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Let H(ID) denote the space of analytic functions in ID. It is
shown that the non-tangential maximal operator

f= N()(E) = sup [f(z)], €D,
=€T(9)

is bounded from AL{(w) = Li(w) N H(D) and ATI(w) =
T (w) N H(D) to L(w) and T(w), respectively. These piv-
otal inequalities are used to establish further results such as
the density of polynomials in ALZ(w) and ATZ(w), and the
identity ALJ(w) = ATJ(w) for weights admitting a one-sided
integral doubling condition. Further, it is shown that any of
the Littlewood-Paley formulas

k1
Ifllacs@) = IFE @ =1 DFllegw + D 1F90)],
j=0
feHD),
k-1
Iflazac) = NFE Q=1 D lza) + D 1FP0)],
j=0
fenD),

holds if and only if w admits a two-sided integral doubling
condition. It is also shown that the boundedness of the clas-
sical Bergman projection P,, induced by the standard weight
(v+ 1)(1 —[2*)7, on L(w) and T¢(w) with 1 < ¢,p < oo is
independent of ¢, and is described by a Bekollé-Bonami type
condition.
© 2026 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Let H(D) denote the space of analytic functions in the unit discD = {z € C : |z| < 1}.
A function w : D — [0, 00), integrable over D, is called a weight. It is radial if w(z) =
w(|z|) for all z € D. The non-tangential approach region (cone), with vertex at ¢ € D
and of opening 0 < M < o0, is the set

Ta(€) ={zeD:|argz —argf| < M(|¢] —[2])} .

For 0 < p, ¢ < oo and a radial weight w, the tent space T)f(w) consists of complex-valued
measurable functions f on D such that
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where T = 0D, I'(§) = T'1(§) and dA(z) = @ is the normalized Lebesgue area
measure on D. The analytic tent space AT} (w) is TZ(w) N H(D). If w is the standard
weight (o +1)(1 — |2[?)®, then we simply write T(w) = T} (a) and AT?(w) = AT(w).

The concept of tent spaces were introduced by Coifman, Meyer and Stein [10], and
these spaces have become a primordial tool in the operator and function theory on
spaces of analytic functions. In fact, different versions of weighted tent spaces of analytic
functions have been considered by several authors during the last decades, and they are
naturally linked in several ways with classical function spaces [1,9,15,16,21,26]. One of
the most used facts of this fashion is the Calderon’s area theorem which asserts that f
belongs to the Hardy space H? if and only if A|f|P € T1% (1) [18, Theorem 7.4].

For 0 < p,q < oo and a radial weight w, the average radial integrability space L(w)
consists of complex-valued measurable functions f on D such that

q
p

27 1
1 .
£l Le) = %/ /If(rew)lpw(r)rdr do| < oo,
0 0

and
ALl (w) = Li(w) N H(D).

Obviously, AT} (w) = ALP(w) coincides with the Bergman space A, induced by p and
w. Throughout this paper we assume that the tail integral &w(z) = f‘i‘ w(s) ds is strictly
positive for all z € D, otherwise A2 = H(D). As in the case of the tent spaces, we
write L (a) and ALE(c) when the inducing weight is standard. The connection between
the analytic Triebel-Lizorkin spaces and the average radial integrability space AL{(a)
is known [16], and so is the identity ALI(a) = AT (a) [16, p. 179], see also [I, Propo-
sition 3.1]. Moreover, an extensive study of essential properties of the space ALg(O) has
been recently done in [2,3,1]. However, to the best of our knowledge, the existing liter-
ature does not offer results concerning fundamental properties and interrelationships of
the spaces AL{(w) and ATJ(w) induced by a general radial weight w. One of the main
aims of this study is to fill this gap.

The first cornerstone within this weighted theory consists of proving the boundedness
of the non-tangential maximal operator

[ Nu(h)(€) = sup [f(z)|, §eD,

z€lp (§)
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from AL{(w) and AT} (w) to L{(w) and T (w), respectively. As far as we know, the result
given in Theorem 1.1 is new even for the standard weights.

Theorem 1.1. Let 0 < p,q, M < oo and let w be a radial weight. Then Ny @ ALE(w) —
Li(w) and Nps : AT (w) — T (w) are bounded.

The boundedness of Ny : ATJ(w) — T}(w) is proved by using a version of the
Fefferman-Stein vectorial maximal theorem, valid for all log-subharmonic functions and
the optimal range of parameters [18, p.212], together with a covering of T'p/(¢) induced by
appropriate unions and intersections of cones with vertexes depending on £. See Section 2
for details and a real scale illustration. The proof for AL{(w) follows the same guideline
but it does not involve that much geometric arguments.

We next present several natural applications of Theorem 1.1. The first one shows that
each f € ALJ(w) can be approximated by its dilated functions fx(z) = f(Az) as A — 17,
and consequently, the polynomials are dense in ALg(w). The same is true for the analytic
tent spaces.

Theorem 1.2. Let 0 < p,q < oo and let w be a radial weight. Let AX € {AL}(w), AT (w)}.

Then the following statements hold:

(i) There ezists a constant C' = C(p,q) > 0 such that

Ifallax < Cllflax, AeD, feHD);

(i) lim _|[fx — fellax =0 for each f € AX and ¢ € D;
A=, eD
(iii) Polynomials are dense in AX (w).

The special case ALg(O) with 1 < p, ¢ < oo of Theorem 1.2 has been recently proved
in [3, section 2] with different methods which do not seem to carry over to the general
case.

The second application of Theorem 1.2 concerns the useful identity

AT (a) = ALY (), (1.2)

proved in [16], see also [1, Proposition 3.1]. To pull this identity to more general setting
some more definitions are in order. A radial weight w belongs to D if there exists C' =
C(w) > 0 such that

1
CJ(T)SCCJ( ‘2”> ro 1,

and w € D if
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for some K = K(w) > 1 and C = C(w) > 1. Write D = DN D for short, and simply say
that w is a radial doubling weight if w € D. It is known that the doubling classes D and
D arise naturally in the operator theory related to the weighted Bergman spaces [23],
and hence their appearance here does not come as a surprise. Each standard radial
weight obviously belongs to D, while D \ D contains exponential type weights such as
w(r) = exp (—W) , where0 < a, 1, 8 < co. The class of rapidly increasing weights,
introduced in [20], lies entirely within D \ D, and a typical example of such a weight is
w(z)=(1-|2*)"1 (log ﬁ) with 1 < a < co. To this end we emphasize that the

containment in D or D does not require differentiability, continuity or strict positivity. In
fact, weights in these classes may vanish on a relatively large part of each outer annulus
{z : v < |z| < 1} of D. For basic properties of the aforementioned classes, concrete
nontrivial examples and more, see [19,20,23] and the relevant references therein.

Theorem 1.3. Let 0 < p,q < 00 and w € D. Then AL#(w) = AT{(w) with equivalence of

quasinorms.

Theorem 1.3 is sharp in the sense that if w belongs to the class W of rapidly decreasing
weights, defined in Section 2, then the statement is in general false. The class W is a large
set of smooth weights and it has been widely studied [4,5,17]. It contains, for example,
the (iterated) exponential type weights among many others.

Theorem 1.4. Let i € W. Then there exist 0 < p,q < 0o such that AT} (u) # AL(p).

It is worth underlining here that the identity AL(w) = ATJ(w) for w € Dis a
particular phenomenon of analytic radial integrability and tent spaces that does not
remain true for the corresponding spaces of measurable functions as the following result
shows.

