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Abstract

In this paper a contact problem of the theory of electroelasticity for piecewise-homogeneous plate of piezo-electric
material with infinite cut and elastic finite inclusion of variable bending rigidity is considered. By using methods of
the theory of analytic function, the problem is reduced to a system of singular integro-differential equations with fixed
singularity. Using an integral transformation, a Riemann problem is obtained, the solution of which is presented in explicit
form.

Keywords
asymptotic estimates, contact problem, elastic inclusion, integral transformation, integro-differential equations, piezo-
electric material, Riemann problem

I. Introduction

Exact or approximate solutions of static contact problems for different domains, reinforced with elastic mount-
ings, thin inclusions, or patches of variable stiffness were obtained earlier, and the behavior of the contact
stresses at the ends of the contact line have been investigated as a function of the law of variation of the geomet-
rical and physical parameters of these components [1-10]. Inhomogeneity problems are addressed elsewhere
[11-19]. The first fundamental problem for a piecewise-homogeneous plane was solved when a crack of finite
length arrives at the interface of two bodies at the right angle [20], and also a similar problem for a piecewise-
homogeneous plane when acted upon symmetrical normal stresses at the crack sides [21, 22], as well as the
contact problems for piecewise-homogeneous planes with a semi-infinite and finite inclusion [23, 24].
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Figure |. Statement of the problem.

2. Problem statement and its solution

We will consider a piecewise-homogeneous plate of piezo-electric material, weakened with infinite crack and
reinforced with a finite inclusion(beam) as an electrode by a normal force of intensity po(x). Let us assume that
po(x) is a bounded function on the segment. The normal stresses go(x) and the electric potential are given at the
edges of the crack.

The problem consists of determining the expansion of the cut and the jump p(x) of normal contact stresses
along the contact line and of establishing their behavior in the neighborhood of the ends of the inclusion. It is
formulated as follows: suppose an elastic body S occupies the plane of complex variable z = x + iy, which
contains, along the section /; = (0, 1) an elastic inclusion and an infinite cut along the half-axis /, = (—00,0)
and consists of two half-planes of dissimilar piezo-electric materials

SO = {z|Rez >0, z&[0,1]}, S® = {z|Rez > 0, =z ¢ (—00,0)},

joined along the OY axis. Quantities and functions, referred to as the half-plane S, will be denoted by the
subscript k£ (k = 1,2), while the boundary values of the other functions on the upper and lower sides of the
patch will by denoted by a plus or minus sign, respectively.

In conditions of plane deformation, the homogeneous fields of mechanical and electrical stresses act on
plate at infinity: oY, o3y, 13, E7° = E5° = 0. At the boundary of the inclusion electrical field’s potential
is i = ¢; = 0 and at the boundary of the crack 0/**(x) = 0¥~ (x) = qo(x), TJ"(x) = 0" (x) = 0,
@ = ¢; = ga(x). (see Figure 1)

According to the equilibrium equation of inclusions elements and Hooke’s law, we have

d? d* v (x
ﬁD(x)T() = po(x) — p(x), 0<x<l, (1)

and the equilibrium equation of the inclusion has the form

1 1
/ [ p(1) — po(0)]dt =0, / 1L p(t) — po(1)]dt = 0, 2
0 0

where v(D(x) is the vertical displacement of inclusion points and p(x) is the jump of tangential contact stresses
to be determined. D(x) = E;(x)h3(x)/(1 — v?) with E(x), #1(x), v; the modulus of elasticity , thickness, and
Poisson’s coefficient of the inclusions material, respectively.

At the boundary of the crack we have

o () +07(x) = 2qo(x),  x <0. @)
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In the interface of two materials we have

oM = @

X b

1 2 1 2 1 2
v =@, gD = (@, DO = p@,

tD =@ D =y®,

“

where o/, t')) are stress components; 1/, 11/ are displacement components, £{/ and DY) are components of
vectors of electrical stress and of electrical inductive (j = 1,2).

