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In this work, we present a new approach to predict the risk of acute cellular rejection (ACR) after lung
transplantation by using machine learning algorithms, such as Multilayer Perceptron (MLP) or Autoencoder
(AE), and combining them with topological data analysis (TDA) tools. Our proposed method, named topological
autoencoder with best linear combination for optimal reduction of embeddings (Taelcore), effectively reduces

the dimensionality of high-dimensional datasets and yields better results compared to other models. We
validate the effectiveness of Taelcore in reducing the prediction error rate on four datasets. Furthermore, we
demonstrate that Taelcore’s topological improvements have a positive effect on the majority of the machine
learning algorithms used. By providing a new way to diagnose patients and detect complications early, this
work contributes to improved clinical outcomes in lung transplantation.

1. Introduction

Lung transplantation is a challenging medical procedure that is
often performed on patients with severe lung disease who have sig-
nificantly reduced quality of life [1-4]. Unfortunately, the risk of
mortality is high, with only two-thirds of patients surviving and a mere
50% surviving after three years, mainly due to infections and acute
rejection [5]. Graft rejection is a significant concern after surgery and
throughout a patient’s life, and immunosuppressive drugs are necessary
to mitigate this risk [6]. However, these drugs can increase the risk of
infection and subsequent rejection [7]. The occurrence of complications
can be identified by medical symptoms such as fever, changes in body
weight, or deteriorating lung function [8].

In recent years, machine learning and topological data analysis have
shown tremendous potential to impact the healthcare field and improve
patient outcomes [9-14]. In this context, the prediction of acute cellular
rejection (ACR) after lung transplantation is a crucial medical chal-
lenge that requires innovative approaches to manage complications and
mitigate risks.

Traditional statistical methods have been used to analyse patient
data, but machine learning and topological data analysis represent a
paradigm shift in the field of medical research. These techniques offer
a more comprehensive and systematic approach to understanding com-
plex medical phenomena, such as ACR, by integrating high-dimensional

data from multiple sources. By leveraging these approaches, we can
improve our ability to diagnose and predict ACR, providing clinicians
with more precise and effective treatments.

To address these challenges, we propose to use topological au-
toencoder with best linear combination for optimal reduction of em-
beddings (Taelcore). Taelcore is a precise and flexible classifier that
utilises a novel technique of dimensionality reduction. By combining
topological data analysis [15] and machine learning autoencoders [16],
we have transformed information obtained from all parameter values
into a comprehensible and easy-to-represent form that provides hospital
clinicians with an effective starting point to manage complications after
a transplant.

In this study, we recycle the dataset from ‘“Personalised Risk Pre-
dictor for Acute Cellular Rejection in Lung Transplant Using Soluble
CD31” [17] to improve its results by combining topological data anal-
ysis and machine learning. We harness this combined classifier to
introduce a novel dimensionality reduction method named Taelcore
that makes the improvement possible.

We systematically examine and evaluate our dataset with other
studies, using topological data analysis and machine learning to vi-
sualise and simplify the input structure of our learning model. Our
clinical dataset comprised 40 patients who underwent lung transplant
surgery, and 7 of them had acute cellular rejection after one year. We
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Fig. 1. Data Denoising and Topological Transformers. This figure provides an overview of the data preprocessing and topological transformation steps employed in our study.
(a) The dataset required standardisation to address variations in feature dimensions and scales. (b) Outlier Detection and Denoising: The box plot method was utilised to visualise
the variables and detect outliers. Moreover, the relationship between sCD31 levels and the risk of acute cellular rejection (ACR) was leveraged. (c) The creation of simplicial
complexes by connecting vertices. (d) Rips Filtration: A Rips filtration was applied to capture the dataset’s topological characteristics. (e) Persistence Diagram Formation: Persistence
diagrams were constructed to classify patients into two groups based on their ACR risk. The persistence diagrams provided insights into the topological characteristics relevant to

the presence or absence of ACR risk.

measured nine characteristics over the first three days after transplanta-
tion for each patient, which indicate complications after surgery. These
characteristics include C D31 H24, CD31 H48, and C D31 H72, which
predict acute rejection, and PaO,/FiO, H24, PaO,/FiO, H48, and
PaO,/FiO, H72, which measure the percentage of oxygen in the gas
mixture that the person breathes after 24, 48, and 72 h of the operation.
Additionally, we used the SOFA respiratory H24, SOF A respiratory
HA48, and SOF A respiratory H72 scores to assess the risk of ACR in
patients who cited CD31 [17,18].

In summary, the prediction of ACR after lung transplantation is a
critical medical challenge that requires innovative approaches to man-
age complications and mitigate risks. Machine learning and topological
data analysis represent powerful tools for achieving this goal, providing
clinicians with the ability to diagnose and predict ACR more accu-
rately, ultimately improving patient outcomes. Our study presents a
novel approach to addressing this challenge by introducing a combined
classifier and a new dimensionality reduction method that can enhance
the accuracy and effectiveness of ACR prediction.

Results

Thus, we outline the approach taken to predict the ACR risk score
of patients. Firstly, the available data will be thoroughly examined and
standardised to ensure a fair and effective modelling process. Next, a
Rips filtration will be used to extract topological characteristics, and
entropy will be utilised to vectorise the persistence diagram. With this
information, the power of TDA tools will be leveraged to improve
the performance of machine learning models. The evaluation of the

models will then be compared before and after implementing the TDA
approach, with reference to studies [17,19]. The aim is to demonstrate
the effectiveness of the approach in accurately predicting ACR risk
scores for patients, with potential applications in clinical settings.