Proposition 1.5. Let 0 < p,q < oo and let w be a radial weight. Then the following
statements hold:

(i) Ifp <gq, then Li(w) C T (w) with || fllzew) < 1 fllLsw) for all measurable functions
fi

(ii) Lbh(w) = L, = TP (w) with equivalence of quasinorms;

(iii) Ifq <p, then T} (w) € Li(w) with || fll gy S 1fll1gw) for all measurable functions
!

Proposition 1.5 is likely known for experts working in the area but we give a detailed
proof because we did not find it in the literature.
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In the theory of weighted spaces of analytic functions it is often useful to know if
the inducing weight of the quasinorm in question can be replaced by another one which
possesses strong smoothness properties. Our next result, which is strongly based in The-
orem 1.1, falls into this category of results and shows that, whenever w € D, we may
replace it in the quasinorm by the regularized weight

5(z)

1—lz|’

w(z) = zeD,

which does not have zeros. Since for w € D we have w € D, we may iterate the result and
thus assume that the inducing weight is, for instance, differentiable and non-vanishing.

Theorem 1.6. Let 0 < p,q < oo and let w be a radial weight. Then the following state-
ments are equivalent:

(i) w e D;
(i) AL{(w) = AL(w) with equivalence of quasinorms;

(iii) ATJ(w) = AT} (w) with equivalence of quasinorms.

In particular, if w € D then AL](w) = AT](w) = AL(w) = ATJ(w) with equivalence of
quasinorms.

Another commonly used tool in the operator theory in spaces of analytic functions
is quasinorms in terms of the iterated derivatives. In our context, the Littlewood-Paley
formula

11 azg ) = PP Q=1 D¥llzg ) + Z PO, feHD), (1.3)

is known for the standard radial weights w and 0 < p,q < oo by [26, Theorem 2], see
also [2] and [16] for related results. This raises the question of which properties of radial
weights are determinative for (1.3) to hold. Our next result provides a neat answer to
this question.

Theorem 1.7. Let 0 < p,q < oo and k € N, and let w be a radial weight. Then the
following statements are equivalent:

(i) w e D;

(i) [ lazswy =< IFE Q=1 D¥ll7e ) + Z 19 (0)] for all f € H(D);

(iil) [1£lars) =< 120 =1 D¥llrow +Z|f“ )| for all f € H(D).
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Theorem 1.7 is known in the case ¢ = p which corresponds to the weighted Bergman
space [23, Theorem 5]. The proof of Theorem 1.7 relies strongly on Theorem 1.1 together
with properties of radial doubling weights. We will actually prove slightly more than what
is stated above. Namely, we will show that the inequality

IFO Q=1 ¥l +Z\f(” IS I largy,  feHD), (1.4)

or its analogue for AL{(w), holds if and only if w € D. This result extends [23, Theorem 6].
We next appeal to Theorem 1.7 to describe the analytic symbols such that certain
integration operators are bounded on AT}/ (w). To give the precise statement, for each

g € H(D), define

and for a = (a1,az,...,a,_1) € C" 1 set

n—1
Tyulf) =17 (fg(n) + Z akf(k)g(nk)> , I(z)=2,2z€D.
k=1

The generalized integration operator T, , was introduced by Chalmoukis in [8].

Theorem 1.8. Let 0 < p,q < oo, n € N, a € C"! and w € D. Then T,,, : AL (w) —
AL%(w) is bounded if and only if g belongs to the classical Bloch space B.

The last topic of the paper is to describe the dual spaces of AL(w) and ATJ(w).
Our approach to this matter leads us to characterize the radial weights such that the
Bergman projection

Py(f)(z) = (v +1 / 2+’v (1-[¢*)"dAQ), fell, =zeD,
D

induced by the standard radial weight (y+1)(1 —[¢[?)7, is bounded on Lg(w) or T(w).
We also consider the maximal Bergman projection

£(©) .
P¢<f><z>—<v+1>ﬂ)[|l_zm<1|c|2> dAQ). feLl, zeD.

For brevity, we write w, = fol r*w(r) dr for the moments of a radial weight w. If w(z) =
vy(2) = (v + 1)(1 — [¢]?)7, we will simply write w, = v, to denote its moments.
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Theorem 1.9. Let 1 < p,qg < 00 and —1 < v < o0, and let w be a radial weight. Then the
following statements are equivalent:

i) Py Li(w) — AL(w) is bounded;
(i) Pf:Li(w) — Li(w) is bounclled' 1
(iii) Dp(y,w) = sup (©np+1) (Tnpr+1) < 0o, where
neNU{0} Yon+1
v \P Pl
O—:O—U’Yvva: <Z> = L’
wr wp-1

(iv) The Bekollé-Bonami type condition

1
Y

(f:w(t)tdt)% (f ot )tdt)

B,(v,w) = sup < oo
P 0<r<1 [l (tyedt

holds;
(v) (ALg (w))* ~ ALZi(O‘) via the A2-pairing with equivalence of norms;
(vi) (A . w))* o~ AT;,/ (0) via the A2-pairing with equivalence of norms;
(vii) Py : T (w) = ATI(w) is bounded.
The boundedness of Py : L{(0) — AL{(0) was recently proved in [3, Theorem 4.3],

see also [16, Proposition 2.8]. In fact, to show that (i)=(iv) we will follow ideas from the
A=

! [1—¢z[2+y

discrete kernel. Among other tools used in the proof, we apply results concerning the

proof of [3, Theorem 4.3] to control the maximal Bergman kerne by an adequate

boundedness of the Hormander-type maximal function [13]

Mo ()(2) = sup —— / 19(O)|w(C) dA(Q)

zeS W

where S is a Carleson square. Namely, we will use the fact that M, : LY, — LP is bounded
for each w € D [19, Theorem 3.4], and appeal to [28, (4.7)], see also [6], which states that
M, : L?, — LP is bounded if and only if w belongs to the Bekdlle-Bonami class By(7,w).
Indeed, it is worth pointing out that this class of radial weights is contained in the class
of radial doubling weights D. More precisely, w € Dis proved in [25, Lemma 9(i)], while
w € D follows from our arguments in the proof of Theorem 1.9.

The rest of the paper is organized as follows. Theorems 1.1-1.6 are proved in Section 2.
Section 3 is mainly devoted to the proof of Theorem 1.7, while Section 4 contains the
proof of Theorem 1.8. Finally, Theorem 1.9 is proved in Section 5.

For clarity, a word about the notation already used in this section and to be used
throughout the paper. The letter C' = C(-) will denote an absolute constant whose
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value depends on the parameters indicated in the parenthesis, and may change from one
occurrence to another. As usual, for non-negative functions A and B, the notation A < B,
or equivalently B 2 A, means that A < C' B for some constant C' > 0 independent of
the variables involved. Further, we write A < B when A < B < A.

2. Maximal functions, equivalent norms and polynomial approximation

We begin with the nontangential maximal operator acting on AL{(w) because it serves
us as a model for the tent space case which is more involved. The radial maximal function
of a measurable function ¢ : D — C is

R(¢)(2) = S [¢(r2)l, ze€D. (2.1)

Theorem 2.1. Let 0 < p,q, M < oo and let w be a radial weight. Then there exists a
constant C = C(p,q, M) > 0 such that

IR(N) g < INM(HllLg) < Cllfllacgw), [ € HD). (2.2)

Proof. The left-hand inequality in (2.2) is obvious, so we only we have to prove the right
one. First observe that Ny (¢)(r¢) is a non-decreasing function of r for each fixed ¢ € T.
Therefore, for all s € (0,1) and 6 € [0, 27), we have

€]

i+1)s
[ Nl retryr dr

S

Jonnpee et dr =y

0 W
) (G+D)s
S (+1)s 4 /
< N, Py =——¢" d N.
<> Nl (S22} [ wtyran e
-

Since the functions

are log-subharmonic in D and continuous in D, by [18, Theorem 7.2 on p. 212 and the
comment following it], there exists a constant C' = C(p,q, M) > 0 such that
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21 s %
/ /(NM(f))p(Tew)w(r)r dr | db
o \0

aq
27 D

S/ ZNM(hj,s)(eie) do

n

/ w(r)rdr—o/|f(rei9)|pw(r)rdr.