In the plane XOY for stress function <p§j ) and electrical field’s potential (péj) we obtain the system of
differential equations [25]:

(N () (7 () (N () (7 ()
ey” +hye” =0, Iyey” + 159" =0, (%)
where
(D = a Do 1+ Da202 4 alDgt 9 = 9 5y — 9
11 10 91 12 9192 14 925 o oy
(/) (/) (N)q2 (N a3 () ()2 () q2 (/) @) (N2 (D=1
Iy = by = a3y079, + 3305, by = aydi +and;, ayy = s33 — (513)°6s17)
7 . . . . 2 G
o =+ 2500 =0 =51 - e
@) (D 1D ¢ (Dy—1 (/) (/) @) (D [ LD (D=1
ayy =s13dp3(s77)" —diy +ds, ayy =di3 (512 (1) — 1> )
@) @) (/) (@) (N2 (D=1 .
ayy = €1 ay, = €35 — (di3)*(s17) Jj=12,
where s;',?, dff , 6,(1'1? are elastic tractability, piezo-electric modules, and dielectric constants, respectively.

General solutions of equation (5) is represented using three analytical functions:

3 3
o) =2Re 3y f SV d, 9 = —2Re 3P0
o () _ =) B _ D Dy D ©)
=X+ 1wy, M3t = Mg Yo =ay tay (),

. N A )
k}{]) — agjl)u/(kj) + a%)(uﬁj ).

chj)

Mg{j ) are roots of characteristic equations:

PN + AP+ PP+ =0, k=123, j=1,2
where

) _ (D (D (N2 W _ D () ) (D) ) () o _ DD ) (D )
¢y =dapay —(ay), o =apay +ayay —2ayay;, ¢ =dapay +apdy —ay,

A mdply, om0
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Using equation (6), we obtain representation for stress component, displacements, vectors of electrical stress,
and of electrical inductive:

3 3
O—)Ej) — J2Re Z VIEJ)(ME{J))Zq)/E(])(Z;{]))’ O_y(j) — 2Re Z ylij)q)rgcj)(z(k]))’
k=1 k=1

3 3
r}ﬁyf) = —2Re E :yk(l)ugcj)q)/ij (ZE{]))’ U = 2Re 2 :pﬁ”ﬂbﬁﬂ(zy)),
k=1

k=1
3 - - - 3 - - -
W = 2Re 30V, D = 2Re 320V,
k=1 k=1

3 3
~ (D, (D gy DD : (D, (D gD D
E =2Re > 1w/ @), DY =2Re Y i u) o)),

k=1 k=1

3
~ (D /(DD
D}” = —Re Z”k ("),

k=1

where

2
0 = A+ L s —

1 I N on 4 s
0 = 360 s+ ) ) A

kT2
)] (D (D, (Dy=1 (), ()
= a (w7 —dis "

Introducing the notation H,Ej)(x) = [d>’§€j)(x)]Jr — [d>’,(€j)(x)]_, (k = 1,2,3,j = 1,2), the boundary value
conditions

oD% — o1 = p(), A Ly
(3u(1)>+ (3u(1))‘ . (31)(1)>Jr (E)v(“)_
= — — =0
ox ox ’ ox ox ’
EMT(x) = EV (), DI (x) = DO (), xel
o o =0 .
O\ oud\ " IO\ 9@\~ av\*t
— = 0, — =2(— =2 s
( 0x ) ( 0x ) ( 0x ) ( 0x ) <8x> /()
_ o _
ED ) =B ()= -~ DP*(x) = D™ (x), xebh

can be represented using three analytical functions :

3 3 3

px)

Re » r'H(x)=0, Re ) y H (x)= - Re > pHY@ =0,  xel (7a)
k=1 k=1 k=1

3 3 3

1 1 1 1 1 1 1

Re Y v u’H @) =0,  Re Y a’H 0)=0, Re) ¢’H’x)=0, xeli  (7b)
k=1 k=1 k=1

3 3 3
Re ) rH'@ =0, Re) y?H'@=0, Re) pPHI®=0, xech (83
k=1 k=1 k=1
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3 3
Re ) y?w’H @ =0,  Re) i’H’(x)=0, Re Zq‘”H@)(x) =f@), xeb (8b)
k=1