1.1. Data denoising and topological transformers

To begin the data preprocessing step, exploratory data analysis was
performed to gain insights into the dataset and identify any potential
outliers and interesting relationships between variables. As seen in
Fig. 1a, we examined the distribution of the dataset and determined
that it required standardisation to scale the features with different
dimensions and scales. The box plot method was then used to visualise
the variables through their quartiles, and detect outliers as seen in
Fig. 1b. This step allowed us to minimise the presence of outliers in the
dataset and denoise the data projection using the relationship between
sCD31 levels and the risk of ACR. As stated in [17], higher levels of
sCD31 were associated with a lower risk of ACR, indicating that sCD31
can be a useful biomarker for predicting ACR risk. Therefore, we used
a threshold based on the sCD31 level to filter out data points that are
likely to have a higher risk of ACR. By doing so, the resulting dataset
projection had a reduced noise level, which improved the performance
of downstream analyses of classification, as shown in Fig. 1b. These pre-
processing steps were necessary to ensure the accuracy and reliability
of our machine learning models and topological data analysis.

Next, a Rips filtration [20] was created to extract the topological
characteristics of the dataset (Fig. 1c). The Rips filtration (see methods)
involves creating balls around each point and observing the moment
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Fig. 2. Vectorisation, Distance Calculation, and Classification. (a) Vectorisation Using Entropy: To facilitate the application of machine learning algorithms, the persistence
diagram was vectorised using entropy. (b-g) L” Distance Calculation: Various methods were employed to calculate the L? distance between the smoothed Gaussian diagrams.
(h) Combination of Steps and Classification: The final step involved integrating the previous stages, which included extracting topological characteristics, entropy calculation, and

topological enhancement, with a classifier.

Table 1
Evaluation of different classification algorithms before and upon topological preservation metric application.
RF MLP KNN GNB
Percentage of success 50 80 50 920

before topological
improvement

Best combinations Wasserstein, Heat,

Persistence image

Bottleneck,
Wasserstein, betti,

Persistence image Persistence image

Landscape,
Persistence image

Percentage of success after 80 90

topological improvement

50 90

when nascent or dying topological characteristics appear (see Fig. 1d).
Persistence diagrams were then formed to classify patients into two
groups — those who have a risk of ACR and those who do not have
a risk of ACR (see Fig. 1e). To vectorise the persistence diagram and
apply machine learning algorithms, entropy was used (see Fig. 2a).

Different methods were used to calculate the L? distance between
the smoothed Gaussian diagrams, such as silhouette [21], heat kernel,
and persistence image [22]. These methods allowed for the compari-
son of persistence diagrams and the application of machine learning
algorithms to predict the ACR risk score of patients accurately (see
Fig. 2b-g).

The final step involved combining the previous steps, including ex-
tracting topological characteristics, entropy, and topological improve-
ment, with a classifier (see Fig. 2f). By making combinations between
the different metrics of the amplitude function, the results obtained
from the best combination were compared with the results of the
classification without topological features as shown in Table 1.

The table provides a comparison of the performance of several ma-
chine learning algorithms (see methods) that share similar assumptions

and feature engineering models, including Random Forest (RF) [23],
Multi-Layer Perceptron (MLP) [24], k-Nearest Neighbours (KNN) [25],
and Gaussian Naive Bayes (GNB) [26]. The comparison was conducted
on our lung transplantation dataset before and after applying a topo-
logical improvement technique, which is described in the methods
section. By evaluating the performance of these algorithms before and
after applying the topological improvement technique, we can assess
the effectiveness of this technique in enhancing the accuracy of the
predictions.

Before topological improvement, the percentage of success varies
between the algorithms. GNB achieved the highest success rate at 90%,
followed by MLP at 80%, while RF and KNN had a success rate of 50%.

After applying the topological improvement technique, MLP and
GNB remained the top-performing algorithms, with success rates of
90% and 90%, respectively. RF and KNN did not improve, with RF
remaining at 50% and KNN dropping to 50%. Possible reasons for
the limited improvement in KNN and GNB could be attributed to the
inherent characteristics of these algorithms. KNN heavily relies on local
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proximity, and if the topological features introduced do not align opti-
mally with the underlying patterns in the data, it may not experience
significant enhancement. Similarly, the probabilistic assumptions made
by GNB may not benefit substantially from topological improvements
when the data distribution fails to align with the model’s assumptions.
Further investigation into the specific characteristics of the dataset and
the algorithms themselves may provide insights into these observations.

In terms of the topological improvement techniques used, the best
combinations varied for each algorithm. MLP achieved its highest
success rate using bottleneck, Wasserstein, Betti, landscape [27], and
persistence image techniques. GNB had its best success rate with only
persistence image techniques. RF and KNN had their best results with
Wasserstein, heat, and persistence image techniques.

Given the higher success rate of the MLP model and its greater
interpretability, it seems like a good choice for downstream calcu-
lations, which involve dimensionality reduction using a topological
autoencoder [28]. In that case, the MLP model may be a good choice
as it could provide more insight into the learned representations of the
data, which could be useful in understanding the performance of the
autoencoder.

MLP models have been used in various ways for dimensionality
reduction, including as part of autoencoders. The learned representa-
tions of an autoencoder can often be difficult to interpret, but having
an MLP model as part of the architecture could potentially make the
learned representations more interpretable. Of course, it is important
to carefully design and train the autoencoder to ensure that it performs
well on the downstream task. But having a good starting point, such as
a high-performing MLP model, could be beneficial.

1.2. Dimensionality reduction: Topology-preserving autoencoder

This chapter presents a new generic framework that we developed
during this project to reduce the dimension of a dataset using topolog-
ical preservation by combining topological structures (Taelcore), mea-
sured via persistent homology, of the data space in autoencoder latent
encodings. Fig. 3 illustrates an overview of our proposed method, and
subsequent sections will provide further details about the individual
steps involved.

