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Nonlocal contact problem for two-dimensional linear elliptic equations is stated and investigated. The method of separation of
variables is used to find the solution of a stated problem in the case of Poisson’s equation. Then, the more general problem with
nonlocal multipoint contact conditions for elliptic equation with variable coeflicients is considered, and the iterative method to
solve the problem numerically is constructed and investigated. The uniqueness and existence of the regular solution are proved.
The iterative method allows reducing the solution of a nonlocal contact problem to the solution of a sequence of classical boundary

value problems.

1. Introduction

It can be stated that the study of nonlocal boundary and
initial-boundary problems and the development and anal-
ysis of numerical methods for their solution are important
areas of applied mathematics. Nonlocal problems are nat-
urally obtained in mathematical models of real processes and
phenomena in biology, physics, engineering, ecology, etc.
One can get acquainted with related questions in works
[1-3] and the references cited there.

The publication of the articles [4-7] laid the foundation
for further research in the area of nonlocal boundary
problems and their numerical solution. In 1969, the work of
A Bitsadze and A.Samarskii [5] was published, which was
related to the mathematical modeling of plasma processes. In
this paper, a new type of nonlocal problem for elliptic
equations was considered, hereinafter referred to as the
Bitsadze-Samarsky problem. But the intensive research into
nonlocal boundary value problems began in the 80s of the
20th century (see, for instance, [8-21] and references herein).

The work [12] is devoted to the formulation and in-
vestigation of a nonlocal contact problem for a parabolic-
type linear differential equation with partial derivatives. In
the first part of the work, the linear parabolic equation with
constant coefficients is considered. To solve a nonlocal
contact problem, the variable separation method (Fourier
method) is used. Analytic solutions are built for this
problem. Using the iterative method, the existence and
uniqueness of the classical solution to the problem is proved.
The effectiveness of the method is confirmed by numerical
calculations. In paper [19], based on the variation approach,
the definition of a classical solution is generalized for the
Bitsadze-Samarskii nonlocal boundary value problem, posed
in a rectangular area. In [21] the Bitsadze-Samarskii nonlocal
boundary value problem for the two-dimensional Poisson
equation is considered for a rectangular domain. The so-
lution to this problem is defined as a solution to the local
Dirichlet boundary value problem, by constructing a special
method to find a function as the boundary value on the side
of the rectangle, where the nonlocal condition was given. In
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paper [20], the two-dimensional Poisson equation with
nonlocal integral boundary conditions in one of the di-
rections, for a rectangular domain, is considered. For this
problem, a difference scheme of increased order of ap-
proximation is constructed, its solvability is studied, and an
iterative method for solving the corresponding system of
difference equations is justified. In paper [8], a two-step
difference scheme with the second order of accuracy for an
approximate solution of the nonlocal boundary value
problem for the elliptic differential equation in an arbitrary
Banach space with the strongly positive operator is con-
sidered. In paper [11], the optimal control problem for the
Helmholtz equation with nonlocal boundary conditions and
quadratic functional is considered. The necessary and suf-
ficient optimal conditions in a maximum principle form
have been obtained. In [9], the Bitsadze-Samarskii boundary
value problem is considered for a linear differential equation
of first order for the bounded domain of the complex plane.
The existence of a generalized equation is proved, and an a
priori estimate is obtained. Then, the corresponding theo-
rem on the existence and uniqueness of a generalized so-
lution is proved. A boundary-value problem with a nonlocal
integral condition is considered in [10] for a two-dimen-
sional elliptic equation with mixed derivatives and constant
coefficients. The existence and uniqueness of a weak solution
is proved in a weighted Sobolev space. A difference scheme is
constructed, and its convergence is proved. In paper [15], the
one class of nonlocal in time problems for first-order evo-
lution equations is considered. The solvability of the stated
problem is investigated. All of them are, basically, related to
the problems with nonlocal conditions considered only at
the border of the area of the definition of the differential
operator.

