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ARTICLE INFO ABSTRACT

Keywords: This article delves into the process of fuzzifying time series, which entails converting a
Time series conventional time series into a time-indexed sequence of fuzzy numbers. The focus lies on the well-
Fuzzy numbers established practice of fuzzifying time series when a predefined degree of uncertainty is known,

Fuzzy time series

employing fuzzy numbers to quantify volatility or vagueness. To address practical challenges
Fuzzy stochastic process ploying y q fy y 8 1% g

associated with volatility or vagueness quantification, we introduce the concept of informed time
series. An algorithm is proposed to derive fuzzy time series, and findings include the examination
of structural breaks within the realm of fuzzy time series. Additionally, this article underscores
the significance of employing topological tools in the analysis of fuzzy time series, accentuating
the role of these tools in extracting insights and unraveling intricate relationships within the data.

1. Introduction

Fuzzy time series (FTS) emerged as a prominent paradigm in time series forecasting, utilizing principles of fuzzy logic to extend
classical forecasting methods like ARIMA [1], exponential smoothing [2], and neural networks [3]. FTS employs fuzzy sets to represent
linguistic terms associated with time series data, enabling the capture of uncertainty and imprecision inherent in the data.

Fuzzification entails transforming numerical time series data into fuzzy sets by assigning membership functions to linguistic
terms [4]. These functions quantify the degree of membership of data points to specific fuzzy sets. Similarly, fuzzification of the fore-
casting data represents future values using the same linguistic terms and membership functions employed in the initial fuzzification
process [5,6]. A comprehensive survey of fuzzy time series forecasting models can be found in the recent work [7].

The determination of fuzzy rules involves the application of fuzzy logic to extract rules from the fuzzy sets, enabling predictions
regarding future time series values. Conversely, defuzzification entails converting fuzzy forecast results into crisp numerical values.
Various defuzzification methods, such as centroid [8], height [9], and bisector [10], have been proposed in the literature, with their
comparative analysis detailed in relevant studies (for instance, see [11]).

Overall, fuzzy time series provides a comprehensive approach to addressing uncertainty and imprecision in time series forecasting,
offering a rich theoretical foundation for analysis through the utilization of fuzzy sets and fuzzy logic principles. The term fuzzy time
series also refers to time-indexed fuzzy numbers as a generalization of crisp time series. In this sense, FTS can be studied using the
theory of fuzzy random variables [12,13] and fuzzy stochastic processes [14].
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FTS has been successfully applied in various fields. For instance,

1. Financial Forecasting: FTS has been applied to stock market prediction, portfolio optimization, and other financial forecasting
tasks. It allows for handling the uncertainty and non-linearity often present in financial data [15,16].

2. Decision Support Systems: FTS has been used to develop decision support systems for various domains, including healthcare,
transportation, and energy management. These systems utilize fuzzy time series models to aid decision-making processes [17].

3. Pattern Recognition: FTS has been employed for pattern recognition tasks, such as speech recognition and image classification,
where temporal relationships play a crucial role [18].

In summary, FTS is a powerful method for time series forecasting that uses fuzzy logic and fuzzy sets to capture the uncertainty
and imprecision of time series data. It has several steps, including fuzzification, fuzzification of the forecasting data, determination
of the fuzzy rules, and defuzzification, and has been successfully applied in various fields. It has been developed in depth in recent
years to solve problems where crisp time series cannot provide a good solution.

As captured by fuzzy sets, the notion of “uncertainty” within databases draws from two distinct streams of thought that have long
been recognized in the mathematical literature. Firstly, data imprecision may hinder processes related to it from achieving certainty.
Secondly, uncertainty can also pertain to ambiguity in interpretation, which proves particularly beneficial in scenarios requiring the
description of preferences among elements or objects. Consequently, fuzzy random variables can be interpreted in various ways over
time (see [19-22]). In the first approach, the “ontic” interpretation [23], the variance of the fuzzy random variable is expressed as a
crisp number, simplifying subsequent processing tasks. In the second one, the “epistemic” interpretation [24], the variance is defined
as a fuzzy interval, providing a gradual depiction of our partial understanding regarding the variance of an underlying classical
random variable that has been imprecisely observed. These two approaches have proven to be truly useful in practice [25-28]. As
a pertinent article on this subject, we highly recommend article [29], where the authors elaborate on these different definitions and
discuss the use of a new variance, demonstrating its practical utility through simple examples.

As we have already pointed out, in numerous practical scenarios the existence of a numerical measure that captures the uncertainty
or volatility of observations is well established. However, effectively modeling problems characterized by such behavior, such as those
found in the stock market or the economy, poses significant challenges, even within the framework of fuzzy logic. Our key contribution
lies in the definition of informed time series, which is intended to encompass scenarios where the precision or importance of each
observation is determined in advance. This concept is a tool in applications, as we show in several examples.

We begin by providing a brief overview of foundational concepts before introducing the novel notion of informed time series. The
primary objective of this concept is to capture and represent uncertainty straightforwardly, with fuzzy numbers playing a pivotal role
in this endeavor. Section 3 of our article is dedicated to a comprehensive exploration of the informed time series concept, by providing
examples and highlighting applications of r-cuts and we can gain a deeper understanding of their practical significance. Next, section 4
focuses on its fuzzification process, showing an algorithm divided into two steps. By leveraging fuzzy number arithmetic, we can
derive several meaningful results, as showcased in both sections. In section 5, we delve into the examination of stationary time series
with structural breaks and present a noteworthy finding: under certain conditions, it is established that fuzzification also maintains
stationarity in the presence of structural breaks. Section 6 is devoted to the use of fuzzy logic in dynamic time warping. We provide a
computational algorithm and examples with real data (an Olive Oil dataset from four different countries). Lastly, we outline a series
of future research avenues, which can be pursued based on the findings obtained in this study.