Motivation

Starting from the topological autoencoder introduced in [29], we
created a new method for dimensionality reduction using the tools
presented in methods (see Fig. 3a, b). The idea is to add a regularisation
term to the loss function of an autoencoder (see Fig. 3c). However,
instead of using the bottleneck distance [30] between the input space
and the latent space as indicated in [29], we used the amplitude with
the best topological combination found in Table 1 to improve machine
learning methods (see Fig. 3d, ). We worked with the best combination
of MLP: ({bottleneck, W asserstein, Betti,land scape, persistence image}
(see Fig. 3c). Let X be the input set, Z = h(X) the latent space, and
Y = g(h(X)) the output of the autoencoder. Then we define the loss
function as:

I=I(X,Y)+ A, @

where 1 is a parameter to control the strength of regularisation and /,
is the topological loss function defined as

lh=lx.z+lz x
with
Ix-7 = yla—bP
and

1 2
i = Z|p—
Z-X 2| cl

a=lct)(DX) + - +1cts(DX), b=lct;(D?) + - +lcts(D?),
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¢ =let (DY) + - + letg(DY)

DX, D7, and DY are respectively the persistence diagrams of X, Z,
and Y. I, (D¥) refers to the amplitude of D* with the ith topological
feature of the best MLP combination as a metric (see Fig. 3d). As a
consequence of [29], the loss of Taelcore is differentiable for each
update step during training. The code associated with this study is
publicly available (https://github.com/MorillaLab/Taelcore/).

Although persistence diagrams are known to be stable with respect
to small perturbations of the underlying space [29], we still need to
analyse our topological approximation on the level of mini-batches. To
ensure the accuracy of our subsampled persistence diagrams, we rely
on the following theorem, which guarantees that they are close to the
persistence diagrams of the original point cloud.

Theorem 1. Let X be a point cloud of cardinality N, and let X"V C X
be any r-batch. For any e, € > 0 with € > ¢, there exists a finite constant C ~
P [Z;":, o dy (X, X)) > E] such that P [(27’:, o ‘zcz,.(DXI,DX,?n)) > e]
< C, where Ict,(DX) denotes the persistence amplitude of the ith topological
characteristic in the persistence diagram DX exceeding a threshold, and the
coefficients a; are real numbers. Furthermore, m is the number of topological
characteristics used in the linear combination, and C may depend on the
choice of coefficients a; and the dimension of X.

Proof. Let Ict;(DXi) be the persistence amplitude of the ith topo-
logical characteristic in the persistence diagram DXi. Consider the
stability result db(DXI,DXi(r)) < 2dH(X i,XI.(r)) established by Chazal
et al. (2014) [29,31] for finite metric spaces.

By the definition of Hausdorff distance:

dH(X;, Xi(r)) =max?{ sup inf dist(x,y), sup inf dist(x,y)
X€X; yexlf*) yex® xEX;

We establish /cr,(DX1) < dH(X;, X") for each i.

For any point p € X;, let ¢ be its closest point in X [(') (according to
the metric used for d H). By the definition of the persistence amplitude,
let,(D¥i) measures the “width” of the persistence diagram, indicating
how long a topological feature persists. Since g is the closest point in
X l.(r) to p, it follows that the persistence diagram D¥i must include the
persistence of the corresponding topological feature up to the distance
between p and gq.

Summing over m topological characteristics:

m m
Y alety(D¥) < Y o dpg (X X,
i=1 i=1

Taking probabilities:

m m
! [(2 @ - lct,-(DXf,DXf”)) > e] <P [z o - dy (X, X7y > 2¢| .0
i=1 i=1

Table 2 shows the results obtained on several datasets. For the
Iris dataset, Taelcore consistently achieves remarkable performance
across most metrics. It outperforms other methods with significantly
lower values of KL divergence (—37.86, —3.98, —0.40) for KL, KL,
and KL,, respectively, indicating better preservation of the high-
dimensional structure. Although PCA had the best performance in
terms of RMSE with a value of 0.0036, and TRUST with a value of
0.993, Taelcore also demonstrates a competitive RMSE (0.007) and
TRUST score (0.973), highlighting its ability to accurately represent the
dataset while preserving its topological characteristics. Furthermore,
Taelcore achieves the lowest MSE (0.052), indicating superior overall
performance compared to other methods.

Similarly, on the Shapes dataset, Taelcore excels in preserving the
high-dimensional structure, as evidenced by the lowest KL divergence
values (0.099,0.010,0.001). It achieves a relatively low RMSE (0.002)
and a respectable TRUST score (0.865). However, PCA had the best
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Fig. 3. Overview of the Proposed Method for Topological Dimensionality Reduction. Along with the usual reconstruction loss, we calculate our topological loss based on
the topological differences between the best linear combination for optimal reduction of embeddings (Taelcore) from persistence diagrams, i.e., topological feature descriptors,
calculated on the mini-batch X and its corresponding latent code Z. The topological loss term is designed to constrain the autoencoder to preserve topological features in the data

space within the latent representations. (a) and (b) Illustration of the topological structures and methods used in the proposed framework. (c) Autoencoder architecture with the
addition of a regularisation term and the best topological combination. The computation of the topological loss function, denoted as /,, is derived from (a), utilising the persistence
diagrams DX, DZ, and D' of X, Z, and Y, respectively. The amplitudes correspond to the ith topological feature of the best combination used in MLP. From (b) and (c), we
derived the training process, showing the different steps involved in optimising the loss function and preserving topological information.

performance in terms of RMSE with a value of 0.001, while T-sne had
the best TRUST score with a value of 0.908. In terms of MSE, Taelcore
performs favourably with a value of 0.014.

