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Abstract
We establish new characterizations of the Bloch space B which include descriptions in
terms of classical fractional derivatives. Being precise, for an analytic function fl =

Yo F(n)z" in the unit disc D, we define the fractional derivative D ( f)(z) = Z T @ .

N2n+l

induced by a radial weight p, where wo,+1 f ! 2”‘H/VL(r) dr are the odd moments
of . Then, we consider the space B* of analytlc functions f in D such that || f|lpe =
sup_p L(2)|D*(f) ()| < oo, where [i(z) = flll u(s) ds. We prove that B is continously

embedded in B for any radial weight u, and B = B* if and only if u € D = DND. A
radial weight u € D if SUPg</ <1 ﬁ < 00 and a radial weight € D if there exist
2

K = K(u) > 1 such that info<, <1 _B .

-i7)
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1 Introduction

Let H (D) denote the space of analytic functions in the unit disc D = {z € C : |z| < 1}. For
a nonnegative function w € L'([0, 1)), the extension to I, defined by w(z) = w(|z]) for all
z € D, is called a radial weight. For 0 < p < oo and such an w, the Lebesgue space L7
consists of complex-valued measurable functions f on D such that

IIfIILp = /D lf@IPw(z)dA(z) < oo,
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where dA(z) = % is the normalized Lebesgue area measure on ID. The corresponding
weighted Bergman space is AL = L2 N H (D). Throughout this paper we assume @(z) =
flil w(s)ds > 0 forall z € D, for otherwise A2 = H (D). As usual, for the standard weights
w(@) = (@+ DA —|z1)% a > —1, we simply write LY and AL for the corresponding
Lebesgue and Bergman spaces. In addition, we denote L? = Lg and A? = Ag .
o0 -~
For a radial weight p, the fractional derivative of f(z) = Y. f(n)z" € H(D) (induced
n=0
by p) is
fn) s
M2n+1

o0
D)) =Y zeD. (1.1)
n=0
Here and from now on, wo,+1 are the odd moments of p, and in general we write @y =

fol r*u(r) dr for a radial weight u and x > 0. It is clear that D*(f) is a polynomial if f is
a polynomial and it follows from the inequality

L
pont1 > €"T2H(VE), O0<e<1, neN,

that D*(f) € H(D) for each f € H(D). If u is the standard weight u(z) = (1 — |z]>)#~1,
B > 0, D*(f) is nothing but

2 A Tm+B+1) ~
B _ n
DP(f)(z) = TG0 E R fmz7", zeD, (1.2)

n=1

which basically coincides with the fractional derivative of order 8 > 0 introduced by Hardy
and Littlewood in [3, p. 409]. The differences between Eq. 1.2 and [3, (3.13)] are in the
multiplicative factor ﬁ and the inessential factor z. See [12, 13] for related definitions
or reformulations of classical and generalized fractional derivative.

The fractional derivative D* was introduced in [11] by the second and third authors to
study Littlewood-Paley formulas for Bergman spaces, and in particular they proved that

ILFI X/DID”(f)(Z)IPﬁ(Z)”dA(Z), feHD), wneD. (1.3)

Let us recall that a radial weight u € D if there exists C = C (1) > 0 such that Z(r) <
Cﬁ(l%), 0 < r < 1, and a radial weight © € D if there exist K = K(u) > 1 and
C = C(w) > 1suchthat &(r) = CA(l — ), 0 < r < 1. We denote D = D N D.

In this paper, we are interested in obtaining a p = oo version of Eq. 1.3, therefore for
each radial weight © we consider the normed space

B* = {f e HMD) : 1 fllsr = Sugﬁ(Z)lD"(f)(Z)l <oo¢.

2

A first natural approach to this problem lead us to the following question: Which are the
radial weights p such that B* = H°? As usual H* denotes the space of bounded analytic
functions in D. As it could be expected, our first result provides a stark negative answer to
this question.

