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1. Introduction

In this paper, we settle in the positive various questions which have been raised about 
D(M, N), the set of mapping degrees between two oriented closed connected manifolds 
M and N of the same dimension:

D(M,N) = {d ∈ Z | ∃f : M → N, deg(f) = d}.

C. Neofytidis, S. Wang, and Z. Wang [26, Problem 1.1] discuss the problem of finding, 
for every set A ⊂ Z containing 0, two oriented closed connected manifolds M and N of 
the same dimension such that A = D(M, N). Note that 0 ∈ A is a necessary condition 
as the constant map M → N is of degree zero.

A cardinality argument shows that when A is an infinite set, the problem above is 
solved in the negative [26, Theorem 1.3]. Indeed, there are uncountably many infinite 
subsets of Z containing 0, compared to the countably many mapping degree sets that 
exist for pairs of oriented closed connected manifolds with the same dimension. Hence, 
most of the infinite sets are not realizable as mapping degree sets. Now, using a com-
putability argument, C. Löh and M. Uschold [22, Proposition A.1] prove that D(M, N)
is a recursively enumerable set. This provides a sufficient condition for infinite sets of 
integers (containing 0) not being realizable as mapping degree sets (see [22, Example 
A.2]).

Thus, one might ask:

Question 1.1 ([26, Problem 1.4]). Let A be a finite set of integers containing 0. Is A =
D(M, N) for some oriented closed connected manifolds M, N of the same dimension?

Remark 1.2. It is important to notice that if {0} � A = D(M, N), A finite, for some 
manifolds M and N , then D(M, M) and D(N, N) must both be contained in {0, 1, −1}. 
Otherwise, if there exists g : M → M with | deg(g)| > 1, then for every non-zero degree 
f : M → N (which exists by assumption), the subset {deg(f ◦ gm) | m ∈ N} of D(M, N)
is unbounded. This leads to a contradiction as A = D(M, N) is finite. The same follows 
for D(N, N).

An oriented closed connected manifold M satisfying D(M, M) ⊂ {0, 1, −1} is called 
an inflexible manifold [10, Definition 1.4]. This condition is equivalent to asking that 
D(M, M) is bounded: since it is a multiplicative semi-group, if there exists any � ∈
D(M, M) with |�| > 1, then D(M, M) is unbounded. Simply connected inflexible man-
ifolds are rare objects that have appeared quite recently in literature using rational 
homotopy theory and surgery theory (see [8] for an account on the simply connected 
inflexible manifolds that are known at present). Not surprisingly, and in light of Re-
mark 1.2, part of our key constructions will use rational homotopy methods.

The main result in this work answers Question 1.1 positively:
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Theorem A. Let A be a finite set of integers containing 0. Then, A = D(M, N) for some 
oriented closed connected 3-manifolds M, N .

The proof of this theorem will be carried out at the end of Section 3. Appealing to [26, 
Example 1.5], we point out that the 3-dimension of the manifolds is the lowest possible.

A second problem related to Question 1.1 is also treated in this paper. More precisely, 
let the rational mapping degree set between oriented closed connected n-manifolds M, N
be the following set

DQ(M,N) = {d ∈ Q | ∃f : (M(0), [M ]Q) → (N(0), [N ]Q), deg(f) = d},

where [M ] ∈ Hn(M ; Z) denotes the cohomological fundamental class of M , [M ]Q ∈
Hn(M ; Q) denotes the rational cohomological fundamental class of M , and M(0) the 
rationalization of M . Note that we must specify the choice of fundamental class for M(0)
in order to define the degree of a map since this class is not determined by the space 
M(0). In other words, different choices of manifolds M can result in the same space M(0)
with different fundamental classes.

Then, we raise the following question, which can be thought of as a rational version 
of [26, Problem 1.4]:

Question 1.3. Let A be a finite set of rational numbers containing 0. Is A = DQ(M, N)
for some oriented closed connected manifolds M, N of the same dimension?

In Section 4 we solve this problem in the positive by proving:

Theorem B. Let A be a finite set of rational numbers containing 0. Then A = DQ(M, N)
for some oriented closed connected manifolds M, N . Moreover, given any integer k ≥ 47, 
the manifolds M, N above can be chosen k-connected.

The proofs of Theorem A and Theorem B consist primarily of two main steps:

• Arithmetical decomposition of finite sets: In Section 2 we demonstrate how to decom-
pose the candidate A to be realized as the mapping degree set of manifolds, as an 
intersection of sums over specifically designed sequences SBi

, i = 0, . . . , n, of integers 
(see Definition 2.1). Each of those sums gradually approaches A (Proposition 2.2, 
Corollary 2.3).

• Spherical fibrations: In Sections 3 and 4, we use certain inflexible manifolds (respec-
tively, inflexible Sullivan algebras) as the basis of spherical fibrations where the total 
spaces are also inflexible manifolds (respectively, inflexible Sullivan algebras). The 
relations between connected sums and mapping degree sets (see Propositions 3.7, 
4.3, and 5.8) allow us to consider iterated connected sums of the total spaces, first 
to realize the sums SBi

above mentioned, and subsequently to realize the candidate 
A.
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Looking at the connectivity, while manifolds from Theorem B are simply connected 
(indeed, they are as highly connected as desired) the ones from Theorem A have non-
trivial fundamental group. In Section 5 we will use unstable Adams operations to prove 
the following results that guarantee that manifolds realizing finite sets of integers can be 
chosen simply connected:

Theorem C. Suppose that there exists an oriented closed k-connected 2m-manifold Σ, 
m > 1, satisfying that Σ(0) is inflexible and πj(Σ(0)) = 0 for j ≥ 2m −1. Then any finite 
set of integers A containing 0 can be realized as A = D(M, N) for some oriented closed 
k-connected (4m − 1)-manifolds M, N .

Examples of simply connected manifolds fulfilling the hypotheses of Theorem C can 
be found in [1, Example 3.8], [3, Examples 5.1 and 5.2] and [10, Theorem 6.8, Theorem 
II.5] (see also [25, Theorem 1.4]). Hence, the following holds:

Corollary D. Any finite set of integers A containing 0 can be realized as A = D(M, N)
for some oriented closed simply connected manifolds M, N of the same dimension.

Also, we would like to point out that in every dimension n > 6, there exist infinitely 
many nilmanifolds Σ satisfying that Σ(0) is inflexible, as it follows from [2], [5] and [15]. 
Hence, we have the following:

Corollary E. For every m > 3, any finite set of integers A containing 0 can be realized 
as A = D(M, N) for some oriented closed connected (4m − 1)-manifolds M, N .

Recall that an oriented closed connected manifold is strongly chiral if it does not admit 
self-maps of degree −1 (see [24]). Also recall that a subset A ⊂ Z is said symmetric if 
A = −A where −A = {−a | a ∈ A}. We finish the introduction by mentioning that our 
results provide us with a method for obtaining strongly chiral manifolds:

Remark 1.4. Let A be a finite set of integers strictly containing 0. Theorem A and The-
orem C illustrate how to construct oriented closed connected manifolds M, N satisfying 
that A = D(M, N). Those manifolds need to be inflexible, as mentioned in Remark 1.2. 
Moreover, if we choose a non-symmetric set A, then M and N need also to be strongly-
chiral manifolds. Otherwise, if −1 ∈ D(M, M) (respectively, −1 ∈ D(N, N)), since 
D(M, M) (respectively, D(N, N)) acts on A = D(M, N) by multiplication on the left 
(respectively, right), the set A would be symmetric, leading thus to a contradiction.