Regarding the ACR dataset, Taelcore once again demonstrates its
strength in preserving the high-dimensional structure. It achieves the
lowest KL divergence values (—138.563, —15.247,—0.208), signifying its
ability to capture and retain the essential topological information. PCA
had the best performance in terms of RMSE with a value of 0.035,
and TRUST with a value of 0.939. Additionally, Taelcore achieves a
relatively low RMSE (0.038) and a competitive TRUST score (0.946).
It also achieves the best MSE value among the methods (0.307).

In the dataset related to Chronic Pain, Taelcore demonstrated a
remarkable KL,,, value of —126.053 at the 0.01 quantile, indicating
its ability to capture fine-grained details in the data distribution. The
performance in K L, ; was 2.194 at 0.1 quantile, reflecting a reasonable
preservation of the underlying structure at a broader scale. However,
the KL, value of 0.147 at the 1 quantile, while suggesting a slight
deviation from the true data distribution, remains the best performance
in its category. In terms of RMSE, Taelcore achieved a value of 0.032,
indicating its capability to reconstruct the input data with reasonable
accuracy. The TRUST score of 0.869 signifies a good preservation of
topological features. Additionally, the MSE value of 0.317 indicates an
overall effective performance.

It is noteworthy that T-sne and Umap methods generated embed-
dings with non-Euclidean distance metrics, rendering the application
of MSE not meaningful in these cases, as denoted by “Non” in the
corresponding cells.

While Taelcore consistently demonstrates strong performance in
terms of preserving high-dimensional structure across multiple datasets,

it is important to consider the specific goals and characteristics of the
data when selecting the most appropriate method. However, if high-
dimensional structure preservation is a priority, Taelcore proves to be
a promising choice based on its consistent performance across different
metrics and datasets.

In summary, our model has demonstrated its ability to preserve the
high-dimensional structure of the data density across multiple scales
(o), as evidenced by the results in the (KL ;,KL;,KL;) columns
of Table 2. Additionally, our model has been successful in accurately
reconstructing the input, as demonstrated in the MSE column. For our
dataset on evaluating the risk of ACR after lung transplantation, our
method stands out as the only one capable of preserving the relevant
structural information. In the case of Shapes, while the autoencoder
exhibits the lowest reconstruction error, our method possesses the
additional objective of capturing the underlying data structure. As for
Iris, PCA appears to be preferred by other evaluation measures, such as
RMSE and TRUST, despite not being able to capture the data structure.
Similar trends are observed in our analysis of other datasets, wherein
conventional evaluation measures favour basic methods (T-sne, Umap,
PCA, AE) that fail to detect the relevant structural information (see
Fig. 4).

Visualising the latent space

Based on the analysis of Fig. 4, our method showcases an intriguing
and interpretable representation in the latent space. It successfully or-
ganises the classes in a spatially meaningful manner, offering valuable
insights into the data. For the Shapes dataset, our method not only
effectively preserves the underlying structure but also outperforms the
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Empirical validation of different methods (Taelcore, Autoencoder, PCA, T-sne, and Umap) on four datasets (Iris, Shapes,
ACR, and Pain). The validation is based on six evaluation metrics: KL divergence at three different quantiles (0.01, 0.1, and
1), root mean square error (RMSE), TRUST, and mean squared error (MSE). The table shows the values of these evaluation
metrics for each method on each dataset. The best performing method for each metric on each dataset is highlighted in
bold, and the second-best performing method is underlined. “None” indicates that the corresponding method did not
provide results for that particular evaluation metric: namely, T-sne and Umap generated embeddings with non Euclidean

distance metrics. Hence, applying MSE is not meaningful.

autoencoder in terms of separation. Similarly, when applied to the
Iris dataset, our method achieves a notably more linear separation
compared to the other methods. Moreover, in the context of the lung
transplantation dataset, our method demonstrates a significant linear
separation between the ACR and non-ACR groups of patients, with a rel-
atively lower degree of sparsity. In the case of Pain dataset, our method
is able to capture fine-grained structural details between patient’s
classes. These findings emphasise the efficacy of our method in pre-
serving the high-dimensional structure while concurrently enhancing
separability across different datasets.

Discussion

Taelcore’s novel combination of persistent homology computation
and autoencoder back-propagation offers a unique way to preserve
topological information in high-dimensional datasets. While traditional
methods for reducing the dimensionality of such datasets often lose
critical topological information, Taelcore’s approach allows for the
identification and preservation of topological features that may be
important for accurate data analysis and prediction. Taelcore uses
machine learning algorithms, such as Multilayer Perceptron (MLP) [24]
and Autoencoder (AE), and combines them with tools of topological
data analysis to yield improved results.

In addition to its application in predicting the risk of ACR following
lung transplantation (i.e., an accuracy achieved of 90%), Taelcore has
potential applications in a variety of fields, such as image analysis
and natural language processing. By reducing the dimensionality of
complex data while preserving its topological features, Taelcore offers
a valuable tool for researchers and data analysts who seek to better
understand complex datasets and make accurate predictions.

One of the key advantages of Taelcore is its ability to reduce
dimensionality more effectively than other models while still preserving
topological information. This can lead to more accurate predictions and
insights from high-dimensional data, which can be particularly valuable
in medical applications. Taelcore’s effectiveness in predicting the risk of
ACR following lung transplantation can contribute to improved clinical

Method KLy, MSE
@ | Taelcore -22.644 0.052
= Autoencoder 24.839 0.054
PCA -5.933 0.125
T-sne -37.860 None
Umap 223.774 None
8| Taelcore 0.099 0.014
-E Autoencoder 0.258 0.011
PCA 1.423 0.013
T-sne 3.365 None
Umap 2.609 None
5 Taelcore -138.563 0.307
< | Autoencoder -116.481 0.309
PCA -120.752 0.299
T-sne -8.144 None
Umap -134.192 None
& | Taelcore -126.053 0.317
& Autoencoder -118.876 0.319
PCA -118.028 0.303
T-sne -99.575 None
Umap -114.117 None

outcomes, and future research can continue to explore its potential to
make a difference in other medical applications. Furthermore, we have
shown that our method is theoretically sound. On several datasets, we
have observed that the regularisation term added to the loss function
of the autoencoder improved the performance in terms of various
quality indicators, such as density preservation, without affecting the
reconstruction error.