2. Preliminaries

In this section, we will present the fundamental definitions that will serve as the foundation for the subsequent discourse on fuzzy
numbers, fuzzy time series, and crisp time series.

2.1. Fuzzy numbers

Firstly, let us recall the concept of fuzzy numbers. A fuzzy number is a mathematical construct that extends the notion of a crisp
number to incorporate uncertainty. It is characterized by a membership function, which assigns a degree of membership to each
element of its domain, thereby representing the degree of uncertainty associated with its value. The membership function is typically
a continuous, bounded, and convex function that ranges between 0 and 1.

It is worth noting that [30] provides a comprehensive and accessible introduction to fuzzy numbers, highlighting their importance
and applications in different areas of science and engineering. For more information on fuzzy sets, [31] provides a detailed overview
of the theoretical foundations and applications of fuzzy sets and discusses the relationship between fuzzy set theory and other fields
such as possibility theory.

Definition 1 ([32]). A fuzzy set p : R — [0, 1] is called a fuzzy number if it satisfies the following conditions:

1. The function p(x), x € R, is at least piece-wise continuous.
2. The fuzzy set p is convex, i.e., for each 0 <t <1 and x,y € R, we have

px+ (1 —=1)y) >1tp(x) + (1 = 1)p(y).

3. There is exactly one x € R with p(x) = 1.
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The core of a fuzzy set p is the set of elements whose degree equals 1. Then, the core of a fuzzy number is exactly one value. The
support of p : R — [0, 1] is the set

supp(p) = {x € R | u(x) > 0}.

Definition 2 ([33]). A fuzzy number p is called an L-R fuzzy number if it has compact support and can be expressed through
parameterized reference functions or shape functions L and R in the form

o) pi(x)=L((x-x)/a) forx<X,

X)=

? P =R(x—%)/p) forx>%,

where a, f > 0, Core(p) = {x} and the functions L and R are conventionally taken as decreasing functions satisfying L(0) = R(0) =1

and L(1) = R(1) =0. Consequently, p; and p, are increasing and decreasing functions, respectively.

As an abbreviated notation, we can denote the L-R fuzzy number p as

p=<X,a,p >L.R 1)

The set of all L-R fuzzy numbers is denoted by F(R).

Remark 1 ([33]). A fuzzy number as in Equation (1) is determined by its r-cut intervals

[l =[p~ (1. p* (1] 2)
in the following way

P =x—-L"'"«a 3

Pr=x+R"'(r-p

2.2. Norms in F(R)

According to [34], let us define the following scalar product in 7(R), which plays a significant role throughout the proofs of the

article.
() FRXFR) — R
(u, 0) b )+ ut (ot ()dr

and consider the following distances
1

1/p
d,(u,v)= (//’lp([u]r, [U]r)dr> )
0

and

doo(u,0) = sup h([u]",[0]"),

0<r<l1

where h is the Hausdorff metric
h([u]”, [v]") = max{|u™(r) = v~ ()|, lu* (r) = 0" ()] }.

Properties of the spaces (F(R),d,) and (F(R), d,) have been studied in [35]. In particular, the space (F(R), d,) is a complete metric
space [36]. on the other hand, for two fuzzy sets, a way of measuring the difference between them was introduced in [37].

The norm || - ||, is defined using the distance d, as follows

Pl = doo (0, p).
Notice that for p=<x,a, > g,
Pl = doo (0, p)
= sup max (CHGINEG])
=max (|p* (D, |p~0)]) 4
=max (|]x — R7'(0)- Al, |x+ L7 (1) - al). (5)

In Equation (4) we have used that p* is increasing and p~ is decreasing.

3
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2.3. Fuzzy random variables

Regarding the concept of fuzzy random variables, the first definition of this concept was presented by R. Féron in [38]. Subse-
quently, several authors such as Kwakernaak [12,39], Puri et al. [13,40,41], Korner [42,23] and Couso et al. [43] have proposed
different formal definitions. Each of these definitions has considered a different meaning of the concept of measurability. Kratschmer
[44] studied the formal relations between some of them and proposed a unified approach. In this paper, we consider the variance from
the “ontic” point of view, that is, the one studied by Korner. Lubiano [45] focuses on the problem of estimating the expected value of
fuzzy random variables in random samples of finite sets from this approach. However, it is worth noticing that the “epistemic” point
of view described by [24] must be applied in a similar study in future research.

Definition 3 ([23]). Given a complete probability space (L, A, P), we consider that a fuzzy random variable is a Borel-measurable
function X : (Q,A) - (F(R),d).

If X is a fuzzy random variable, denoted by f. r. v., then

(X1 =[X"(), X ("],re©,1]

is a random closed interval set and X *(r), X ~(r) are real valued random variables. If X isa f. r. v., then || - ||, is also a fuzzy random
variable [36]. On the other hand, an f. r. v. X is called integrably bounded if E(|| X||,,) < co. Notice here that the choice of notation
reflects that E(|| X ||, ) is indeed the expectancy of a (crisp) random variable, since the norm transforms X into a conventional random
variable.
For an integrably bounded f. r. v., the expectation E(X) is defined [13] as the unique fuzzy number which satisfies the property:
[EQO) = E(IX]") = [E(X~ (), EXT(r)], 0<r< 1. (6)

If ] <p<oo, X is called a p-order f. r. v. provided E(lleIﬁ) < 0. The space £,(F(R)) is the set of all p-order f. r. v.
Now, we provide an approach for the covariance introduced by Feng et al.

Definition 4 ([36]). Let X and Y be in £,(F(R)). The covariance of X and Y is defined as
1

cov(X,Y) = % / (cov(X_(r), Y~ () 4 cov(X T (r), Y+(r))> dr. )

0
2.4. Stochastic processes and fuzzy stochastic processes

We recall the crisp stochastic process considering expectations and covariances as in Equation (6) and Equation (7).