Proposition 1 Let p be a radial weight. Then, H*® # B

As for the proof Proposition 1 we show that the embedding H>® C B* implies 1+ € D, and
then we draw on this property of the weight to construct a function f € B* \ H.
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In view of Proposition 1, the Littlewood-Paley formula

117, xfD|f<"><z)|P<1—|z|>”PdA<z>, neN,

and Eq. 1.3, it is also natural to study the relationship between B* and the classical

Bloch space of f € H(D) such that ||fllg = [f(0)] + sup,.p(l — [zDIf'(@)] <

0o. We will also give thought to the analogous question for the little versions of both

spaces; Bp the space of f € H(D) such that ‘ ‘IIH} 1=z )| = 0 and Bg =
Z|—= 1=

{f € HD) : | ‘lin}f R@)ID* () (2)] = 0} :
Z|—
Our first main result is the following.

Theorem 2 Let u be a radial weight. Then, B* is continously embedded in B, that is

I flls SN fllse, feHD). (1.4
Moreover, Bg is continously embedded in By.

In order to prove the first part of Theorem 2 we use an appropriate integral representation of
the fractional derivative D* and the well-known identification B >~ (A!)* via the A%-pairing
[14, Theorem 5.3]. Consequently, the proof boils down to showing that each f € B* induces
a bounded linear functional L s(g) = (g, f)42 = lim,_,- fD f(rz)@dA(z) on Al and
IL 1l < Il £l The proof of the second part of Theorem 2 is based on the fact that f € Bg if
and only if lim, _, ;- || f — f;llBx = 0. Here and on the following f,(z) = f(rz),0 <r < 1.

On the other hand, itis obvious that B = B" if © = 1 anditisknown that f € Bif and only
if f(”)(l — |z)" € L*°, n € N, [14, Theorem 4]. In addition, we recall that the Bloch space
can be characterized in terms the multiplier transformation f1#1(z) = 3"°°  (n+1)# f(n)2",
which may also be regarded as fractional derivative of order § > 0 [1].

Our next main result shows that characterizations of the Bloch space in terms of classical
fractional derivatives are examples of a general phenomenon rather than particular cases, and
moreover it provides a neat characterization of the radial weights w such that B = B*.

Theorem 3 Let p be a radial weight. Then, the following conditions are equivalent:

() n € D;
(ii) B is continously embedded in B*, that is
I flie S fllss  f € H(D); (1.5)
(iii) B* = B and
Ifllge < 1 fllg, f € HD);

(iv) By is continously embedded in BY, that is

1Al S flB,  f € Bo; (1.6)

) Bg = By with equivalence of norms.

The proof of Theorem 3 is lengthy and involved and requires some preparatory results. In
fact, the proof of (i)=>(ii) is based on asymptotic estimates of the integral means of order one
of D*(B;), where B;(z) = (1 — £z)~? is the Bergman reproducing kernel of A%, It is also
worth mentioning that we use smooth properties of universal Cesdro basis of polynomials
introduced by Jevti¢ and Pavlovi¢ [4] to obtain the aforementioned asymptotic estimates .
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Reciprocally, in order to prove (ii)=>(i) we use that D = DND=DnN M, where u € M if
there exist constants C = C(u) > land K = K(u) > 1suchthat uy > Cugy forallx > 1.
Moreover, we prove that for every f € B, there exists g € L* such that P,(g) = f and
llgllzee S Il fllg, where P, is the Bergman projection from Li to AIZL. Then, [10, Theorem
2] ensures that ;1 € M. We get the condition y € D by testing Eq. 1.5 on monomials. The
rest of the proof follows from Theorem 2 and standard properties of the space Bg .

The next few lines are dedicated to offer a brief insight to classes of radial weights 5, 5, D
and M. Doubling weights appear in a natural way in many questions on operator theory. For
instance, the Bergman projection P, induced by aradial weight 1, acts as a bounded operator
from the space L of bounded complex-valued functions to the Bloch space B if and only if
ne D and Pu L>® — Blsboundedandonto1fand0nly1fu eD=DND=DNM.It
is known that D C M, [10, Proof of Theorem 3] and D C M [10, Proof of Theorem 3 and
Proposition 14]. Further, each standard radial weight obviously belongs to D, while D\ D
contains exponential type weights such as

o
;L(r):exp( - l)ﬁ) 0<a,l, B <oo.