Overall, Taelcore represents a significant contribution to the field
of topological data analysis, and its potential applications are wide-
ranging. As more researchers begin to adopt Taelcore and explore its
potential, we can expect to see further advancements in the field of data
analysis and prediction.

Methods

In this section, we provide an overview of the methodologies em-
ployed in this work, namely topological data analysis (TDA) and ma-
chine learning. We introduce cutting-edge techniques for analysing
high-dimensional data, including unsupervised learning through au-
toencoders, linear dimensionality reduction via PCA [32], and non-
linear dimensionality reduction using t-SNE and Umap [33]. These
powerful techniques are leveraged and compared to our topological au-
toencoder (Taelcore) to explore and visualise complex data structures.

1.3. Datasets

Lung transplantation

We analysed a clinical dataset of 40 patients who underwent lung
transplantation surgery, with the goal of identifying ACR a potential
complication. Among the patients, seven (17.5%) experienced acute
cellular rejection within one year of the operation.

The following nine characteristics were measured for each patient
during the first three days following lung transplantation surgery, to
assess the occurrence of post-surgery complications:
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Fig. 4. Comparison of Latent Space Representations. A comprehensive comparison of the latent space representations obtained by our proposed method and several baseline
techniques, namely Autoencoder, PCA, t-SNE, and UMAP, across different datasets. (a) Shapes Dataset: The latent space representations of the Shapes dataset are depicted for our
method, Autoencoder, PCA, t-SNE, and UMAP. Our method not only effectively preserves the intrinsic structure but also outperforms the other techniques in terms of separation.
This is evident from the distinct and well-separated clusters observed in our method’s representation. (b) Iris Dataset: The latent space representations of the Iris dataset are
presented for our method, Autoencoder, PCA, t-SNE, and UMAP. Our method demonstrates a notably more linear separation between the classes compared to the other methods.
This indicates its efficacy in capturing the essential discriminative information present in the dataset. (c) Lung Transplantation Dataset: The latent space representations of the lung
transplantation dataset are illustrated for our method, Autoencoder, PCA, t-SNE, and UMAP. Our method exhibits a significant linear separation between the ACR and non-ACR
groups of patients while maintaining a lower degree of sparsity compared to the alternative techniques. (d) Pain Dataset: The latent space representations of the Pain dataset are
depicted for our method, Autoencoder, PCA, t-SNE, and UMAP. Our method captures fine-grained details with distinct and well-defined clusters, showcasing its effectiveness.

» CD31 H24, H48, H72: These measurements were taken to assess
the predictive role of CD31 protein in acute rejection. CD31 is a
protein that controls the balance between blood and vessels from
within the endothelial cells. When this balance does not work, the
function of CD31 as a “peacemaker” is lost, and the cells begin
to activate inappropriately, potentially leading to unsuccessful
transplantation.

Pa0O,/FiO, H24, H48, H72: These measurements indicate the
percentage of oxygen present in the gas mixture that the patient
breathes after 24, 48, and 72 h of surgery.

SOF A respiratory H24, H48, H72: A score greater than or equal
to two on the SOFA respiratory measurement indicates a 10% risk
of mortality in the patient.

The recipients of lung transplants had a median age of 60 years
(IQR: 52-64) and predominantly belonged to the male gender (70%).
The primary indications for transplantation were emphysema (33%),
interstitial lung disease (50%), or other etiologies (17.5%). Single lung
transplantation was performed in 45% of cases, while double lung
transplantation was performed in 55%. Following lung transplantation,
patients experienced a median (IQR) length of stay in the intensive care
unit (ICU) of 19 days (IQR: 13-39), and mechanical ventilation was
administered for a median (IQR) duration of 2.5 days (IQR: 1-6). The
mortality rates in the ICU and at 1 year post-transplantation were 5%
and 15%, respectively. Within the first year post-transplantation, 17.5%

of patients (n = 7) developed at least one episode of acute cellular
rejection (ACR), with a median (IQR) onset time of 18 days (IQR: 13-
221). Among these episodes, five were classified as A1 and two as A2.
The median (IQR) postoperative plasma sCD31 levels were 4240 pg/ml
(IQR: 2753-6114) at H24, 4251 pg/ml (IQR: 2860-6197) at H48, and
4285 pg/ml (IQR: 2950-6414) at H72. Comparison of plasma sCD31
levels between patients with and without ACR revealed the following
medians (IQR) at H24: 4280 pg/ml (IQR: 3137-4646) and 4160 pg/ml
(IQR: 2738-6428), at H48: 3757 pg/ml (IQR: 2570-4173) and 4618
pg/ml (IQR: 3184-7105), and at H72: 3259 pg/ml (IQR: 2753-6154)
and 4773 pg/ml (IQR: 3099-6871), respectively. Additionally, the mean
sCD31 levels for patients with ACR grades Al and A2 were as follows:
at H24 — 3973 pg/ml and 12,688 pg/ml, at H48 — 2826 pg/ml and 5799
pg/ml, and at H72 — 3597 pg/ml and 2596 pg/ml, respectively.

