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Abstract. The dynamical boundary value problem for viscoelastic half-space with cut in the form of a strip is considered. The
problem is reduced to the singular integral equation of first kind. Using the method of orthogonal polynomials, the integral
equation is reduced to an infinite system of linear algebraic equations. The quasi-completely regularity of the obtained
system is proved and the reduction method for approximate solution is developed.
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1. Statement of the problem

It is investigated the dynamical contact problem for a viscoelastic half-space (−∞ < x, y > 0, z < ∞)
with cut in the form of strip (0 ≤ y ≤ b, −∞ < z < ∞) lying in the plane x = 0. The border of the cut is
under the action of uniformly distributed shearing harmonic (acting along the OZ axis) load of intensity
τxz = τ0e

−ikt, k is oscillation frequency, t is time parameter. In the linear theory of viscoelasticity for
Kelvin-Voigt materials only displacement component ω = ω(x, y, t) and tangential stresses components
τyz = G∂ω

∂y + G0
∂ω̇
∂y , τxz = G∂ω

∂x + G0
∂ω̇
∂x are other than zero (so called anti-plane deformation), where

G and G0 are the elastic and viscoelastic shear modulus, respectively. The dot means a derivative with
respect to the variable t. ω̇ ≡ ∂ω

∂t (Fig. 1).
The problem is equivalent to the boundary value problem

GΔω + G0Δω̇ = ρω̈, |x| < ∞, y > 0,
∂ω(x, 0, t)

∂y
+

∂ω̇(x, 0, t)
∂y

= 0

(this equation is satisfied everywhere in cutting half-space). ρ is the material density of the half-space
[2,3,5,6,9,16].

The displacements at the cut boundaries have discontinuities and the cut boundaries are loaded with
shear harmonic stresses, that’s why we have the following conditions

< ω(0, y, t) >≡ ω(−0, y, t) − ω(+0, y, t) = ϕ(y, t), 0 < y ≤ 1, ϕ(y, t) = 0, y > 1

Gω′(−0, y, t) + G0ω̇
′(−0, y, t) = Gω′(+0, y, t) + G0ω̇

′(+0, y, t) = τ0e
−ikt, 0 ≤ y ≤ 1. (1)

2. Reduction of the problem to the integral equation

Considering stationary oscillations of the half-space, we assume that

ω(x, y, t) = ω0(x, y)e−itk, ϕ(y, t) = ϕ0(y)e−ikt
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Fig. 1. Sketch of the posed problem

Thus one obtains the following boundary value problem

(G − ikG0)Δω0 = −ρk2ω0, |x| < ∞, y > 0,
∂ω0(x, 0)

∂y
= 0

< ω0(0, y) >= ϕ0(y), 0 < y < 1, ϕ0(y) ≡ 0, y ≥ 1
(2)

Multiplying equations (2) by eiαx and integrating by parts separately on the intervals (−∞, 0) and (0,∞),
for Fourier transform we obtain the one-dimensional boundary value problem [11–14]

ω′′
α(y) − (α2 − k2

0)ωα(y) = f(y), 0 < y < ∞, ω′
α(0) = 0 (3)

where

k2
0 =

ρk2

˜G
, f(y) = iαϕ0(y), ˜G = G − ikG0.

The decreasing at infinity fundamental function of equation (3) is defined by the methods of integral
transformations and contour integration. Since the Green’s function Gα(y, η) of the boundary value
problem (3) must satisfy the equation Gα(0, η) = 0, it can be constructed in the form of a simple
combination of the above-mentioned fundamental function, that is,

Gα(y, η) = Φ(y, η) + Φ(y,−η).

Thus

ωα(y) =

1
∫

0

[Φ(y, η) + Φ(y,−η)] f(η) dη =

1
∫

−1

Φ(y, η)f(η) dη.

We have taken into account the fact that the right-hand side of equation (3) is equal to zero for y > 1,
and its continuation is verified in even form by negative values of the argument.