()

Therefore, by the dominated convergence theorem,

’I’L*}OO
s

2l

7 /S(NM(f))p(Tew)w(r)rdr ' do < 07 /S|f(rei9)pw(r)rdr ’ a0
AN 2\

q
< Ol g
from which the assertion (2.2) follows by Fatou’s lemma. 0O

Theorem 2.1 implies that, for each fixed 0 < M < oo, we have

”fHALg(w) = HR(f)HLg(w) = HNM(f)”Lf,(w)a [ € H(D).

(2.3)

In order to obtain an analogue of this result for the tent spaces we will use the proof of
Theorem 2.1 as a toy model. The task we will face then is to find a suitable partition for
each cone I' with vertex in D in terms of sets induced by suitably chosen cones induced

by points in I'. Our cones have been chosen such that they obey convenient geometric

properties and that allows us to pull the argument from radii to tents.

Theorem 2.2. Let 0 < p,q, M < oo and let w be a radial weight. Then there exists a

constant C = C(p,q, M) > 0 such that

INv(Ollrg ) < Clliflargwy, [ € H(D).

(2.4)
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Proof. A direct calculation shows that

Tu()= J Twul2), £€D\{0}. (2.5)

2€T 0 (&)

For ¢ € D\ {0}, define §oo =& and

Zkzg%eu‘/[lél%v j:]-a"'an_L _]Skgjv TLGN,
and set
FR@=Tuo\ [ U TwmE)
1>5+1, |i|<I

Further, define E7(§) = FJ(§) and E7; (&) = FJ'(§) \ Upij<p—1 F75(€) for 0 < [k| < j
and j =0,...,n — 1. Then the sets E;-fk(@ are pa1rw1se disjoint Such that

n—1
U U E©=TuE), neN, (2.6)
J=0 —j<k<j

and

max  max diam E},(§) -0, n— oo,
7=0,....n—1 —5<k<j

see Fig. 1 for an illustration of the sets E;’k(ﬁ) Fatou’s lemma implies

L1

WDl < im [ | [ Wt aae) | jag
T

1— 2]
I (s€)

IS

—im (X X [ wureLac) |

s—1
=0 —1<k<yg
T J ]_k_JEZk(Sg)

T

< lim [ SO Nl () / 1“_<Z)z| dA(z) | g

. =0 —j<k<j
T J=0 —j<k<j Enk(sg)

T

—im (XX mutga©)

s—1
T \i=0 i<k

where
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3m 4w P
Fig. 1. Two real scale illustrations of the sets E7'; (§) when § = el< ks 2) and n = 4. In the case £ = e"+ the
opening is M = 2 while in the other case M = 1.

n(O) = f (57O [ / “() a2, ceD,

1—z|

are log-subharmonic in D. Now [18, Theorem 7.2 on p. 212 and the comment following
it] implies

q
n—1 P

INM (D gy S T [ D0 > ha(©) ] ldgl, neN.

T \s=0 —j<k<;

Since the diameter of each set E7; (s€) tends to zero as n — oo, and I'(s§) expands to
I'(€) as s = 17, the identity (2.6) yields

Tk

1NNy < i [ | [ 18P dAG) | 106 S Uy F € HOD),

T M (s§)

Thus the theorem is proved. O
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Theorem 2.2 implies

I lazg @) = IR zg @) = INs(Dllrg), € HD). (2.7)

By combining this with (2.3) we obviously have Theorem 1.1. We next proceed to apply
Theorem 1.1 to prove our other results.

Proof of Theorem 1.2. We will only establish the case AX = ALf(w), the proof for the
tent spaces readily follows by the same argument.
(i). Let A € D. Then Theorem 2.1 implies

[fxllacs@w) = Ifinllacgw) < TR D ILg@w) < IR sy S Ifllarsw), [ € HD).
(ii). Let f € ALZ(w). Then

1

/|f(sei9)\pw(s)sds<oo and hm /\f se')Pw(s)sds =0

0

for almost every 0 € [0, 27]. Consequently, for each € > 0, there exists ro = r¢(g) € (0,1)
such that

q
P

/ /|f(sei‘9)\psw(s) ds| df<e (2.8)
0 T

by the dominated convergence theorem. Further, by arguing as in the proof of Theo-
rem 2.1 we find a constant C' = C(q,p) > 0 such that
2

% 2m 1 %
|R(f)(se')|Pw(s)sds | db <C |f(se®)|Pw(s)sds | db. (2.9)
(j (i

By combining (2.8) and (2.9) we obtain

SIS

2 1

/ /|(fx—f<)(sei9)\pw(s)sds do

0 o
27 % 27 %
/ /‘f* se'®)Po(s)e da d9+/ /|f< s P()sds | ds

9
p

1
< 2/ /|R(f)(sei9)|pw(s)sds d9 < 2Ce, A CeD.

2m

0
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Since f is uniformly continuous in D(0,r¢), there exists 6 = d(¢) > 0 such that |f(z) —
flw)] < ea for all z,w € D(0,79) such that |z — w| < §. Therefore, if A\,¢ € D with
|A —¢] < 4, we have

27 0

155 = Fellhsge S [ | [ 103 = g0 Patsas | - ao
0

0
a
27 P

//m—fg(se VPw(s)sds | o Se,

and (ii) follows. Finally, by (ii) and the fact that for any A € D \ {0} the sequence of
partials sums of fy converges uniformly to such function in D C %]D), we get (iii), which
completes the proof. O

If w,v:[0,1) = [0,00) are integrable and satisfy & < 7 on [p, 1), then an integration
by parts shows that

/w(r)w(r) drg/ga(r)u(r) dr (2.10)

for all non-decreasing functions ¢ : [0,1) — [0,00), see [27, Lemma 8] for details. This
observation serves us in several instances in the sequel.

Proof of Theorem 1.3. Since z € I'j;(§) if and only if z € T ar((|2] + (1 — |2])/K)E) for
all £ € T,0 < M < o0 and 1 < K < oo, we have I' (€) N D(0,r) C Ty (1££€) for all
0<r<1and ¢ e T. Therefore

q
P

HfHATq / /N2 <1 tr m) w(r)rdr | do

//N2 (t6) w(2t — 1)(2t — 1)2dt | do, f e HD),

where the last weight satisfies

DN | =

1 1 1
/w (2t — 1)(2t — 1)2dt = / w(r)rdr < /w(r)r dr,
4 p—1 P

2
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by the hypothesis w € D. Hence (2.10) and Theorem 2.1 yield

p

T / / Na(f wryrdr | 49 < NPy,

< ||f||ALq W [ EHD),

and thus AL} (w) C ATY(w).
To see that AT?(w) C AL{(w), write

1 ,
1 Nu(f)P(re)dt, 0<r<1, 1<M <oo,
-Tr

[t—0|<1l—7

(I)f,M,p(rew) =

for short. For each —M < K < M we have
Nag(f)(re'EA=+0) < Ny (f)(se! B30y - p<r<s<1, 60eR,

and hence

1
1—1r

1—s

Nag (F)7 (s ==750)
[t—0]<1—r (2.11)

=Dy arp(se?), 0<r<s<l1, 6O€eR,

Dy arp(re’?) <

that is, 7 — @7 a7, (re’) is non-decreasing on [0,1) for each fixed § € R, 0 < p < oo,
1< M <ooand f:D — C. Since re?’ € I' (1£Ze’) whenever [0 —¢| < 1 — 1~ we have

2m 1

147, ’
g < [ | [ ora (S5 )wtorar | a0
0 0

Now that r — ®¢ 1, (HT 19) is non-decreasing, we may proceed as in the proof of the
inclusion AL#(w) C AT} (w) to obtain

27 1 %
1% £ o §/ /@f,l,p (re®)w(r)rdr | do = [IN(f)ll72 )
0 0

Theorem 2.2 now completes the proof of AT¢(w) C ALY(w). O

Our next goal is to use (2.3) and (2.7) to obtain another equivalent norms in ALY (w)
and AT} (w), provided w € D. To do this, we will need three basic lemmas on doubling
weights. For each 1 < K < oo and a radial weight w, consider the sequence defined by
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pn=pn(w,K)=min{0<r<1:0(r)=00(0)K" "}, neNU{0}. (2.12)

It is strictly increasing, pg = 0 and lim,, . p, = 1. For a proof of the following result,
see [19, Lemma 2.1].

