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INTRODUCGTION 1O FINE
GRADINGS



What is o grading?

¥ algebraically closed field of characteristic zero.

Let G be an abelian group and A an F-algebra.

A G-grading [ is a decomposition into vector subspaces
A = @gecAg such that Vg, h € G,

AgAh C ..Angh.

G=grading group, Ag homogeneous component of degree g,

Supp(lN) ={g € G| Ag # 0} support of I.
Example.
A = F[x] the polynomial algebra is Z-graded with

Fx" VYn>0
An:{x n>

0 remaining n
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Example: on matrix algebray
withvfew pieces

A = Mat,(IF).

If n= p+ q, the following block partition (pp, pq, gp y qq by
rows) provides a Zy-grading:

Asg Az C Az, AzA; C A;, A7 A7 C A;
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Exaumple: on matrin algebras with
maowvy pieces

A = Mat,(IF).

Let us denote by e;; the matrix with 1 in the position (/,/) and 0 in the
others. These elements multiply as: eje = ojxey.

A = (e11, €2, ..., enn) B (Dizj(ejj))
is a Z" 1-grading with the choice of degrees:

deg € — 6

degej =(0,...,0, —1,0,...,0, 1 ,0,...,0) € Z
i J

3/55



Example: ona Lie algebro
withv mowvy pieces

L =sl(n,F) = {x € Mat,(F) | tr(x) = 0} simple Lie algebra of
type An—l-
L = (e11 — €2, ....,e11 — enn) D (Dixi(€j))

is a Z" !-grading induced by the above,
since LA™ = (A, [, ])and L = A, NL Vg.
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"t'x,a/mple/ on w Lie algebro
withvfew pieces

The decomposition into symmetric and skew-symmetric matrices
gives a Zp-grading:

L=sl,(F)= Ly L5:



Some algebraical motivation

In the case of complex semisimple Lie algebras, the root
decomposition is a grading over the group Zr2°k
(which has played a key role in representation theory and so on).

A superalgebra is an algebra graded over Z,.

Gradings by finite abelian groups are involved in the definition of
Lie color algebras.

Symmetric spaces in Geometry correspond to Zjy-gradings on Lie
algebras (and lately to Z,,-gradings).

Z-graded Lie algebra with pieces 1,0, —1:
Tits-Kantor-Koecher construction applied to a Jordan algebra.

Z-graded Lie algebras with more pieces:
related to structurable algebras.



Def. Let T : A= @zecAg and " 1 A = Bpepy A) be two gradings.
Then T is said to be a refinement of " (or " a coarsening of ') if
each A; C some A} .

~ Example. The above Z"~*-grading on Mat,(F) was a refinement of the
- Zp-grading (chosen any p and g = n — p).

" Example. The above Z"~!-grading on sl(n,F) was not a refinement of
- the Zy-grading (with even part the skewsymmetric matrices).

Def. A grading is fine if it has no proper refinements.



Fundamentald example:
the root decompositior

If b is a Cartan subalgebra (i.e., maximal semisimple subalgebra) of a finite
dimensional semisimple Lie F-algebra L,

L= @aéf)*Low
Lo ={x € L|[hx]=alh)x Yh € b}

® ={aech*\{0}| Ly # 0} is called root system, L, are called root spaces.
There is always A = {ay,...,a;} C ® a basis of ®, characterized by satisfying
& C Yl Zooa; US| Zegay. The number [ is the rank of L.

This is a grading over 2;21 Zov; =2 7" with support & U {0}.

Example: the Z"~1-grading on sl,(F) of the above slide is just the root decomposition

. relative to ) = traceless diagonal matrices



Motivatiow:
for fine gradings in Mathematics

& They are analogues to the root decomposition: they could
provide alternative approaches to the structure theory and
representation theory of even the most common Lie algebras.

& They provide alternatives to the Chevalley basis of semisimple
Lie algebras. The basis adapted to the grading has uncommon
porperties: Every homogeneous element is either semisimple or
nilpotent.

& It is a way to study the (group of) symmetries of the algebra.

& Each fine grading is related with a particular model or
presentation of the algebra.



Motivatiov:
all the gradings canw be obtained from the fine ones

> Obviously every grading is a coarsening of a fine grading.

© Butitis easy to compute the coarsenings of a fixed gradmg

....................................................................