Consequently, a solution of the boundary value problem (3) can be represented in the form

ωα(y) =

1
∫

−1

αe−
√

α2−k2
0|y−η|

2i
√

α2 − k2
0

ϕ0(η) dη =
α

2i(α2 − k2
0)

1
∫

−1

sgn(y − η)

e
√

α2−k2
0|y−η|

ϕ′
0(η) dη

Here it is taken into account that ϕ0(±1) = 0 and it is assumed that γ(α) =
√

α2 − k2
0 → |α|, as

|α| → ∞, and when k0 is real number
√

α2 − k2
0 = −i

√

k2
0 − α2, that is, the real axis of the complex

plane z = α + iσ goes around the branch points −k0 from above and k0 from below.
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Using inverse transformation the functions ω0(x, y) and ∂ω0(x,y)
∂x are represented so

ω0(x, y) = −
1

∫

−1

ϕ′
0(η) dη

1
2π

∞
∫

0

αe−
√

α2−k2
0|y−η|sgn(y − η)

α2 − k2
0

sin αxdα

= − 1
2π

1
∫

−1

ϕ′
0(η) dη

⎧

⎨

⎩

∞
∫

0

(

αe−
√

α2−k2
0|y−η|

(α2 − k2
0)

− e−α|y−η|

α

)

sgn(y − η) sin αxdα

⎫

⎬

⎭

− 1
2π

1
∫

−1

ϕ′
0(η) dη

∞
∫

0

e−α|y−η|sgn(y − η)
α

sin αxdα (4)

∂ω0(x, y)
∂x

= − 1
2π

1
∫

−1

ϕ′
0(η) dη

⎧

⎨

⎩

∞
∫

0

(

α2e−
√

α2−k2
0|y−η|

(α2 − k2
0)

− e−α|y−η|
)

sgn(y − η) cos αxdα

⎫

⎬

⎭

− 1
2π

1
∫

−1

ϕ′
0(η) dη

∞
∫

0

e−α|y−η| cos αx

sgn(y − η)
dα. (5)

Since the integrand of the interior integral in formula (4) can have at infinity the behavior α−1, its
Fourier transformation (in a sense of the theory of generalized functions) is represented as a sum of its
principal and regular parts.

Calculating the last integral in formula (4), we obtain

ω0(x, y) = − 1
2π

1
∫

−1

R(x, |y − η|)ϕ′
0(η) dη − 1

2π

1
∫

−1

arctan
x

y − η
ϕ′
0(η) dη,

where

R(x, |y − η|) =

∞
∫

0

(

αe−
√

α2−k2
0|y−η|

(α2 − k2
0)

− e−α|y−η|

α

)

sgn(y − η) sin αxdα

and from (5) we have:

∂ω0(0, y)
∂x

=
1
2π

1
∫

−1

R0(|y − η|)ϕ′
0(η) dη − 1

2π

1
∫

−1

ϕ′
0(η) dη

y − η
(6)

where

R0(|y − η|) =

∞
∫

0

(

α2e−
√

α2−k2
0|y−η|

(α2 − k2
0)

− e−α|y−η|
)

sgn(y − η) dα.

Taking into account the condition (1) and formula (6), we obtain the following singular integral
equation of the first kind [10]

1
2π

1
∫

−1

ϕ′
0(η) dη

η − y
+

1
∫

−1

R0(|y − η|)ϕ′
0(η) dη =

τ0
˜G

(7)
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3. Reduction of integral Equation (7) to the infinite system of linear algebraic equations

A solution of the integral equation (7) will be sought in the form

ϕ′
0(η) =

1
√

1 − η2

∞
∑

m=1

amTm(η) (8)

where Tm(η) is the first kind Chebyshev orthogonal polynomial, {an}n≥1 is unknown sequences.
Using the following known spectral relation

1
π

1
∫

−1

Tm(η) dη

(η − y)
√

1 − η2
= Um−1(y), −1 < y < 1

from integral equation (7) we have [15]

∞
∑

m=1

amUm−1(y) + 2
∞
∑

m=0

am

1
∫

−1

R0(|y − η|)Tm(η) dη
√

1 − η2
=

2τ0
˜G

where Um−1(y) are the second kind Chebyshev orthogonal polynomials.
Multiplying both parts of the above equality by (1 − y2)1/2Un−1(y) integrating in the interval (−1, 1)

and on the virtue of orthogonality of the Chebyshev polynomials, one obtains the infinite system of linear
algebraic equations

an +
∞
∑

m=1

Rnmam = fn, n = 1, 2, 3, . . . (9)

where

Rnm =
4
π

1
∫

−1

(1 − y2)1/2Un−1(y)

