark 3.5, Ko € Hopi N Sas C Hapr N Sa-
U

An immediate consequence of this proposition is that if Q € LA(S"™!) and

holds with £ = 0 and w4 in place of wp then T, , verifies . In the particular case
that A(t) = t", inequality holds with M, ,~ in the right hand side.
On the other hand, if k£ > 0, let © be such that Tq ,, is bounded from LP(dz) to L?(dx)
for some 1 < p,q < oo (for example, any Q in L= (S" ') works fine). Let A, B be
Young functions such that z_l(t) B(t) < ;7 '(t) with C(t) = t(1 + log™ ¢)*. Then,
if €2 verifies the hypothesis of the above proposition, the commutators of T , satisfy
(@.4). In the particular case that B(t) = ¢" inequality holds with M, 7. (10 )i
if B(t) =t"(1+ log™ t)k, holds with M, .; if B(t) = ¢"(1 + log™ t)*, holds
with M, 17 1og ) (see table 2 inf21]).
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Multipliers. Given a function m defined in R™ consider the multiplier operator T,,

defined a priori for functions f in the Schwartz class by ﬁ,ﬁ-‘(g) = m(§) f(f) Let
B = (B, ,Pn) denote a multi-index of non-negative integers and |3| = 81+ - -+ S,-
Asin [19], given 1 < s < 00, € Nand 0 < o < n, we say that m € M (s, [, «) if there
exists a constant B such that |m(z)| < B|z|™® and

Zu% R DPm|| s ejor < 400, for all |B] <.
>

As a consequence of Theorem [4.3] we obtain the following result.

Corollary 5.2. Assume that m € M(s,l,a), where 1 < s < 2,1 € Nandl > 2.
Then, for all k > 0 and any € > 0 we have that for all0 < p < 0o and w € A,

[ mhp@re@dr <¢ [ Mo f@ro@d, ferr. (52
R™ Rn
whenever the left-hand side is finite.

Proof. Decompose the operator T, as in [20]. To do that, let ¢ € C*° be a nonnegative
function supported in {¢ : 1/2 < [§] < 2} so that >0, ., $;(§) = Y, 0(277€) = 1,
§ # 0. Write m;(§) = ¢;(§) m(§) and so m(§) = >, m;(§) for § # 0. Set Ko ; =
(m;)” and
mM(E) =Y m(©), K@) =m") (@)=Y Ka@).
l7I<N l7I<N

Proceeding as in the final part of the proof of Lemma 1 of [20], only that working
with K instead of Ky, d =1,t = s and p = 1 we obtain that if [ > 2, then

/ KN (@) dz < CR,
|z|~R

where C' does not depend on N. This implies that K € S,,.
By the same Lemma 1 of [20] and the same replacements as above, we get that if
m € M(s,l,a) and & <1 < 2 41 then

v ()T R
K56 = KXl s orme (W) 70 pi<d 69)

where C' does not depend on N. This implies that K év € H, ¢ for all £ > 0 and this
happens uniformly on N: for all R > 0 and |y| < R,

= (7"
i n $C )5 (ﬂ
j=1

<C) j2itP<c
j=1

o

Y@ R"GHIKYN( —y) — KX ()

j=1

where C' does not depend on N. Observe that by the same arguments than in Propo-
sition 6.2 of [21], K € H, 1+ (og )i+ uniformly in N, for all 1 < r < (n/l)".

To finish the proof of the corollary, take N > 1 and consider the operator T whose
kernel is KX Since K € Sy N Hypy, for all 1 <r < (%), then T verify (4.1) with
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M,z = Ma,%ﬁ for all € > 0 with a constant independent of N.

Write now 1’ = % 4 ¢ and observe that 1 < r < (%)". Set B(t) = t"(1 4 log™ t)*" and
A(t) = t", then .»Tl_l(t) B~1(t) (_7,;1(25) < Ct. Since KY € Hypx and TY map LP(dx)
to L%(dz), 1 < p < n/a and 1/g = 1/p — a/n (see [19]), then Theorem [4.3] applies
and therefore (4.4)) holds with M, 3 = M, ,» with a constant independent of N. A
standard approximation argument as in [20] leads to the desired estimate for 7,,, and
Ty U

6. TWO WEIGHTS INEQUALITIES

For operators such that their adjoints satisfy a Coifman type inequality it is possible
to obtain two-weight norm inequalities, using a duality argument (see for example [27]
and [21]).