T L=0@,c6Lg is a G-grading,
and m: G — H is a group epimorphism,
=7 L= BpheyMy
_is an H-grading for My =) -pLe

© And if G is the universal grading group, every coarsening is
obtained in this way.
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Some divections:
ond applications of fine gradings

The problem of finding isomorphism classes of solvable Lie
algebras of a given dimension;

The study of deformations (non-equivalent transformations of
the structure constants) of Lie algebras during which a chosen
grading is preserved (particularly useful in applications).

Construction of contractions of Lie algebras.

They provide maximal sets of quantum observables with
additive quantum numbers.
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EXAMPLE: Poaudi gradings on
malyrix algebras

A = Mat,(F), £ primitive nth root of unit.

1 0 0 0 1 0 0
(o £ 0 0 \ {o 0 1 o\
X, = 3 L v = -
0 0 &2 0 0 0 1
\ o0 ... ... 0 1) \1 0 ... .. .

(Xp=1=Y7 Yo X, =EX,Y,]

(Pauli’'s grading)

= Ais a graded division algebra (every nonzero hom. element is invertible).




EXAMPLE: fine gradings on si(2,C)

The root decomposition is a
Z~grading on sl(2, C):

Lo=<h=((1) _01>>
e (3 1)
L—2=<f=<(1) 8>>

[h, e] = 2e, [h, f] = =2f, [e,f] = h

Also a Zs-grading
given by the Pauli’'s matrices:

,i):<X2:((1) _01 >>

o= (1 5 )
L(i,6)=<X2Y2:<_01 é))

lei, eiv1] = €ir2 Vi

ot |

L

Lo 1)
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EXAMPLE: on Octonions

They are obtained by applying 3 times the Cayley-Dickson process:

K=Fa@TFi 2= —1
H=KoKj  j2=-1

0=H o H F=-1
obtaining then a Z3-grading
O@©,6,0) = 1 Oror =¥
@(i’(‘),(‘)) — [y @(i’(‘)’i) — FI/
Ow,10) = Opi11) =/
O@i.15) = Fi Oi11 =F)



GRADINGS & MAD-GROUPS



Finite ovder automorbhisms

O W L=Li® Ly D L5 is a Zs-grading,

— f: L — L order 3 automorphism
xe Ll — wx

decomposition L = L5 @& L7 D L5 is a Z3-grading.

O Every Zs-grading (inner) on L is as follows: there are sy, 51, ..

(weT, w=1)

And if f: L — L order 3 automorphism, then the eigenspace

.,S/ZO

such that 3 = sy + > n;s;, for A = {ay,...,a;} a basis of  (relative

to some h) with > n;a; the maximal root and

Li = Bacouoyila | @ =D aipi, ) sipi = n(mod3)}

Semisimple part of L5 has Dynkin diagram the one obtained when removing from the

extended Dynkin diagram the nodes whose labels s; #£ 0.




Finite order automorphisms:
vampl%m g

There are two order 3 automorphisms of g> (up to conjugacy):

a1 (¥
Label (1,1,0), fixed subalgebra: a; + Z ‘i"‘f‘ ;

(X X
Label (0,0, 1), fixed subalgebra: a; ;

OmoOZm-— X m
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7 -gradings

Z-grading on L <= F* — Aut(L)
L=®pzLly, — z—=@,:L—>L
if x € L,, p-(x) :=2z"x
L,={xeL:p(z)(x)=2"xVzeF*} <+— o
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The covrespondence

G finitely generated abelian group.

G-gradingon A <— Monomorphism of algebraic groups
G = Hom(G,F) — Aut(A)
A= DzccAg —> XH oy A=A

si a € Ag, px(a) == x(g)a

where if G =Z" x T, for T the torsion subgroup, then G = (F*)" x T is a quasitorus.

Thus gradings on A are in one-to-one correspondence with quasitori of Aut(A).
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The correspondence for fine gradings

G finitely generated abelian group.

G-grading on A <= Monomorphism of algebraic groups
G = Hom(G,F) — Aut(A)
A= BgecAg — X oy A=A

if a € Ag, ox(a) == x(g)a

where if G = 7" x T, for T the torsion subgroup, then G = (F*)™ x T is a quasitorus.

Thus gradings on A are in one-to-one correspondence with quasitori of Aut(A).