Definition 5 ([46]). A stochastic process is simply a sequence of random variables (X),. A stochastic process is said to be stationary
if it satisfies

1. X, has constant expectation E(X,)= u.
2. X, has finite variance.
3. The covariance depends only on the distance of the time instants, i.e.,

cov(X,, X)) = cov(X, o Xy s p).

Two stochastic processes X,, Y, are cross-stationary, or jointly-stationary, if the covariance cov(X,,,,Y;) is a function only of
lag h.

We introduce a novel definition of a fuzzy stationary stochastic process.

Definition 6. A fuzzy stochastic process is a sequence (&), of f.r.v. The fuzzy stochastic process (&), is stationary if it satisfies:

1. &, is integrably bounded and E(&X,) = u.
2. X, is 2-order and var(X,) < co.
3. cov(X;, Xy) = cov(X,, p,, Xy yp), Vh.

Remark 2. Considering a stationary stochastic process simplifies both analysis and modeling because the statistical properties (like
mean, variance, and autocovariance) remain constant over time. This stability makes it easier to estimate model parameters and
generate reliable forecasts, as the relationships between past and future values are predictable. Models like ARMA and ARIMA are
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specifically designed for stationary series, allowing for a straightforward application of well-established techniques such as autocor-
relation analysis and spectral methods. The consistency of a stationary process also ensures that estimators converge more quickly,
making the modeling process more efficient and accurate.

The notion fuzzy stationarity introduced here is the natural extension of the well known and well studied crisp case and we expect
that it will allow us to translate the good properties of these processes into the fuzzy realm.

One of the aims of this paper is to show that in many cases the fuzzy versions of crisp stationary process related to practical
situations also satisfy stationarity (see Theorem 3).

2.5. Time series

Next, we define crisp time series. A crisp time series is a conventional time series that consists of a sequence of crisp or precise
values recorded at regular time intervals. Unlike fuzzy time series, crisp time series do not explicitly account for uncertainty or
vagueness in the data.

Definition 7. A (crisp) time series (x,), is a sequence of time-indexed real numbers.

Crisp time series are considered the realization of a sequence of random variables (i.e. a stochastic process in the sense of Sec-
tion 2.4). Analogously, a fuzzy time series is a sequence of fuzzy sets, where each fuzzy set represents the value of a variable at a
specific time point. Fuzzy time series provide a framework for modeling and analyzing data with inherent uncertainty, allowing for a
easy representation of the underlying dynamics. The uncertainty associated with each data point is captured through the membership
function of the respective fuzzy set [5]. Formally,

Definition 8. A fuzzy time series (f,), is a sequence of time-indexed where each f, : R — [0, 1].

2.5.1. Time series classification and dynamic time warping
This preliminary subsection provides the background for Section 6, where applications and computational examples are presented.
A classification dataset, is a set

D={(xy,cp),...(x,,¢c,)},

where x4, ... x, are time series and ¢y, ..., ¢, are tags or classes associated to them. A time series classification algorithm is a method
that attempts, given new time series x to predict or associate its more likely class c.

Time series distances can be used to classify time series. This is the idea behind the k-nearest neighbors algorithm (kNN) [47]
In kNN a time series x is classified by a plurality vote of its neighbors, with the time series being assigned to the most common class
among its k nearest neighbors (that is the k time series in the dataset with the smallest distances to x, k being a positive integer,
typically small). If k = 1, then the time series is simply assigned to the class of that single nearest neighbor.

One of the most used time series distances for classification is the so-called dynamic time warping. Dynamic time warping (DTW)
is a time series algorithm for measuring similarity between two temporal sequences, which may vary in speed. This method calculates
an optimal match between two time series x = (x,)r]i 0 Y= ( y,)f‘io with the following rules:

+ Every index x must be matched with one or more indices y, and vice versa.

+ The last index x  must be matched with the last index y,, (but it does not have to be its only match).

+ The first index x,, must be matched with the first index y (but it does not have to be its only match).

+ The mapping of the indices from x to y must be monotonically increasing, and vice versa, i.e. if j > i are indices from x, then
there must not be two indices [ > k in y, such that index i is matched with index / and index j is matched with index k, and vice
versa.

The match that satisfies all the above restrictions and has the minimal cost is considered the optimal match, where the cost is computed
as the cumulative sum of distances between pairs of matched indices. The pseudocode of DTW is presented in Algorithm 1.

Algorithm 1 Dynamic time warping distance between time series.

Input: x = (x,)Y ,y=(y)

Output DTW distance

M
=0

Dij «~0
fori=1to N do
for j=1to M do
cost « d(x,,yj)
D;; < cost+min{D;_y;, D;;_y, D;_y;_; }
end for
end for
return D,
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3. Informed time series

This section is devoted to the new notion of informed time series. This novel definition attempts to capture situations in which a
level of the imprecision or importance of each observation is known beforehand. This is the case of many practical applications as
we will explore in the examples in the following sections.

N

Definition 9. An informed time series is a sequence of real numbers with a degree of the form (x,,u,)t=1,

u, €U CR*.

The value x, represents a time-indexed observation, whereas u, represents a measure of the uncertainty or irregularity of the
measured value x,. We will call u, the uncertainty at time t and U the uncertainty set.

As we see we are only considering non-negative values for the uncertainty set. The idea behind this is to simplify the scale of
imprecision to fix 0 as minimal value of imprecision.

where x, € R and

Remark 3. Even though an informed time series (x,, u,)ﬁ | reflects a notion of the uncertainty via the series u,, one must not confuse
this notion with the idea of fuzzy-valued time series. In Definition 9 we are reflecting the practical situations described in Examples 1
and 2 in which we have a crisp value of a time indexed phenomena x, and we also have managed to obtain a notion of the uncertainty
of the measurement of x, at time ¢.

