




What is a grading? 
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Example: on matrix algebras 
with few pieces 
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Example: on matrix algebras with 
many pieces 
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Example: on a Lie algebra 
with many pieces 
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Example: on a Lie algebra 
with few pieces 



6 

Some algebraical motivation  
for studying gradings 



Basic definitions: fine gradings 
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Fundamental example: 
the root decomposition 
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Motivation:  
for fine gradings in Mathematics 
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Motivation:  
all the gradings can be obtained from the fine ones 
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Some directions:  
and applications of fine gradings 
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EXAMPLE: Pauli gradings on 
matrix algebras 
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EXAMPLE: fine gradings on  sl(2,C) 
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EXAMPLE: on Octonions 
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Finite order automorphisms 
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Finite order automorphisms: 
Examples on  g2 
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Z-gradings  



The correspondence 
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The correspondence for fine gradings 
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EXAMPLE: the root decomposition 
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EXAMPLE: fine gradings on  sl(2) 
in terms of MAD-groups 
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EXAMPLE: gradings on matrices 
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Gradings on matrices  
in terms of MAD-groups 
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Tricks 





A bit of history of Lie gradings 
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Gradings on classical Lie algebras 
of types B, C and D 
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Gradings on classical Lie algebras 
of type A 



MAD-groups (type A) with inner 
automorphisms  (type I) 
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A MAD-group (type A) with outer 
automorphisms (type II) 
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“Outer” MAD-groups (type A) 
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EXAMPLE: fine gradings on  sl(3,C) 
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About  the  existence  of  g2 

Classical Exceptional 



Two gradings on  g2 
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They  are  all  (?) 
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Another way of working on  g2 
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MAD-groups of  Aut(g2) 
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 Not more 
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Models of  f4 
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Gradings on  f4 
from the Albert algebra 
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G2⊂F4 
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Two fine gradings on  f4 
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The corresponding MAD-groups?? 
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The corresponding MAD-groups: 
looking  inside  Spin(9) 
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CONJECTURAL LIST: (Draper, Elduque, Kotchetov, 2013) 
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Chevalley-Schafer (1950) 
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In terms of MAD-groups 
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About the group Aut(e6) 
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With outer involutions 

E6
(2) 
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MAD-groups with outer automorphism  τ’ 



For outer MAD-groups: 
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Outer MAD-groups: 
without outer involutions 

51 



52 

Again the gradings viewpoint: 
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Inner MAD-groups: 
with order 2 elements 



Inner MAD-groups: 
with order 3 elements 
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Not more MAD-groups of  Aut(e6): 
            Yu’s approach 
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