Lemma 2.3. Let w be a radial weight. Then the following statements are equivalent:

(i) we D;
(ii) There exist K = K(w) > 1 and C = C(w, K) > 1 such that

1_pn(w7K)Zc(l_pn+l(w7K))a TLGNU{O};
(iii) There exist C = C(w) > 1 and By = Po(w) > 0 such that

R 1—r ﬂA
w(r)§C<ﬁ> o), 0<r<t<l,

for all B> Bo;
(iv) There exist C = C(w) > 1 and ng = no(w) > 0 such that

w() o)
D/ = p O = Oy 2<P

for all m > ng.

The next result is a counterpart of Lemma 2.3 for the class 73, and it is obtained by
methods similar to those yielding the said lemma.

Lemma 2.4. Let w be a radial weight. Then the following statements are equivalent:

(i) we D;

(ii) For some (equivalently for each) K > 1, there exist C = C(w, K) > 0 such that
1= pp(w, K) < C(1 = ppt1(w, K)), neNU{0}

(iii) There exist C = C'(w) > 0 and ag = ap(w) > 0 such that

1—s
1-—¢

mggc( ) 5(t), 0<t<s<l,

for all 0 < a < ay.
The equivalence between (i) and (ii) in the next lemma is an immediate consequence

of Lemmas 2.3 and 2.4. The other equivalences follow from [22, Theorems 8 and 9] and
[27, Lemma 9(vii)(viii)].
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Lemma 2.5. Let w be a radial weight. Then the following statements are equivalent:

(i) w e D;
(ii) There exist K = K(w) > 1, C1 = C1(w, K) > 1 and Cy = Cy(w, K) > Cy such that

Ci(1 = pnr(w, K)) <1 = pn(w, K) <Co(1 = ppyi(w, K)), neNU{O)

(ifi) & <@ on [0,1);
(iv) w € D.

Proof of Theorem 1.6. Assume (i), that is, w € D. Then & = & on [0,1) by
Lemma 2.5(iii). Now that r — @ s ,(re??) is non-decreasing by (2.11), (2.10) and
Theorem 2.2 yield

52 S Hq)f,M,p”Ez = ||NM(f)HT;,’(w)
LY (@ Ly

@) T (w

S llargw), f€H(D).

I fllarg @) < 1901l

Since this argument readily gives the converse implication when the roles of w and @ are
interchanged, we have || fllar2@) = [|fllarg() for all f € H(D). Thus (ii) is satisfied.
The proof that (i) also implies (iii) is similar to the argument above, and hence it is
omitted.

Conversely, if (ii) or (iii) is satisfied, then by testing with the monomials z — 2™, one
obtains the moment condition w, = fol rfw(r)dr < 0, for all 1 < & < oo. Standard
arguments together with [27, Theorems 1 and 3] and Lemma 2.5 yield w € D. O

Aiming to prove Theorem 1.4 some notation and previous results are needed. A radial
weight w is rapidly decreasing if it satisfies the following conditions:

(1) w = e %, where ¢ € C%*(D) is a radial function such that its Laplacian satisfies
Ap > B, > 0in D for some positive constant B, depending only on ¢;
2) (Ap) Y% =< 7. where 7 is a radial positive differentiable function that decreases to
(2) (Ap : P
0, as |z| — 17, and lim,_,;- 7/(r) = 0;
3) There exists a constant C' > 0 such that either 7(r)(1—r)~C is increasing for r close
g
to 1, or

lim (1) log — =
rg{lf 7 (r)log 7(r) 0

The class of rapidly decreasing weights is denoted by W. This class does not include the
standard weights, but it contains, for example, the exponential type weights

—cC
—_ D
z»—>exp<(1_|z|)a), zel),
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and the double exponential type weights

z»—)exp(exp(l_c| |)>, zeD,
— |z

where 0 < ¢, a < 0o are fixed.
Let B% denote the Bergman reproducing kernel of A2 associated to a point a € D.

In the next result, we gather together some known facts on the Bergman spaces induced
by weights in W that are useful for our purpose.

Lemma A. Let w € W. Then the following statements hold:

(i) There exists po € (0,1) such that ||BZ||%. = 7(a) 2w(a)™t for all py < |a| < 1;
(ii) There exists § > 0 such that

1By (2)| =< 1By | az |1 B |laz, 2z € D(a,07(a)), a€D;

(iii) There exists 6 > 0 such that 7(z) < 7(a) for all z € D(a,07(a)) and a € D;

(iv) lim, - % = 0.

Proof. Parts (i) and (iii) are proved in [17, Corollary 1] and [17, Lemma 2.1], respectively.
Next, bearing in mind the hypothesis lim,_,;- 7/(r) = 0, it follows that ¢ = log 5 € Wy,
where Wy is the class of functions considered in [5,14]. Hence Part (ii) follows from
[14, (18)] and Part(i), see also [4, Lemma E]. Finally, (iv) follows from the fact that
lim,_,,- 7(r)=0. O

Lemma 2.6. Let p € W and o > 0. Then there exists C = C(«, p) > 0 such that

—Cr? /.L(’I")

T €W

Proof. By [17, Lemma 2.3] and Lemma A(iv), lim,_,;- w(r) = 0. In particular, w is a
radial weight. Moreover, w = e~ with

U(r) = Cr* + ¢(r) + alog(l—7r%), 0<r<1,
where = e~ %. Therefore

2 2(1 +1r?)
1—7r2  (1—1r2)2

A\D(r)=4C+A<p(r)—a< ), 0<r<l.

Then, by using Lemma A(iv) again we deduce
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Consequently, C' can be chosen large enough so that info<,.<; A¥(r) > 0. Moreover,
the differentiable function 7 such that (Agp)_l/z = 7 also satisfies (A\I/)_1/2 = 7. Thus
weW. O

Proof of Theorem 1.4. Let p =1 and ¢ = 2. By Lemma 2.6, there exists C' = C(u) > 0
such that w(r) = e*CTQ% € W. In order to prove that AT?(p) is not embedded
into AL?(p) it is enough to show that I : AL, — AT?(u) is bounded but I : AL —
AL?(u) is not. Let us write w = e~% and let 7 be a differentiable function such that
(A<p)_1/2 = 7. Bearing in mind that lim,._,;- 7/() = 0 by the hypothesis, it follows that
p = 1og% € Wy, where W, is the class of functions considered in [5,14]. Consequently,
by [5, Theorem 3.3], I : AL — AT? () is bounded because for each § > 0 small enough

Jp(asr(ay W HAA - Jptasriayd = |2])2 dA(2) o

wed (1=la)22(a) ~wed  (I-la)ir2e)

On the other hand, for some ¢ > 0 small enough such that Lemma A(ii)-(iii) holds, take

91 > 0 and intervals J, C T, I, = [a — & 17(a),a + d17(a)] C [0,1) with |I,| = |Jq|

and I, x J, C D(a,07(a)). Next, consider the family of analytic functions f,(z) =
2

( Bg (2) ) , a € D. Then Lemma A(i)—(iii) yields

HBZ)”AE)

2

fJa (fza | B2 (re™)|?p(r)r dr>2 dt

1 falPosa o = / / a(re () dr | di = -
J ” a”AE;
w w 2 2
f]a (f]a (1B 1| a2 [| B, e[| a2) u(r)rdr) dt
h 1B:11%:
2

- / / 1B2..