Remark 1.5. Most of our arguments are homotopic in nature, which blurs the distinction 
between a map and the homotopy class it represents. Consequently, most of our diagrams 
are commutative up to homotopy. However, it is important to note that the manifolds 
under consideration are smooth; hence, we often substitute maps with smooth ones 
within the same homotopy class.
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2. Some arithmetic combinatorics

In this section we show that every finite set A ⊂ Z (respectively, ⊂ Q) containing 
0 can be expressed as the intersection of sums over certain sequences of integers, that 
gradually approach A. The sequences have an additional property (see Proposition 2.2) 
that will be crucial to prove Theorem C in Section 5 below.

Definition 2.1. Let B = (bi)i∈I be a finite sequence of integers (respectively, rational 
numbers). We write

SB :=
∑
i∈I

{0, bi} ⊂ Z (respectively, ⊂ Q),

and we refer to it as the sum over the sequence B.

Proposition 2.2. Let d1, . . . , dn be pairwise distinct non-zero integers. For every positive 
integer m ≥ 1, there exist finite sequences B(i), i = 0, . . . , n, of non-zero integers, such 
that

{0, d1, . . . , dn} =
n⋂

i=0
SB(i),

and such that every element in B(i) can be written as a power ±km for some positive 
integer k coprime to m!.

Proof. Fix m ≥ 1. Since the construction of B(i), i = 0, . . . , n, depends on the sign of 
the pairwise distinct di ∈ Z, i = 1, . . . , n, we write them as an ordered sequence

{−ar < . . . < −a1 < 0 < e1 < . . . < es}

where n = r + s. We assume a0 = 0 = e0.
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In the first step, let B(0) be the sequence consisting of ar copies of −1 = −1m and es
copies of 1 = 1m. Thus

{−ar < . . . < es} ⊂ SB(0) = [−ar, es] ∩ Z.

In the second step, for j = 1, . . . , s, choose a positive kj ∈ Z coprime with m! such that 
kmj > max{es, ej + ar}. Then, let B(j) be the sequence consisting of kmj − ej copies of 
−1 = −1m, ej−1 copies of 1 = 1m, and one copy of kmj . Hence,

{−ar < . . . < es} ⊂ SB(j) =
(
[−(kmj − ej), ej−1] ∪ [ej , kmj + ej−1]

)
∩ Z.

Finally, for j = s + 1, . . . , n, choose a positive kj ∈ Z coprime with m! such that 
kmj > max{ar, aj−s + es}. Then, let B(j) be the sequence consisting of kmj −aj−s copies 
of 1 = 1m, aj−s−1 copies of −1 = −1m, and one copy of −kmj . Hence,

{−ar < . . . < es} ⊂ SB(j) =
(
[−kmj − aj−s−1,−aj−s] ∪ [−aj−s−1, k

m
j − aj−s−1]

)
∩ Z.

All of the above implies that

{0, d1, . . . , dn} = {−ar < . . . < es} =
n⋂

i=0
SB(i). �

For A ⊂ Q and λ ∈ Q we write

λA := {λa | a ∈ A}.

Notice that if B(i) is a finite sequence of not necessarily pairwise distinct non-zero 
rational numbers, i = 0, . . . , n, for every λ ∈ Q, we have that

λ
( n⋂
i=0

SB(i)
)

=
n⋂

i=0
SλB(i).

Therefore, the following is a direct consequence of Proposition 2.2:

Corollary 2.3. Let d1, d2, . . . , dn be pairwise distinct non-zero rational numbers. Then, 
there exist finite sequences B(i), i = 0, . . . , n, of non-zero rational numbers, such that

{0, d1, . . . , dn} =
n⋂

i=0
SB(i).

3. Circle bundles over inflexible 2-manifolds: mapping degree set

This section is devoted to prove Theorem A. As explained in the introduction (see 
Remark 1.2) if we want to realize a finite set of integers, strictly containing 0, as a 
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mapping degree set D(M, N), then both M and N need to be inflexible manifolds. We 
are going to consider circle bundles over certain inflexible 2-manifolds, with prescribed 
Euler class, whose total space is again an inflexible 3-manifold. These 3-manifolds will 
be used as building blocks to construct, by means of iterated connected sums, manifolds 
M and N .

We first collect a couple of results that are needed. The first one is immediately 
obtained by iterating [8, Lemma 7.8], [26, Lemma 3.5]:

Lemma 3.1. Let Mi, i = 1, . . . , k, and N be oriented closed connected n-manifolds. Then

k∑
i=1

D(Mi, N) ⊂ D(
k

#
i=1

Mi, N)

Moreover, if πn−1(N) = 0, then

k∑
i=1

D(Mi, N) = D(
k

#
i=1

Mi, N)

Reformulating and iterating [26, Lemma 4.3], we get the following:

Lemma 3.2. Let M and Ni, i = 1, . . . , k, be oriented closed connected manifolds of the 
same dimension. Then

D(M,
k

#
i=1

Ni) ⊂
k
∩
i=1

D(M,Ni).

Whenever we need to enlarge the fundamental group of our manifolds to construct 
mapping degree sets we shall use handle-bodies:

Definition 3.3. Given integers n, k > 0, we denote by H(n, k) the oriented closed con-
nected n-manifold arising from the k-fold connected sum of oriented handle bodies 
Sn−1 × S1, that is

H(n, k) :=
k

#
i=1

(Sn−1 × S1).

Lemma 3.4. Let n > 2 and N be an oriented closed connected n-manifold such that 
πn−1(N) = 0. Then D

(
H(n, k), N

)
= {0}, for every integer k > 0.

Proof. Given a space X, and a positive integer m, let X(m) and X〈m〉 respectively 
denote the mth Postnikov stage and the m-connected cover of X.

Since Postnikov stages and connected covers can be constructed in a functorial way 
[11, Example 1.A.1.1], given f : H(n, 1) → N we can take the (n − 2)th Postnikov stage 
and the (n − 2)-connected cover to obtain the following commutative diagram
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Sn−1 �H(n, 1)〈n− 2〉 H(n, 1) H(n, 1)(n−2) � S1

N〈n− 2〉 N N (n−2).

f〈n−2〉 f f(n−2) (1)

We now compare the homological Serre spectral sequences (Sss) associated to the two 
fiber sequences above. On the one hand, the Sss associated to the top-row fiber se-
quence in Equation (1) collapses at the E2

∗,∗-page and the fundamental class [H(n, 1)] ∈
Hn

(
H(n, 1)

)
is represented by [Sn−1] ⊗ [S1], where [M ] now denotes the homological

fundamental class of M . Therefore, using the edge morphisms, we get that the class 
Hn(f)

(
[H(n, 1)]

)
∈ Hn(N) is represented by Hn−1(f〈n −2〉)

(
[Sn−1]

)
⊗H1(f (n−2))

(
[S1]

)
in the Sss associated to the bottom-row fiber sequence in Equation (1).

On the other hand, since πn−1(N) = 0, then N〈n −2〉 is indeed (n −1)-connected and 
therefore Hn−1(N〈n −2〉) = 0. Thus Hn−1(f〈n −2〉) is the trivial morphism, and the class 
Hn−1(f〈n − 2〉)

(
[Sn−1]

)
⊗H1(f (n−2))

(
[S1]

)
is trivial. In other words D

(
H(n, 1), N

)
=

{0}.
Finally, for the general case, we apply Lemma 3.1, to H(n, k) = #k

i=1H(n, 1) and N
to get that

D
(
H(n, k), N

)
=

k∑
i=1

D
(
H(n, 1), N

)
= {0}. �

A key result in our arguments is the following:

Lemma 3.5. Let Mi and Ni, i = 1, . . . , s, be oriented closed connected n-manifolds, n > 2, 
and let A ⊂ ∩s

i=1 D(Mi, Ni) be a finite set containing 0. Then there exists an integer 
� ≥ 0 such that

A ⊂ D
(
(

s

#
j=1

Mj)#H(n, �),
s

#
i=1

Ni

)
.