All the aforementioned characteristics exhibited an intra-correlation
below 0.25 and slightly exceeding 0.4 in the inter-correlation cal-
culation. Concerning the discrimination of underrepresented classes,
namely the ACR category, and with a primary focus on optimising
balanced accuracy, we advocated for maintaining equilibrium in class
distribution within mini-batches, each comprising 32 samples. In the
context of binary classification involving 2 classes, approximately 5% of
each class’s samples are included in every training batch. Acknowledg-
ing the imbalanced nature of our dataset, we employed k-fold stratified
cross-validation, ensuring a consistent class distribution in each subset.
We adhered to a default testing setup, allocating 0.75 of the data for
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training and 0.25 for testing. This implementation of stratified sampling
underscores the significance of allowing the actual classes or targets
to guide the sampling procedure. For example, applying a default
fivefold cross-validation task with around 30% of the data reserved for
validation to our model perpetuates the balanced distribution of each
individual data batch. This strategic approach ensures alignment with
the overall distribution of the training task. In summary, amalgamating
all components, our method achieved a reduction of approximately
70% in data dimensions.

Iris

This is a multivariate dataset containing measurements of the sepal
length, sepal width, petal length, and petal width of 150 iris flowers.
These measurements were taken from three different species of iris
flowers: setosa, versicolour, and virginica. The dataset is commonly
used in machine learning as a classic example of supervised learning,
particularly for classification tasks.

Shapes

The “Shapes” dataset is a widely-used synthetic dataset in machine
learning studies for classification tasks. It comprises 60,000 grayscale
images of medium complexity geometric shapes, such as planes, chairs,
mugs, and humans, with a resolution of 28 x 28 pixels. The images
are artificially generated, introducing random noise and rotations, and
equally divided among the four classes. This dataset serves as a stan-
dard benchmark to assess the effectiveness of various machine learning
algorithms, mainly neural networks, in image recognition tasks.

Pain

In addition to the Iris and Shapes datasets, we have included
a new cohort from our collaborators in the Avicenne Hospital, the
“Pain” database, consisting of 168 patients with 130 variables under
study. This cohort represents a diverse patient population experiencing
chronic pain and undergoing surgical procedures. The collected data
encompasses various aspects, including medical history, the medi-
cal condition causing the pain, its duration and intensity, the type
of chronic pain (nociceptive, neuropathic, inflammatory, or mixed),
cognitive status, and functional status of patients prior to surgery.
Postoperatively, patients were followed for up to 2.5 years, during
which cognitive and functional outcomes were assessed. Outcomes
were categorised into healthy, cognitive decline, functional impair-
ment, or mortality. Cognitive evaluation was conducted using the
telephone version of the Montreal Cognitive Assessment (T-MoCA) tool.
Functional status was assessed using a composite of the Instrumental
Activity of Daily Living Scale (IADL) and the Metabolic Equivalent of
Task (METs).

Concerning the testing setup and training procedures, we adopted
the same approach as employed for the Lung Transplantation dataset.
Specifically, we allocated 75% of the data for training and 25% for
testing. Additionally, we utilised k-fold stratified cross-validation in
mini-batches to ensure robustness in the evaluation process.

1.4. Topological data analysis

Topological data analysis (TDA) is an approach for analysing com-
plex datasets by focusing on their topological structure. This approach
is particularly useful for visualising high-dimensional datasets and
extracting descriptive features from data that are often represented by
point clouds in Euclidean or metric spaces. TDA uses classical tools of
algebraic topology to measure the importance of topological features
according to the lifetime of a connected component. The main tool of
topological data analysis is persistence homology [34]. In this work, we
use different TDA tools, including persistence homology and the Rips
filtration. We provide a brief introduction to these tools below.
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Persistence homology

Persistence homology is a fundamental concept in topological data
analysis. It is a method for identifying the connected components,
loops, and cavities in a dataset, as well as their persistence over
different scales. To understand persistence homology, we first introduce
some basic definitions:

Simplex: An n-simplex is a convex hull of n+1 affine independent
points in a Euclidean space R?, where n < d. The vertices of a
simplex are denoted by sy, ..., s,.

Simplicial complex: A simplicial complex K in R? is a set of sim-
plexes in R? that satisfies certain conditions. Specifically, every
face of a simplex in K must also be in K, and the intersection of
any two simplexes in K must be a simplex in K.

Subcomplex: A simplicial complex L that is a subset of K is called
a subcomplex of K.

Homology group: The homology of a topological space X is the
set of topological invariants of X represented by its homology
groups Hy, H,, H,, etc. The kth homology group H, describes
the k-dimensional holes in X.

Betti number: The ith Betti number, denoted by b5,(K), is the
cardinality of the ith homology group H;(K). Specifically, b, is
the number of connected components, b, is the number of one-
dimensional holes or loops, and b, is the number of voids or
two-dimensional cavities.

A filtration of a simplicial complex is a nested sequence of sub-
complexes, where the last subcomplex is the entire complex. In this
work, we use the Rips filtration, which constructs a simplicial complex
for each scale parameter ¢ by including all simplexes whose vertices
are within a certain distance of each other. This results in a nested
sequence of simplicial complexes, where the subcomplexes at each
scale parameter ¢ are included in the subcomplexes at larger scale
parameters.

Rips filtration

The Rips filtration is a type of filtration that constructs a simplicial
complex for each scale parameter ¢ by including all simplexes whose
vertices are within a certain distance of each other. Specifically, for
any t > 0 and i > 0, the Rips complex is defined by:

R(X)) = {(xg,...,x;) | d(x;,x;) <2t for all j,k€O,....i

Here, X, denotes a set of points in R?, and d(x j»Xi) denotes the
distance between the points x; and x,. The Rips complex at scale
parameter ¢ includes all simplices up to dimension i whose vertices are
within a distance of 2¢ of each other.

The Rips filtration is a nested sequence of simplicial complexes,
where the subcomplexes at each scale parameter ¢ are included in
the subcomplexes at larger scale parameters (i.e., Vs < f,R(X,) C
R(X,)). This allows for the computation of persistence diagrams, which
summarise the evolution of homology classes as the scale parameter ¢
increases. Persistence diagrams are a powerful tool for identifying topo-
logical features that are persistent across multiple scales, as well as for
measuring the robustness of these features to noise and perturbations
in the data.