Our approach at this stage stays away of the fuzzy realm since both x, and u, are crisp. But this allows us to tackle the problem of
finding a way of defining a fuzzy time series (§(x,,4,)), that better reflects the information intrinsically gathered in the information
time series.

Example 1. In financial time series, if x, is the closing price of a stock on a given day ¢, we can define u, as the total variation of the
price at time 7. The series (x,,u4,) is an informed time series.

Example 2. An irregular time series (x;, );, <7 is a sequence of observations in which the spacing of observation times is not constant.
If we divide the time interval T into » intervals 7; we can define

1
u=— te—t
1= 2 Vet
1, €Ty
and
1
X =— X; -
I, Z i
t, €T,

The value x; is the average value of the series in the time interval 7; and u, is a measure of the irregularity of the observations. The
series (x;,u);_, is an informed time series that regularizes the original series.

Definition 10. A mapping U" : Rt — F(R) is called an uncertainty mapping if it satisfies the following properties

(P1) core(U'(s)) = {0} for all s € R*.
(P2) The r-cut interval extremes [U'(s)]” = [U'(s)T(r), U'(s)~(r)] are linear i.e. the real valued mappings U"(:)*(r), U(-)~(r) are linear
for every r.

Remark 4. Every uncertainty mapping " : Rt — F(R) satisfies the following properties

1. U can be written as U'(s) =< 0, a(x), f(x) > g for increasing linear mappings «, 5.
2. Us+s)=U(s)+U(s")
3. If 5, > sy, with 5,5, € RT then supp(U'(s,)) C supp(U'(s)))-

Proof. By (P1), the core of every fuzzy number U'(s) is {0}, so using L-R notation the mapping U" can be written as U'(s) =<
0,a(s), B(s) > g- By (3)
V() () ==L7"()- a(s). @®
V()™ (N =+R""(r)- ps)

Then, by (P2) the previous mappings are linear and therefore @ and f are also linear.
The second property is a direct consequence of the first one. The last property follows from the fact that « and f are non-negative
increasing linear functions. []

Remark 5. Given an informed time series (x,,u,), it is clear that there is not a unique way to define a uncertainty mapping V. For
instance, we could define U'(u,) =0 for all € N and the properties are trivially satisfied.
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Below, we define the fuzzy informed time series.

Definition 11. Every uncertainty mapping U" defines a fuzzification mapping

§: RxR* — F(R)
x,8) P x+UV(s) =<x,a(s)(x), B(s)(X) > r

where the addition x + U'(i) is understood as the standard addition of fuzzy numbers, based on the minimum operator.
On the other hand, given an informed time series X = (x,,u,), we can define a fuzzification of the informed time series as the
sequence of fuzzy numbers:

(S(xts”r)),: (xr +U(”f))t ©

Property (P1) ensures that core(§(x,,u,)) = x, and property (P2) implies that higher uncertainty values of an observation x; will
produce fuzzifications F(x,,u,) with bigger supports.

Remark 6. Note that an informed time series represents a specific instance within a fuzzy time series, where fuzzy numbers are
considered. We particularly focus on informed time series due to their distinct properties and behaviors.

Proposition 1. For any uncertainty mapping U, its fuzzification mapping § has the following arithmetic properties

1. §(x,u) =F(x,0)+ FO,u).
2. F(kx, ku) = kF(x,u) for every k > 0.
3. §x+yu+u) =30, u)+F,u).

Proof. The first property follows trivially from the definition. The other two follow from the fact that by 4 the mappings « and f are
linear. [

Example 3. Any informed time series X = (x;, u,)ﬁ | ©R X1 can be trivially fuzzified taking the trivial uncertainty mapping U"(4,) =
(0,0,0), g which associates each uncertainty with the zero crisp number. This results in a fuzzification that associates each observation
x, with its crisp fuzzy number (x,,0,0); .

In Section 4, we will explore several possibilities for fuzzification algorithms under the previous definition. We will assume now
that the informed time series (x;,u,;) are realizations of a sequence of random variables (X,,U,), in other words, we will turn our
attention towards stochastic processes.

In view of the previous algorithm, a natural question is to ask what properties of (X,,U,) are translated into the fuzzification
(§(X,,U,)),. The following results are aimed at answering the previous question.

We will start with the following lemma which is a generalization of [36, Theorem 3.1] for L-R fuzzy numbers.

Lemma 1. Using notation as in Equation (2), the mappings

of: F®).I-ly) - R
p = pt(r)
o F®I-lp) - R
14 = p(r)

Are linear and continuous for every q < oo.

Proof. If p=<x,a,f > g, we find that <I>:'(p) =x+ R - pand O =x-— L71(r) - a so the linearity follows trivially from the
fuzzy arithmetic.

In view that the mappings are linear transformations of normed spaces, to prove the continuity it suffices to show that zero-
convergent sequences transformed into zero-convergent sequences. Since |||, > ||pll, Vp so it suffices to prove the continuity for the
norm || - || To that end consider a sequence (p,), = (< x,,a,, B, > r), and assume that it converges to 0 under the norm || - || ,. By
Equation (5) we deduce that

| <xp 0,8, >Rl = suE)max (|xn —R7(r)- Bl Ix, + L) - (xn|) -0
r<
which implies that for every r < 1

lx, = R\ (r) - B,| = 0

x, + L7 () - a,| >0
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Since @, >0, f, > 0 we find that the sequences (x,),, (f,), and (a,), must also converge to 0. Therefore we have concluded that the
sequences ((Pj'(pn))n =(x,+ RI(r)- B,) and (®(p,)), = (x, — L) - a,) also converge to 0. []
Theorem 1. Given an informed time series (x,,u,),, for every uncertainty mapping U, the induced fuzzification § defined as in Equation (9)

F: RxXR* — F®)I-I,)
(x,u) x+U(u)

is continuous for every q < co.