The class of rapidly increasing weights, introduced in [8], lies entirely within D \ D, and a
typical example of such a weight is

1
u(z) = 1l <a < o0.

e «r
(1= 1) (log =55)

To this end we emphasize that the containment in D or D does not require differentiability,
continuity or strict positivity. In fact, weights in these classes may vanish on a relatively large
part of each outer annulus {z : r < |z| < 1} of . For basic properties of the aforementioned
classes, concrete nontrivial examples and more, see [6, 8, 10] and the relevant references
therein.

The rest of the paper is organized as follows: Section 2 is devoted to proving the preliminary
results needed in the proofs of the main results of the paper. Theorems 2 and 3 are proved in
Section 3 and Section 4 contains a proof of Proposition 1.

Finally, we introduce the following notation that has already been used above in the
introduction. The letter C = C(-) will denote an absolute constant whose value depends on
the parameters indicated in the parenthesis, and may change from one occurrence to another.
We will use the notation a < b if there exists a constant C = C(-) > 0 such that a < Cb,
and a 2 b is understood in an analogous manner. In particular, if @ < b and a 2 b, then we
write a < b and say that a and b are comparable.

2 Preliminary Results
2.1 Background on Weights

Throughout the paper we will employ different descriptions of the classes of radial weights
D, D and M. The next result gathers several characterizations of D proved in [6, Lemma 2.1].

LemmaA Let w be a radial weight. Then, the following statements are equivalent:

() w € D;
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Fractional Derivative Description...

(ii) There exist C = C(w) > 1 and ay = ag(w) > 0 such that
. 1—s\* o
w(s) <C —; (), 0<s<t<l,

Sforall a > ap;
(iii)
1 1
wy :/ sYw(s)ds =< 6(1 — 7), x €[1, 00);
0 X

@iv) There exists C(w) > 0 such that w, < Cwyy,, foranyn € N.

We will use a couple of descriptions of the class D which are known for experts. We
include a proof for the sake of completeness.

Lemma4 Let w be a radial weight. Then, the following statements are equivalent:
(i) w € D;
(ii) There exist C = C(w) > 0 and B = B(w) > 0 such that
~ 1-s\? .
w(s)§C<ﬁ) (), 0<r<s<l;
(iii) For each (or some) y > O there exists C = C(y, w) > 0 such that
" ds C
= =< , 0<r<1.
0o oY —s5) " )Y

Proof The equivalence (i)<>(ii) was proved in [ 11, Lemma B]. Next, assume (ii) holds. Then,

r ds Cr( —ryvB r ds 1
= < —= S=——, 0<r<1.
0o o(s)Y(1—s) o(r)r o (I=s)HB ™~ &)y

Now assume that (iii) holds. Then, if 0 <t <r < 1

1 1—1¢ r ds r ds C
= log < / = < / = <= .
w(t)Y I—r ¢ o)V (1 —s) 0o o)Vl —s) " o)

Soifr:l—%and[(>1,weget

_ log K\ 7 _ 1—1t
w(t) > o|ll—-—), 0<r<l.
C K

Consequently, taking K > ¢, we get w € D. This finishes the proof. O

2.2 Estimates of the Integral Means of Fractional Derivative of Bergman
Reproducing Kernel

For any radial weight w, the norm convergence in Ai implies the uniform convergence on
compact subsets of D, and hence each point evaluation L, is a bounded linear functional
on AZ,. Therefore there exist Bergman reproducing kernels BY € AZ) such that

L:(f)=f@=(f.B)a Z/Df@)Bg"({)w({)dA(i), fe A
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In this section we are going to obtain asymptotic estimates of the integral means of order
one of D*(BY) for w, u € D. In order to get this result, we need establish some notation
and previous results.