In the present paper, the multipoint nonlocal contact
problem for linear elliptic equations is stated and investi-
gated in two-dimensional domains. The method of sepa-
ration of variables is used to find the solution to a stated
problem in the case of Poisson’s equation. Then, the more
general problem with nonlocal contact conditions for an
elliptic equation with variable coefficients is considered, and
the iterative method to numerically solve the problem is
constructed and investigated. The iterative method allows
reducing the solution of a nonlocal contact problem to the
solution of a sequence of classical boundary problems. The
numerical experiment is conducted. The results fully agree
with the theoretical conclusions and show the efficiency of
the proposed iterative procedure.

2. Method of Separation of Variables for
Poisson Equation

2.1. Formulation of the Problem. Let us consider a rectan-
gular domain in a two-dimensional space R* with boundary
T.

{(x5,x,)I0<x, <1, 0<x, <1} (1)

Suppose 0<& <1 and define the

segment
{(xl,xz)lxl =&, 0<x,< l} (see Figure 1).
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We consider the following nonlocal contact problem to
find the continuous function:

u (x,%,), 0<x, <&, 0<x,<1,
u(xy,x,) = u(fo,xz), x, =8, 0<x,<1, (2)

ut (x,%,), E<x,<1,0<x,<1,
which satisfies the following equations:

Au” (x,%,) = f (x,%,), 0<x; <&, 0<x,<1,

(3)
Aut(x,%,) = f(xpx,), E€<x<1,0<x,<1,
the boundary conditions are as follows:
u (x,0)=0, 0<x, <&,
u'(x,0)=0, &<x <1, ’
u (x,1)=0, 0<x, <&, @
ut(x,1) =0, &<x <1, ’
u (0,x,) =0, Oszsl,}
u' (1,x,)=0, 0<x,<1, )

and the nonlocal contact condition is as follows:

u (85,) =u"(8,x,) = u(&,x,) = ug (x,)
=y u (§,x)+yut (8 x)+ ¢o(fo>x2)’
0<x,<1,
(5)

where f (x,,x,), fT(x,,x,) are known as sufficiently
smooth functions, and

0<& <& 8 <E <1,y >0,9">0,y +y" <L (6)

Note that in previously published articles, the
nonlocal conditions were mainly formulated under the re-
striction of the following type: y~ + y* < 1. In this article, the
results are achieved considering the following conditions
p- +yt <L

2.2. Separation of Variables. Using the method of separation
of variables, we can build the solution to nonlocal contact
problems (2)-(6). Note that this technique can be extended
for a more general case.

We will find the solution of nonlocal contact problems
(2)-(6) in the following form:

(e8]
u (x,%,) = Z a (x))sin knx,,0<x,<&,0<x,<1,  (7)
=1

(e8]
u' (x,%,) = Zaz (x,)sin kmx,, & <x,<1,0<x,<1.  (8)
k=1

It is evident that the functions (7) and (8) satisfy the
following boundary conditions:
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FIGURE 1: Domain for Poisson equation.
u (x,0)=u (x,1)=0, 0<x, <&, ©) u (0,x,)=0,u" (L,x,) =0, 0<x,<I, (10)
9
u (x,0) =u"(x,1) =0, &< x <1 and the nonlocal contact condition as well. Thus, a; (x,) and
) . ai (x;), k=1,2,3,..., should be solutions of the following
We must choose the coefficients aj(x;) and problems:

ap (x), k=1,2,3,..., so that the functions (7) and (8)
satisty the equation (3), and the rest boundary conditions are
as follows:

d*a; ) . ) )
ii;(le) —Neag (x,) = fr (%)), 0<x, <&, a (0)=0, ak(fo) =, (11)
1
dzaZ(Xl)_ 2 _+ _ gt 0 +( 0\ _ + _
P Neag (x1) = fi (x1), 8" <x, <1, 4y (&) = Dy g (1) = 0, (12)
1

where A, = k%, f; (x)), f(x;) are the coefficients of
Fourier series expansion of the functions f~ (x;,x,) and

f+ (xp xz)-
f(xpx,) = Z fre (xp)sin Axy,
k=1

- (13)
fHlxnx) = Z fi (xp)sin dex,
k=1
and @, k =1,2,..., are so far unknown constants.
(9]
u(fo,xz) =uy(x,) = Z O, sin Ax,. (14)
k=1

2.3. Existence and Uniqueness of the Solution. Using the
method of constructing general solutions of differential
equations with homogeneous boundary conditions and
method of variation of constants or method of undeter-
mined coeflicients of Lagrange (see, for example, [22]), it is
possible to build the general solutions of equations (11) and
(12).