Proof. Since H(n, �1)#H(n, �2) = H(n, �1 + �2), and

A ⊂
s⋂

i=1
D(Mi, Ni) =

( s−1⋂
i=1

D(Mi, Ni)
)
∩D(Mr, Nr),

an easy inductive argument reduces the proof to the case s = 2.
Let us define the integers

{0, d1, . . . , dr} := A ⊂ D(M1, N1) ∩D(M2, N2),

where d1, . . . , dr are pairwise distinct and non-zero. Since every continuous map from 
Mi to Ni, i = 1, 2, is homotopic to a smooth map, for each
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dj ∈ D(M1, N1) ∩D(M2, N2) ⊂ D(Mi, Ni), i = 1, 2

we can choose fi,j : Mi → Ni such that fi,j is smooth, and deg(fi,j) = dj . Then, since 
the set of singular values of a smooth map has measure zero according to Sard’s Theorem 
[28], we can choose a regular value yi,j ∈ Ni for fi,j such that yi,j �= yi,j′ , and f−1

i,j (yi,j) ∩
f−1
i,j′(yi,j′) = ∅, for j �= j′. Let us set

f−1
i,j (yi,j) =: {xi,j,1, . . . , xi,j,si,j},

where si,j ≥ |dj |.
Now, by the Stack of Records Theorem [27, Theorem 9.1], [13, p. 26], there exists an 

n-dimensional open disc Ui,j ⊂ Ni such that yi,j ∈ Ui,j and

f−1
i,j (Ui,j) =

si,j⋃
k=1

Vi,j,k

where xi,j,k ∈ Vi,j,k ⊂ Mi, Vi,j,k ∩ Vi,j,k′ = ∅ for k �= k′, and fi,j |Vi,j,k
: Vi,j,k → Ui,j is a 

diffeomorphism. Therefore Vi,j,k ⊂ Mi is an open disc, deg(fi,j |Vi,j,k
) = ±1, and

deg(fi,j) =
si,j∑
k=1

deg(fi,j |Vi,j,k
).

We may assume that deg(fi,j |Vi,j,k
) = sign(deg(fi,j)), for k = 1, . . . , |dj | while the fol-

lowing si,j − |dj | diffeomorphisms, which are on even number, have alternating signs.
Since we are dealing with compact Hausdorff spaces, we can shrink all the discs and 

assume that the closures Ui,j ⊂ Ni, j = 1, . . . , r, are pairwise disjoint, as well as the 
closures Vi,j,k ⊂ Mi, k = 1, . . . si,j , and fi,j |Vi,j,k

: Vi,j,k → Ui,j are diffeomorphisms. We 
fix diffeomorphisms gj : ∂U1,j → ∂U2,j for j = 1, . . . , r.

Let M be the n-manifold obtained by removing discs and adding handles Sn−1× [0, 1]
to the disjoint union of M1 and M2 as follows:

(1) First, we remove all discs Vi,j,k ⊂ Mi, i = 1, 2, from the disjoint union of M1 and 
M2. Let K0 denote the disconnected n-manifold with boundary that we obtain;

(2) Then, for each k = 1, . . . , |dj |, we add to K0 a handle, that we label (dj , k, 0), by 
identifying Sn−1 × {0} with ∂(V1,j,k) and Sn−1 × {1} with ∂(V2,j,k) such that if 
(x, t) ∈ Sn−1 × I is in the handle (dj , k, 0), then gj

(
f1,j(x, 0)

)
= f2,j(x, 1). Thus we 

obtain K1, a connected n-manifold, with boundary when si,j > |dj |;
(3) Finally, for each i = 1, 2, j = 1, . . . , r, if si,j > |dj |, for m = 1, . . . , si,j−|dj |

2 , we add 
to K1 a handle, that we label (dj , m, i), identifying Sn−1×{0} with ∂(Vi,j,|dj |+2m−1)
and Sn−1 × {1} with ∂(Vi,j,|dj |+2m), such that if (x, t) ∈ Sn−1 × I is in the handle 
(dj , m, i), then fi,j(x, 0) = fi,j(x, 1).
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Step 0: Original handle. Step 1: Pinching the handle.

Step 2: Stretching the singular point. Step 3: Collapsing the arc.

Fig. 1. A graphical description of the pinching-stretching-collapsing procedure.

Let M be the resulting manifold. Observe that M = M1#M2#H(n, �) for some � ≥ 0. 
We are going to prove that

{0, d1, . . . , dr} ⊂ D(M,N1#N2).

Indeed, given any dj, for j = 1, . . . , r, we construct a map Fj : M → N1#N2 of degree 
dj as follows:

(1) We apply the pinching-stretching-collapsing procedure (see Fig. 1) on all handles 
within M labelled as (dj′ , k, 0) and (dj′ , m, i) for j′ �= j. Consequently, we obtain a 
map M → M̃j where M̃j can be identified as the connected manifold derived from 
the disjoint union of M1 and M2 where discs Vi,j,k ⊂ Mi, i = 1, 2, are removed and 
handles with labels (dj , k, 0) and (dj , m, i) are added as above.

(2) Let N1#N2 be the manifold obtained by first removing the discs Ui,j ⊂ Ni, i =
1, 2 and then by identifying ∂(U1,j) with ∂(U2,j) using the previously introduced 
diffeomorphism gj . Then, define M̃j → N1#N2 by:
• (x, t) ∈ Sn−1×I in the handle (dj , k, 0) is mapped onto gj

(
f1,j(x, 0)) = f2,j(x, 1),

• (x, t) ∈ Sn−1 × I in the handle (dj , m, i) is mapped onto fi,j(x, 0) = fi,j(x, 1),
• a point in Mi is mapped by fi,j for i = 1, 2.

(3) Let Fj be the composition of the maps M → M̃j and M̃j → N1#N2 constructed 
above. Then, deg(Fj) = dj .

Therefore

{0, d1, . . . , dr} = A ⊂ D(M,N1#N2). �
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Remark 3.6. The conclusion of Lemma 3.5 does not hold if the connected sum with the 
handle bodies is omitted from the source manifold. Notice that if f : M → N is a non-
zero degree map, then π(f)

(
π1(M)

)
has finite index in π1(N) [17, Tatsache (B), p. 86]. 

Therefore, maps fi : Mi → Ni where π1(fi) is not surjective, i = 1, 2, cannot lead to 
a non-zero degree map f1#f2 : M1#M2 → N1#N2 because π(f1#f2)

(
π1(M1#M2)

)
=

π(f1)
(
π1(M1)

)
∗ π(f2)

(
π1(M2)

)
has not finite index in π1(N1#N2) = π1(N1) ∗ π1(N2). 

To illustrate this argument, let us consider the manifolds M = Sn and N = RPn, where 
n > 2. While there exist non-zero degree maps from Sn to RPn, any map from Sn#Sn

to RPn#RPn must be of degree zero. This arises from the fact that Sn#Sn = Sn is 
simply connected while π1(RPn#RPn) = Z/2 ∗ Z/2 is infinite.

Combining Lemmas 3.1, 3.2, 3.4, and 3.5, we prove the following result:

Proposition 3.7. Let Mi, Ni, i = 1, . . . , r, be oriented closed connected n-manifolds, n >
2, satisfying:

(1) πn−1(Ni) = 0 for i = 1, . . . , r;
(2) D(Mi, Nj) = {0} for i �= j;
(3) D(Mi, Ni) ∩D(Mj , Nj) is finite for i �= j.