Let W(z) = > bz* be a polynomial, where J denote a finite subset of N and f(z) =
kelJ

300 o akzt € H(D). The Hadamard product

oo
(W f)(2) =) abed*, zeD,
k=0
is well defined. Furthermore, it is easy to observe that

(W f)") = % ’ W) f (") do. Q2.1

For a given C*°-function ® : R — C with compact support, set

A m = max |®(x)| + mmax | (x)|, m e NU {0},
xeR xeR

and define the polynomials
k
W@ =) o <7> &, neN (2.2)
keZ "
The Hardy space H? consists of f € H(ID) for which || fllgr = supy_, .1 M,(r, f) <
1
co, where My(r, f) = (5 Jy™ 1FGe®)IPd6)” 0 < p < oo, and Ma(r, f) =

maxo<g<2z |f(rei9)|. The next result can be found in [5, pp. 111-113].

TheoremB Let ® : R — C be a compactly supported C*°-function. Then, for each 0 <
p <ooand m € N withmp > 1, there exists a constant C = C(p) > 0 such that

IWS s fllgr < CAomll fllar
forall f € H? andn € N.

A particular case of the previous construction is useful for our purposes. By following
[4, Section 2] (see also [11, Proposition 4] ), let ¥ : R — R be a C*-function such that
W = 1on (—oo,1], ¥ = 0 on [2,00) and ¥ is decreasing and positive on (1, 2). Set
Y(t) =W (5) — W@ foralls € R. Let Vo(z) = 1 +z and

2n+1_1

- k\ k\
Vn(z):W;’n_l(Z)ZZI/f(z,H)z/: > W<2n71>z'lv neN. (2.3)
k=0

k=2n-1

these polynomials have the following properties (see [4, p. 175-177]):

o0

f@ =) (Vax ), feHD),

n=0

(2.4)
IV fllar < Cllfllar, feHP, 0<p<oo,

I Vallgr < 2"071VP 0 < p < 0.
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Fractional Derivative Description...

Proposition5 Letw, u € D. Then,

rla| 1
H(R®Y) — -
Mi(r, D¥(B7)) < 1 +/0 BOROd = t)dt, aeD, rel01).

Proof Firstly, assume % <al,r < 1. Bearing in mind Eq. 2.4,

oo
Mi(r, D*(B)) < Y |V s (DB, Nl g1 2.5)
n=0
On the one hand, by Lemma A and the formula B®(z) = Y 72, 2(5223:1 , it follows that

1 lalr
gl 2wip - 2w3us

rlal

H 1 arz

2011 20343

< _ 1
u(rlahw(rial)(l —rlal) J it

Vo (D* (B g1 =

rlal 1 rlal 1
x/ ﬁdlff ————dt, r,la|>=.
dral=L (D (r) (1 —1) 0o r@Ow@)(A—1) 2
(2.6)
Analogously,
P - rlal 1 1
Vi % (D*(B ———dt, r,|a|> -. 2.7
Vi« (D" (B )r ll gt N/O 000 =1 r, lal 7 2.7)
Now, for each n € N\ {1} let us consider the functions
* 1
Y1.0(x) = X[2n71,2n+1_1](x), - <r<l,
@2x+1 2
lal 1
Y2n(x) = Xt ot (X)), = <la| <1,
M2x+1 2

and choose C*°-functions ®; , and &, , with compact support contained in [27—2 2n+2]
such that ®; , = @1, and 3, = @2, in [2n—1 2ntl _ 7. By following the proof of [11,

(3.12)], there exist C; = Cj(w) > 0 and Co = C>(w) > 0 such that
|a|2n—]

and Ag,,2 <C ,
o

211—]
<r,lal <1 (2.8)

N —

,
Ag,,2=C
won

Then, if a = |ale'?

1755 kN b jafk
Vi % (DM(BE),(2) = = W ( ) et
" a’’r 2 k:%;_l 2071 ) @y okt
1 2n+1_1 k
=5 2V (ﬁ> D1 (k) 2 () (ze 7 0)
k=2n—1

= (W 5 W s Vi) (ze 7).
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Therefore, Theorem B, Eqs. 2.8 and 2.4 implies that there is C = C(u, w) > 0 such that for
eachn € N\ {1}

rla)®™" 1

[V % (D*(BI)rll g1 < CAwy,2A0,, 201 Vallgr < C . 5=
wn Uon 2

r,lal < 1.