At first, we will consider the problem (11). The general
solution of the problem (11) can be written in the following
form:

ap (1) = () VI 4 5 ()™ VA

Xy

\/L)Tk JO Sinh(\/ﬂ(%—s))f; (s)ds,  (15)

k=12,...,

+

where we can define € (x;), ¢, (x,), considering the
boundary conditions a; (0) = 0, a; (EO) = .

Finally, the general solution of the problem (11) will get
the following form:

(@~ I Jsinh (7 x,)

a; (xl) = Sinh(\//l—kfo)
1 X1 . 16
+\/—)t—kjo Sinh(\/ﬂ(M—S))fk(s)ds, (16)
k=12,...,
where

EO

I =\/1A—k Jo sinh(\/;k(fo—s)>f;(s)ds. (17)



Consequently, the formal solution of the problem (3)
and (4) on the left subarea is the following function:

)2 S (@), — I )sinh (/A x,)
( 1> 2) };[ sinh(\/ﬂfo)
+ﬁ J': sinh(\//\il< (%) - s))f; (s)ds] sin Apx,,
(18)

where I” is defined using (17).
Analogously, the general solution of the problem (12)
can be written in the following form:
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af () =& (x)e Ve 435 () Vo

k=12,....

Considering the boundary conditions ajf (&%) = @,
a; (1) = 0, we can define ¢}, €] uniquely.

Finally, we can describe the formal solution of the
problem (3) and (4) on the right subarea in the following
way:

00 (CDksinh<\/i; (%1 - 1)) - stnh(\/i;(xl - EO)))

u' (x1,%,) = Z
k=1

sinh(v/; (£ - 1))

(20)

+% J;l sinh<\/i (x, - s))fz (s)ds] sin A5,

We can define the coefficients @, k = 1,2, .. ., using the
equality (14) and nonlocal contact condition (5).

— (Fy + Fy)

(22)

where
e ﬁ J: sinh(\/ﬂ (1- s))f; (9ds.  (21)
_cbksinh<\/fk£‘> +<Dksinh<\/,1: G 1))
P (V@) sinh(VI (€ 1))
+ jﬂ J: sinh(@ (& - s))f,;(s)ds
+ \’/’A_k J; sinh(\/ﬂ (& - s)> £ (5)ds + b
where

¢0('f0> xz) == Z Poi sin Ax,,
k=1

F, = ‘L\//\_"E)) JZO sinh(@ (fo - S))f;; (s)ds, (23)

-7 \/)l_ksinh(\//\—kfo

Fy

. sinh(y (£ - &)

Then, we will get

Y Kesinh(V (€ - 1))

J; sinh(fk (1-9)) 7 ()ds.
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Q{l_[y sinh (VI€ ) | y+sinh<m<f*—1>>” As
TR T SMAEIN y EE g OEE).

>

= —Fi + dopo
then we will have
where "

- ~ |:Y sinh (/A &) YJrsinh(\/A—k (& -1))

F,=F +F] - [\}}A—k J.o sinh(@ (& - s))f,; (s)ds Slnh(\/—f ) sinh(\/ﬂ(fo _ 1))
o >1-(y +y")=0.
A A " .
+W J £ smh<\/;k (& - S)>f k (s)ds]. Consequently, from the equality (24), we get

(25)