Ja a

Zop(ryrdr | dt

2

= 7(a) /(1 —r)%T(r)_2 dr | = @ po < la| < 1.

Therefore Lemma A(iii) implies sup,ep || fallarz(u) = 00, which together with the fact
suPgep || fallar = 1 shows that I : AL, — ALF(n) is not bounded. This finishes the
proof. O

We will next prove Proposition 1.5. To do this, we recall that the Hardy-Littlewood
maximal function of g € L (T) is defined by

loc
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M(g)(e) =smp o / g dz €€, (213)

where the supremum is taken over all arcs I on T containing the point &.

Proof of Proposition 1.5. To prove (i), let p < ¢q. Then % > 1, and hence

. i 4AG)
1) = sup T/ (/) FEPa T2 | o@) e,
13

where we have written B = BL(%)/(T) for the closed unit ball of L(%)/(T). By denoting
I(z) ={£ €T :zeT (£}, Fubini’s theorem now yields

1915, = sp / IBIE / (112 | a4

2 1
<swp [ [1seetputirar) | s [ 9o JEL| 2
0

gEB refo,1) J l—r| =
0 I(rei?)

The length of I(z) satisfies

1(2)] :/Xp(g)(z) | < (1—|2]), =€D. (2.14)
T

Therefore, by Holder’s inequality and the Hardy-Littlewood Maximal theorem, we get

2

112 ) S Sgp/ /If rei®)Pu(ryrdr | M(g)(e)do
g
Sy SRUM O gy oy S I Magey SR NN 5y S Iz

that is, L(w) C T} (w).
To see that the inclusion is strict, consider the function

fre) =< jopawr ()

and write x,, for the characteristic function of the set of positive measure on which w is
different from zero. Then
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q
1 P

1719, = /|0| /Xw Y1 —ryrdr| = oo

0

and

S

q
27 1 p 27 1

g [|[| | S]] a<[{[Fr) d<x
”“’ 0+l s\ 1o+t

0 \0 \g<i—r

because £ < 1. Thus f € Tf(w) \ L}(w).
The statement (ii) is a well-known consequence of Fubini’s theorem and (2.14).
To prove (iii), let ¢ < p, and choose b > % By [7, Theorem 1, p. 303], we have

b

17 0zgr = W11 = st /|f )[Flg(2)lw(=) dA(2) |

where we have written B = B .y @)
(bp)’
and Holder’s inequality twice, we deduce

for short. By applying (2.14), Fubini’s theorem

15 = sup [ £ | [ xee @l | {25
D T
=sup [ [ 1o 122 | e

T (&)
1 1
1 . 1 /
< sup 11 gl = 11V 2 ol
But bg < bp by the hypothesis, and hence (bq)’ > (bp)’. Therefore Part (i) implies
’7 < ’ =
sup ||9||T(<;;;, ()~ 59p ”g||L§ZZ§/<w> 1.

Thus we have shown that T(w) C L (w).
To see that the inclusion is strict, consider the function

1
) (1—r)P 0 0
firey ={ oiigy CO0FO
0, w(r)d = 0.

Then
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27 1 %
1 de
q < T _
112, < 27r/|e|2 [a-nir) <o
0 0

because £ < 1. Since w is a weight, there exists a constant ro = ro(w) € (0,1) such that
To

o Xw(r)rdr > 0. This observation together with Fubini’s theorem yields

L1

27 1 0
1 df
q —
1l = 50 [ | [ | [ oty o) a
0 0 —1
27 0 146 P
- / : / (ryrdr | o |
T or 10+ 1] XeATJmar
0 —1 0
27 0 70 P

vV
il
o
\
5
+ —
=
o\
=
€
=
S
U
S
ISH
D
ISH
~

[~}
3
o
IS
N
-
S

Vv
o\
—
5
+ &
&
Y
o
—
=&
&

o1 0—1+t
1-rg %
2
S 1—1rg / dx
2l -
- 2 T 9
0
and thus f € Li(w) \ T(w). O

3. Littlewood-Paley inequalities

We begin with an auxiliary result which guarantees that, for each radial weight w,
the norm convergence in either ATJ(w) or ALJ(w) implies the uniform convergence on
compact subsets. As usual, we write

27 P
1 )
My(nf) = | o [lrGeDPas) o 0<r<t,
0
for the LP-mean of the restriction of f to the circle of radius r, and My (r, f) =

max|,|—, | f(2)| for the maximum modulus.

Lemma 3.1. Let 0 < p,q < 0o and n € NU{0}, and let w be a radial weight. Then there
exist constants Cy = C1(p,q,n,w) >0 and Cy = Co (p, q, g) > 0 such that
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min { || fllarg(w)> Coll fllaTew) }
~ 1 1
S(p)r(p—r)a™™

Moo (r, f™M) < ¢ , 0<r<p<l, fecH(D).

In particular, if w € ’13, then the choice p = 1? gives

min { || fll arg ) 1l arg )

MOO ’ (n) 5 1 1
TRt

, 0<r<1, feH(D).

Proof. It is well known that [f({)|? < || fl|%./(1 —[¢]) for all ¢ € D, 0 < ¢ < o
and f € H(D), see [29, Theorem 9.1] for details. An application of this inequality to

¢ f(pC) at ¢ = z/p yields

M (r, f) Sp%, 0O<r<p<l, fecH(D).

This estimate together with Theorem 2.1 gives

2m 1 P 2
1 . ~ a 1 i
g0 = 5 [ | [ BP0 | o 20007 5 [ R () at
0 0 0

>3 (p)? M3 (p, f) 28 (p)? (p—1)ML(r,f), 0<r<p<l, [eHD),

and thus the statement for AL{(w) is proved in the case n = 0. The general case n € N
is a consequence of n applications of the inequality

Mw(r,f’)gw, 0<r<p<l, f[feHD),

p—r

which is a consequence of the generalized Cauchy integral formula, and the case n = 0
just proved. Details are omitted.
To deal with ATJ(w), let M = M(r,p) = max{l,Qg}. Since 5Le'? € Ty (pe')

whenever |0 —¢| <1 — p, we have

p

g 1 i r+p
O p(pe’?) = =, / Nar(f)P(pe™t) dt > ‘f (Te 9>
[t—0]<1—p

Hence Theorem 2.2 and (2.11) yield
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2 1 % 2
1 i ~ove 1 s i
||f||?4T1‘,’(w) = %/ /(I)ﬁM,p(te g)w(t) dt do > w(p)P %/(bf,M,p (pe 9) df
0 0 0
~ a T+
zwp)ng( +2)
>0(p)r Lot ME(r f), 0<r<p<l, feH(D),

and thus the case n = 0 of the statement for AT} (w) is proved. For n € N the assertion
follows as in the case of AL{(w). O

The pseudohyperbolic disc centered at z € D and of radius 0 < r < 1 is the set
Az,r) ={C € D : |p.(¢)] < r}, where v.(¢) = (z—=¢)/(1 —Z() for all z,{ € D. It
coincides with the Euclidean disc D(Z, R), where

1—r2 1—|z)?
Z=-—""+ and R=—12",
1-— |z|2r22 an 1-— |z|27‘2T

Theorem 3.2. Let 0 < p,qg < 0o and n € N, and let w be a radial weight. Then w € D if
and only if there exists a constant C = C(p, q,n,w) > 0 such that

1A =1 D" g ) + Z 1190) < CllfllaLsw) f € HD).
Similarly, w € D if and only if there exists a constant C = C(p,q,n,w) > 0 such that

F @ =1 D" g o +Z|f” )< Clifllargy, feHD).