Proof. As in the previous result, it suffices to prove it for ¢ = co. To check the continuity take two convergent sequences x, — X,
i, =it

I8Cens i) = S, Dlloo = l1x, + V() = x + V(Do

Slxy = Xl + 1V = VDl

=Ix, = x|+ V() = V(o

=[x, — x|+ Supmax (VG =T OV G,) = V@)™ (0])

= |x, — x|+ sup max (IO =V OTOLIVGE)™ ) =TV ()]) (10)
r<

= |x, — x| + sup max (R-‘(r) 1B = BOIL L) - latiy,) - a(i>|>

r<l1
= |x, — x| + max <R_1(0) 1B, = PO, LT - ati,) — a(i)|> (11)

The absolute value |x, — x| appears because x, — x is in fact a crisp number. In (10) we used Lemma 1. On the other hand, notice
that by the linearity of «, # the last expression converges to zero. []

The following corollary shows that fuzzifications of informed time series are in fact continuous transformations when we consider
them as operators between the space of time series and the space of fuzzy time series.

Corollary 1. The following mapping is continuous for every q < co:

®RXROY = F®), |- I)"
(xpu)y = (3()(,7”,))1

Proof. Note that the composition of this mapping with any canonical projection is continuous, by Theorem 1. The result follows
immediately. []

Lemma 2. If (X,),, (U,), are stochastic processes, then for every fuzzification §, the sequence (X,), = (§(X,,U,)), is a fuzzy stochastic process.

Proof. Given an instant ¢, consider the random variable (X,,U,) : (Q, A, P) = R X R. The composition

X,.Up)
QAP —5 RXxR A F@R) - 1l,) a12)
o P (X(@),U() = X/(0)+VU/()

By Theorem 1, we conclude that § is continuous which implies that it is also measurable. Since Equation (12) is a composition of
measurable functions it must also be measurable. We have concluded that §(X;,U,) is a fuzzy random variable. []

Theorem 2. Suppose that (X,), and (U,); are stochastic processes with finite variance and cross-covariance. Every fuzzification § generates
a fuzzy stochastic process (X,); = (§(X,, U,)), with finite variance and integrably bounded.

Proof. Taking into account Equation (5)

15X, Ullo = 11X, + VU)o
<X Nl + IV WD
<X Nl + 11 < 0,@(U,), AU 1 gl
= |X,| +max{|L7 (D] - a(U,), IR O)|BWU,)}
<IX |+ D] - aU) + [RTHO) - pU,)
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In view of this

E(I5X,U)lls) < E(1X,1) + E(IL' (D] - a(U) + E(|IRT'O)]|a(U)))
<E(|1X,]) +IL7'(D)| - Ea(U) + |R7'(0)| - EA(U,)
< 0.

Notice that in the previous equation we are taking the expectancy of a (crisp) random variable, since the norm transforms the
fuzzy random variable into a crisp one.

The last inequalities are due to the fact that by definition U"*(-)(r), U~ (-)(r) are linear for every r and the functions «, and g are
also linear, which implies that the expectations Ea(U;) and Ef(U,) are finite. Since X, has finite expectation E|X,| must be finite.
Which implies that F(X,, U,) is locally bounded.

||5(XtvUt)”2 = ”Xt + U(Ut))”Z

SNXell + IV WD
1

= 1X:ll2 + / (max{ |V U* (O] IV W)~ (")} dr
0
1

=||X,||2+/(max{|—L—l(r)~a(Uf)l,|R‘1(r)~ﬁ<Ut>|})dr
0
1

—IX, 0 + / (max{ L™\ - U |R™' )] - B} ) dr
0
1

<X, + / (1LY - aU) + IR7 ()| BWU,)) dr

0
1 1

SIIXr||2+0t(U,)~/IL_I(V)Idr+ﬂ(U,)/IR_I(V)Idr
0 0

Again we find that

1 1
E(IFX,, U)lL) < E(I1X,1l,) + E(a(U)) ~/|L“<r>|dr+E(ﬁ<U,>)/|R-1(r>|dr<oo.
0 0

Concluding that §(X,,U,) € L2(F(R)).
The variance of §(X;,U,) can be computed using the covariance

var(§(X,,U))) = cov(§(X,, U, §(X,, U,))
1

:% / cov(S(X,,U,)_(r),S(X,,U,)_(r))+COV(S(X,,U,)J'(r),S(X,,U,)+(r))>dr
0

var (§(X,,U,)™(r)) + var(F(X,, U,)*(r)))dr

1

(var((X, +UVU))(n) + var((X, + VU (r) > dr
= % / (var(X, + V' (U)~(r) +var(X, + U(Ur)+(r))>dr
0

var(X, —L7Yr)- a(U,)) +Var(X, +R ) - ﬂ(U,)))dr
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1
1 -
ot / 2var(X,) + L' (r)? - vara(U,)+
0

—2L71(r) - cov(X,, a(U,)) + (R™1(1)? - varp(U,) + 2R (r)cov(X,, ﬁ(U,))) dr

1 1
=var(X,) — cov(X,,a(U,)) / LY dr + cov(X,, p(U,)) / R'(dr+
0 0

1

1

U U

+w./rl(r)2dr+w'/R_l(r)zdr
o 0

< 0.

Therefore, the proof is completed. []

Theorem 3. Suppose that (X,), and (U,), are stationary and cross-stationary stochastic processes. Then every fuzzification (X,),
(§(X,,U,)), is a fuzzy stationary stochastic process.