Fine gradingon A < Maximal quasitorus of Aut(A).
= Maximal Abelian Diagonalizable subgroup

(up to equivalence) <+— (up to conjugacy)




EXAMPLE: the root decomposition

The Cartan grading, or Z'-root decomposition relative to b,
Is produced by the maximal torus:

T ={f € Aut(L): fl, =idy} = (F¥)
fo— (x1,...,x)

where x; € F* are such that |, = x;id
(fixed {a1,...,q;} a basis of the root system relative to ).

The scalars determine f since f|._ =x;' ... xidg,

=2 s

20



EXAMPLE: fine gradings on sl(2)
inv terms of MAD -groubs

SL(2)
(—1)

% The Z-grading (the root decomposition) is produced by the

torus:
(K(g 1(/)& )] o€ FX)

% The Zs-grading is produced by
<[iX2], [' Y2]> (X> and Y2 anticommute, i € F, i2 = —1)

Aut(a;) = PSL(2) =
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EXAMPLE: gradings on matrices

A = Mat,(IF) G-graded.

There are k, I1,...,l, € N with kli .../, = n such that A is isomorphic
(as graded algebra) to:

Mat, (IF) ® Maty,(F) ®---® Mat,,(F)

N\—— N—— N’
elementary Pauli Pauli
coars. of Zk—1-grad Z%l -grading Zfr -grading
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Gradings ovw matrices
inv terms of MAD -groupy

Pr={aX.Y|i,j=0,....k — 1,0 € F*,ak = 1} < GL(k,F)
Dy = {diag(d1,...,dx) | dj e F*} < GL(k,F)

Any MAD-group of Aut(Mat,(F)) = Ad(GL(n,F)) = GI];,(X";F) IS
conjugated to

Ad(P, ® --- @ P, @ D)

for some l,...,l.,k € Nsuch that ;... /,k = n.
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Tricks

If @ is a finite maximal quasitorus of a semisimple, connected and
simply connected group G,

[6’ € Q = Fix(0) is a semisimple subalgebra}

In other words: the elements in Q come from

removing ONLY ONE NODE of the Dynkin diagram.
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STATE OF THE ART



A Uit of history of Lie gradings
1989, Patera and Zassenhaus initiated a systematic study of gradings

on Lie algebras;

1998, Havlicek, Patera and Pelantovd, computation of MAD-groups
(so, fine gradings on) the classical simple complex Lie algebras (# 04);

2010, Bahturin and Kotchetov, classification (up to isomorphism) of
gradings on classical simple Lie algebras (F = FF, charF # 2);

2010, Elduque, fine gradings (up to equivalence) on classical simple Lie
algebras (F =T, charF # 2);

2006, 2009, 2015, Martin, D., Viruel, g, (04), f4 and ¢¢ (F =T,
charF = 0);

2015 Yu? (with Elduque’s results), announced ¢; and eg;

2013, Kotchetov and Elduque THE BOOK (including prime
characteristic and more).
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Gradings ov classical Lie algebras
of types B, C and D

sp(n, ) n>6,neven
= there is a matrix algebra A and an involution ¢: A — A s.t.

>
f L e {so(n,lﬁ‘) n>5n+#38

L = Skew(A, ¢).

Every grading on L is restriction of one on A:
Thereis I : A = @gegAg such that L, = A, N L.
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If £L=5l(n, ), then £L < A~ for A = Mat,(F).
Observe that ¢(x) = —x! satisfies o€ Aut £ but ¢¢ Aut A.
\‘ If A= @ ccAyg is a grading, then
' L gives a grading on L
- If A= @gzecAg is a grading and ¢ a graded (p(Ag) C Ag)
antihomomorphism, then, given h € G of order 2,
| - ‘nY A

gives a gradihg on L

Every grading on L is of type either | or Il

(of type | if n = 2)
27



MAD -groupy (typeA) withv inuner
automorphisms (typeI)

Pk:{ozXliY“i,j:O,...,k—l;ozer,\oz]:1}
Dy = {diag(dh, ..., dk) | @ € C*}

Any MAD-group of Aut(sl(n,C)) containing only inner
automorphisms is conjugated to

Ad(Pkl R Q@ P, & D)

for some ky...ksm = n.
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A MAD-group (typeA) with outer
auntomorphisms (type I1)

Tops = {Bdiag(e1,. .., es,a1,1/aq, ..., ap,1/ap) |
Be{l,i},e; ==x1,0; € C*}

—  Ad(T2p.s) ¥ (¢c) MAD-group of Aut(sl(2p + s,C))

oc(x)=—-CIxtC, C =diag(ls,Xs,..., X3)
— ——
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“Outer” MAD-groups (typeA)

Let s, p, m be such that (2p + s)m = n.