⎛

⎝

1
∫

−1

R0(|y − η|)Tm(η) dη
√

1 − η2

⎞

⎠ dy,

fn =
4τ0

π ˜G

1
∫

−1

(1 − y2)1/2Un−1(y) dy =

{

2τ0
˜G

, n = 1
0, n �= 1

. (10)

Let us prove that the system (9) is quasi-complete regularity in the class of bounded sequences. Really,
the matrix elements Rnm can be written as

Rnm =
1
m

hnm,

where

hnm =
4
π

1
∫

−1

1
∫

−1

∂R0(|y − η|)
∂η

√

1 − η2
√

1 − y2Um−1(η)Un−1(y) dy dη

Then we have:

Sn =
∞
∑

m=1

|Rnm| =
∞
∑

m=1

1
m

|hnm|, n = 1, 2, . . .

Note that the coefficients {hnm}∞
n,m=1 are the Fourier coefficients of the square summable function

∂R0(|y − η|)/∂η in the square −1 ≤ y, η ≤ 1 with respect to the complete orthogonal system of the
functions {Un−1(η)Um−1(y)}∞

n,m=1. Based on Bessel’s inequality we have
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∞
∑

n=1

∞
∑

m=1

|hnm|2 < ∞.

Then, according to the well-known theorem of analysis, the following series is also convergent
∞
∑

n=1

Cn, Cn =
∞
∑

m=1

|hnm|2,

respectively, at least Cn = O(1/n1+δ), n → ∞ (δ > 0 is small positive number).
Then based on Cauchy-Bunyakowsky inequality we have

Sn ≤
√

√

√

√

∞
∑

m=1

1
m2

√

√

√

√

∞
∑

n=1

|hnm|2 =
π√
6

√

Cn

and sum Sn satisfies the following estimation:

Sn = O
(

n− 1+δ
2

)

, n → ∞. (11)

Thus, by virtue of (10), (11) the quasi-complete regularity of system (8) in the class of bounded sequences
is proved.

On the other hand, based on the Rodrigues formula for Jakob’s orthogonal polynomials and using
partial integration we have the following representation

Rnm =
4
π

1
∫

−1

(1 − y2)1/2Un−1(y)

⎛

⎝

1
∫

−1

R0(|y − η|)Tm(η) dη
√

1 − η2

⎞

⎠ dy

=
δnm

(n − 1)(n − 2)m(m − 1)

1
∫

−1

(1 − y2)5/2P
(5/2,5/2)
n−3 (y)

⎛

⎝

1
∫

−1

∂4R0(|y − η|)
∂y2∂η2

(1 − η2)3/2P
(3/2,2/2)
m−2 (η) dη

⎞

⎠ dy,

n ≥ 4, m ≥ 3 (12)

where

δnm =
Γ(n + 1)Γ(m + 1)

8Γ(n + 0.5)Γ(m + 0.5)
,

By using Stirling formula [1] for Γ(z) function we obtain

δnm =

{

n1/2, n → ∞
m1/2, m → ∞ (13)

Based on the relations (12), (13) and Darboux asymptotic formula for Rnm we obtain the following
estimates at least

Rnm =

{

O(n−2), n → ∞
O(m−2), m → ∞

Accordingly, the following conditions hold
∞
∑

m=3,n=4

|Rnm|2 < ∞,

∞
∑

n=1

|fn|2 < ∞. (14)
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The conditions (14) prove that the infinite systems (9) is quasi-completely regular in space l2, that is,
their solutions satisfy the condition

∑∞
n=1 |an|2 < ∞ [7,8].