Theorem 6.1. Let A be a Young function and 1 < p < oo. Suppose that there
exist Young functions € and D such that £ € By, E71(t) F1(t) < Z_l(t) with
F(t) = D(t?) and the function ®(t) = tD'(t) —D(t) fort > 1 is also a Young function.
If T is a linear operator such that its adjoint T* satisfies that for all w € A,

1@ w(@)de <C [ Maf@) w@ds,  felr (0D

R

then, for any weight u,

[ @ de < [ 1F@P Mau(o) do.

(6.2)
=C . |f(@)]P Mo(Mou)(z)dz,  f€ L.

Remark 6.2. For the applications below, and since all the operators considered here
are of convolution type, proving (6.1)) for 7* or T" turns out be equivalent.

Proof of Theorem [6.1. Fix a weight u. The key point here is to prove that (M, pu)® €
Ay, for all 0 < 0 < 1. Then, the rest of the proof will follow standard arguments.
Therefore let us start observing that the conditions on the Young functions D and &,
and Theorem 1.1 in [5] give that M,,pu ~ M,(Mgu). On the other hand, we can
restrict ourselves to the set {z : M,,pu(x) < oo} or suppose that the functions f
have support contained in this set. Moreover, we only have to consider ap < n (see,
for example, the beginning of the proof of Theorem 1.2 in [3]). By duality, turns
out to be equivalent to

T f (@) Mappu() " de < C | |f(@)u(z)' ™ dz,  fe€ LY.
R™ Rn
Again observe that M,,pu(r) = oo would imply M,,pu(z)'™® = 0. Therefore,
by Corollary 1.2 and Remark 1.3 in [5] we know that (M,,pu)’ belongs to A; for
all 0 < ¢ < 1. Thus, choosing r > p and § = (p/ — 1)/(r — 1), My,pu(z)™* =
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{(Myppu)®}'=" € A, C Aw, and so (6.1) can be applied. This and the generalized
Hoélder’s inequality for A, € and F, yields

7% f ()] Mappu(z)' " dz < C Ma,Zf(x)p, My pu(z)' ™7 dx

RTL Rn
<C | Me(fuv)(2) Mor(ur)(@) Mappulz) ™ da
R’ﬂ
=C | Me(fu»)(2)” Muypu(z)? Muypu(z) ™ dz

R

=C | Me(fu )@l de<C [ |f(x)ulz) #[ dz
Rn

Rn
—¢ [ )l u(w) da.

where we have used that £ € B,y and so Mg is bounded on L (dz) (see [30]).
U

In order to apply Theorem we shall consider operators T, which are bounded
from LP(dx) to Li(dx), where 1 < p,q < oo and % = % — 2. Notice that this im-
plies that 1 < p < 2 (as pointed out in the proof of Theorem , we only have
to consider this case) and ¢ > —“-. Therefore, we want to obtain inequality
for 1 < p < %, and thus we need (6.1)) to hold for p’. Let us choose py so that
z% = pio — 2. We shall be considering that our operator satisfies for all w € A,
and f € L2°, whenever the left hand side is finite. Observe that if w € A,, N L*>, then

1T f 1]y < N0l T Wl gy < Cllwl |57 11 fll o ay < 00, for all f € Le®. Then,
inequality holds for w € Ay, N L>®. For w € Ay we define wy = min{w, N},
N € N, then wy € A, with a constant independent on N. Thus, holds for wy.
Letting N tends to infinity, we get , for all f € Lg°, and therefore, we can use
Theorem [6.1]

The classical fractional integral. In the case that A(t) = ¢, i.e., K, € Hy oo,
we have that the hypotheses of Theorem hold, if p > 2, for the functions £(t) =
t” (1 +logt ¢)~1=¢ and D(t) = t(1 +log™ t)P~ 1+ because p—1+¢ > 1, and so Remark
1.4 of [5] can be applied. If 1 < p < 2, then the hypotheses of Theorem hold for
E(t) =t (1 +log" t)77/P and D(t) = t(1 + log* ), because again Remark 1.4 of [5]
can be applied (with p =1 and 8 =1).

Since the kernel of the classical fractional integral K,(z) = —m—s belongs to

H} . C Hys, we obtain inequality with D(t) = #(1 + log™ z‘f)l[p] for I,. This
was obtained by Pérez in [31]. In this case, M, p is equivalent to M,, (M ). For the
k-th order commutator of I, observe that H:’;’OO C Hyoo C Hy o, 50 Theorem
again holds with D(t) = ¢(1 4 log™ ¢)[(**VPl This was first obtained in [3].