Then, arguing as in the proof of [11, Lemma 6] and using the hypotheses w, . € D it follows
that

w2 [Lon

- e} on—1
Vi s (DB I < (Z HD)

n=2 n=2 (2.9)
rlal 1 1
5/ = dt, r,lal==.
0o K@@ —1) 2
By joining Egs. 2.5, 2.6, 2.7 and 2.9,
wopoyy < [ 1 1
M (r, D"(B})) N/ ————dt, r,la|> —. (2.10)
¢ 0o o@®u@d -1 2
Moreover, if |a| < % orr < %,
o ()
Mi(r,D*(BY) <y —*—— <1 2.11)
¢ nX:(:) 22 41@2n+1

Thus Egs. 2.10 and 2.11 yields

1

rlal
H(R®YY < SNl
M (r, D (Ba))~1+/0 a(t)ﬁ(t)(l—f)dt'

The reverse inequality follows from Hardy’s inequality [2, Section 3.6] and the proof of [11,
Lemma 6]. This finishes the proof. O

2.3 Previous Results on B# and Bg .

For a radial weight o the orthogonal projection from Li to ALZO is given by

Po(f)(2) = /Df(é“)Bg"(C)w(C)dA(C), z€D.
If o = 1, we simply write P, = P and BY(¢) = B,(¢) = (1 — 70)7%, 2. € D.

We begin with a useful representation of the fractional derivative of P,(f), f € L?
1< p<oo.

Proposition 6 Let 1 be a radial weight and w € D. Then,

D" (f)(z) = /Df(C)D“(Bg’)(Z)w(é)dA(C), feAl, zeD, (2.12)
and

D" Py (f)(2) = /Df(C)D"(B?)(z)w(g“)dA({), fely l<p<oo, zeD.
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Proof Fix z € D and observe that

Zkrke—ike
/D QD" (B (Do ()dAQ) = /0 2rw(r)— / <Z fore '"9) (Z ) dfdr

o o 2Hak1 02641

1 (
n)z
——/ w(r) 7f r2tl gy
0 =0 M2n+1®2n+1

S LD prpy), feal

=0 M2n+1

Therefore if f € AL, Eq.2.12 holds. Next, if f € L% then P,(f) € AL by [10, Theorem 7].
Therefore, two applications of Eq. 2.12 and Fubini’s Theorem yield

D" Py (f)(2) /D Po(f)(Q)D*(BY) () (0)dA(Q)

lim [ P(F) 00 DB @0 OdA)
—tim [ ([ rwseoowarm ) 0t @o@dae
= tim [ o ( [ B2eoptE) @0 ) daw

_ Jim / F@) D (B (p2)o d Aw),
p—>1Jp

Finally, bearing in mind that D*(B;)(pz) converges uniformly in u € D to D*(BY)(z) as
p — 17, it follows that

lim /D Fu) D (BE) (p2)eo () d A(u) = /D F) D (BE) (2o () d A(w).
This finishes the proof. O

Now, we provide some useful descriptions of B(’JL which can be proved by standard tech-
niques, so we omit its proof.

Proposition 7 Let u be a radial weight. Then,

(1) Bg is a closed subspace of B*.
(ii) Let f € H(D), then f € Bg if and only if

lim || f = frllge =0,
r—>1-
where fr(z) = f(rz),0 <r < L.
(iii) Bg is the closure in B* of the set of polynomials.
3 Main Results

Proof of Theorem 2 In order to prove the first part of our statement we are going to see that

1£18 S 1zVi(Dlize,  f e HD),
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where V), (f)(z) = % D*(f)(z), z € D. Precisely, we will prove that the functional

Lf(g) = (g? f)A2 =r£nll* (g’ fr)LZ s

belongs to (A!)* and IL rll S 12V (f)ll oo, this fact together with [14, Theorem 5.3] will

finish the proof.
Leth € A', then by Eq. 2.12

(h, Vi (f)), 2 —fh< )@ [ @D B daw) da

=for(;> (/ h(z)Dﬂ(B)(;)%dA(z)) dA() G-

=(T), i)z, 0=<r<l1,

where

T(h)(z)=/Dh(C)D“(B;)(Z)%dA(C) LeD.