_f [,-sinh(VAE) | sinh (VA (8 - 1)) _1_ . )
®k_{1 [Y Smh(\/_fo) Vsinh(\//\—k(go_l))]} (=Fr+¢o) k=12,...,

where F), is defined from (25). Finally, the formal solution of ~ where
the problem (3)-(5) is the following function:

u (x,%,), 0<x, <&, 0<x,<1,
u(xy,x,) = u(fo,xz), x, =8, 0<x,<1, (29)

u’ (x1,x,), & <x;€1,0<x,<1,

+\/}T j: sinh(\//\: (x, - s))f,; (s)dS] sin Apx,,

k

u(fo,xz) = i @, sin Apx,,

(QkSiHh<\//Tk (x, - 1)) - I+sinh<\/;k(x1 - EO)>>

u (xl;xz ; sinh<\/A_k(€0 - 1))

. j smh(\/— (x, - )fk (s)ds] sin Ax,,

(26)

(27)

(28)

(30)

@, is defined from (28), and I, I* is defined from (17) and ~ Theorem 1. If f~ (x,,x,), f*(x,,%,), and ¢,(&’,x,) are
(21), respectively. sufficiently smooth functions, then the problem (3)-(5) has a

Thus, the following theorem is true. unique regular solution.



Note that the applied technique can be successfully used
for more general problems, but in this case, the use of the
spectral theory of linear operators will be needed.

3. Nonlocal Contact Problem for Equation with
Variable Coefficients

3.1. Designations. Now, let us consider the problem with
nonlocal contact conditions for the elliptic equation with
variable coeflicients.

Suppose D is a rectangular domain in two-dimensional
space R? (see Figure 2) D = {(x,x,)[0<x, <a, 0<x, <b}
with a piecewise boundary y = U?y;, where

={(x,%,)I0<x; <a, x, = 0},
={(x;,x,)|0<x, <a, x, = b},
X 1 2 = b} (31)

Y1 =1
2 ={(x1,%,)
s ={(x1,%)lx; = 0,0<x, <b},
s ={(x1,%,)

X1, %) x; = a, 0< x, <b}.

D ={(x1,x2)|0<x1 <£°,0<x2<b},
Iy ={(
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Suppose 0< &® <a and define the following equations:
I’ ={(x1,x2)|x1 =&0<x, Sb},
y| == { (21, %,)10<x, <&, x, = 0},
vy ={(x1,x2)|50§xlga,x2 = 0}, (32)
Y, == { (21, %,)1E <%, <a,x, = b},

y2 =={ (xpx,)l0 %, <€ x, = b}.

It is obvious that y; Uy} = y;, y; Uy = y,, and I° di-
vides the domain D into two parts (subdomains), D~ and
D*, where

D’ :{(x1’xz)|fo<x1<a,0<x2<b},

X1, %)%, =&, 0<E; <&, Oszsb},

i=(,n),0<E <o <& <8, (33)
I ={(xp)lx; = &,8 <& <a,0<x,<b},
j=m), & <g<fic <g <b
- - u (x,x,), if (x;,x,)eD",
where FO,F,T, i= (1,n) and l"]*-, j = (1,m) intersect y, and 0 Gero2) ) (e, 02) 0
¥, respectively, in the following points: u(xpxp) =9 u (x,x,), i (x1,x,) €7,
A°(&,0), B°(&,b), 4; (&;,0), w (x1,x),f (x1,) € DT, (35)
34 - -
B; (&,b), A} (¢/,0), and B (], b). Gy u (x1,%,) € CH (D7), u” (x1,x,) € C*(D"),
u’ (x),x,) € C(FO),
3.2. Statement of the Problem. Let us consider the following ~ Which satisfies the equations
problem to find in the domain D = D Uy (where y is defined
in 3.1) a continuous function u (x4, x,):
o S 0 ou \ - - - -
L u (xp,x,) = Z Ox K“B(xl’xZ)a—xﬁ =k (xp2)u” = —f (1, %), (x15%,) € D, (36)
a,B=1 @
+ o+ > 0 + ou’ + + + +
L'u" (x1,x,) = Z ox. Kop (xl’XZ)a_xﬁ =k (xpxp)u’ == f7 (x1,x,), (x1,x,) € D (37)
a,B=1 a
u (x,x)=¢ (x,x,), (x,%x,) €y; Uy, Uys,
The function u(x;,x,) also satisfies the boundary Ger, ) (e x2), (x1,22) €31 U2 Uy (38)

conditions

u' (x1,%,) = ¢ (x1,%,), (%)5%,) € P Uy; Uyys
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FIGURE 2: Domain for contact problem for equation with variable coefficients D = DUY.