Then there exists an integer � ≥ 0 such that

D
(
(

r

#
j=1

Mj)#H(n, �),
r

#
i=1

Ni

)
=

r⋂
i=1

D(Mi, Ni).

Proof. By hypothesis, 
⋂r

i=1 D(Mi, Ni) is a finite set containing 0, and by Lemma 3.5, 
there exists an integer � ≥ 0 such that

r⋂
i=1

D(Mi, Ni) ⊂ D
(
(

r

#
j=1

Mj)#H(n, �),
r

#
i=1

Ni

)
.

Conversely, to show that

D
(
(

r

#
j=1

Mj)#H(n, �),
r

#
i=1

Ni

)
⊂

r⋂
i=1

D(Mi, Ni),

we first observe that according to Lemma 3.1,

D
(
(

r

#
j=1

Mj)#H(n, �), Ni

)
= D(M1, Ni) + . . . + D(Mr, Ni) + D

(
H(n, �), Ni

)
.

Thus by our hypothesis and Lemma 3.4, we get
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D
(
(

r

#
j=1

Mj)#H(n, �), Ni

)
= D(Mi, Ni).

Therefore, applying Lemma 3.2 we finally obtain:

D
(
(

r

#
j=1

Mj)#H(n, �),
r

#
i=1

Ni

)
⊂

r⋂
i=1

D
(
(

r

#
j=1

Mj)#H(n, �), Ni

)
=

r⋂
i=1

D(Mi, Ni). �

We now have all the ingredients to prove our main theorem.

Proof of Theorem A. Let A = {0, d1, . . . , dn} be a finite set of pairwise distinct integers. 
We need to show that A is realized by two oriented closed connected 3-manifolds M, N
in the sense that A = D(M, N).

For this purpose, we consider an oriented closed connected hyperbolic surface of genus 
g > 1, Σg. Then, for every i ∈ Z, let Ki be the total space in the circle bundle

S1 → Ki → Σg

with Euler number e(Ki) = i. Observe that Ki, i ∈ Z, is an aspherical 3-manifold. The 
mapping degree set between these 3-manifolds is fully described in [26, Lemma 3.4]:

D(Ki,Kj) =
{

{0, j/i}, if i|j,
{0}, if i� |j. (2)

According to Proposition 2.2, for every positive integer m > 0 that we fix, there exist 
finite sequences, B(i), i = 0, . . . , n, of not necessarily pairwise distinct non-zero integers, 
satisfying that

A =
n⋂

i=0
SB(i).

Now, we choose particular pairwise distinct primes q0, q1, . . . , qn fulfilling the condition

qi > max{|b| | b ∈ B(i)}, i = 0, . . . , n,

and we denote

αi = qi
∏

b∈B(i)

b, i = 0, . . . , n.

Then, we construct the following “intermediate” manifolds (that will serve us to realize 
each of the sums SB(i)), for i = 0, . . . , n:
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Mi = #
b∈B(i)

Kαi/b

Ni = Kαi
.

Because Kαi
are aspherical 3-manifolds, for i = 0, . . . , n, we have that π2(Kαi

) = 0, 
and conditions to apply Lemma 3.1 hold. Therefore:

D(Mi, Nj) = D( #
b∈B(i)

Kαi/b,Kαj
) =

∑
b∈B(i)

D(Kαi/b,Kαj
).

Using (2), we then get that, for i = 0, . . . , n,

D(Mi, Ni) = SB(i) , and

D(Mi, Nj) = {0}, for i �= j.

Since all the conditions to apply Proposition 3.7 plainly hold for the manifolds Mi

and Ni, there exists an integer � ≥ 0 such that, for

M = M0#M1# . . .#Mn#H(3, �),

N = N0#N1# . . .#Nn,

we have that

D(M,N) =
n⋂

i=0
SB(i) = A,

and the proof of Theorem A is complete. �
Remark 3.8. We claim that the 3-manifolds Ki, Mi, Ni, #n

i=0 Mi, and N involved in the 
previous proof are inflexible (see also Remark 1.2). It is clear, by (2), that Ki, i ∈ Z, 
are inflexible. Now, proceeding along the lines of the proof of Theorem A, we apply 
repeatedly Lemma 3.2 and Lemma 3.1 to get the inflexibility property. On the one hand, 
we obtain that D(Mi, Mj) = {0} for i �= j, and on the other hand

D(
n

#
i=0

Mi,
n

#
i=0

Mi) ⊂
n⋂

i=0
D(Mi,Mi).

Also, by Lemma 3.2,

D(Mi,Mi) = D(Mi, #
b∈B(i)

Kαi/b) ⊂
⋂

b∈B(i)

D(Mi,Kαi/b)

and using Lemma 3.1,
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D(Mi,Kαi/b) = D( #
b′∈B(i)

Kαi/b′ ,Kαi/b) =
∑

b′∈B(i)

D(Kαi/b′ ,Kαi/b).

Now, by Equation (2), D(Kαi/b′ , Kαi/b) is either {0} or {0, b′/b} whenever b|b′. Hence, 
D(Mi, Kαi/b) is bounded, and so D(Mi, Mi) and D(#n

i=0 Mi, #n
i=0 Mi) are bounded. 

Hence Mi, i = 1, . . . , n and #n
i=0 Mi are inflexible manifolds. The same arguments work 

for Ni and N , and we conclude.

Remark 3.9. The 3-manifolds involved in Theorem A are not unique, even from a homo-
topical point of view. Consider any 3-manifold P with a finite fundamental group π1(P )
(for example the Poincaré sphere S3/SL(2, 5), or any lens space L(p, q)). Let Ki, Kj be 
the building blocks in the proof of Theorem A. According to Lemma 3.1, we have:

D(P#Ki,Kj) = D(P,Kj) + D(Ki,Kj) = {0} + D(Ki,Kj) = D(Ki,Kj),

since Kj is aspherical, and π1(Kj) torsion free while π1(P ) is finite. Therefore, in the 
construction of M , we can replace any Ki by P#Ki to yield a new 3-manifold M ′. 
This new manifold has torsion in its fundamental group π1(M ′) unlike π1(M) which was 
torsion free, and verifies D(M, N) = D(M ′, N).

4. Spherical fibrations over inflexible Sullivan models: rational mapping degree set

In this section we prove Theorem B, which can be thought of as the rational version 
of Theorem A. Rational homotopy theory provides an equivalence of categories between 
the category of simply connected rational spaces and the category of certain differential 
graded algebras, the so-called Sullivan minimal models. We refer to [12] for basics facts 
in rational homotopy theory.

More concretely, if V is a graded rational vector space, we write ΛV for the free com-
mutative graded algebra on V . A Sullivan algebra (ΛV, ∂) is a commutative differential 
graded algebra (cdga for short) which is free as commutative graded algebra on a simply 
connected graded vector space V of finite dimension in each degree, and such that V
admits a basis xα indexed by a well-ordered set with ∂(xα) ∈ Λ(xβ)β<α. It is minimal 
if in addition ∂(V ) ⊂ Λ≥2V . A Sullivan minimal model of a cdga (A, d) is a Sullivan 
minimal cdga (ΛV, d) that is quasi-isomorphic to (A, d).

Recall that, to each space X, Sullivan associated a cdga of forms with rational coeffi-
cients, APL(X), whose cohomology is isomorphic to the cohomology of X with rational 
coefficients:

H∗(APL(X)) ∼= H∗(X;Q)

The Sullivan minimal model of the cdga APL(X) is called the minimal model of X that, 
in this paper, we denote by AX . In the case of oriented closed simply connected manifolds 
M , the cohomology of the associated minimal model AM is a Poincaré duality algebra. 
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In particular AM has a cohomological fundamental class [AM ] ∈ H∗(AM ) ∼= H∗(M ; Q)
which corresponds to the rational cohomological fundamental class [M ]Q of M .