The persistence diagram, denoted as D, is a collection of points and
lines that serve to represent topological characteristics over time [35].
Specifically, the points in D are given by pairs (b,d), where b and
d represent the birth and death time, respectively, of a topological
feature. Additionally, vertical lines that pass through points of the form
(b, b) denote topological features that appear at time b and never die.

Persistence entropy

To facilitate the application of machine learning techniques, this
project employs a tool from TDA to transform the persistence diagram.
This transformation involves using entropy, a mathematical function
that separates the persistence diagram into sub-diagrams based on
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the homology dimension. The entropy of each sub-diagram is then
calculated using the formula

m
E(D) =~ p,logp;,
i=0

where p; = H;”:l (d; — b;)/(m) represents the probability of a point in D
belonging to the ith sub-diagram, and m denotes the total number of
points in the persistence diagram. Finally, the result of this process is a
three-dimensional vector (E(D,), E(D,), E(Ds)), where each component
corresponds to the entropy of a particular sub-diagram.

1.5. Machine learning models

The provided statement describes an overview of the learning ap-
proaches used to predict the risk score of ACR after lung transplanta-
tion. Additionally, it discusses how this knowledge can be leveraged to
create a method to reduce dimensionality by exploring the current bias
and limits of machine learning techniques commonly used in medical
analysis. In our study, we have indeed conducted a comprehensive
analysis by employing a grid search for ML model parameters. This ex-
ploration encompasses various parameter choices, starting from default
settings, to ensure a thorough examination of the model’s performance
landscape. However, for clarity and brevity in presentation, we chose
to showcase the best-performing configurations in the results section.

Random forest (RF)

It is a popular supervised learning algorithm used for classification
or regression tasks [23,36]. To understand RF, it is necessary to de-
fine the decision tree. A decision tree consists of a root node, which
represents the main node of the tree, internal nodes that represent
attributes, and leaves that indicate the decisions. The decision tree
algorithm works by recursively dividing the training dataset into two
or more subsets until a leaf node is reached.

Random Forest builds on decision tree algorithms by creating mul-
tiple decision trees and combining their outputs to make predictions.
Each tree is constructed using a different subset of the training data
and a random subset of the features. This randomness helps to prevent
overfitting and improve the accuracy of the model.

Briefly, RF algorithm operates as follows [37]:

1. Create a bootstrap dataset by randomly selecting samples from
the original dataset. Both the bootstrap dataset and the original
dataset must have the same size.

. Build a decision tree for the bootstrap dataset.

. Repeat steps 1 and 2 several times to obtain a variety of trees.

. Each decision tree generates an output.

aua b wN

. The most frequent class by the decision trees is returned.

Multilayer perceptron (MLP)

It is an artificial neural network organised into several layers,
including the input layer, hidden layers, and output layer [24].

To train the multilayer perceptron, the steps are as follows:

Forward propagation: Let x = (x,...,x,,) be the input vector,
W e R"™0*™" be the weight matrix, with n, being the number of neurons
inalayer, and b = (b, ..., b,,) be the bias vector. The output of a layer is
given by the following formula: y = ¢(W x+b), where ¢ is an activation
function. The activation functions applied in this work were:

* ReLU: g(x) = max(0, x)

+ tanh: g(x) = tanh(x) = z:z:
+ sigmoid: g(x) = o(x) = H%

Calculate the error between the model output y and the desired
output d using a cost function L, often using the mean squared error:

_ln N
L—ng,(y, ), ()
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where n is the number of data.

Backpropagation: involves calculating a chain of gradients to de-
termine how the cost function L varies with respect to the parameters
(W, b) of each layer.

Update the parameters (W,b) of each layer to minimise the
error:

oL
Wo=W —-—a— 3
t+1 t ()W ( )
where W, is the parameter W at time 7, W, is the parameter W at
time 7 + 1, and « is the positive learning rate. And % is the gradient

of L with respect to w; at time .

The K-nearest neighbours (KNN)
It is a supervised learning method that can be used for classification
or regression [25]. The classification algorithm works as follows [12]:

1. Calculate the distance between the point to be classified and the
training example.

2. Sort the training examples in ascending order of distance.

3. Choose the k closest points with the smallest distance.

4. Return the most frequent class among the k closest points.

The different distances used are:

+ Euclidean distance: d(x,y) = 1/ X/_,(x; — y,)?
+ Manhattan distance: d(x,y) = Y_; |x; — ¥l

+ Chebyshev distance: d(x, y) = max;<, |x; — y;|

Naive Bayes classifier (GNB)

It is a supervised learning algorithm used for classification. It is
based on the application of Bayes’ theorem with strong (naive) inde-
pendence assumptions between the features [26].

Bayes’ Theorem: Let A and B be two events such that P(B) # 0,
then we have: P(A | B) = % where P(A|B) is the posterior
probability of A given B, and P(A) and P(B) are the marginal or prior
probabilities.

