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Let ω be a radial weight, 0 < p, q < ∞ and Γ(ξ) =
{z ∈ D : | arg z − arg ξ| < (|ξ| − |z|)} for ξ ∈ D. The average 
radial integrability space Lq

p(ω) consists of complex-valued 
measurable functions f on the unit disc D such that

∥f∥qLq
p(ω) =

1 
2π

2π ˆ

0 

⎛⎝ 1 ˆ

0 
|f(reiθ)|pω(r)r dr

⎞⎠
q
p

dθ < ∞,

and the tent space T q
p (ω) is the set of those f for which
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∥f∥qT q
p (ω) =

ˆ

∂D

⎛⎜⎝ ˆ

Γ(ξ)

|f(z)|pω(z)
dA(z) 
1 − |z|

⎞⎟⎠
q
p

|dξ| < ∞.

Let ℋ(D) denote the space of analytic functions in D. It is 
shown that the non-tangential maximal operator

f ↦→ N(f)(ξ) = sup 
z∈Γ(ξ)

|f(z)|, ξ ∈ D,

is bounded from ALq
p(ω) = Lq

p(ω) ∩ ℋ(D) and AT q
p (ω) =

T q
p (ω) ∩ ℋ(D) to Lq

p(ω) and T q
p (ω), respectively. These piv

otal inequalities are used to establish further results such as 
the density of polynomials in ALq

p(ω) and AT q
p (ω), and the 

identity ALq
p(ω) = AT q

p (ω) for weights admitting a one-sided 
integral doubling condition. Further, it is shown that any of 
the Littlewood-Paley formulas

∥f∥ALq
p(ω) ≍ ∥f (k)(1 − | · |)k∥Lq

p(ω) +
k−1∑︂
j=0 

|f (j)(0)|,

f ∈ ℋ(D),

∥f∥AT q
p (ω) ≍ ∥f (k)(1 − | · |)k∥T q

p (ω) +
k−1∑︂
j=0 

|f (j)(0)|,

f ∈ ℋ(D),

holds if and only if ω admits a two-sided integral doubling 
condition. It is also shown that the boundedness of the clas
sical Bergman projection Pγ , induced by the standard weight 
(γ + 1)(1 − |z|2)γ , on Lq

p(ω) and T q
p (ω) with 1 < q, p < ∞ is 

independent of q, and is described by a Bekollé-Bonami type 
condition.

© 2026 The Authors. Published by Elsevier Inc. This is an 
open access article under the CC BY license (http://

creativecommons.org/licenses/by/4.0/).

1. Introduction

Let ℋ(D) denote the space of analytic functions in the unit disc D = {z ∈ C : |z| < 1}. 
A function ω : D → [0,∞), integrable over D, is called a weight. It is radial if ω(z) =
ω(|z|) for all z ∈ D. The non-tangential approach region (cone), with vertex at ξ ∈ D

and of opening 0 < M < ∞, is the set

ΓM (ξ) = {z ∈ D : | arg z − arg ξ| < M(|ξ| − |z|)} .

For 0 < p, q < ∞ and a radial weight ω, the tent space T q
p (ω) consists of complex-valued 

measurable functions f on D such that

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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∥f∥T q
p (ω) =

⎛⎜⎜⎝ˆ

T

⎛⎜⎝ ˆ

Γ(ξ)

|f(z)|pω(z) dA(z) 
1 − |z|

⎞⎟⎠
q
p

|dξ|

⎞⎟⎟⎠
1 
q

< ∞, (1.1)

where T = ∂D, Γ(ξ) = Γ1(ξ) and dA(z) = dx dy
π is the normalized Lebesgue area 

measure on D. The analytic tent space AT q
p (ω) is T q

p (ω) ∩ ℋ(D). If ω is the standard 
weight (α + 1)(1 − |z|2)α, then we simply write T q

p (ω) = T q
p (α) and AT q

p (ω) = AT q
p (α).

The concept of tent spaces were introduced by Coifman, Meyer and Stein [10], and 
these spaces have become a primordial tool in the operator and function theory on 
spaces of analytic functions. In fact, different versions of weighted tent spaces of analytic 
functions have been considered by several authors during the last decades, and they are 
naturally linked in several ways with classical function spaces [1,9,15,16,21,26]. One of 
the most used facts of this fashion is the Calderon’s area theorem which asserts that f
belongs to the Hardy space Hq if and only if Δ|f |p ∈ T

q
p

1 (1) [18, Theorem 7.4].
For 0 < p, q < ∞ and a radial weight ω, the average radial integrability space Lq

p(ω)
consists of complex-valued measurable functions f on D such that

∥f∥Lq
p(ω) =

⎛⎜⎝ 1 
2π

2π ˆ

0 

⎛⎝ 1 ˆ

0 

|f(reiθ)|pω(r)r dr

⎞⎠
q
p

dθ

⎞⎟⎠
1 
q

< ∞,

and

ALq
p(ω) = Lq

p(ω) ∩ℋ(D).