The fractional integral with rough kernel. Let us consider the fractional operator
Toof = K, * f, where K,(z) = 2@ and Q is as in the previous sections. If

|$‘n7a

Q e LAS™ 1Y) N La (S*!) and satisfies (5.1)) with k& = 0, then we have that the
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Coifman type inequality holds with M, 7 on the right hand side. Then Theorem
can be applied to this operator. In the particular case that A(t) =t", r > p, ( . holds
with D(t) = t0/P' (1 4 log™ ¢)"/P'P=D+€ and ¢ > 0 small enough. It suffices to apply
Theorem (6.1 with £(¢) = /(1 + log* ¢)™7%, and F(t) = t7 (1 + log* ¢)(r/p) e=D+e,
where € > 0 is some small enough number that is related with € > 0.

For the commutator of this operator, assume that Q € LB(S" ') N La=a (S"1)
satisfies (5.1)), where B(¢t) = t", » > p. Then, the Coifman type inequality holds
with A(t) = t" (1 + log" t)*" and thus, inequality (6.2) holds with D(t) = t0/»)'(1 +
log™ ¢)(r/p) ((k+Dp=1)+€ and € > 0 small enough (see table 1 in [21]).

The fractional integral associated to a multiplier. Let us now restrict our
attention to fractional integrals associated to a multiplier and its commutators, i.e.,
suppose that we are under the same hypotheses as in Corollary[5.2] For these operators
we have that the Coifman type inequality holds with M, /4. on the right hand side,
for both, T}, and Tr’fub. Therefore we obtain the following.

Corollary 6.3. If 1 <p <r < (n/l) and u is a weight, then

T f () [Pu(x)de < C |f(2) P Moy pu(z)de, ferLy. (6.3)

R’I’L
and

T @)Pu(@)de < C | |f (@) Moppu(e)dz, — feLF,  (64)
R Rn

where D(t) = t0/P) (1 + log™ t)/PV =D+ gnd ¢ > 0 is small enough.

The proof is the same as for Tg,a, in the case A(t) = t", since the Coifman type
inequality holds with M, ,,, and " = n/l + . Since € > 0 is arbitrarily small, then
D(t) = t/P' (1 4+ log" t)(”/p) (p— 1)+€ <t/ forall 1 < p <7 <r < (n/l). Therefore,

we may write D(t) = t(/P) and -

7. FURTHER RESULTS

Following standard arguments (see [32], [4] and [22]), a result analogous to (6.2)
can be obtained for the endpoint case p = 1. We just state the Theorems, leaving the
proofs to the interested reader.

Theorem 7.1. Let T,,f = K, * [ be a fractional operator. Suppose that there exists
d > 0 such that for any p € (1,1+9), there exists a Young function D, satisfying

[ gaspu<c [ 17ea,0 (1)
R7 R"
for all weights w. If K, € H, 4, then for any weight u,

u({z e R" T, f(z )]>)\})<— |f|(Mu+M AU+ Mapp,u), (7.2)

for all X > 0.
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Remark 7.2. If T, is an operator given by convolution with K, € H, , then it
satisfies inequality with D,(t) = t(1 + log™ )P, therefore inequality holds
with the operators Mu + M,u + M,,p, where D(t) = ¢(1 + log™t). Observe that
Myu < Mu + M,,pu, then for p small enough we obtain on the right hand side of
Mu + Myi4e,pu, for € > 0 small enough. Also, as in Example 1 in [5], we get
that Ma140,0u < Mya+e(Mu). In the case of I, we obtain the same result as in [4].

Now observe that if we have a Coifman type inequality for To]f,b , (4.4), using Theorem
6.1, we can obtain a two weights inequality. With this result we can prove:

Theorem 7.3. Let T, be a fractional operator with kernel K,. Let 0 < k € Z,
b € BMO and T}, the k-th order commutator of Ty,. Suppose that there exists § > 0
such that for all p € (1,1 4+ 0) there ezists a Young function D, satisfying

| bt @pu) de <€ [ 1f@)P Mapo,ulz) da, (7:3)
Rr Rr
for all weights u. Let A, B be Young functions such that .,Tl_l(t) B7(t) < C; ' (t) with
Cr(t) =t(1+log™ t)k. If K, € Hypy, then

u({z e R |TE, f(x)] > A}) < C'/n Cr (’i;) (Mu+ M,z u+ Mapp,u) (7.4)

for all weights u, A >0 and p € (1,1 +9).

The proofs of these theorems follow the same steps as in [22].
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