the nonlocal contact conditions

i (1) = (1°) = (1)

< o - < ot (39)
=D B (1) + ) B (T7) +9°(1°),
i=1 j=1
and the coordination conditions
u(A%) =) Biu (A7) oS B (a) + (a0),
i=1 iﬂl (40)
u(B’) = Zﬁu (B))+ ) Bju'(B)) +¢°(B°),
j=1
where B =const>0, f7=const>0, 0<}7, B+

ZJ 1ﬁ <1 K () K () f* () ¢* (-) and ¢°(-) are known
functlons, wh1ch satisty all the conditions, that provide the
existence of the unique solutions of the Dirichlet problem in
D™ and D* [23].

Suppose that the equations (36) and (37) are uniformly
elliptic. Then, their coefficients satisty the following con-
ditions [23]:

4K, (%15 %) - Koy (3015 %) > (K (1, x,) + K5, (xl’xz))2>
4Ky, (301, %7) - K3, (31, %5) > (K, (%0, %5) + K5, (x5 xz))z-

Kog (x,x,) and u~ (x;, x,) can be considered as coefficient
of heat conductivity and temperature of the first body (D™),
and Kz (x),x,) and u" (x}, x,) can be considered as coef-
ficient of heat conductivity and temperature of the second
body (D). Thus, the stated problem can be considered as a

mathematical model of the stationary distribution of heat in
two contacting isotropic bodies.

We will call the problem (35)-(37) and (40) nonlocal
contact one since it is a generalization of a classical contact
problem.

3.3. Uniqueness of a Solution of Problems (35)-(37) and (40).
The following theorem is true.

Theorem 2. Ifthe regular solution of problems (35)-(37) and
(40) exists and condition 0 < Y, B; + ¥, B; < Lis fulfilled,
then then the solution is unique.

Proof. Suppose that problem (35)-(37) and (40) has two
solutions: v(x;,x,) and w(xy,x,). Then, for the function
z(xy,%,) = v(xy, x,) — w(x;, x,), we will have the following

problem:
Lz (x1,x,) =0, if (x,x,) € D,
L'z " (x,x,) =0, if (x,,x,) € D",
(x122) =0 (51 ”
z (x1,%,) = 0if (x1,%,) € Yy Uy, Uys,
2" (x1,%,) = 0if (x1,%,) € y{ Uy, Uyy,

(r)-

(43)

= z+(l"0) = iﬁ;z’ (T;) + i[ﬁ’;z+
i=1 j=1

From the equality (43), it follows that



8
n
max'z(ro)' SmaXZﬁi_lz_ ()l j z+(l"}’)|
i=1
< maxjz” (T; )| Zﬁ + max |z ( J)|;ﬁf+
(44)
Taking into account the condition

0< YL, B + Zj’il /ﬁ <1, we obtain

max|z (T,)|| < rr<1ix|z (I;)| or max|z (Ty)| < pmax

(1))
(45)

This means that the function z does not attain a max-
imum on T, but attains its maximum on D~ or D*, which
contradicts the maximum principle. So, z = const, and
taking into account condition (42), we obtain z = 0; that is,
the solution of the problem (35)-(37) and (40) is
unique. O

3.4. Iterative Method for Problems (35)-(37) and (40). Let us
consider the following iteration process for the problem
(35)-(37) and (40):

L[t (%)) P == f (x5, ),if (x),x,) €D, (46)

L[t ()] == 7 (x1,5,),if (x,,%,) € DY, (47)

[t (x,,5,)] % = ¢ (o615, ),if (x1,%,) €7 Uy, Uyss  (48)

[ (e1x2)] =67 (x1%,), i (x1,3,) €77 UY; Uy (49)

W) =[u (1) <[ (1))

=D ) 3 L ()] (),

(50)

where k = 1,2, . In1t1ally, we can take, for example,
[u= (IO =0, [w (TN =0,i=(1,n), j= (1,m).