Obviously, AT p
p (ω) = ALp

p(ω) coincides with the Bergman space Ap
ω induced by p and 

ω. Throughout this paper we assume that the tail integral pω(z) =
´ 1
|z| ω(s) ds is strictly 

positive for all z ∈ D, otherwise Ap
ω = ℋ(D). As in the case of the tent spaces, we 

write Lq
p(α) and ALq

p(α) when the inducing weight is standard. The connection between 
the analytic Triebel-Lizorkin spaces and the average radial integrability space ALq

p(α)
is known [16], and so is the identity ALq

p(α) = AT q
p (α) [16, p. 179], see also [1, Propo

sition 3.1]. Moreover, an extensive study of essential properties of the space ALq
p(0) has 

been recently done in [2,3,1]. However, to the best of our knowledge, the existing liter
ature does not offer results concerning fundamental properties and interrelationships of 
the spaces ALq

p(ω) and AT q
p (ω) induced by a general radial weight ω. One of the main 

aims of this study is to fill this gap.
The first cornerstone within this weighted theory consists of proving the boundedness 

of the non-tangential maximal operator

f ↦→ NM (f)(ξ) = sup 
z∈ΓM (ξ)

|f(z)|, ξ ∈ D,
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from ALq
p(ω) and AT q

p (ω) to Lq
p(ω) and T q

p (ω), respectively. As far as we know, the result 
given in Theorem 1.1 is new even for the standard weights.

Theorem 1.1. Let 0 < p, q,M < ∞ and let ω be a radial weight. Then NM : ALq
p(ω) →

Lq
p(ω) and NM : AT q

p (ω) → T q
p (ω) are bounded.

The boundedness of NM : AT q
p (ω) → T q

p (ω) is proved by using a version of the 
Fefferman-Stein vectorial maximal theorem, valid for all log-subharmonic functions and 
the optimal range of parameters [18, p.212], together with a covering of ΓM (ξ) induced by 
appropriate unions and intersections of cones with vertexes depending on ξ. See Section 2
for details and a real scale illustration. The proof for ALq

p(ω) follows the same guideline 
but it does not involve that much geometric arguments.

We next present several natural applications of Theorem 1.1. The first one shows that 
each f ∈ ALq

p(ω) can be approximated by its dilated functions fλ(z) = f(λz) as λ → 1−, 
and consequently, the polynomials are dense in ALq

p(ω). The same is true for the analytic 
tent spaces.

Theorem 1.2. Let 0 < p, q < ∞ and let ω be a radial weight. Let AX ∈ {ALq
p(ω), AT q

p (ω)}. 
Then the following statements hold:

(i) There exists a constant C = C(p, q) > 0 such that

∥fλ∥AX ≤ C∥f∥AX , λ ∈ D, f ∈ ℋ(D);

(ii) lim 
λ→ζ,λ∈D

∥fλ − fζ∥AX = 0 for each f ∈ AX and ζ ∈ D;

(iii) Polynomials are dense in AX(ω).

The special case ALq
p(0) with 1 ≤ p, q < ∞ of Theorem 1.2 has been recently proved 

in [3, section 2] with different methods which do not seem to carry over to the general 
case.

The second application of Theorem 1.2 concerns the useful identity

AT q
p (α) = ALq

p(α), (1.2)

proved in [16], see also [1, Proposition 3.1]. To pull this identity to more general setting 
some more definitions are in order. A radial weight ω belongs to p𝒟 if there exists C =
C(ω) > 0 such that

pω(r) ≤ Cpω

(︃
1 + r

2 

)︃
, r → 1−,

and ω ∈ q𝒟 if
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pω(r) ≥ Cpω

(︃
1 − 1 − r

K

)︃
, r → 1−,

for some K = K(ω) > 1 and C = C(ω) > 1. Write 𝒟 = p𝒟 ∩ q𝒟 for short, and simply say 
that ω is a radial doubling weight if ω ∈ 𝒟. It is known that the doubling classes p𝒟 and 
𝒟 arise naturally in the operator theory related to the weighted Bergman spaces [23], 
and hence their appearance here does not come as a surprise. Each standard radial 
weight obviously belongs to 𝒟, while q𝒟 \ 𝒟 contains exponential type weights such as 
ω(r) = exp

(︂
− α 

(1−rl)β

)︂
, where 0 < α, l, β < ∞. The class of rapidly increasing weights, 

introduced in [20], lies entirely within p𝒟 \ 𝒟, and a typical example of such a weight is 
ω(z) = (1 − |z|2)−1

(︂
log e 

1−|z|2
)︂−α

with 1 < α < ∞. To this end we emphasize that the 

containment in p𝒟 or q𝒟 does not require differentiability, continuity or strict positivity. In 
fact, weights in these classes may vanish on a relatively large part of each outer annulus 
{z : r ≤ |z| < 1} of D. For basic properties of the aforementioned classes, concrete 
nontrivial examples and more, see [19,20,23] and the relevant references therein.