Ellipticity for a Sullivan minimal model (ΛV, ∂) means that both V and H∗(ΛV ) are 
finite-dimensional. Hence, the cohomology is a Poincaré duality algebra [14] and one can 
easily compute the degree of its fundamental cohomological class [12, Theorem 32.6]. 
In particular one can introduce the notion of mapping degree between elliptic Sullivan 
minimal models and also translate the notion of inflexibility.

Let (ΛV, ∂) be an elliptic Sullivan minimal model. Let μ ∈ (ΛV )n be a representative of 
its cohomological fundamental class. Then (ΛV, ∂) is inflexible if for every cdga-morphism

ϕ : (ΛV, ∂) → (ΛV, ∂),

we have deg(ϕ) = 0, ±1, where H∗(ϕ)([μ]) = deg(ϕ)[μ].

4.1. Rational mapping degree set and connected sums

The following results establish, under certain restrictions, the relationship between 
rational mapping degree sets and connected sums of manifolds.

Lemma 4.1. Let Mi, i = 1, . . . , r, and N be oriented closed connected n-manifolds with 
πn−1(N(0)) = 0. Then

DQ(
r

#
i=1

Mi, N) =
r∑

i=1
DQ(Mi, N).

Proof. By [10, Lemma II.2], since πn−1(N(0)) = 0, the following holds:

D(M1#M2, N) ⊂ DQ(M1, N) + DQ(M2, N).

However, a stronger result is demonstrated in the proof of [10, Lemma II.2]. Namely,

DQ(M1#M2, N) ⊂ DQ(M1, N) + DQ(M2, N).

A straightforward inductive argument shows that

DQ(
r

#
i=1

Mi, N) ⊂
r∑

i=1
DQ(Mi, N),

hence, it suffices to prove the other inclusion. To that end, one can apply the same 
arguments as in [8, Lemma 7.8]: let q(0) : (#r

i=1Mi)(0) → ∨r
i=1(Mi)(0) denote the ra-

tionalization of the pinching map. Then for every given maps fi : (Mi)(0) → N(0), the 
composition
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(∨r
i=1fi) ◦ q(0) : (

r

#
i=1

Mi)(0) → N(0)

has degree 
∑r

i=1 deg(fi) and the result follows. �
We give a precise definition of connected sum in the world of cdgas:

Definition 4.2. Let Ai, i = 1, 2, be connected cdgas and let ai ∈ Ai, i = 1, 2, be elements 
of the same degree. The connected sum of the pairs (Ai, [ai]), i = 1, 2, is the cdga

(A1, [a1])#(A2, [a2])
def:= (A1 ⊕Q A2)/I ,

where A1 ⊕Q A2
def:= (A1 ⊕ A2)/Q{(1, −1)}, and I ⊂ A1 ⊕Q A2 is the differential ideal 

generated by a1 − a2.

Connected sums of cdgas provide rational models for connected sums of oriented 
manifolds. Indeed, for Mi, i = 1, 2 oriented closed simply connected n-manifolds, with 
Sullivan minimal model AMi

, let mi be a representative of the cohomological fundamental 
class of AMi

, for i = 1, 2. By [8, Theorem 7.12]

(AM1 , [m1])#(AM 2, [m2]) (3)

is a rational model of M1#M2.
We use (3) above to prove a rational version of Proposition 3.7 that does not involve 

handle-bodies:

Proposition 4.3. Let Mi, Ni, i = 1, . . . , r, be oriented closed connected n-manifolds, such 
that πn−1(Nj) ⊗Q = 0, j = 1, . . . , r, and DQ(Mi, Nj) = {0}, i �= j. Then

DQ(
r

#
j=1

Mj ,
r

#
i=1

Ni) =
r⋂

i=1
DQ(Mi, Ni).

Proof. According to Lemma 4.1 and the rational version of Lemma 3.2 (which can be 
proved following the same arguments as in [26, Lemma 4.3]), we get that

DQ(
r

#
j=1

Mj ,
r

#
i=1

Ni) ⊂
r⋂

i=1
DQ(Mi, Ni).

Conversely, let (AMi
, [mi]) and (ANi

, [ni]) be Sullivan minimal models of (Mi, [Mi])
and (Ni, [Ni]) respectively, i = 1, . . . , r. For

0 �= d ∈
r⋂

DQ(Mi, Ni)

i=1
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there exists fi : ANi
→ AMi

with fi(ni) = d ·mi + αi and αi a coboundary, i = 1, . . . , r. 
Because #r

i=1(AMi
, [mi+αi/d]) and #r

i=1(ANi
, [ni]) are rational models for #r

i=1Mi and 
#r

i=1Ni respectively, then the morphisms fi give rise to a well-defined cdga-morphism

r

#
i=1

fi :
r

#
i=1

(ANi
, [ni]) →

r

#
i=1

(AMi
, [mi + αi/d])

defined by (#r
i=1fi)(x) = fi(x) if x ∈ ANi

, and whose degree is deg(#r
i=1fi) = d. �

4.2. Inflexible Sullivan minimal models of inflexible manifolds

Following the same strategy as in Section 3, we consider spherical fibrations over 
certain elliptic and inflexible Sullivan minimal models (Definition 4.4), whose total spaces 
are Sullivan minimal models of inflexible manifolds (see Lemma 4.6). These manifolds 
will be the building blocks to construct, by means of iterated connected sums, manifolds 
that realize finite sets of rational numbers.

Definition 4.4. Let (A, ∂) be an elliptic, inflexible Sullivan minimal model of formal di-
mension 2m, m ≥ 1, such that πj(A) = 0 for j ≥ 2m − 1. Fix μ ∈ A a representative 
of its cohomological fundamental class. Then, for every non-zero q ∈ Q, we define the 
following Sullivan minimal model

(Kq(A), ∂) := (A⊗ Λ(y2m−1), ∂)

that extends the differential of A by ∂(y2m−1) = qμ.

Remark 4.5. Notice that (Kq(A), ∂) is the total space in the rational S2m−1-fiber se-
quence:

(Λ(y2m−1), 0) ←− (Kq(A), ∂) ←− (A, ∂),

whose Euler class is q[μ].

Lemma 4.6. Let (A, ∂) be an elliptic, inflexible Sullivan minimal model of formal dimen-
sion 2m, m ≥ 1, such that πj(A) = 0 for j ≥ 2m − 1. Fix μ ∈ A a representative of 
the fundamental class of A, and let x ∈ A such that ∂(x) = μ2. Then, for every non-
zero q ∈ Q, 

(
Kq(A), [y2m−1μ − qx]

)
is the Sullivan minimal model of an oriented closed 

connected inflexible (4m − 1)-manifold MKq
, with the same connectivity as (A, ∂).

Proof. According to [9, Proposition 3.1], (Kq(A), ∂) is an elliptic Sullivan model of formal 
dimension 4m −1 where y2m−1μ −qx is a representative of its cohomological fundamental 
class. By [9, Lemma 3.2], (Kq(A), ∂) is an inflexible algebra because (A, ∂) is so. Now, 
since its formal dimension is 4m − 1 ≡ 3 mod 4, the obstruction theory of Sullivan [29, 
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Theorem (13.2)] and Barge [4, Théorème 1] guarantees that (Kq(A), [y2m−1μ −qx]) is the 
Sullivan minimal model of an oriented closed simply connected manifold MKq

. Finally, 
by [7, Proposition A.1], MKq

and (A, ∂) have the same connectivity. �
We compute the rational mapping degree set between the manifolds appearing in the 

previous lemma:

Lemma 4.7. Let p, q ∈ Q be non-zero, and MKp
and MKq

be the oriented closed simply 
connected manifolds from Lemma 4.6 whose Sullivan minimal models are, respectively, 
(Kp(A), ∂) and (Kq(A), ∂) from Definition 4.4. Then

DQ(MKp
,MKq

) = {0, q/p}.