We apply Bayes’ theorem on the training set as follows:

PX | »P(y)

P(X)

where X = (xy,..,x,) is a feature vector and y is a class variable. Then,
we have:

Py | X)=

P((x1,....x,) | Y)P(y)
P((xy,...,x,))

According to the naive assumption of Bayes’ theorem, we have:
P((xy,....x,) | WPy POTIL, P(x; | )
P((xy, ..., x,)) P((xy, ..., x,))

Regarding the formula, the denominator is a constant, so it can be
removed. Thus,

P(y| (xp,...,x,) =

Pyl (xp,.00x,)) =

PG | xp, e x) &« PO [] PG 1)

i=1
Finally, for x = (xy,...,x,), which is the feature vector of the test
set, the predicted class can be determined by

y =argmax P() [ [ Px; | )
¥ .

i=1
1.6. State-of-the-art techniques for analysing high-dimensional data

Some of the dimensional reduction algorithms used during this work
were:
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An autoencoder (AE)

It is an artificial neural network that learns to reconstruct input
data through unsupervised learning [28]. The architecture of an AE is
referred to as a bottleneck because the hidden layers are smaller than
the input and output layers [30]. The AE is composed of two parts: the
encoder, which compresses the input into a smaller representation, and
the decoder, which reconstructs the input from the new representation.
The objective of the AE is to learn the most important information from
the input, achieve the best possible compression, and allow the decoder
to reconstruct an output that is faithful to the input. The AE is trained
by defining two functions, ¢ : X - Z and v : Z — X, where Z is
the bottleneck space that corresponds to the compressed representation.
The reconstruction error L defined for x € X as L = |x — wop(x)|? is
then backpropagated through the network to update the weights.

Principal component analysis (PCA)

It is an unsupervised linear dimensionality reduction technique that
converts a set of observations of possibly correlated variables into a
set of linearly uncorrelated variable values called principal compo-
nents [32]. The PCA algorithm proceeds by centring and reducing
the input data, computing the variance and covariance matrix of the
transformed data, and calculating the eigenvectors and eigenvalues.
The eigenvectors are sorted in descending order based on their highest
associated eigenvalues, as they capture the most significant variance in
the data. This criterion ensures that the selected components contribute
the most to the overall information retained in the reduced-dimensional
space. The first 2 or 3 eigenvectors are selected to form the matrix
P. The transformed data is then computed as Z* = ZP*, where Z
is the original data matrix, P the matrix containing the selected top
2 or 3 eigenvectors, P* the transpose of matrix P, and Z* the matrix
of transformed data, obtained by multiplying Z with P*.

The t-SNE

This is a nonlinear dimensionality reduction technique that pre-
serves both global and local structure [33]. It maps high-dimensional
data to two dimensions by using the local relationship between the
data. The algorithm calculates the perplexity parameter ¢ and the con-
ditional probability of (x;, x;) with i # j. It then calculates the symmet-
ric probability p;; and initialises Y using the multivariate normal dis-
tribution N(0,107#7). The algorithm then calculates the probability g;;
and minimises the Kullback-Leibler divergence with gradient descent,
which is equivalent to minimising the gap between the probability
distributions between the original space p;; and the lower-dimensional
space g;;.

Uniform approximation and projection of manifolds (Umap)

It is an improvement on t-SNE that is faster and provides a better
representation of the global structure [33,38]. The Umap algorithm
consists of three steps: building a graph in high dimensions, construct-
ing the Céch complex with a variable radius determined for each
point based on the distance to its kth nearest neighbour [39], and
projecting the data into lower dimensions via a force-directed graph
layout algorithm.

1.7. Topological amplitude

The metric amplitude [40] is a measure of the discrepancy between
the observed and expected values of a topological summary statistic.
Specifically, let X be a topological space and f : X — R be a real-
valued function on X. Given a finite point cloud X c X, we can
compute the empirical measure uy on X, which assigns a probability
mass to each point in X. The metric amplitude of f on X is then defined

as
/fdﬂx—/de s
X X

MA /(X)) = sup,epx) 4)
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where P(X) is the space of probability measures on X. In other words,
the metric amplitude measures the largest possible difference between
the expected value of f under the empirical measure uy and the
expected value of f under any probability measure on X.

This metric is used to assess the stability of topological summaries,
such as persistent homology, under perturbations of the point cloud X.
Intuitively, if the metric amplitude of a topological summary is small,
then the summary is stable and robust to small perturbations of X.

1.8. Evaluation
To evaluate our model, we calculated:

Kullback-Leibler (KL)

We use this divergence metric to measure the similarity between the
input space density distribution and the latent space density distribu-
tion. Let X be the input space and Z be the latent space. For x € X
and ¢ € R, we define the density estimator of X as

FX0 =) exp(—odist(x, y)?),

yeX
where dist(x, y) is the normalised Euclidean distance between 0 and 1.
Then we calculate KL, = KL(fX/fZ) to determine how similar the two
distributions are.

Root Mean Square Error (RMSE)

It uses the pairwise distance matrices of the input and latent spaces
to measure how often the two distance distributions coincide. Let DX
be the distance matrix associated with the input space X and DZ be the
distance matrix associated with the latent space Z. Then we calculate
RMSE = \/n]—z Y Z;.;l(xi - y;)%, where x; € DX fori € 1,.n, y; € D
for i € 1,..n, and n is the number of points. RMSE is not related to the
reconstruction error.

Reliability (trUSt, transitive unbiased similarity matrix)

It uses the pairwise distance matrices of the input and latent spaces.
Let DX be the distance matrix associated with the input space X and
DZ be the distance matrix associated with the latent space Z. Then we
calculate TRUST as
Tk)=1-

Z > max(0, (i, j) = k),

JjeNk

k(2n 3k —-1) &
where N l" are the k nearest neighbours of i in the output space for
i € 1,..n and r(i, j) is the closest neighbour of j in the input space for
J € N; . The goal is to penalise any unexpected nearest neighbour in
the output space proportional to its rank in the input space.

Finally, we computed the:

Mean squared error (MSE)
Let X be the set of input data and Y be the set of reconstructed data.
We define the reconstruction error as MSE = % Y=y

Code availability

The code for the implementation of the proposed method, Taelcore,
is available on GitHub at https://github.com/MorillaLab/Taelcore/
Dimensionality reduction/. Additionally, the code used for the analysis
and experiments presented in this paper is also available on GitHub at
https://github.com/MorillaLab/Taelcore/Topological improvement.
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