Take (P, @) = {(Px, Qx)}™_, m-pairs of matrices with 1/,’,,0{ =41, +i:

— A k k .k k k k
Pk_dlag(l/].""7VS7VS—|—17VS—|—17"'7 S+p7 S_I_p)

Gk = dlag(pll(a IR 7/0§7 pé(—|—17 10§—|-17 R 7/05—|—p7 ps—}—p)

Let us denote

Smo2p,s(Pr @) = ({Qk ® by EXe @ bo s P b @ Y2 b+ })
2(pn,75)( ) Q) = HT:l m,2p, s( Q) 7-2P75 & lom.

Any MAD-group of Aut(sl(n,C)) with outer automorphisms is
conjugated to /A\d(Tz(/::'S)(IS7 Q)) x (¢c) for a suitable C.
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EXAMPLE: fine gradings on si(3,C)

Aut(s1(3)) = PGL(3) x Zs
p(x) = —x',  o[Cle=[(C")]

Inner Outer
7° and Z3-gradings 7. % 7 and Z3-gradings
o 0 0 ] o B 0]
0 g 0 —B a 0 |:a?+B°=1, x{p)

0 0 (af)! | 0 0 1

1 0 0] [0 1 0]  +1 0 0 |
0w 0 |,|]0 0 1]) 0 +1 0 X ()

|0 0 w?| [1 0 0 0 0 1 |
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MAD-GROUPS OF G,



About the existence of g,

Killing (1887-90) and Cartan (1894, thesis) classified simple Lie
algebras, in particular they found the root systems:




Two- gradings ov g,

The first model by Cartan (1914): g, = Der(Q)

There are two fine gradings on go:

O The Z?-Cartan grading (the root decomposition).
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They owe all (?)

Not only gradings on O induce gradings on g», but conversely,

because these two groups are isomorphic:

Aut(0) <— Aut(Der(Q))
f —  Ad(f): go — go; d — fdf !

Hence the correspondence between gradings (O = 0et(Q)) is

34



Another way of working ow g,
(%] :
Any order two automorphism o € Aut(gz) is: @ .2 - i,g:o

There is V (dim V = 2) such that

02 sl(V)osl(V) & VeS(V)

Ls L

with 0|L6 — id and O'|Li = —id.

So SL(2) x SL(2) — Aut(g2) is a homomorphism with image the
centralizer of o and kernel {(al,B81) | aB® =1, =1= p°} =

Centan)(@) = )@= (=1,
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MAD -groups of Aut(g,)

Any MAD-group with an order two element lives in
SL(2)?/{(—1,—1)), and hence it is:

{5 ) (5 8] ier]

& ({[(ix2, X)) [(iY2,iY2)], (-1, N]}) = Z3
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Not more

Q9 Qo
0 oO=F=—1=
3 2 3

Another MAD-group would contain an order 3 element 6 producing
go 2 sl(U)® U U* (dim U = 3) and then it would live in

Centpyt(gy)(0) 2 SL(3)
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MAD-GROUPS OF F,



Models of §,

+ Borel (1950): f4 = isom(QP?)
+ Chevalley-Schafer (1950): {4 = Der(A)

where the Albert algebra is the 27-dim Jordan algebra
A = {X = (XU) c Mat3><3(@) L Xjj = X_J,}

with the product x - y = %(xy + yx). Distinguished elements for
any a € Q:

@

l—l

—~

L

N

|
7 N
o O o
L O© O
oo O
~_
@

)

—~

L

N

I
Y
v O O
o O o
O O wi
~_
@

w

—~

L

N

I
Y
o n O
O O w
o O o
~_



Gradings ow f,
from the Albert algebra

Again every grading on A induce a grading on §4 and conversely,
because these two groups are isomorphic:

Aut(A) <— Aut(Der(A))
f —  Ad(f): f4 — fa;d — fdf 1

so that fine gradings are in one-to-one correspondence.
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G,C Ty

In particular, every grading on O induces a grading on A: we have
the group monomorphism:

Go =2 Aut(0O) — Aut(A)=Fy
f — f:A— A
E, — E;; L,'(a) — L,'(f(a))

For instance Zg CMAD Go C Fg, although this abelian group is not
maximal in Fy4.
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Two-fine gradings ow f§,

The Z3-grading coming from O can be refined with:
+ The Zs5-grading on A:

« The Z-grading on A produced by the derivation
2[R, R, (1)] € der(A) (which has integer eigenvalues),
for R«(y) = y - x the multiplication operator.