Observe that

T'(h)(z) = /Dh(E)D“(Bg)(Z)%dA({)

1 1 0 o Zkrke—zko
= 20(r)=— h(n)r"e'™ —(k+1))dod
/0 ZOF /0 (Z (m)r'e )(;0 G )) r
= fo 2(r )Z

2 + Dt 2+ 1) »
h(n)?" = h(n)?", zeD.
Z: M2on41 nX:(:) 2n+1

n anr

Soif g(2) = Z s 8" € Al g(2) = T(2)(2) and by Eq. 3.1

(8 frip2 :<<§a V,u,(fr)>L27 0<r<l1 3.2)

Let us prove
Igllar S llgllar, g € HD).

Notice that § () = Z " = g(2)— Z T 8" = g —h(x) and2zh(z) =

n=0

Z £ 81 ;n+1 i the primitive of g with value O at the origin. So, by the Littlewood-Paley

equlvalence for A! [14, Theorem 4.28]

A =/D|h(z)|dA(z) x/szh(zndA(z) x/D|g(z>|<1— ZDAA) < lglar.
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and therefore [|g]l 41 < llgll41 + 2]l a1 < gl 41- This fact together with Eq. 3.2 yields

. fr)r2l = (&, Viu(f) 2] < /Dlé(Z)lqu(fr)(Z)ldA(Z)

:/D |g|(;|)| 12V (f)@I1dAR) S 18I 2V (Sl S lIgllarllzVie(fi)llzes.
(3.3)

Now, let us see that forevery 0 < r < 1

2V (f)llLee = Suﬂgﬁ(ZNDM(fr)(ZN = Iflsw- (3.4)

In order to prove this last inequality, notice that 1(z) D*(f,;)(z) is a continuous function in
D for every 0 < r < 1, so there exists z, € D where the supremum is reached. In addition,
7 € D because & = 0 on T. So,

SquDﬁ(Z)ID“(fr)(Z)I = [z | D" (fr) ()l
zZ€

< (zr) sup [D*(H@)] = sup @)D" ()] < | flge.

lul=lzr| lul=lzr|

Therefore, joining Egs. 3.3 and 3.4, L € (AYH* and Ll SNl
Now, let us prove that Bg C Bo. By Proposition 7 lim || f — f;||gx = Oforeach f € Bg,
r—1-

which together with Eq. 1.4 implies
lim || f = frllg < lim || f — fllge =0, foreach f € Bf.
r—1- r—1-
This finishes the proof. O

Proof of Theorem 3 (i)=>(ii). Let f € B. Since B C A!, Eq. 2.12 yields

D“(f)(z)=/Df({)D”(Bg)(z)dA(€).

Moreover, since the Bergman projection P : L™ — B is bounded and onto there exists
h € L* such that P(h) = f and || f||g =< ||h]|L~. Then,

D(HE = [ ( i h(u)Bu@)dA(u)) DH(B)(QAA)
~ [ nw < | D/*(B;)(z)Bu@)dA(;)) dA@)
= /D h(u)D*(B,)(u)d A(u).
Hence, by using Proposition 5 and Lemma 4(iii)

1 s|z| 1
IDH(f)(2)] < IIhllLoo/DID“(Bz)(u)ldA(u) = ||f||B/0 (1+/0 mdt> ds

1
|z] I /1B
§||f||3(1+/ _ ds) < Uls o ep
o M(slz(l —slz]) w(z)
Therefore, (ii) holds.
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(i))=-(i). Firstly, let us prove that u € D. Testing Eq. 1.5 on monomials we obtain a
constant C = C(u) > 0 such that

w(r)r" < Cpanpr, neNU{0}, 0=<r <L

Therefore

3 Ly 3 1
H3pp = (5n+1>/ PRy < C <5n + 1) Hont1 / iy < 3Cpans1, n e NU({0}.
0 0

So,if x > 1andn € Naresuchthatn <x <n+1,
M3y = Cuzﬁl =< Cus,,ﬂ < Cuopt1 < Cuox—2 < Cuny.

where C > 0 is a constant that changes in every inequality only depending on x. Naming
3
y= jx!