Given the initial approx1mat10ns in nonlocal contact
condition (50) of the iterative process (42)-(50),
[w (IH]*Y and [w @)%Y, i=(1,n), j= (1,m), we
can calculate the values of  on I and, thus, get two classical
boundary problems. After solving these problems, we can
define the consequent values of u on T from (50) for the
next iteration.

Theorem 3. If the solution of problems (35)-(37) and (40)
exists, then the iterative process (46)-(50) converges to this
solution at the rate of an infinitely decreasing geometric
progression.

Proof. Denote by z® (x,x,) = u® (x,x,) — u(x,,x,),
where u is a solution of the problem (35)-(37) and (40) and
u® is a solution of the problem (46)-(50).
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Then, we obtain the following problems:
L [z (x,x,)]% = 0if (x,,x,) € D,
L[z (x), x, ]( ' = 0if (x1,x,) € D,
[z~ (x),%,)]® = 0if (x,,x,) € DY,
(

+

)
)
(k) . + +
[2" (1, x,)] 7 = 0if (x1,%,) € y; Uy, Uy,

507 <[ (r°>]“‘>

(51)
where k=1,2,..., and [z~ (I))]” =0, [z*(T)]” =
i= (1,n), j = (1,m).From the equality [20], we have
— (k1))
max|[2(1°)] | < max|[=” (1)) |
z k 1
2 mlle 28
(52)
If we use Schwarz’s lemma [24], we will get inequalities.
_ _ k-
max [z~ (T} )](k b <g max [Z(TO)]( 1)|, (53)
1<i<n °
t\1RD o 0\1 k-1
s [2°(0)) <" maxl207)] s
where g =const, 0<g" <1, g =const, 0<q~ <1. Note

that these constants depend only on the geometric properties
of domains D~ and D*.
If we use inequalities (53) and (54), then we have

< ) <
()| 2,85 o [=(1

. Zﬁ ax[=(1°)] )

max

(k= 1)’

(55)

or

](k—1)|

0\1 k) 0
m;gx' [z(l‘ )] ' < er}zoix| [z(F (56)

where Q = ¢q Z] 1ﬂ +q YL B

Taking into actount the conditions B; = const >0,
B} = const>0,0< ¥, BT+ 3L, By <1,weobtain0<Q< 1.

This implies that

lim [2(r%)]“ =o.

k—00

(57)

If the solution of the problem (35)-(37) and (40) exists,
then by the maximum principle we obtain

max| (™ (x,%,)] ¥ —u” (3x1,%,)| = 0(Q

(58)
]( )

max|[u" (x;,x,)]" —u' (x1,x,) | O

D+
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and, accordingly,

mDax| [ (x1,x,)] ® —u (xl’x2)| = O(Qk)~ (59)

Thus, the iterative process (46)-(50) converges to this
solution of the problem (35)-(37) and (40)at the rate of an
infinitely decreasing geometric progression with ratio

Q. O

Remark 1. By using the described iterative algorithm
(46)-(50), the solution of a nonclassical contact problem

if (x;,x,) €D,

=0, if (x,x,) €D,

where k=1,2,..., and [¢ (I7)]”

i=(1,n), j= (1,m).
Then, analogously to (56), we obtain the estimation

)] 0<qen o

=0, [e* (r}r)](o) _

max| ()] | < Qmax

or
(k) (k 1) (k=1)(10\ _ . (k=2) (-0
w (") =0 (1) s Qmaxfu 0 (1) -uH(10),
0<Q«<I1.