The results of [7] are applicable to an infinite system (9). On the basis of this fact, the system

aN
n +

N
∑

m=1

RnmaN
m = τ0

gn

δn
, n = 1, 2, . . . , N, (15)

is solvable for sufficiently large N and convergence of approximate solutions {aN
n }n=1,...,N to exact solution

{an}n≥1 is valid in the sense of the norm of the space l2.
The convergence rate is determined by the inequality

‖a − ϕ−1
0 āN‖l2 ≤ C1

[ ∞
∑

n=N+1

∞
∑

m=1

|Rnm|2
]1/2

+ C2

(

∑∞
n=N+1 |fn|2

∑∞
n=1 |fn|2

)1/2

,

where a = {an}n≥1 = (a1, a2, . . . , an, . . .) is the solution of the system (8), āN = (aN
1 , aN

2 , . . . , aN
N ) is the

solution of the system (15), ϕ−1
0 āN = (aN

1 , aN
2 , . . . , aN

N , 0, 0, . . .).
Considering the expression for Rnm and fn we have

C1

[ ∞
∑

n=N+1

∞
∑

m=1

|Rnm|2
]1/2

≤ C∗
1

[ ∞
∑

n=1

1
(n + N)4

]1/2

= C∗
1 [ζ(4, N)]1/2, C2

(

∑∞
n=N+1 |fn|2

∑∞
n=1 |fn|2

)

= 0,

where ζ(s,N) is known generalized Zeta function.
Using the following asymptotic formula of the Zeta function [4]

ζ(2m,N) ≡
∞
∑

n=1

1
(n + N)2m

=
N−2m+1

2m − 1
+

1
2
N−2m +

∞
∑

k=1

B2k
Γ(N + 2k + 1)
(2k)!N2k+2m+1

+ O(N−2m−2N−1),

for convergence rate we obtain

‖a − ϕ−1
0 āN‖l2 ≤ CN−3/2

Thus, the solutions of the system (9) can be constructed by the reduction method with any accuracy
[7,8]. The following theorem holds:

Theorem 3.1. The infinite system of linear algebraic equations (9) is quasi-completely regular in the space
l2.

Consequently, the integral equation (7) has the unique solution in the form (8).
The intensity factor of stress τyz(0, y, t) at the end of cut is calculated using the formula

KI + iKII = lim
y→1+

√

1 − yτyz(0, y, t) =
e−ikt

√
2

(G − ikG0)
∞
∑

n=1

an

4. Discussion and numerical results

Let us consider the following parameters for the problem:

G = 80 · 109 Pa, G0 = 65 · 109 Pa, τ0 = 1Pa, ρ = 2700 kg/m3, k = 3Hz, (16)

G= 65 · 109 Pa, G0 = 50 · 109 Pa, τ0= 1Pa, ρ= 2700 kg/m3, k= 3Hz, (17)

G= 55 · 109 Pa, G0= 40 · 109 Pa, τ0= 1Pa, ρ= 2700 kg/m3, k= 3Hz, (18)

The corresponding reduced system consisting of 20 and 25 equations was solved by MATLAB to obtain
the numerical results of present problem. Increasing the number of equations leads to a change in the
eleven order after the decimal point in the solution, which confirms the rapid convergence of the process..
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For complex factors of the intensity of the stress τyz(0, y, t), we have

KI + iKII = 0.14142135 − 0.34471461i

KI + iKII= 0.12031532 − 0.31280561i

KI + iKII= 0.11230531 − 0.30331562i

Absolute value of the complex coefficients of the stress τyz(0, y, t), respectively, to (16), (17, (18))

K = 0.37259652
K= 0.33514642
K= 0.32343909

Calculations also showed that the decrease of the values G and G0 leads to a decrease of the intensity
coefficient, what was to be expected naturally.

5. Conclusion

The stated boundary value problem is reduced to a one-dimensional boundary value problem for an
ordinary differential equation of the second order using contour integration and integral transformation.
This method allows us to represent the solution of the problem by an unknown jump of the displacement
of the boundary points of the crack as a sum of the main and regular parts in an explicit form in
quadratures, consequently, the problem is reduced to a singular integral equation of the first kind. The
resulting integral equation is investigated by the method of orthogonal polynomials in order to obtain an
approximate solution of an equivalent infinite system of linear algebraic equations. The advantage of this
approach is that along with proving the existence of a solution to the problem, we obtain its structure,
asymptotics and the rate of convergence of the approximate solution to the exact one.
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