— [Z%,Zg x Z-fine gradings on A and on f4J
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The corresponding MAD -groups??

Fs =2 Isom(OP?) ~ OP? 2 F4/Spin(9) ~

fs =2 s50(9) @ spin module
\ . ~~ 4
L5 L

Any MAD-group with order two elements contains an
automorphism conjugated to o producing such Z,-grading and

hence it lives In
Centfg, (o) = Spin(9).
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The covr mfwluf\g/MA’D %
loogéﬁg/ Spm(g;fawp

Take {eg, ..., eg} an orthonormal basis of (F?, g). Recall that

Spin(9) = {Fuy...ux | uj € F?, q(u;) = 1}.
Hence the MAD-groups of F4 with order two elements are:

+ Maximal torus = (F>*)%;

e+e D1+i(e—e ereg 7 ~
+ (e1ere3ey, e1e26e566, €p€1€365) X {( : 2( ) j =
F* x Z3;

5
* (—1, €1€2€3€4, €1E26564, €1 E2€7€3g, e1e3e5e7> = 13.

43



E6
AND
ITS RELATIVES E7 AND E8&



CONJECTURAL LIST: (Draper, Eldugue, Kotchetov, 2013)

¢6 ¢7 s
Univ. group Model Univ. group Model Univ. group Model
7° Roots 77 Roots Roots

Z* X T T(K, H3(0)) 7" x 13 T(Q, H3(0)) 7 T(0, H3(0))

7* x 73 T(0, H3(K)) — 7* X 7 T(0, H3(0))

7* x 73 T(0, H3(K)) 7° x 7 T(0, H3(Q)) —

7 x 73 Kan(C-D(Hy(F))) 7* x 73  Kan(C-D(H4(K))) || 7"« 7,  Kan(C-D(H4(Q))))

— L x L3 T(Q, H3(0)) —
7 x 75  Kan(C-D(Hy(F))) Zx 75  Kan(C-D(Hy(K))) Kan(C-D(H4(Q)))
L X L T(K, H5(0)) L x L3 T(Q, H5(0)) 1(0, H3(0))
— 7 x 73 x Ty Kan(C-D(Hy(K))) 7. x T Kan(C-D(H4(Q)))
74 9(pK, Ok) — 9(Ok, Ok)

73 x 73 T(0, H3(K)) — —

Zo x L T(K, H3(0)) 73 x L3 T(Q, H3(0)) 73 X T, T(0, H3(Q))
A stu(C-D(H4(F)))) 75 stu(C-D(Hy(K)))) stu(C-D(H4(Q))))
Z; T'(K, H3(0)) Z; T(Q H;(0))) / 7(0, H;(0)))
Zy Der(C-D(H4(Q))) || ZixZo  steo(C-D(Hu(Q))) || 71 <75 stus(C-D(Ha(Q))))

74 x 75  Der(C-D(H4(Q))) || Za xZj  steo(C-D(Ha(Q)))) stuz(C-D(H4(Q))))

— Zix Ly  stus(C-D(Hu(K)))) S

Jordan grading




Chevalley-Schafer (1950)

If Ry : A — A;y +— yx denotes the operator multiplication,
[R«, Ry] € Der(A), so that Der(A) ® Ry, < gl(A). It is simple of type Eg!
ee = Der(A) ¥ Ao
N—— N~
LG =RV Li

Every G-grading on A can be extended to a G X Zy-grading on ¢g,
getting:

fine gradings over Z* x Zy, 78, 7.5 x 7., 73 x Z
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Interms of MAD -groups

Let 7 € Aut(eg) the automorphism producing the above Z,-grading
(outer, since it fixes a rank 4 subalgebra).

CentAut(%)(T) = F4 X <’7‘>
Hence, if Q is a MAD-group of F4,= @ X (7) is a MAD-group of Aut(ee).