(62)

max
™

This means that the sequence {u® (x,, x,)} converges
uniformly on FO Then, the functions [u* (xl,xz)] and

=0, if (x,,x,) €y, Uy, Uy,

(35)-(37) and (40) is reduced to the solution of a sequence of
classical boundary problems, which can be solved by any
well-studied method.

3.5. Existence of a Solution of Problems (35)-(37) and (40).
Let us now prove the existence of a regular solution of the
problems (35)-(37) and (40) in case of f~ (x;,x,) = 0 and
[ (x,x,) =0. We introduce the notation
e® (x,%,) = u® (x,,x,) —u*V(x),x,). Then, for the
function ¢¥), we obtain the following problem:

(60)

=0, if (x;,x,) € 7 UY; UY4’

u~ (x,,x,), respectively, on the domains D~ and D" on the
base of Harnack’s first theorem [25, 26].

From this, we conclude that the limit function is the
regular solution of the problem (35)-(37) and (40).

lim u® (x), x,) = u(x;,%,). (63)
k—00

4. Numerical Example

Let us consider the area D = {(x;,x,)[0<x, <1, 0<x, < 1}
(see Figure 3).

We consider the following test problem for the nu-
merical solution to find in D a continuous function (35)

u(x,,x,), which satisfies the following equations:

[u™ (xl,xz)] converge to the functions u* (x;,x,) and
0 o\ Ou~ d ou~ . _
a_xl|:(1+x1)a—x1:| +ax2 [(1+X2>a :| ——f (xl,xz) if (xl,xz)eD 5
(64)
0 ou* 0 ou* . ) N
a—x1 [(1 + ZXT)a—xl] +a—xz [(1 + 2X§)a—xz:| = f (xl) xz), lf (xl,xz) eD 5
where
_ 1 2 2 TTXy 2\ . TIXy
I (xxy) = —lexz(—l6 +7 (1 + xz))cos 5 nxl(l + 2x2)sm R .
5

1
£ (x1,%,) = —4x,x, cos % 1 (%,

- 1)[x2(—16 + 712(1 + 2x§))cos % + 47'[(1 + 4x§)sin %]
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FIGURE 3: Domain for a numerical example.
The function u(x,,x,) also satisfies the boundary  and the coordination conditions are fulfilled.
conditions The exact solution of this problem is
u (xp,%,) =0, if (x),%;) €y Uy, Uys, (66) X1X, COS %, if (x,,x,) € D7,
u (x,x) =0, if (x1,x,) € YUY, Uy,
the nonlocal contact conditions u(x;,x,) = lxz cos @, if (x,,%,) € ° (68)
(o) =) )= ) o) -
ulpx)=ulsx)=u =4 lgx) gt px .
L1 11 (1= x,)x, cos 72, if (x;,x,) € D".
+-u (—, xz) +-u (—, xz) (67) {
8 8 8 4
Let us consider the following iterative process:
1 3 21
+-u (—, xz) +x, cos —2,
8 8 64 2
0 »ow )P o NIOB A .
— (1+x])—="— | +=—[(1 +x5)—=——| = Xy, x,), if (x,x,) € D™,
axl |:( 1) axl ax2 ( 2) ax2 f ( 1 2) ( 1 2)
a(u+) (k) 2 N (u+)(k)
1+2x7) = +=—|(1+2x3) —==—2L—| = f*(x,,x,), if (x;,x,) € D",
axl {( 1) axl axz ( 2) axz f ( 1 2) ( 1 2) (69)
_ (k) . o
[ (x1,x,)] " =0, if (x1,x,) €y, Uy, Uys,
(k) .
[ (1, ,)] ™ = 0, if (x1,%,) € yy Uy, Uy,
) <[ G=))
(1)) = | (5%
1 1 (k-1) 1 /1 (k-1) 1 /3 (k-1)
5l Ge) sleGR)] sl )] &
8 8 8 4 8 8
Gl oG] e
+=|u (= x, +-|u' (= x, +—x, cOs —=,
8 8 8 4 64 2
where k = 1,2,. .., and the initial value [u(I°)] is equal corresponding arguments: NDSolveValue (to assign the
to 0. computed value to each component of the vector func-