Proof. Fix 0 < r <t < 1. A change of variable and an application of

MP (pvf>

M, "N <
p(raf)w p—r

0<r<p<l, feH(D),

the proof of which can be found in [11], yield

4 p 1 p z
| 11oriaQ s g [ 0P, zeo,

A(z,r) A(z,t)

By using this estimate for 0 < t < 1 sufficiently small, the subharmonicity of |f/|P, (2.10),
Lemma 3.1 and Theorem 2.1 imply
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S

10100 = [ | [ oz [ 1r@rda | a-sreesas | a
0

15

1
/ (1 —15)2 / [f(OIPAAC) | w(s)sds | dbf
0

SM&( > //N (HS’@) w(s)sds | do

1
ML (55) + IN g S 1Ty

B

A slight modification in this argument shows that ||f'(1 — |- )zew) S Iflargw),
provided w € D. The general case n € N readily follows from the argument above.

Conversely, by testing one of the inequalities with monomials easily give w € 75, see
the proof of [23, Theorem 6] for a similar argument. 0O

Theorem 3.3. Let 0 < p,qg < oo, n € N and w € D. Then there exists a constant
C =C(p,q,n,w) > 0 such that

1fllazg) < C LIS Q@ =1 D" lzg +Z|f” , JeH(D).

Proof. By Theorem 1.6 it is enough to prove the statement for the average radial in-
tegrability spaces. We may assume without loss of generality that f(0) = 0. Let first
1 < p < oo and take h(t) = (1 — t)l_l%s, where 0 < ¢ < 1 will be fixed later. Then the
estimate |f(re’?)| < [J | f/(te™)|dt, Holder’s inequality and Fubini’s theorem yield

1 1/, ,
[ 1) / [ 17 enine s | wtrar
0 0 \0
< [ ([uraenpnara) (] ) st
0 0
[isaera - op=at ) oo an

0

AN
T t—n Tt T

1
F (b P (1 — tp— e / wa(ryrdr | dt.
t



26 T. Aguilar-Herndndez et al. / Journal of Functional Analysis 291 (2026) 111518

By [24, Lemma 2] we may fix ¢ = e(w) € (0,1) sufficiently small such that
ftl Wi—e)(r) dr < &g (t) for all 0 <t < 1, and thus

1

1
/|f( NPw(r)rdr < /N )(te'?) YPwy) (t) dt.
0

0

Further, as 1 < p < oo and w € D by the hypotheses, [27, Lemma 9(v)] gives

1

/&[p] ) dt <(1—r)Po(r) S

T

Wip] (t)dt, 0<r<l. (3.1)

e—

Therefore (2.10) yields

1 1
/N tew pw[ ]( t)dt < /N tew)pW[ ]( ) dt.
0 0

These estimates together with Theorem 2.1 imply
I lacge) SINEQ =1 Dlliege) S I A=1-Dlzge, feHD), f(0)=0.

The case n = 1 for AL{(w) is now proved. Since wi,, € D by [27, Lemma 9(v)], the
general case follows from the estimate above.

Let now 0 < p < 1, and for each 0 < r < 1 set r,, = r,,(r) = max{1 — 2"(1 —r),0}.
Further, choose 0 < s < p < 1 such that A(te??,s) C A(r,e?, p) for all 7,41 <t <7,
and n € N U{0}. Then the subharmonicity of |f'|P yields

p
o)

0o Tn p
[fre)P < (> / [/ (te)dt | < (Z sup_ |f'(te")|(rn —Tn+1)>
nzo?“n,+1

n=0 Tn+1 <t<rn

SZ( sup |f'<te”>|p) (1= ra)?

n=0 ’I"n+1§tS7’n

5 Z / |f’(2)|p dA(z)(l _Tn)p—Q

n:OA(Tn ett P)

=X / 1f'(2)|P(1 = |2])P~2 dA(z)

n:OA(rne“’,p)

< / PP - [2)P~2 dA(2)
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for some sufficiently large 1 < K, M < oco. By using the hypothesis w € 13, it follows
that

/ |F(re®)Pe(r)r dr / / PP~ 272 dA(2) | w(r)rdr
0 FM(T+Ke19)UD( {jl)

S M <K+1’f>
4 / PP — [P 20 (K + 1)]| - K) dA(z)

Tar(e)\D(0, 755 )

vz () + [ rera- e daw

FM(eie)

1
< MZ <K+1,f> /\I’f’,Mw(reie)(lfT)po? (r) dr.
0

Since 7+ Wy arp(re?) is non-decreasing by (2.11), we may proceed as in the case
1 < p < oo. Namely, [27, Lemma 9(v)(vi)] imply (3.1) with < in place of <, and hence
an application of (2.10) together with Lemma 3.1 and Theorem 2.2 imply

I larg@) SINUQ = Dlrge) S 1A =1 Dlirge). fEHD), f(0)=0.

Since wy,) € D by the hypothesis w € D, Theorem 1.3 yields

Iflacge) SN QA =1 Dllegw) fe€HD), f(0)=0.
The general case
n—1 .
1 lasge) < C L IFD A =1 DMy + D IFPO1 |, feHD),
j=0

concerning the average radial integrability spaces follows by iterating this estimate. The
statement of the theorem follows from Theorem 1.6 because w € D. O

Proof of Theorem 1.7. Assume that w € D. Then, (ii) and (iii) hold by Theorems 3.2
and 3.3. Conversely, if (ii) or (iii) holds then w € D by Theorem 3.2. Therefore, it suffices
to show that whenever w € D both statements (ii) and (iii) guarantee w € D. By testing
on the monomials f,(z) = 2", we get

Wnpt1 < nkp(w[kp])an, n € N U {0}.
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Then, w € D by [23, (1.2) and Theorem 3]. O
4. Integration operators

We begin with constructing suitable test functions. For that purpose we need the
following lemma.

Lemma 4.1. Let 0 < p,q < oo and w € D. Further, let By = Bo(w) be that of
Lemma 2.3(iii), and § > % + %’. Then the function

Inz) = —— <€D,

satisfies
I£allLg) SO FA— A7, AeD.

Proof. It suffices to prove the estimate for [A| € (3,1). Write r,, = 1 — 27" for all
n € N U{0}. Then Theorem 2.1 and standard estimates imply

q
p

1 1
. w(r)
||f/\||Lq(w) NO/ / (1—7r) (1—|/\|)+0] dr df

1
2

I—[Al

1
O(rn) — O(rn+1) !
0/*/ ( 1—rn+1>+<1—|A|>+9]p‘3> "

1-[A|

S}
—

=~

—_
~—

=L (\) + L)), AeD.

Let N = N()\) € N such that ry < |\ < ryq1, thatis, 1 —ryy =27V 1 <1 |\ <
2N =1 —rx. Then

11“)3“_“')<<Z+ 2 )[(1 @(m)_@((ﬁin}pﬁ)

n=1 n=N+1 —Tpt1) +

SIS

S (imn ~0(rns1) | i @(rn)—@(rnﬂ))
= Q- S =)

— a-pye) '

An application of Lemma 2.3(iii) gives &(ry,) < 20V""P5(ry) for all 1 < n < N, and
hence
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N

ZQ(n-ﬁ-l P8y <2pB2Np/3 Z 9(pB—Bo)(n—N) S%, xebD, (4.2)

n=1 n=1

because pS — By > 0. Thus
L) SO (A - A, XeD,

that is, I1(\) obeys the upper bound of the statement.