46



About the group Aut(e;)

Let Eg be the connected and simply connected algebraic group of type E;.

Ee x (1) _Ad, Aut(eg) = Inn(eg) x (T)

l l

~ Es
Ee YV nn(es) = rorad=z;-
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O—0O0——~_C0=<0—20 O—0O0——_C0=<0—20
T T =71t (t € Inn(ee))
Fix(7) = fa Fix(7") %SQES)
Centaue(eq) (T) = Fa X (7) Centaye(es) (7') = 725 % (T)
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MAD -groups withv outer MomorpMm T’

Too
(F*)? %73 TUal) = (diag{a, 2,8,1} @ b, ls © Xo, Is © Ya)
712(M7M)
Tos (a, 1n)
2o § )= (g ] )erav

Zy X L3 b @Xo®@b,h®Y® b, ls®X5)

(2)((/27 ), (k. b)) = (diag{a, 2} @ ls, h @ Xo, s @ Y2,
FXXZ4 IQ®X2®IQ,IQ®Y2®IQ>

T(1,1), (L, 1),(L1) = (@ Xo,la @ Yo, b @ Xo @ by,
73 bh® Y ® b, Xo® g, Yo ® ly)



For outer MAD -groups:

The outer order four automorphism 6 of ¢g corresponding to the
diagram: O—O—0=<0—20

produces the following Zj4-grading: There are vector spaces W, V
(dim W = 4, dim V = 2) such that

s = s(W)as(V) © SS(W)eV oLel;

\ - 4

Ls L
So SL(4) x SL(2) — Aut(es) is a homomorphism with image the
centralizer of # and kernel {(al,31) | a?B=1,0*=1=3°} =

CentAut(%)(@) = SI%E?ZL X_Slsgz) x (0) 0 = [(ila, I2)]
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Outer MAD -groups:
without outer irwolutions

Any MAD-group with such order four element lives in

S%(szisli)(f) x {#), and hence it is conjugate to (% = i):

([(¢Xa,iX2)], [(C Ya,1Y2)],0) = 73

51



Again the gradings viewpoint:

How one can see the related Z3-grading on ¢g?

% By using the model (Pauli’s gradings on s[(4) and sl(2)):
6 2sl(W)Ds(V)B S2(W)R Ve L Ly
* As e =2 0er(CD(Hy(H)), there must be a Z3-grading on the
structurable algebra A = CD(H,(H)).

% From this last approach,

as e7 = strg(CD(H4(H)) = ¢7 has a Z; x Zp-grading;

as eg = stuz(CD(Hy(H)) = eg has a Z3 x Zs-grading.
(The Structure algebra/the Steinberg construction are naturally Z,/Z3-graded).
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Inner MAD -groups:
withv order 2 elementy

Z3 CMAD Go C F4 C Inn(eg) = gg

— CentInn(%)(Zg) = Zg X PSL(3)
In PSL(3) there are two MAD-groups:

)

0 0 ]

5 0 ) ) = (F*)?
O -

— MAD-groups of Aut(eg): [Zg x 7% and Z3 x (IFX)2.]
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Inner MAD -groups:
withvorder 3 elementy

Adams model: (dimV = 3) O—0O O

e = sl(V)asl(V)asl(V) @ VeVeV & VIaVieoV®
L5 L L5

0. i@ —»wnevv — Cent(d,Zsz)= 75 x PSL(3)
— Two MADs: Zg and Z% X (Fx)z.

(More non-toral Z3 lead to repeated MAD-groups).

T, i@ vy v Cent(r)=(1) X F4
Here it is the required Z3-grading on f.
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Not more MAD -groups of Aut(eg).
Yws approachv

The difficult point is not trying to imagine fine gradings on maximal
groups, but being sure that the list is complete (77).
The idea would be to find an inductive argument, but obviously:

R <vmap HS G % Q <map G.

A recent approach (Yu, preprint arXiv):
% To work with compact Lie groups.

% To find closed abelian subgroups F < G satisfying the condition (x):
dim F = dim Centg(F).

Of course if Q is a MAD-group of G = @ satisfies (x).
The good point is that the condition (x) has good functorial properties.

.' Translating the results — to the complex case
. Eld — C
- T2 o F =T, charF = 0 — the temptative list is now complete.
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