Proof. By Theorem 2, we know that the series (§(X;,U,)), has finite expectation and variance.
Let us calculate the expectation. Knowing that by the stationarity of U, and X/, their expectations are constant EX, = uy, EU,

Hr-

[E(3(X,.U))], =E(3(X,.U)™(n). E(3(X,.U)* ()]
=[E(X,+ VU)*("), E(X, + U'U) ()]
=[E(X,—L7'("-aU)),E(X,+ R™'(r) - pU))]
=[EX,) - L™'(r)- E(a(U))), E(X,) + R™'(r) - E(B(U,))]
=[E(X) - L7'(r)-aEU,). E(X,) + R™'(r)- B(EWU)))]
=lux = L7'() - alup), ux + R7' () Blup)]

the last equality is due to the linearity of « and . We have deduced that the expectation of F(X,,U,) is a constant fuzzy number.
Let us compute the autocovariance,

COV(S(XH U, 35Xy, I,/)) =

NS

1
/ <cov(3(X,, U™ (1), 5Xy, 1) (0) ]
0

+ cov(F(X,, I (), Xy, 1) (1) ) dr
1

- % / <C0V(Xr = L7 - aU). Xy = L71(r) - a())
0

+cov(X, + R\ - pU), Xy + R\ () - BL)) > dr

1
1

=3 / <cov(x,,x,,) +cov(X,,—L7 (Na(l,))
0

+cov(— L7 (Ma(l)), X, ) + cov( — L™ (na(I), R (npU,))

cov(X,, Xy) + cov(X,, RN (rpUI,))

+cov(R™' (AU, X,r) + cov(R™N (AU, R (rpU,)) ) dr

1

= % / <cov(X,+h,X,/+h) +cov(X . —L7 (Mally i) (13)
0

+eov( = LN PaT ), Xy pp) +cov( = L7 Pal, ), RSy yp)

10
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-1
cov(X,p X i) +cov (X, RS 1)
+cov(R™NMBUpp). Xy ) + cov(RTN PB4 p), R (B p)) > dr

= COV(S(Xt+h! L), $(X o s It’+h))

We used that due to the stationarity of X, and U,, cov(X,, X,) = cov(X,, 4, X, ,p), cov(l;, I ;) = cov(d,,p,, I1,,), and by the cross-
stationarity cov(X,, Is) = cov(X,,;, s, ). This combined with the linearity of « and f gives us Equation (13). []

4. Fuzzification algorithm

In the cases in which the uncertainty set U is a subset of the real numbers there is a natural way to define a fuzzification which
is described in the following algorithm:

Algorithm 2 Fuzzification of informed time series x = (x,,u,),.

Input: Informed time series x = (x,,u,), and maximum spread parameters a, f,
Output (X)), fuzzified time series
Step 1 Define the functions

a: RY — R
u-min((,),) 14)
T () min(e)
f: RY - R
u—min((ul),) . 15)

u 1

max (), ) ~min (G, )
Step 2 Define the uncertainty mapping

v R F(R)
u > U=<0,a(),fu)>; 5

Define the fuzzification (X,), where

X, =8 u)=x,+ U =<x,a(u), fu) > p

return (X,),

Remark 7. Notice that the parameters «aj, f), are provided as inputs, as it is specified in the pseudocode, these parameters refer to
the maximum spread values in the fuzzification.
There are many ways to select these parameters, one possibility for the value of « is to choose:

ap =Median((x,)),) —= Q; ((x,);) (16)

Similarly, we can select f, as

Bo = 03((x,);) — Median((x,),) a7

Notice that the idea behind these choices, namely Equation (16) and Equation (17), is to assign the maximum left and right spread
in the fuzzification that corresponds to the dispersion of the data (x,) measured as the distance between the median and the quartiles.
Any other quantification of the left and right dispersion will work similarly.

u—min((u,),)
max (), ) ~min (), )
is associated with the maximum (minimum) amount of spread and therefore the maximum (minimum) value of uncertainly in the
resulting fuzzy number of the fuzzification.

The factor in Equation (14) and Equation (15) is there to ensure that the maximum (minimum) value of u,

Example 4. An illustrative example of a fuzzy time series can be constructed using gold price values. Let x, represent the average
price of gold on a given day ¢. In this example, we quantify the volatility or unreliability of each observation (uncertainty) u, by
calculating the difference between the maximum and minimum values:

u, = (high value of gold within day ¢) — (low value of gold within day ¢)

The application of the fuzzy time series algorithm, as outlined in Algorithm 2, yields the resulting representation presented in
Fig. 1.

For the representation displayed in the Fig. 1, we draw at each time ¢ the fuzzy number F(x,,u,) returned by Algorithm 2 as a blue
gradient. Darker values of this gradient represent higher values of the membership function of §(x,,u,), which in this context can be
interpreted as certainty or security of the value x, at time ¢.

11
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Fig. 1. Prize of gold fuzzified time series. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

35000

30000 -

25000 A

20000

15000 -

10000 A

5000 A

0

T T T T T T T T T T T T T T T

Q¥ A0 3> A9 a0 A5 a0 A A 22 A3
1’1'0%1 0%1:';0611’0911’09’7:1’\0’7}’\‘0’7}’\\’L’r\‘\;'\lil 'LZ; oY 3 oY ’L
PN B L g g g ML g L L

Fig. 2. Prize of bitcoin fuzzified time series.

Notably, a spike in March 2023 is observed, which is likely attributed to the war in Ukraine. Surrounding this high point, a
significant degree of uncertainty is evident within the fuzzy time series. The expanded spread can be attributed to the substantial
variation observed in the gold price during that particular period, as reflected by the values of .

It is worth noting that the depiction of uncertainty in Fig. 1 effectively highlights the proposed algorithm’s potential for visual-
ization purposes, akin to the utilization of candle-bar representations in financial time series analysis.

Example 5. In the spirit of Example 4 we will apply our analysis to study a highly volatile time series as the bitcoin prizes. In this
case x, will represent the close value of bitcoin at a given day. To construct the informed time series we have used

2
= <(high value within day 7) — (low value within day t))

We use the square here to emphasize the high volatility measurements.