The numerical calculations were carried out using the
program Wolfram Mathematica (see Figure 4). In compu-
tations, the following Wolfram functions were used with the

tion—the solution of the system of two equations with
partial derivatives), Dirichlet condition (to specify boundary
values within the function NDSolveValue), Piecewise (to
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|u - uapprox|, k=1

0.16
0.14
0.12
0.10
0.08
0.06
0.04
0.02
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|u - uapprox|, k=9

7.x10°
6.x10°
5.x10°
4.x10°
3.x10°
2.x10°
1.x10°

1.0

FIGURE 4: The magnitude of the difference between exact and approximate solutions for k=1 and 9. For k=1, range is 0.02 — 0.16; for k=9,

range is 1.0x 1076 - 6.0 x 107°.
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FIGURE 5: Absolute error (numerical) and QX versus iteration k.

0.6

0.4

Relative error

0.2

0.0

Iteration k

FIGURE 6: Relative error versus iteration k k=1...5.

represent the solution on the whole area for further visu-
alization), NMaxValue (to calculate uniform norm), Do (to
organize the outer loop for iterations), along with other
supplementary functions to calculate norms and get re-
spective graphs.

0.0012

0.0010

0.0008

0.0006

Relative error

0.0004

0.0002

0.0000

Iteration k

FiGURE 7: Relative error versus iteration k k=6...10.

TaBLE 1: Relative error.

Iteration k Relative error

0.999954
0.265173
0.0703862
0.018678
0.00495362
0.00132358
0.000363221
0.000114644
0.0000558231
0.0000428056
0.0000389617

== 0 00 N QN Ul W~

— O

From Theorem 3, we have Q = g* Zj\il ﬂ;’ +q YN B
where 0<g*,q~ < 1. The absolute error decreases approxi-
mately as 0(Q"). Considering the nonlocal contact condi-
tion of the numerical example, Q <5/8.

Figure 5 compares the absolute error (in C-norm) with
the theoretical value (5/8)F.

Figures 6 and 7 show the behavior of relative error
Ittexace = Uapprllclttexactllc (uniform C-norm is taken on the
open area D) versus iteration k, for k=1,...,5 and
k =6,...,10, respectively (see also results in Table 1).
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The results of numerical calculations fully agree with the
theoretical conclusions and show the efficiency of the
proposed iterative procedure.

5. Conclusion

The theory of contact problems is widely used in many fields
of mechanics (including construction mechanics) and me-
chanical engineering. In these problems, various contact
conditions are considered along the contact line (see, for
example, [27, 28]).

In the present article, a new type of nonclassical
boundary-value problem with nonlocal contact conditions
along the contact line is considered for an elliptic equation
with variable coeflicients and mixed derivatives. Thus, using
the results of the present article, one can expand the class of
contact problems.

The main results of the proposed article can be for-
mulated as follows.

The existence and uniqueness of the solution of a
nonlocal contact problem for the elliptic equation with
variable coefficients and mixed derivatives is proved. For
this aim, the convergent iterative method (46)-(50) is
constructed, which also is used to find the numerical so-
lution. The method converges to the solution of the
problem (35)-(37) and (40) at the rate of infinitely de-
creasing geometric progression. By using this iterative al-
gorithm, the solution of a nonclassical contact problem is
reduced to the solution of a sequence of classical boundary
problems, which can be solved by applying well-studied
methods. The results of numerical calculations agree with
theoretical results.

The analytical solution in a form of a series is received for
the same problem, but with constant coefficients to avoid
huge formulae. Moreover, the applied technique can be
successfully used for more general problems, but, in this
case, the use of the spectral theory of linear operators will be
needed.

In contrast to boundary nonlocal problems, convergence
is achieved under the more general conditions:
0<y” +y"<1 (in the case of the Fourier method) and
0< ZJN:I1 ﬂ; + Zﬁil B; <1 (in the case of the general equation
with variable coefficients).

The technique used in the present article can also be
applied to problems with parabolic-type equations.
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