Without loss of generality, assume that ,u(]) ,8(]), k=1,2,3,j=1,2[26,27].
Then, one obtains

O

[@'Peor — [0/ = AA(I)p( ) k=123 0<x<l )
(2)

[Pt — [@Px)] = (2) =Eif(x), k=1,2,3, x<0 (10)
0

where A(l) # 0 is the determinant of equation (7a), A'Y is corresponding algebraic additions, —iA? # 0 is the
q 2% P galg 0

determinant of equation (8b), and A(3 + 1s corresponding algebraic additions.
The solutions of the problems of linear conjugation with boundary conditions (9) and (10) are represented
in the form

1)

A (1) dt

D, (1 p 1, (1 D, (1 1, (1 1 1

()(()) 4 an)/t -f-”()(())—\IJ,(C)(ZEC))—F”,E)(ZE{)), Z(k)eSI(c)
i 0

2
oD A f(t)dt
&)= 27AP J oot — 2P
0 - 4k

2 2 2 2 2 2 2 2
+ W K( )(ZE( )) = \I’/g )(Z(ﬂ )) + W 4( )(ng )), Z;() S ’S(k)

where W,Ej)(z(kj )) are analytic functions in the half-plates S,(cj ) ,k=1,2,3,7=1,2.

To determinate the analytic functions W,ﬁl)(zg)) we obtain the following from equation (4) (the boundary
condition on the interface of two materials):

3 3
S B = 3 P B0, Z Vip i) = Z Dip? i),
k=1 k=1

3 3

1). (1 1 2). (2 2 1 1) 1 2 2 2
YoriBOM) = Y AP iBI M), Zp( i) = Zp“ D),
k=1 k=1

3

1 1 1 2 2 2 1 1 1 2 2 2

Zq()lﬂi)M(é))—Zq() ()M(t()) Z ()lﬂl(c)M(tgc))_Z () ()M(Z())
k=1 k=1 k=1

where
M (Z(J)) — W(/)(t](cl)) + W;J)(t(/)) + \If(j)(t(j)) + w(j)(;(j))
Wi ([(J)) W(/)(t(j)) Wﬁj)(t“)) + lI,(J)(t(J)) \IJECJ)(Z(]))
A =igPy,  k=1,2,3, j=1,2.
After multiplication of the obtained expressions by 5 5 t <.t =iy, z = x + iy and integrating along axis OY, by
using Cauchy’s theorem and formula, we obtain the system of algebraic equations with respect to W,El)(ﬂkl)z),

W22 (k = 1,2,3):

3
S BBV - v BT ()]
k=1
3

Z (1)(/3,£1))2_(1)( ﬂlgl) )"‘Z)’k@)(ﬁ(Z) 11;(2)(,3(2))

k= k=1
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2

Z[ Dig B2 + v i (-2

3

Z (1)13(1)l1_,(1)( 131(61) )+Z 2); (2)\11(2)(,3(2))

k=1

Z[k(l) ,BIEI)W(D(,B(I) ) — A(2) IBIEZ)W(Z)( '3(2) )]
k=1

3

1 D= 1 2). ,(2).1, (2 2
=y Wig" - ﬁ,i))+ZA“ﬁ”w,£’<ﬂ,§’z)

k=1 k=1

)
Z[p(” BBV — pL i W O (— 2]

w

1) p(Hg; (D 1 2): (2,2 a2
Z )515)‘11 (— IBIE))+ZP() ()\IJ()(,B())

k=1 k=1

2)
Z[q“) B W (BV2) — gL iBW O (— B2

3

. ,(H)=(D) 1 2). »(2), (2 2
== 4BV, (- ﬁ”z)+2q” BV (BY)

k=1

3
2
Z[r(l) ﬁlil)W(l)(lB(l) )+ A2 ,8,&2)W( )( 5(2) ]
=1
3

(1 DD 1 2 2) 1, (2 2
:Z )lggl(f)qJ (— 13]({))+Zr() ()‘I’()(ﬁ()).