Using Algorithm 2 with the informed time series (x,,4,); we obtain the fuzzy-valued time series showed in Fig. 2. For these figures
we have use the same technique for representing fuzzy-valued time series thet we described in Example 4.

Notice the sudden increase in uncertainty reflected in Fig. 2 at around November 2022, this corresponds with the bitcoin crash of
2022.

5. Fuzzy stationary time series with structural breaks

Stationarity with structural breaks in fuzzy time series refers to the examination of whether a fuzzy time series retains its stationary
properties despite significant shifts in its underlying dynamics. This analysis explores the impact of structural breaks on the stationarity

12
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assumption and provides insights into the persistence and stability of patterns within the data. Understanding stationarity with
structural breaks in fuzzy time series has practical implications for forecasting, decision-making, and risk assessment, enabling the
refinement of models and improving the reliability of fuzzy time series analysis.

Definition 12 ([48]). A crisp time series (x,) is called stationary with structural breaks if it satisfies
x; =+ a)D, + (1 = D,), (18)
where
1 ifteA,
D, = .
0 otherwise,
for « € R, ,, €, stationary time series and A an interval (in most applications of the form (7}, ))

These time series were introduced by Perron [48,49]. This type of time series is a very interesting generalization of the notion of
stationarity since it includes a series with all sorts of pathologies but that preserve some of the interesting properties of stationary
time series but locally.

The following definition is the adaptation of Definition 12 in the context of fuzzy time series.

Definition 13. A fuzzy time series (&,) is called stationary with structural breaks if it satisfies an equation as Equation (18) but
for fuzzy stationary time series.

Theorem 4. Let us assume (X, U,) is stationary with structural breaks in the sense that

Xf = (71)' +a)Dt + (1 - DZ)EI

U, = (;1[' +a D, +(1 - D,)e;
1 ifteA,

D, = fre
0  otherwise.

Suppose also that 1,1, and &, €] are cross-stationary, then every fugzification F(X,,U,) is also stationary with structural breaks.

Proof. By Proposition 1,
$(X,,U) =F(m, +a)D, + (1 — D)e,, () + a')D, + (1 — D))e))
= &((’7: + (x)D,, (’1,/ + a/)Dt) + 5((1 - D;)gp (1- D;)d)
=F(m + ), (1, + ")) D, +3(e,.€,)(1 - D,) (19)

= (8(n)) + §(a, ")) D, +3(e,n€))(1 = D))

Equation (19) follows easily from the definition of §. By Theorem 3, since the pairs #,,#, and ¢,, £ are stationary and cross-stationary,
we deduce that both §(#,, ;1,’ ) and §(¢;, e;) are stationary fuzzy stochastic processes. Since F(a, ') is simply a fuzzy number, we deduce
that F(X,,U,) also satisfies the definition of structural breaks but in the sense of fuzzy stochastic processes (Definition 13). []

6. Applications and computational examples

The application of fuzzy logic in dynamic time warping is a subject that has been widely explored in the last years ([50]1, [51], [52],
[53]1). These works deploy different strategies to apply fuzzy logic in the process of processing time series data through variations of
the DTW algorithm and utilize this method in problems such as clustering or forecasting.

In this section, we apply a very simple extension of the DTW algorithm that takes advantage of the methods developed in this
work. Algorithm 1 can be easily adapted for informed time series, the trick simply consists of measuring the cost using the distance
d, instead of the euclidean distance d.

The pseudocode for this version of DTW is the following:

13
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Algorithm 3 Dynamic time warping distance between informed time series.

Input: (x,,i9)N .y =y, i),

Output DTW distance

X = F((x;,7)0)
Y < Ty
D «+ (00) nypr
DU <0

fori=1to N do
for j=1to M do
cost < d (X, ¥))
D;; < cost+min{D;_;, D;;_y, D;_y;_; }
end for
end for
return D,

In the simulated and real datasets in the following sections, we will use the described algorithm to fuzzify informed time series
and test if the proposed version of DTW is capable of classifying the time series better that the conventional DTW method with crisp
time series.

6.1. Simulated dataset

We will start testing Algorithm 2 in conjunction with 3 for the classification of time series obtained using simulations.
To generate the simulated dataset, we used stationary time series with structural breaks composed in the following way:

x;=D;-v,+(1-D,) ¢, (20)

where

1 telty, 1]

D, = .
0 otherwise

and ¢, is a white noise and v, is an AR(1) time series of the form

Vi=dvioi +6

Where 6, is also white noise and the parameter ¢, takes different values depending on the class that we want to generate to test
the classification algorithm.

The simulated time series (20) has a very characteristic noisy region between #, and ¢; and an AR(1) region with parameter ¢,
outside of this interval. The value of ¢; of the non-noisy region is what really characterizes (x,) since negative values of ¢, produce
much more oscillatory time series than positive values of ¢,.

To apply Algorithm 2 we need informed time series, in the case of the described dataset there is a very natural way to transform
them into this kind of series. To that end, define the information i, as

i,=D, (21)

so that it takes the value 1 inside the noise interval and zero outside. The choice (21) ensures that the less informative values are
those inside the noisy interval [7,,?;] since those are the most irregular or unimportant for the task of classification. Therefore, it is
penalized with higher values of i,.

Notice that Theorem 4 implies that the fuzzifications of this type of series will produce stationary fuzzy time series with structural
breaks.

The following figure contains two examples of fuzzified time series simulated using this procedure for positive and negative values
of ¢,. The fuzzification was obtained using Algorithm 2. See Fig. 3.

As we see by taking i, = D, the fuzzification blurs the noisy regions in the time series which are the less relevant values for the
classification. As we will see this impacts positively in the classification results using the proposed fuzzy version of the Algorithm 3.

Table 1 shows the results of the simulation experiments comparing the DTW classification 1 precision (measured on the test
dataset) in comparison with the fuzzy version of DTW 3 applied on the fuzzification of the time series.