Consequently, u € D by Lemma A (iv) .
Now, let us prove that © € M. By [10, Theorem 2] it is sufficient to prove that for
every f € B, there exists g € L such that P,,(g) = f and ||gllz~ < || fllg- Let f(z) =

o0 ~ SN
> f(m)" € Band h(z) = Y_ h(n)z" € B*. Then,
n=0 n=0

Py (i - Dy ()(2) =A;)ﬁ(é‘)Du(h)(f)B;(f)M@)dA(C)

[ oo =k
h(n)g" s -~
= (= dA
/D<n: )( ZMkH)M(C)M(C) ©)

0 M2n+1

1 N 1 h(n)r” inf o rkeflkézk
= — —_ — | dbd
fo ru(r)u(r)zn/o (WXE) MU2n+1 )(g H2k+1 ) g
= /0 M(r)u(r)z

2n+1
h(n)r Sdr
=0 “2n+1
o (D)
_ 3 @Rt e
n=0 Hon+1

So, if we take g(z) = 7(z) D*(h)(z) with h defined by h(n) = (/ngll f(n), all that we

2
need to prove is that A, = (%%, n € N U {0}, is a coefficient multiplier of B. Then, by
hipothesis
lgliLee = llhllge S Nhlls S Nl

and P,(g) = f.In order to prove that {1,}}°, is a coefficient multiplier of B it is enough to
see that
sup (1 —r)My(r, 1) < c0. (3.5)

O<r<l1
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This follows from the equivalence || |5 < sup cp (1 — |2)?[| f11(z)| [1] for the multiplier

transformation f1P1(z) = 3" ;(n + 1)? f(n)z", B > 0, and the inequalities

|()\' * f)uj(rzeil‘”(l _ }")2 — ‘% /ﬂ )\’[1](rei(t+0))fllj(re—i9)dg (l _ r)z

< Moo (r, fIYM G YA = 1) SN F 1M, YA = 1),

o0
where A(z) = > Ap2".
n=0
By Eq. 2.4,
oo
MG A = 1Y g < Cw) + Y IV Gl 0<r < 1.
n=2
Foreachn e N\ {l}and r € [%, 1) consider
2
F,(x) = Mg

(UI)2x+1
and G, (x) = (x + 1) F,(x). On the other hand, by Lemma A(iii)

rxX[zn—l’szrl](X), X € R,

- 1 1\
(W21 = S1E (1—2x+1> = Wiy x 20

In addition, for each radial weight v there exists a constant C = C(v) > 0 such that
1 1\"
/ s* <log 7> v(s)ds < Cvy, ne{l,2}, x>2.
0 N
So, a direct calculation implies that there exists a constant C = C () > 0 such that
1
G, ()| < C|G,(x)], neN\{l}, re [5, 1) ;X >2

Therefore, Egs. 3.8 and 3.7 yield

Ap2=  max |G|+ max |G| max [|Gu(x)
xe[zn—l,szr]] xe[2”’1,2”+|] xe[zn—l’szrl]

< max 4+ D <2 ne N\ {1).
xE[Z”_l,Z”‘H]

(3.6)

3.7)

(3.8)

For each n € N\ {1}, choose a C*°—function ®, with compact support contained in

[27=2,27+2] such that @, = G, on [2"~!, 2""!] and

Aw, > = max|®, (x)] + max|®/(x)| <2, neN\{1}.
xeR xeR
Since o
W) =) @,k = Y @,
keZ kEZﬂ[Z”_z,Z’H'Z]

Eq. 2.3 yields

2n+1_] 2r1+l_]

on—1

(3.9)

2
Vor 0,0 = 30 ¢>< £ )(k+1)ﬂrkzk= > ¢(%> ®, (k)¢

(UID)2k+1

f=2n—1 f=2n—1

= (W «v,) @, neN\(1).
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This together with Theorem B, Eqs. 3.9 and 2.4, implies
n—1
1V QI g = I 5 Vil S Awy 21Vl S 2772 [Vl
n— 1
<2 e [5,1>, neN\(1}.

which combined with Eq. 3.6 gives

oo
1 1
My A < Y2 ‘51 . re [5,1)
—r

n=2

Therefore Eq. 3.5 holds, and thus © € M.