Proof. We follow the ideas in [9, Lemma 3.2]. Let f : (Kq(A), ∂) → (Kp(A), ∂) be a 
morphism of non-zero degree d ∈ Q, that is,

f(y2m−1μ− qx) = d(y2m−1μ− px) + α (4)

where α is a coboundary. Here x, y on the left-hand side belong to the algebra Kq(A), 
while x, y on the right-hand side belong to the algebra Kp(A). Now, as all generators of 
A have degrees strictly less than deg(y) = 2m − 1, f induces a morphism f |A : (A, ∂) →
(A, ∂), which is of non-zero degree. On the one hand f(μ) = d̃μ +β1 and f(x) = d̃ 2x +β2
where β1, β2 are coboundaries, and d̃ ∈ {−1, 1}. On the other hand, f(y2m−1) = ay2m−1+
γ where a ∈ Q and γ is a coboundary.

Because f(∂y2m−1) = ∂f(y2m−1), we get that ap = qd̃ and β1 = 0. Hence a = d̃ (q/p)
and

f(y2m−1μ− qx) = (d̃ q/p y2m−1 + γ
)
(d̃μ) − q(d̃ 2x + β2)

= (d̃ 2q/p)(y2m−1μ− px) − qβ2

= (q/p)(y2m−1μ− px) − qβ2 (recall d̃ ∈ {−1, 1}).

By comparing this equation to (4), we obtain that d = q/p and the proof is complete. �
We illustrate the existence of elliptic, inflexible Sullivan minimal models satisfying the 

conditions from Definition 4.4 and Lemma 4.6:

Definition 4.8. Let Γ be a connected finite simple graph with more than one vertex, i.e., 
|V (Γ)| > 1. Given an integer k ≥ 1, let (Ak(Γ), ∂) be the (30k+17)-connected elliptic and 
inflexible Sullivan algebra constructed in [7, Definition 2.1], whose formal dimension is 
2m = 540k2+984k+396 +|V (Γ)|(360k2+436k+132) and πj

(
Ak(Γ)

)
= 0 for j ≥ 2m −1. 

Fix μ ∈ Ak(Γ) a representative of the cohomological fundamental class. Then, for every 
non-zero q ∈ Q, we denote by (Kq(Γ, k), ∂) the Sullivan minimal model associated to 
(Ak(Γ), ∂) introduced in Definition 4.4, that is
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(Kq(Γ, k), ∂) := (Kq(Ak(Γ)), ∂).

Remark 4.9. Because the conditions from Lemma 4.6 hold, (Kq(Γ, k), ∂) is a Sullivan 
model of an oriented closed (30k+ 17)-connected inflexible (4m − 1)-manifold MKq(Γ,k), 
where 2m = 540k2 + 984k + 396 + |V (Γ)|(360k2 + 436k + 132).

Lemma 4.10. Let Γ1 and Γ2 be connected finite simple graphs with |V (Γ1)| = |V (Γ2)| > 1. 
Given a positive integer k ≥ 1, and a non-zero pi ∈ Q, i = 1, 2, consider a manifold 
MKpi

(Γi,k), i = 1, 2 as in Remark 4.9. Then

DQ(MKp1 (Γ1,k),MKp2 (Γ2,k)) =
{
{0, p2/p1}, if Γ1 ∼= Γ2,
{0}, otherwise.

Proof. Let (Kpi
(Γi, k), ∂) = (Ak(Γi) ⊗ Λ(yi), ∂), introduced in Definition 4.8, be the 

Sullivan model of the manifold MKpi
(Γi,k), where ∂(yi) = piμi for μi a representative 

of the cohomological fundamental class of Ak(Γi), i = 1, 2. Recall from Lemma 4.6 that 
for xi ∈ Ak(Γi) satisfying ∂(xi) = μ2

i , the element yiμi − pixi is a representative of the 
cohomological fundamental class of (Kpi

(Γi, k), ∂), i = 1, 2.
With these constructions in mind, we follow the ideas from [9, Lemma 3.2]. Consider 

a morphism of non-trivial degree d ∈ Q:

f : (Kp2(Γ2, k), ∂) → (Kp1(Γ1, k), ∂).

Then f(y2μ2 − p2x2) = d(y1μ1 − p1x1) +α with α a coboundary. By a degree argument, 
the morphism f induces a non-trivial degree morphism

f |Ak(Γ2) : (Ak(Γ2), ∂) → (Ak(Γ1), ∂).

Focusing specifically on f |Ak(Γ2), the arguments in [7, Lemma 2.12] (see also [9, Remark 
2.8]), show that it is induced by a graph full monomorphism σ : Γ1 → Γ2. Now, since 
|V (Γ1)| = |V (Γ2)|, σ is indeed an isomorphism of graphs, and f(μ2) = μ1 + β1 and 
f(x2) = x1 + β2 with β1, β2 coboundaries, by [7, Lemma 2.12].

Finally, by another degree reasoning argument, one obtains that f(y2) = ay1 + γ

where a is a non-zero rational number, and γ is a coboundary. We conclude as in the 
proof of Lemma 4.7. �
4.3. Proof of Theorem B

Let A = {0, d1, . . . , dn} where d1, d2, . . . , dn are pairwise different non-zero rational 
numbers. Fix an integer k ≥ 1. According to Corollary 2.3, there exist finite sequences of 
not necessarily pairwise distinct non-zero rational numbers B(i), i = 0, . . . , n, such that
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A =
n⋂

i=0
SB(i).

Choose Γ0, Γ1, . . . , Γn, pairwise non-isomorphic connected finite simple graphs, such 
that |V (Γi)| = |V (Γj)| > 1 for every i, j = 0, . . . , n. According to Remark 4.9, we define 
the (30k + 17)-connected manifolds

Mi = #
b∈B(i)

MKb−1 (Γi,k)

Ni = MK1(Γi,k),

for i = 0, . . . , n. By Lemmas 4.10 and 4.1, we have that

DQ(Mi, Ni) = SB(i) , and

DQ(Mi, Nj) = {0}, for i �= j.

Finally, define

M = M0#M1# . . .#Mn,

N = N0#N1# . . .#Nn,

and use Proposition 4.3 to get

DQ(M,N) =
N⋂
i=0

SB(i) = A.