k=1 k=1

Solving this system, we obtain:
0% (g B )
Wl (Zl )= ZA —WZI
k=1 1

1, (1 1 1)
Wé )(z( ))_ZB()

)
)

1, (1 DD
W()(g))—ZC()‘I’
k=1

( 3 ) (
3 1) 3 (2
7772 (2) (D (D B k(2 (2)\1,2) IBk (2)
Wi (=z") = ZDk Wy (‘ﬁ% >+2Dk vy (WZI )
1

(12)
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where

A(]) (( 1)] (J)(,B]((]))ZAI + iyk]),B]E])Aﬂ + ( 1)] )"(]):3]({])143 +p(]) ﬂ]({j)}i“
+(— 1)(1) N IB(J)AS +V(j)l,3;£j)261) /Z
BE{]) — (yk(j)(ﬂ[({j))z;iu + iyk])ﬂ[({l)A » + l)»(]),B/E])A 1 +p(])l,3/§])A 0 + q(])lﬂ/({j)ZSZ + r[({j)iﬂlgj)z62) /z
C(]) (( 1)] (J)(,B](cl))zA + IJ/]C(])I[-;]E])AB +( 1)] )"(J)IBJE])A% +p(])l,315i);i43 + (_1)] (I)ZIBIEJ)A
(]) ﬁ(j)A >/Z
DY = ( DBV + l)/k])ﬂ;(C])A At lk(])ﬁ;E])A A +p(])lﬂ1EJ)A44 n q(])l,@;(cJ)AM n r(J)lﬂIEJ')ZM) /A
E(J) (( 1)] (j)(,B]({j))2A s + l)/lij)ﬂ/(cj)Azs +( 1)] )\(j)ﬁ](cj)A% +p(1)lﬁ1(€J)A45 +( 1) q(J) ,B]Ej)ZSS
(]) ,3(])14 >/Z
F]((J) — ( j)(ﬁ](cj))zA + lJ/k(j)ﬁ;({J)A + l)\'(J),HIEI)A +p(j)l,3]£J)A + q(])lﬁ]({J)A 56 + r](cl)lﬂlgj)z66) /Z’
k=123, j=12

(1 1 (1 1 (1 (1 2 2 2 2 2 2
—iy; ):3( ) —iy, ):3( ) —iy; ),8 ) ¢ )Vl( ) é)yz( ) § )VS()
( ( ( ®) ®)
3 <1> (1> (1) )/1 @ n2 @ s )
_ 1_['3(1)'3(2) Ay Ay As —Aj -y —A5 £0
& Pk 0 ) 0 @) ®) ®) ,
k=1 p<11) p(21> p?l) pl(z) p2(2> P3 @
61(11) ‘I(zl) q(31) _<q21> _?22) _?23)
r r r3 r r r3

where 4;; are corresponding algebraic additions.

Since Re A = 0, we have Im {4;,B;, C;} =0,k =1,2,3.

On the bases of conditions (2)—(3) and equations (11)—(12), we obtain the following system of singular
integro-differential equations:

2 1 1 0
D (xl /0 Pt s, fo ﬁ(fd + / Ryt x)p(o)dr + / Rz(t,X)f(t)dt) — o) —p(x), x €]y

t—Xx _
(13)
O f(t)dt f(t)dt ! 0
A3 + X4 + Rs(t, X)p(t)dt + Ry(t,x)f (1)dt = qo(x), x € b,
oo =X —oo [+X —00
(14)
where
3 . 3 (04
R = Y - Rtm= ) -
o B+ BVx s Bt — Bix
3 . 1 1 1 1 1 1 1 1 1 1 1 1 1
/\_Zlqm;c) . _iqu(l)Ag>+q(2>B<2>A(2>+q<3>C§>Ag) . 0ig" AP ALY
P A o 27 AW ’ BT AD
k=1 0 0 0
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. (D) (1) A (1 . (D) (1) A (1 . (D) (1) A (1
_ migyBVAY g 4P AY _igy /AP
w2 =B, —m w3 =P —— 1y w31 = B3 T
2w A, 2w A, 2w A,
. (D) (1) A (1 OO NG
iy BYAY _L0igy G AY
w23 —ﬁz 0 w33 = Py T
2w A 2w A
. 1 . 1 . (1 1
B e 7 0 L VI e Vol
Ay = 2 5 Oy = @) 5 o3, = @) 5 n=1, ,3'
A, A A
3 ; 3 q
Ry(t,x) = Z __tmn Ru(t,x) = Z ___dmm
9 2 1 9 b 2 2 9
m#n=1 ﬁ’(n)t - r(z )x m#n=1 ﬁr(n)t + ﬁr(l )x
3 2) (2 2) ~(2) A 2 2) ~(2) A (2 2) +(2) 5 (2
A PDPAR 4y PEPAD + PO
. A, A
@) (D AQR) D) ) 1 D g2 ) 1 ) g2
P Y D;)Agz)ﬂl ) Egz)AEz),Bz N F}S)Ag’l)lB3 —1.2.3
1n — (1) 9 I’Zn— (1) bl r3n— (1) bl n= bl b .
2w A, 2w A, 2w A,
(2) 1(2) A (1) (2) +(2) A (2) 2)(2) A 2)
_ 2oV Dy A — Y2 £l A — _gN Dy Ag
q12 - ﬁ] (2) B QZI - /32 (2) B q13 - ﬂl (2) )
2w A, A, TA;
(2) (2) A @) (2) +(2) A (2) (2) (2) A @)
— _p?Ys Fy7A — )2 E3Ag — _p?Ys Fy A3
1= =28 s A = 2B T g = 2By
A A A

Introducing the notations

_ H, O0<t<l1 _ Hn, O0<t<l1
po={0" V=N o= mo= {0 P20

0, 0<t<l1 _ D@, 0<t<1

FT () = D =
® {vl(t), t>1 ’ ® {0, t>1 ’
Al A2 A3 A4
K = R K = — R
l(tvx) l—x+ [—|—x+ l(tax), z(t,X) t—x+t+x+ 4(t,X),

we have the system of integral equations

. ( fooo Ki(t:0p™ (04 + fow Rz(—t,x)lﬁ(t)dt) _ D;(x) foxdz /Ot[pa ) (ol ), xzz)

fooKz(—t, —x)Y(t)dt + /00 Rs(t, —x)p~ (H)dt = qo(—x), x>0 (16)
0 0

To solve equations (15) and (16), when D(x) = hox?, x € (0, 1) (for example, when h;(x) = hix, Ej(x) = E| =
const), making the substitution ¢ = ¢¢, x = ¢ with notation g(x) = [; dt [;[ py (v) — p~(v)ldt and using
generalized Fourier transform [28], we obtain the system

Gi($)F™(s) + Ga(s)P(s — 2i) = W (s) + P(s)

_ . —00 < § < 00, (17)
G3()F™(5) + Ga(s)P(s — 20) = O(s)
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where
F(s) = J% / io oI, ) = vl e,
vio=— [Cereea pg=-20 e ne=— [ e,
06 = = f (=) + T (s = 2,

3

T . . A2 Wi ﬂ,(n]) . ﬂ(]) 1
Gi(s) = —\/;s(s —2i)(s — i) | Aicthis + Shes + m; Shors ,6(1)2 exp ,3,(,1) — h—o,
amn ,(nl) . :By(nl)
GZ(S) \/7(’5' —2i ) Z Sh]TS 13(2)2 (ZS@ )
Gs(s) = \/js(s — 1) (zs In ==
2 m;;l shrrs Ig(‘)z ,3(1)