The equivalence between (ii) and (iii) follows from Theorem 2. Therefore, we have already
proved (1)< (i) <> (iii).

Next, let us prove (i)=(iv). Take f* € By, thenlim,_, |- || f; — flI5, = 0, which together
with (ii) implies that f € B* and lim,_, - || f; — f||3g =0.So0, f € Bg“ by Proposition 7.

Now let us prove (iv)=(ii). If (iv) holds, then

Ifllse SIflB < 1flB, feB, 0=<r<l

Moreover, for any z € D
R@ID* ()] = lir?f ROID*(f)(rz)| < lim %I}f I frliBe,
r— r—

SO
I fllBe < limilrgf I frllse S WflB. f €B.
r—

That is (ii) holds.
The equivalence between (iv) and (v) follows from Theorem 2. This finishes the proof. O

4 Relationship Between B and H*®

For each x € R, E(x) denotes the integer such that E(x) < x < E(x) + 1. The following
technical lemma will be used in the proof of Proposition 1. It can be deduced from the proof
of [7, Lemma 8] but we prove it for the convenience of the reader.

Lemma8 Let w € D such that ®(0) = 1. For every n € N U {0} denote by r, the smallest
00 € [0, 1) such that &(0) = 3, and My = E () . Then,

I'n

> 1
1 MMy o~ 0 < 1.
+Z_(:) r 6(r) <r<

Proof We may assume that r{ < r < 1. Then, there exists N € N suchthatry <r < ry4+1,

and
o0

o0
ZZ”rM” > ZZ”r%” > 2Nr1]t,/[N = 2N <N+l
n=0 n=0

1 1
= =
o(ry+1) — o(r)

In order to prove the reverse inequality. Firstly, we deal with » = ry and we split the series

in two terms:
N

N
> 2t <y Y T om <2V < S
- o(r
n=0 n=0 (ry)
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For the remaining term, by Lemma A (ii) there exists « > 0 and C > 0 such that

L —ry >C< @(ry)

a(rn+j)

1
> ) = (24, n,jeNU{0}.
1—rn+j

This, the inequality

1
log—>1—x, 0<x <1,
X

and the definition of r, give

o0 o0 o0 1
n=N+1 j=1 j=1
O 1oy o i 1
< 2N22]e TN+ < 2N22Je—02” A ——
= o w(ry)

Forr; <r < 1,take N € Nwithry <r < ry4+1, and then

2=y 2yt g < =< =
n=0 0 o(ry+1)  ory) ~— @)
This finishes the proof.

Proof of Proposition1 1If H> ¢ 13", then its obvious that H*® # BH.

Next assume H* C B*. Then, bearing in mind Theorem 2 we have that convergence in B*
implies uniform convergence on compact subsets of I, and then standard arguments imply
that H° is continuously embedded in B*, that is there exists a constant C > 0 such that

Iflle < Cllflla=, fe€H™.

Then, by testing this inequality on monomials and arguing as in the proof of (ii))=(i) of
Theorem 3 it follows that i € D. Next, without loss of generality assume that £(0) = 1 and

consider the function

o0
f@=w+ ) pam, 12"z e HD),
n=0

where {M,,} are associated to u via the statement of Lemma 8. Let us prove f € B* \ H*.

By Lemma 8,

%)
n=0

fllg = sup £(z)| D* (f)(2)| = sup ji(z)
zeD zeD

o0
< sup a(r) (1 + ZZ"rM") < 00,

0<r<l =0

thatis f € B*. On the other hand, by Lemma 8 and Lemma A(ii)

o0 1 o]
M1 +ZM2M,,+12n =f 1 (?) (1 +Z2"t2M"> dt
0

n=0 n=0

1 1
x/ t,'lf(t) dtxf t&dt:oo,
o n@?) 0o K@)
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which implies that f ¢ H® because it has positive Taylor coefficients. This finishes the
proof. O
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