5. From unstable Adams operations to mapping degree sets

We recall the basics on unstable Adams operations following Jackowski-McClure-
Oliver’s work [18–20]. Given a compact connected Lie group G, a self-map f : BG → BG

is called an unstable Adams operation of degree r ≥ 0, if H2i(f ; Q) is the multiplication 
by ri for each i > 0 [18, p. 183]. Equivalently, if T ⊂ G is a maximal torus, then 
f : BG → BG is an unstable Adams operation of degree r ≥ 0, if there exists a homotopy 
commutative diagram

BT BT

BG BG

Bψr

f

(5)

where ψr : T → T is defined by ψr(t) = tr [20, Section 2].
For a given simple Lie group G with Weyl group WG, an unstable Adams operation 

of degree r > 0 exists if and only if gcd(r, |WG|) = 1, and moreover, this operation is 
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unique up to homotopy [18, Theorem 2], [20, Theorem 2.1]. In particular, when G =
SO(2m − 1) or G = SO(2m), m > 1, unstable Adams operations of degree r > 0 exist 
if gcd(r, m!) = 1. In what follows, we denote by ϕr the unstable Adams operation of 
degree r > 0 on BSO(2m − 1) and BSO(2m). Notice that since they are unique, then 
ϕs ◦ ϕr � ϕsr. Moreover, as the standard maximal torus of SO(2m − 1) extends to a 
maximal torus of SO(2m) while |WSO(2m−1)| divides |WSO(2m)|, then for r > 0 such that 
gcd(r, m!) = 1, there exists a homotopy commutative diagram

SO(2m− 1) BSO(2m− 1)

BSO(2m) BSO(2m),

ϕr

ϕr

(6)

where vertical maps are induced by the inclusion SO(2m − 1) ⊂ SO(2m).
Henceforward, (Σ, [Σ]) is a fixed oriented closed connected 2m-manifold whose ratio-

nalization (Σ(0), [Σ]Q) is inflexible and πj(Σ(0)) = 0 for j ≥ 2m − 1. Let (AΣ, ∂) be a 
Sullivan minimal model of Σ. In what follows π : Σ → S2m denotes a fixed map of degree 
1, which always exists (e.g. [16, Exercise 7, p. 258]).

Lemma 5.1. Let X2m ∈ H2m(BSO(2m); Z) be the Euler class of the spherical fiber se-
quence

S2m−1 → BSO(2m− 1) → BSO(2m),

thus X2m is a non-torsion integral cohomology class [6, Theorem 1.5, Equation (2.1)]. 
Then, there exists ι : S2m → BSO(2m), a non-torsion element in π2m(BSO(2m)), and 
a non-zero integer κ ∈ Z such that H∗(ι; Z)(X2m) = κ[S2m].

Proof. Recall that π2m(BSO(2m)) ∼= π2m−1(SO(2m)). By [23, Corollary IV.6.14] (see 
also [21, p. 161]), π2m−1(SO(2m)) contains a copy of Z inducing, for every prime p, the 
p-local (thus rational) splitting SO(2m) �(p) SO(2m −1) ×S2m−1 [23, Corollary IV.6.21]. 
Let ι be a generator of such a copy of Z in π2m(BSO(2m)).

By construction, H∗(ι; Q) is non-trivial on the Euler class of the rational fiber sequence

S2m−1
(0) → BSO(2m− 1)(0) → BSO(2m)(0),

which is just X2m⊗Q1. Therefore, H∗(ι; Z)(X2m) = κ[S2m] for some non-zero κ ∈ Z. �
From this point forward we fix both ι : S2m → BSO(2m) and the non-zero integer κ, 

as defined by Lemma 5.1.

Definition 5.2. Given integers r > 0, m > 1, with r coprime to m!, we define:
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(1) The oriented (4m − 1)-manifold Erm as the total space in the principal spherical 
SO(2m)-fiber bundle

S2m−1 S2m−1

Erm BSO(2m− 1)

Σ BSO(2m),

�
φr

(7)

where φr = ϕr ◦ ι ◦ π.
(2) The oriented (4m −1)–manifold E−rm obtained by reversing the original orientation 

on the manifold Erm introduced above.

Remark 5.3. By construction, the Euler class of the spherical fiber bundle over Σ given 
in diagram (7) is κrm[Σ].

Recall from the beginning of this section that (Σ, [Σ]) is a fixed oriented closed con-
nected 2m-manifold where (AΣ, ∂) is its Sullivan minimal model.

Lemma 5.4. Let Erm be the manifold introduced in Definition 5.2. A Sullivan minimal 
model of Erm is Kκrm(AΣ) as given in Definition 4.4. Therefore Erm is rationally equiv-
alent to MKκrm

, the manifold given in Lemma 4.6.

Proof. As it was pointed out in Remark 4.5, Kκrm(AΣ) is a Sullivan minimal model 
for the total space in a rational S2m−1-fiber sequence whose Euler class is κrm[Σ]Q. It 
coincides with the Euler class of the rationalization of the spherical SO(2m)-fiber bundle 
in diagram (7). Therefore Kκrm(AΣ) is a Sullivan minimal model for Erm . �
Lemma 5.5. Let i, j, m be positive integers, m > 1, such that gcd(i, m!) = gcd(j, m!) = 1, 
and let Erm , r = i, j, be the (4m − 1)-manifold introduced in Definition 5.2. Then

D(Eim , Ejm) =
{
{0, (j/i)m}, if i|j,
{0}, if i� |j.

Proof. By Lemma 5.4, the manifolds Erm and MKκrm
are rationally equivalent, for every 

0 < r ∈ Z. Therefore:

D(Eim , Ejm) ⊂ DQ(Eim , Ejm) ∩ Z = DQ(MKκim
,MKκjm

) ∩ Z

= {0, (j/i)m} ∩ Z (by Lemma 4.7)

=
{
{0, (j/i)m}, if i|j,
{0}, if i� |j.
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The proof will be completed if we construct a map f : Eim → Ejm of degree (j/i)m
when i|j. To this end, let us suppose that j = di, d ∈ Z, and recall that unstable Adams 
operations satisfy that ϕj � ϕd ◦ ϕi. Therefore, by construction (see Definition 5.2) 
φj � ϕd ◦ φi. Let f : Eim → Ejm be the map obtained by the universal property of 
pullbacks in the following homotopy commutative diagram:

Eim BSO(2m− 1)

Ejm BSO(2m− 1)

Σ BSO(2m) BSO(2m)

f

ϕd

�
φi ϕd

(8)

where the right-hand side comes from Diagram (6). Diagram (8) gives rise to a commu-
tative diagram of spherical fiber sequences

S2m−1 S2m−1

Eim Ejm

Σ Σ,

f̃

f (9)

whose associated Serre spectral sequences (Sss) can be compared via the edge morphisms 
given by naturality: the Sss associated to the left (respectively, right) side of diagram 
(9) is fully determined by the differential

d2m([S2m−1]) = κim[Σ] (respectively, d2m([S2m−1]) = κjm[Σ]),

and since by naturality

d2m
(
H∗(f̃)([S2m−1])

)
= H∗(IdΣ)

(
d2m([S2m−1])

)
we obtain that deg(f̃) = (j/i)m.

Now, the cohomological fundamental class [Eim ] (respectively, [Ejm ]) is represented by 
the class [S2m−1] ⊗[Σ] in the E2m−1,2m

∞ -term of the Sss associated to the left (respectively, 
right) fiber sequence in diagram (9). Hence by naturality

H∗(f)([Ejm ]) = H∗(f̃)([S2m−1]) ⊗H∗(IdΣ)([Σ])]

=
(
(j/i)m[S2m−1]

)
⊗ [Σ]

= (j/i)m[Eim ]
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and therefore deg(f) = (j/i)m. �
Remark 5.6. Notice that manifolds Erm and E−rm differ in just the orientation. Hence, 
for every other oriented closed connected (4m − 1)-manifold N , the mapping set degree 
is D(E−rm , N) = −D(Erm , N) and D(N, E−rm) = −D(N, Erm).

Prior to proving Theorem C, we need an integral version of Proposition 4.3 (see 
Proposition 5.8). First, we prove the following result:

Lemma 5.7. Let M, N be oriented closed connected n-manifolds, n > 2, and d ∈
D(M, N), d �= 0. If N is simply connected, then there exists a map h : M → N

that induces a map between discs h|DM
: DM → DN such that DM = h−1(DN ), 

h|∂DM
: ∂DM → ∂DN , and deg(h) = deg(h|∂DM

) = d.