It remains to deal with I3(A). To do this, observe that, for 0 < 6 < 1, there exists
M = M) € NU{0} such that rjy <1 -0 < rarpq, 50 1 =7y =27M71 <9 <
2=M =1 — 7). Therefore an argument similar to that applied in (4.2) yields

M ~ ~ e’} ~ ~
O(rn) — O(rny1) W(rp) — &(rne1)
IQ()‘) < / <§ ﬁ + E TJr) df

Tk

Iy \n=1 I=rn n=M-+1
1 (rarsn) \ * o(1- )
< Mpp Wirm+1) \ " g < ok S
S / <2 Wra) + grB df < gap do
1—|A| 1—[A

. . . YA . ~ 7]
Since 1 — 6 < |A|, an application of Lemma 2.3(iii) yields &(1 —0) < (1

using our choice § > % + ’%‘J, we then obtain

1
do ~an _
/ g1P— 3 Bo SO (L= AN, AeD,
—IA

and the proof is complete. 0O

For g € H(D) and n, k € NU{0} such that 0 < k < n, we define the operator T;"* by

Tk () = Tp (g

where T7* =Ty o---o Ty refers to the n compositions of the integral operator induced by
the identity mapping I.

Proposition 4.2. Let 0 < p,qg < oo, n € N and k € N U {0} such that 0 < k < n, and
weD. If g€ B, then T)"* : AT (w) — AT (w) is bounded.

Proof. Theorems 3.2 and 3.3 imply

T * (Pl azs ) S IFF g8 (0 = 12)" gy S NgllslF P (1= 12D 7w

S lallsll fllzg s
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and thus the assertion is proved. O

Proof of Theorem 1.8. If g € B, then T, , = T;“O + 22;11 akT;’k is bounded by Propo-
sition 4.2.

Conversely, assume that Ty , : AT} (w) — AT}(w) is bounded. Let By = Bo(w) > 0 be
that of Lemma 2.3(iii). Further, for A € D and ~ > % + %, let

(L AP~ e

7)) = S z € D.
a(z) e
Then Lemmas 3.1 and 4.1 yield
(T ) < ITraWIlmse) o ITsallmpe e

S = AR T (A= AR

Hence there exists a constant C' = C'(y) > 0 such that

n—1 ~k
Z aRA (V)k (n—k)<A>‘ <C( )||Tg,a||T£(w)—>T;’(w)

1,1 ntly41l
im0 (L= AR Fata (1= A" et

where (Y)r =v(v+1)---(v+k—1), k > 1, and (v)g = ag = 1. By re-arranging factors,
it follows that

< CITy all 78 (w)—18 ()

n—1

—k _ e
Do aX (el = AP g P
k=0

and hence g € B by [8, Lemma 2.3]. O
5. Bergman projection

In our proof of Theorem 1.9 we will first show that (iv)=-(ii). With this aim let us
observe that the condition By (y,w) < oo implies Li(w) C LY = {f : [p|flvydA < oo}
In particular, P-F(f) € H(D) is well defined for each f € Lf(w).

Throughout the proof of Theorem 1.9, we will estimate the kernel

2p(1 - p?)"
|1 — rpeiw*@) |'Y+2

K, (re®, pe¥) =

from above by using a discrete positive kernel which is more convenient for our purposes.
In order to do so, we introduce some necessary terminology. Given a measure space
(X, M, ) and a p-measurable function M : X x X — C, we consider the kernel integral
operator
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Tor(F)(z) = /f(u)M(z,u) dp(u), 2 € X,
X

whenever such integral is well defined.

From now on, with a little abuse of notation, |# — ¢| will denote the distance between
0 and ¢ in the quotient group R/277Z, that is, mingez [0 — ¢ + 2kn|. Since Li(w) C L}
whenever Bp(y,w) < 00, to prove the boundedness of P,;r on Li(w), it is sufficient to
establish the boundedness of Tf(w’ where

X{10-¢|<1} * X{min{r,p}>1}-

Ky (re®, pe'?) = p(1 - p)7 |1 — re peiv

Next, observe that

Ky (re?, pe'®) = p (1 —p)* + 2rp(1 — cos(0 — ¢)))

N2

(1= p)"X{10—¢I<1}

" X{min{r,p}>35}
< 2 2 717% y
S (1 =rp)* +7plf — ol?) (1= P)"X{10—0I<1} * X{min{r,p}>1}
S D07, p),
where
. 1
0, if [0 —p|>1 or max{r p} <3,
D(0,p,7,p) = ‘/;legfw if 1>0—¢|>1—7rp and min{r,p} > 1,

e, i 0l <1—rp and min{r,p} > 3.

The change of variables x =1 — 7 and y = 1 — p now yields

H(O .
%f?’y)SD(Q,QD,l*ZL’,l*y)SH(Q,(Q,I’,y), x,yG[O,l}, 9’906[07271-]3
with
0, if [0—¢/>1 or min{z,y}>1
HO,p,2,y) = 4 p54, if 1>~ >max{z,y} and max{z,y} <3,

v - .
e i 3 > max{z,y} > [0 - ¢,

because max{z,y} < 1 —rp < 2max{z,y}. Consequently, in view of the above in-
equalities, in order to prove that the maximal Bergman projection P,;" is bounded on
L#(w), it is enough to prove that the operator T defined on [0,27) x (0,1) is bounded

on LI (wr dx dd,[0,27) x (0,1)), where wr(z) = (1 — z)w(l — z). In that case we have
|PF|| S 14 ||Tz . With this aim, let us define the sets
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={(0,¢,z,y) € [0,27)% x [0,1)? : max{z,y} < 2"|0 — ¢| < 2max{z,y} < 1},
n € N\ {0},

and Jo == {(0, ¢, 2, y) : max{z,y} < [0 — ¢| < 1, max{z,y} < 3 }. Notice that J,NJ,, =
() for m # n. A calculation shows that

y'(1- XJ. (0, ¢, 2,y)
H(0,p,2,y) < 7. s0|"’+2 Z TICES TR (5.1)

For a given radial weight v, we define ©(s) = sv(s) and the maximal operator

JE Py (—w)r(l1—uw)du )
su =~ , ifo<z <1,
W, f(z) =4 Pz 21=0) |
0, if x> 1.

For each 6 € R and a function f defined on [0,27) x [0, 1), we denote fg(x) = f(0, x).

Lemma 5.1. Let w be a radial weight. Then

2wl
//(Tgf)(e,x)gw,x)wL(x)dx do
00
27 27
S0 [ B2 - oW, 1200 - 6 Wago 2"~ 6]) db dy
n20p

for any pair (f,g) of positive measurable functions on [0,27) x [0,1).

Proof. By using the definition of the kernel H, (5.1) and grouping terms, it follows that
27l

// THf(0,x) g(6, z)wr(x)dx db
00

27271 1

/// H(0,,2,9) f(,9)g(0, 2)wr(w)dx dy 3~ d@ df

0000

<22 v+2>/// . @IW( 1)g(0, ) wy(z)dx dy de db,

where A, = {(0,¢,z,y) € [0,2m)?2 x [0,1)2 : 0 < 2 < 27| — | < land0 < y <
2|0 — | < 1}. Consequently,
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27l

[ 7510.2) 906.2) r(o)d as

. 20—
s> [ aa-re-a) | g [ e va-va
n>0 /

lp—0]<2—™

27 27

) 2"10—¢|
X | =4 9(0, x)wr(x)dz | db de
w(1 =270 = ¢l) O/

/ / 51— 2710 — o)W, fo(2" | — 6)Wegs (2|0 — 6]) dB do,
00 0

s
and we are done. O

For each a € D, let I, = {ei‘g : |arg(ae™)| < (1_—2“1‘)} The Carleson square induced
by a € D is the set

S(a) ={z€D:|z| > |al, e" € I,}.