3
A n 2) )
Ga(s) = I, | T Ascthas + —2 4 G P exp [ isin 2 B
2 shrrs ol shns /3(2)2 52

Excluding from equation (17) function ®(s), we obtain the Riemann problem:

vris)  Gls) o H(s)
Vsti J1+¢ PO +m (18)
Gs) = G1(s)Ga(s) — Ga(s)Gs(s) His) = O(s)Ga(s) — P(s)Ga(s)
B Ga(s) ’ B Ga(s) .

By virtue of functions W (s) and F~(s) definition, they will be boundary values of the functions which are
holomorphic in the upper and lower half-planes, respectively.

The problem can be formulated as follows: it is required to obtain the function ¥*(z), holomorphic in the
half-plane Imz > 0 and which vanishes at infinity, and the function /'~ (z), holomorphic in the half-plane
Imz < 1 (with the exception of a finite number of zeros of function G(z)) which vanishes at infinity and are
continuous on the real axis by equation (18).

Since Re Gy(s) > 0 and Gy(00) = Go(—0o0) = 1, we have IndGy(s) = 0, Go(s) = G(s)/+/1 + s2.

The solution of equation (18) has the following form [29]:

— _ X (Z) < 0 + v .
F (2 NeET Imz < 0; U z2)=X2)Vz+i, Imz>0 (19)
F(z) = (¥*(2) — H)G '(2), 0<Imz< 1,

~ o H(t)dt 1 * In Go(t)dt
1) = X(Z){ 271/ X*(t)«/H—i(t—z)}’ X&) = eXp{Zm /oo t—z }

(here the integral should be understood in the sense of the Cauchy principal value).
@ (Inx)—g;(Inx)
x2

where

Using the formula ¢”(x) and applying the inverse transformation ¢;(lnx) =
> PP (s)e S s,

—\/%7 f, sP(s)e ¥ s, ¢y (Inx) = \/;7[ f—oo
We will investigate the behavior of the function py(x) — p(x) = ¢”(x) in the neighborhood of the points z = 0
andz = 1.
We obtain by an inverse transformation: p°(x) — p(x) = O(1), x — 1—.
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The poles of the function F~(z) in the domain Dy = {z : 0 < Imz < 1} may be zeros of the function G(z). It
can be shown that the function G(z) has no zeros in the strip 0 < Imz < 3/2. Then, applying Cauchy’s theorem
to the functions e %7izd~(z), e 7z ®~(z), we obtain the following estimate:

3
P@)—p) =02, x—0+ &> 7

Since ¥ (¢) = f(—t), crack opening behavior has the form

f) =067, x s 0-, 0<w<l1/2

3. Conclusions

In this paper we consider a piecewise-homogeneous anisotropic plate of piezo-electric material, weakened by
a crack that goes out at the interface of two materials. The crack propagation is delayed by the inclusion of an
elastic non-homogeneous beam.

The resulting boundary-value contact problem is reduced to a system of singular integro-differential
equations, which is reduced to the Riemann boundary value problem by the use of integral transformations.

The main result of this paper is that the solution of the problem was obtained in an explicit form. Also, on
the basis of an asymptotic analysis, it turned out that the normal contact stress along the contact line of the
inclusion with the plate is bounded at one end of the inclusion. At the other end (cusped and coming out at the
interface of the two materials) of the inclusion, the normal contact stress admits the singularity with order less
than 1/2. The order of the singularity can also be decreased by choosing the geometric and physical parameters
of the problem. At the end of the crack, the singularity of the crack opening function is also decreased under the
action of the inclusion.

The obtained results are significant in the problems of fracture mechanics and in those of stress concentra-
tion. These results can be successfully applied in geological and geophysical problems, particularly in the tasks
of reinforcement of constructions and rocks and in delaying landslide processes.
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