Proof. We take a map f : M → N of degree d, that we can assume to be smooth. Take 
a regular value y0 ∈ N of f , and let x1, . . . , xs be the preimages. We take a collection of 
smooth regular curves Lj from x1 to xj , j = 2, . . . , s, which do not intersect each other 

except at the original point x1, and write L =
s⋃

j=2
Lj .

Around each Lj we are going to build a spindle as follows: Take a parametrization 
γj : [0, 1] → Lj , with γj(0) = x1, γj(1) = xj , and a tubular closed neighbourhood 
Γj : [0, 1] ×Dn−1

ε → Uj ⊂ M around Lj . The spindle is the subset

Sε
j := {Γj(t, x) | |x| ≤ εt(1 − t), t ∈ [0, 1]}.

Taking ε > 0 small enough, we can assume Sε
j ∩ Sε

j′ = {x1} for j �= j′. Then, there 

exists a retraction r : M → M such that it is the identity on M �
⋃

Sε
j , and sends Sε/2

j

to Lj so that r(Γj(t, t(1 − t)x̄)) = γj(t) for x̄ ∈ Dn−1
ε/2 . Indeed, if Γj(t, x) ∈ Sε

j write 
(t, x) = (t, t(1 − t)x̄) where x̄ ∈ Dn−1

ε , and define

r(Γj(t, t(1 − t)x̄)) =
{

γj(t), |x̄| ≤ ε/2.
Γj(t, (2

ε |x̄| − 1)t(1 − t)x̄), ε/2 ≤ |x̄| ≤ ε.

Now, let f̂ = f ◦ r : M → N , which has degree d and maps Sε/2
j to the curve Rj = f(Lj)

in N . Note that f̂−1(y0) = {x1, . . . , xs}.
Since N is simply connected we can construct a contraction from the loop Rj to y0

being careful not to cross y0, as follows. The curve Rj is parametrized by βj = f ◦γj . Take 
a small ball Bδ(y0) and two points 0 < a < b < 1 such that βj([0, a]), βj([b, 1]) ⊂ Bδ(y0)
and βj(a), βj(b) ∈ ∂Bδ(y0). Using that N � Bδ(y0) is simply connected, we construct a 
homotopy of βj |[a,b] to a path in Bδ(y0) from βj(a) to βj(b). This gives a homotopy from 
βj to a loop in B̄δ(y0) not crossing y0. Next we take a radial retraction to y0, and by 
juxtaposition, we get a homotopy Hj(t, s) from βj(t) to the constant path Hj(t, 1) = y0, 
such that Hj(t, s) �= y0, if s < 1 and t ∈ (0, 1).
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Now we define f̃ : M → N as follows. First f̃ = f̂ on M � S
ε/2
j . Now on Sε/2

j , we set

f̃(Γj(t, t(1 − t)x̄)) = Hj(t, 1 − 2|x̄|/ε),

for x̄ ∈ Dn−1
ε/2 . This is continuous, because at the boundary |x̄| = ε/2, we have f̃ = βj(t). 

We also have f̃ |Lj
= y0, when |x̄| = 0, and these are the only possible points such that 

they take value y0. Therefore

f̃−1(y0) =
⋃

Lj = L.

Finally, we contract L in M , resulting in M/L being homeomorphic to M since L is 
a collection of segments with a common original point. Let p ∈ M denote the point 
corresponding to L under the map M → M/L ∼= M . Then we define h : M ∼= M/L 

f̃−→ N

satisfying h−1(y0) = {p}. By choosing sufficiently small δ and ξ > 0, we can homotope h
so that Dn

δ (p) = h−1(Dn
ξ (y0)) and h|∂Dδ(p) : Sn−1 → ∂Dn

ξ (y0) ∼= Sn−1, which has degree 
d. �
Proposition 5.8. Let Mi, Ni, i = 1, . . . , r, be oriented closed connected n-manifolds, n >
2, satisfying:

(1) Ni is simply connected, i = 1, . . . , r;
(2) πn−1(Ni) = 0 for i = 1, . . . , r;
(3) D(Mi, Nj) = {0} for i �= j.

Then

D(
r

#
j=1

Mj ,
r

#
i=1

Ni) =
r⋂

i=1
D(Mi, Ni).

Proof. By combining Lemmas 3.1 and 3.2, it follows directly that:

D(
r

#
j=1

Mj ,
r

#
i=1

Ni) ⊂
r⋂

i=1
D(

r

#
j=1

Mj , Ni) =
r⋂

i=1
D(Mi, Ni).

Conversely, let d ∈ D(M1, N1) ∩D(M2, N2). By Lemma 5.7, there exists hi : Mi → Ni

that induces a map between discs hi|DMi
: DMi

→ DNi
such that DMi

= h−1
i (DNi

) and 
hi|∂DMi

: ∂DMi
→ ∂DNi

, and deg(hi) = deg(hi|∂DMi
) = d, i = 1, 2. As deg(h1|∂DM1

) =
deg(h2|∂DM2

) = d, we homotope h2 so that h2|∂DM2
= h1|∂DM1

. Now, gluing M1#M2
along ∂DMi

, i = 1, 2, and N1#N2 along ∂DNi
, i = 1, 2, gives us a well-defined a map

h1#h2 : M1#M2 → N1#N2

whose degree, by construction, is precisely d. Therefore
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D(M1, N1) ∩D(M2, N2) ⊂ D(M1#M2, N1#N2).

Now, by an inductive argument

r⋂
i=1

D(Mi, Ni) =

( r−1⋂
i=1

D(Mi, Ni)
)
∩D(Mr, Nr) ⊂ D

(
(
r−1
#
j=1

Mj)#Mr, (
r−1
#
i=1

Ni)#Nr

)
=

D(
r

#
j=1

Mj ,
r

#
i=1

Ni)

which concludes the proof. �
Proof of Theorem C. Let Σ be an oriented closed k-connected 2m-manifold satisfying 
that Σ(0) is inflexible and πj(Σ(0)) = 0 for j ≥ 2m − 1. Let A = {0, d1, . . . , dn} where 
d1, d2, . . . , dn are pairwise different non-zero integers.

According to Proposition 2.2, there exist finite sequences B(i), i = 0, . . . , n, of not 
necessarily pairwise distinct non-zero integers, such that every element in B(i) can be 
written as ±rm for 0 < r ∈ Z with gcd(r, m!) = 1, and

A =
n⋂

i=0
SB(i).

Choose pairwise distinct prime numbers q0, q1, . . . , qn, in such a way that

qj > max{|b| | b ∈ B(i), i = 0, . . . , n}

and gcd(qj , m!) = 1, for j = 0, . . . , n. Let αi = qmi
∏

b∈B(i)
b, for every i = 0, . . . , n. 

Note that αi and αi/b, b ∈ B(i), are integers that, up to a sign, can be written as rm
for some positive integer r such that gcd(r, m!) = 1. Hence, following the notation in 
Definition 5.2, we can define the following (4m − 1)-manifolds

Mi = #
b∈B(i)

Eαi/b

Ni = Eαi

for i = 0, . . . , n. According to Lemma 5.5 and Lemma 3.1, we deduce that

D(Mi, Ni) = SB(i) , and

D(Mi, Nj) = {0}, for i �= j.
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Finally, we construct

M = M0#M1# . . .#Mn,

N = N0#N1# . . .#Nn.

If k > 0, thus the Ni are simply connected, according to Proposition 5.8, we obtain that

D(M,N) =
n⋂

i=0
SB(i) = A.

If k = 0, we apply Proposition 3.7 to get that there exists � ≥ 0 such that

D(M#H(4m− 1, �), N) =
n⋂

i=0
SB(i) = A. �
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