Further, for each weight w and ¢ € L}, the Hormander-type maximal function is

Mefp)(z) = sup — / 10(Q)w(C) dA(C).

Lemma 5.2. Let —1 <y < 00, 1 < p < o0 and let w be radial weight such that Bp(y,w) <
o0. Then Wy is a bounded operator on LP(wr, (0, 1]).

Proof. For a radial weight 1 and a radial function ¢, a straightforward calculation shows
that

My () (1 = [2]) = Wi ()(I2]), 2 €D \{0},

where ¢(|z]) = ¢(1 — |z|). Therefore, it is enough to prove that the Hérmander-type
maximal function M, _ is bounded on LP(w,D). But this immediately follows from [28,
(4.7)]. O

Lemma 5.3. Let 1 < p < 0o andw € D. Then W, is a bounded operator on LP(wy, (0,1]).
Proof. Since w € D, the Hérmander-type maximal function M,, is bounded on LP(w,D)

by [19, Theorem 3.4]. Therefore by arguing as in the proof of Lemma 5.2, the assertion
follows. O
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Proof of Theorem 1.9. We will show that (iv)=-(ii)=-(i)=-(iii)<(iv), (i)<(v) and (iv)=
(vi)=(vii)=>(iii).

Assume first (iv). By using [7, Theorem 1] and our previous considerations it is enough
to prove that

27l

sup //(Tg|f|)(9,m) |g|(8, z)wr (x)dz db < oo, (5.2)

00

where the supremum is taken over all the pairs of functions (f, g) such that
12 dzavo2mx o) <1 and gl ) 4 a0 j0,0m)x (0,1 = 1

For such f and g, write ' = W,_|f| and G = W, |g|. Fix K > 1, and let {p,} be the
sequence defined in (2.12) in terms of w and K. Consider the sequences of functions
fale) = F(p,1 — p,) and gn(@) = G(e,1 — p,) for ¢ € T and n € N U {0}. Notice
that for all € I, = [1 — pn,1 — pp—1) we have f,_1(¢) < F(p,2) < fo(p) and
gn-1(p) < G(p, ) < gn(p). Hence

anl e)x1, (x) < F(p, x) an e)xi, (x

Z In-1(p)x1,(2) < Glp, Z gn(e
n=1

Then, by applying Lemma 5.2 in the inner integral to each function f,, we obtain

27 50
ff;()K_"> de < |F(p,2)|Pwr,(z)dz | d
[(Emre) aes [ ( firearair) o
27 1
S |f(g,z)Pwr(z)de | de < .
I\

By [25, Lemma 9(i)], Lemma 5.3, and repeating the argument above we get

Tk

(5.3)

Th

’
a_

2 0 =
/ (Z v (w)K‘"> dip < 0. (5.4)
0

n=0

Let us prove next that the hypothesis

1
Iy

=

< 00

(f,.lw(t)tdt) (f ()tdt)
O, S, oy (D)t dt
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implies w € D. Since vy € 25, there exists K > 1 and C' > 0 such that
1—1=r

1 K
/vv(t)tdth / oy (O)tdt, 0<r<L.

Therefore
1 v o1 v 1 v/ o
/w@ﬁﬁ /‘Jaﬂﬁ < /wﬁﬁﬁ /}@ﬁﬁ

for all 0 < r < 1, that is, [ w(t)tdt < [*F w(t)tdt for all 0 < r < 1. It follows that
weD.
Next, by Lemmas 5.1 and 2.4(ii), we have

27l

/ / Ty £1(6,2)191(6, 2) wi(x) dz db
00

2827
sY [[ 30210 ohFie.2le - o)G(o e - 0) a0 dg
720070

2m

27
S S 7 ®) [ autora, @10 - ol) do | ao
i20y \n=1 Pn s

. , 04279 (1-pn_1)

W2k —— n d do
71f (9) 2171 = pr_1) | In(p) dip
- 9_2_'7(1_Pn—1)

27
sy f
>0
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where the constants involved in the above inequality depend on w and K. By Holder’s
inequality, the Fefferman-Stein vectorial maximal theorem [12, Theorem 1, p. 107] and
the inequalities (5.3) and (5.4) we deduce

2m o0
/ S ful0) K" Mg, (6) do
0 n=1
27

‘]

0

oo /p / 1/p
(Z I2(0) K‘") (Z(Mgn)p'(ﬁ) K‘") do

n=1

00 q/p
/ (Z 12(0) K”) de
n=1

0

1/q o ror 1/q/

00 q/p
/ (Z(Mgn>p’<9> K”) o

0 n=1

IN

27 ' ! 1/(1,

00 q/p
/ (Z g* (9) K”) do < 0.
0 n=1

Therefore (5.2) holds, and this finishes the proof of (iv)=-(ii).

It is clear that (ii)=-(i), and by mimicking the proof of [25, Proposition 8(i)] we get
(i)=(iii). Further, (iii)<(iv) follows by [25, Lemma 9(ii)]. Therefore we have proved that
the first four conditions are equivalent.

A

Now we will prove (i)<(v). The proof is standard, but we provide the details
for the convenience of the readers. Assume (i). For each g € ALJ (o), consider the
linear functional Ly(f) = [p fgvy dA. Two applications of Holder’s inequality yield
I Lgllars(wy < ”gHALZ’,(a)' Take L € (AL{(w))*. By the Hanh-Banach theorem L
can be extended to a bounded linear functional L on Li(w) such that ||L[[(arswy =
||EH(L2,(LU))*' Now, by [7, Theorem 1] and a straightforward calculation there exists
h e Lgi (0) such that L = Ly, and ||Z||(Lg(w))* = ||h||LZ/,(a)' Moreover, since P, is bounded
on Li(w), by the symmetry of the condition B, (vy,w) < oo, P, and P,;r are both bounded

on Lgi (o). So, by Fubini’s theorem,

L(f) = L(f) = (fh)z = (Py(f): bz = (f9)az, | € ALL(w),

where g = P (1) and gl = 1P ()l ) < P21l ) = P2 IE Gangn-
Therefore (AL (w))* ~ ALgi(a), with equivalence of norms, via the A2-pairing.
Conversely, assume (v). Take h € Lgi (o) and consider the bounded linear functional
Ly(f) = {f, h>L3 on Li(w) such that ||Lh||(ALg(w))* < ”h”LZ;(U)' By Fubini’s theorem,
Ly(f) = {f, Pw(h)>A% for each polynomial f. Further, by the hypothesis, there exists
g € ALY(0) such that Ly(f) = (f.g)az for all f € AL(w) and |[Lnll(ars)- =~
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Now, by testing with the monomials {2"},enufo} we get g = P, (h). There-

Il gger o

P

fore || Py (h) ||Lqi (o) < ||h||Lq;(a), that is, P, is bounded on L, (o), and thus P, is bounded
P P

on L#(w). Therefore (i) is verified.

Next, assume (iv). Then w,o € D by [25, Lemma 9(i)], and hence ATH(w) = AL(w)
and AT;,I,,(U) = ALZ:(O’) by Theorem 1.3. Therefore (vi) follows from (v). Conversely,
if (vi) holds, the same argument as above implies (vii). Finally, assume (vii). Then, by
mimicking the proof of [25, Proposition 8(i)], we get (iii). With this guidance we consider
the theorem proved. O
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