The objective of the classification problem here is to differentiate negative values of the parameter ¢; (what we grouped and
tagged as class 1 dataset) from positive values of ¢, (tagged as class 2 dataset) As usual in classification problems, for the algorithm
evaluation we used two datasets for each experiment: A training dataset (used for training the model) and a test dataset (used for
evaluating the effectiveness of the model).

The fuzzy version of DTW algorithm consistently outperforms the crisp version for the simulated datasets as can be seen in Table 1.
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Fig. 3. Fuzzification of simulated dataset examples. The left side is a simulation (20) for positive values of the AR(1) parameter ¢, . The right side is a similar simulation
but for negative values of ¢,. Notice that the distinct characteristics of the left and right graphs appear outside the blurred noisy areas.

Table 1
Simulated dataset classification algorithm comparison. Simulated AR with structural breaks (20) fuzzified using
Algorithm 2.
Test dataset Training dataset Precision Precision
description description results DTW results fuzzy
DTW
« 50 instances of AR simulated « 100 instances of AR simulated 0.45 0.55
with ¢, =0.2 (Class 1). with ¢, =0.2 (Class 1)
« 50 instances of AR simulated « 100 instances of AR simulated
with ¢, =—0.2 (Class 2) with ¢, = —0.2 (Class 2)
« 50 instances of AR simulated « 100 instances of AR simulated 0.52 0.54
with ¢, =0.5 (Class 1). with ¢, =0.5 (Class 1).
« 50 instances of AR simulated « 100 instances of AR simulated
with ¢, = —-0.5 (Class 32) with ¢, =—0.5 (Class 2)
« 50 instances of AR simulated « 100 instances of AR simulated 0.47 0.54
with ¢, = 0.6 (Class 1). with ¢, = 0.6 (Class 1).
« 50 instances of AR simulated « 100 instances of AR simulated
with ¢, =—0.6 (Class 2) with ¢, = —0.6 (Class 2)
« 50 instances of AR simulated « 100 instances of AR simulated 0.48 0.54

with ¢, =0.7 (Class 1).
« 50 instances of AR simulated
with ¢, =—0.7 (Class 2)

with ¢, =0.7 (Class 1).
« 100 instances of AR simulated
with ¢, =0.7 (Class 2)

6.2. Real dataset

Food spectrographs are used in chemometrics to classify food types, a task that has obvious applications in food safety and quality
assurance. The objective of this type of analysis is to build classifiers so that food type can be identified from the spectrum alone.

We will focus on the Olive Oil Dataset, which was introduced in [54]. This dataset consists of four classes of time series, each
class representing an extra virgin olive oil from alternative countries. The classes are composed in the following way:

« Class 1. 10 instances of olive oil spectrographs from Greece.
+ Class 2. 17 instances of olive oil spectrographs from Italy.

+ Class 3. 8 instances of olive oil spectrographs from Portugal.
« Class 4. 25 instances of olive oil spectrographs from Spain.

To apply our proposed fuzzification algorithm, we need to induce which observation is less reliable or informative (that is, we
need to generate informed time series. The decided approach here is to penalize regions with high variance. To do this we obtained
the structurally different regions using the hidden Markov chains, and associated higher values of i, to regions with high variance.

The result can be visualized in Fig. 4.
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Fig. 4. Fuzzification of olive oil dataset example.
Table 2
Olive oil dataset analysis comparison.
Test dataset Train dataset Precision Precision
description description results DTW results fuzzy DTW
30 instances of time series from classes 1 to 4 30 instances of time series from classes 1 to 4 0.83 0.86

Following the same idea as with the simulated dataset, we applied the DTW algorithm and the proposed DTW fuzzy version
dividing the dataset into train and test datasets. The following Table 2 contains the results of the analysis.
As we see, the proposed DTW algorithm outperforms the classical DTW for the olive oil dataset.

7. Conclusion and future works

Our results contribute to the field of fuzzy time series analysis by introducing a novel method that leverages fuzzy numbers
as a foundational component. By incorporating fuzzy numbers into the analysis of time series data, a significant representation of
uncertainty and vagueness has been achieved.

The utilization of fuzzy numbers offers a framework for capturing and modeling the inherent uncertainty present in time series
data. The proposed algorithm enhances our ability to comprehend and analyze complex temporal patterns, particularly in domains
where traditional crisp time series methods may fall short.

The findings presented in this article have demonstrated the efficacy, showcasing its potential for yielding meaningful insights
and results. By employing fuzzy numbers, the method enables a robust representation of uncertainty, enabling researchers and
practitioners to better understand and interpret time series data in various domains. We emphasize that our algorithm outperforms
the classical one.

Furthermore, this article underscores the significance of employing topological tools in the analysis of fuzzy time series. One
key result in this direction is Corollary 1 which shows how fuzzifications are additive and continuous operators. This fact gives us
an unexpected connection between the topology of crisp and fuzzy time series. The utilization of topological tools in this article
highlights the interdisciplinary nature of fuzzy time series analysis, incorporating mathematical concepts from topology to enhance
the analysis and interpretation of fuzzy time series data.

Future research endeavors may involve refining the methodology, exploring alternative approaches for fuzzy number representa-
tion, or investigating the method’s applicability to diverse real-world datasets. In addition, similar studies from the epistemic point
of view for fuzzy data can be considered.

A promising avenue for future research in fuzzy time series analysis involves advancing dynamic time warping (DTW) techniques.
Expanding DTW to accommodate fuzzy time series data, considering their inherent uncertainty, presents an opportunity to enhance
similarity analysis, pattern recognition, classification, and forecasting in practical domains. Developing novel distance measures and
alignment strategies tailored to fuzzy time series would enable accurate and effective analysis, contributing to a deeper understanding
and application of fuzzy time series analysis in real-world scenarios.
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