Theorem 1.3. Let 0 < p, q < ∞ and ω ∈ p𝒟. Then ALq
p(ω) = AT q

p (ω) with equivalence of 
quasinorms.

Theorem 1.3 is sharp in the sense that if ω belongs to the class 𝒲 of rapidly decreasing 
weights, defined in Section 2, then the statement is in general false. The class 𝒲 is a large 
set of smooth weights and it has been widely studied [4,5,17]. It contains, for example, 
the (iterated) exponential type weights among many others.

Theorem 1.4. Let μ ∈ 𝒲. Then there exist 0 < p, q < ∞ such that AT q
p (μ) ̸= ALq

p(μ).

It is worth underlining here that the identity ALq
p(ω) = AT q

p (ω) for ω ∈ p𝒟 is a 
particular phenomenon of analytic radial integrability and tent spaces that does not 
remain true for the corresponding spaces of measurable functions as the following result 
shows.

Proposition 1.5. Let 0 < p, q < ∞ and let ω be a radial weight. Then the following 
statements hold:

(i) If p < q, then Lq
p(ω) ⊊ T q

p (ω) with ∥f∥T q
p (ω) ≲ ∥f∥Lq

p(ω) for all measurable functions 
f ;

(ii) Lp
p(ω) = Lp

ω = T p
p (ω) with equivalence of quasinorms;

(iii) If q < p, then T q
p (ω) ⊊ Lq

p(ω) with ∥f∥Lq
p(ω) ≲ ∥f∥T q

p (ω) for all measurable functions 
f .

Proposition 1.5 is likely known for experts working in the area but we give a detailed 
proof because we did not find it in the literature.
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In the theory of weighted spaces of analytic functions it is often useful to know if 
the inducing weight of the quasinorm in question can be replaced by another one which 
possesses strong smoothness properties. Our next result, which is strongly based in The
orem 1.1, falls into this category of results and shows that, whenever ω ∈ 𝒟, we may 
replace it in the quasinorm by the regularized weight

˜︁ω(z) = pω(z) 
1 − |z| , z ∈ D,

which does not have zeros. Since for ω ∈ 𝒟 we have ˜︁ω ∈ 𝒟, we may iterate the result and 
thus assume that the inducing weight is, for instance, differentiable and non-vanishing.

Theorem 1.6. Let 0 < p, q < ∞ and let ω be a radial weight. Then the following state
ments are equivalent:

(i) ω ∈ 𝒟;
(ii) ALq

p(ω) = ALq
p(˜︁ω) with equivalence of quasinorms;

(iii) AT q
p (ω) = AT q

p (˜︁ω) with equivalence of quasinorms.

In particular, if ω ∈ 𝒟 then ALq
p(ω) = AT q

p (ω) = ALq
p(˜︁ω) = AT q

p (˜︁ω) with equivalence of 
quasinorms.

Another commonly used tool in the operator theory in spaces of analytic functions 
is quasinorms in terms of the iterated derivatives. In our context, the Littlewood-Paley 
formula

∥f∥AT q
p (ω) ≍ ∥f (k)(1 − | · |)k∥T q

p (ω) +
k−1∑︂
j=0 

|f (j)(0)|, f ∈ ℋ(D), (1.3)

is known for the standard radial weights ω and 0 < p, q < ∞ by [26, Theorem 2], see 
also [2] and [16] for related results. This raises the question of which properties of radial 
weights are determinative for (1.3) to hold. Our next result provides a neat answer to 
this question.

Theorem 1.7. Let 0 < p, q < ∞ and k ∈ N, and let ω be a radial weight. Then the 
following statements are equivalent:

(i) ω ∈ 𝒟;

(ii) ∥f∥AT q
p (ω) ≍ ∥f (k)(1 − | · |)k∥T q

p (ω) +
k−1∑︂
j=0 

|f (j)(0)| for all f ∈ ℋ(D);

(iii) ∥f∥ALq
p(ω) ≍ ∥f (k)(1 − | · |)k∥Lq

p(ω) +
k−1∑︂
j=0 

|f (j)(0)| for all f ∈ ℋ(D).
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Theorem 1.7 is known in the case q = p which corresponds to the weighted Bergman 
space [23, Theorem 5]. The proof of Theorem 1.7 relies strongly on Theorem 1.1 together 
with properties of radial doubling weights. We will actually prove slightly more than what 
is stated above. Namely, we will show that the inequality

∥f (k)(1 − | · |)k∥T q
p (ω) +

k−1∑︂
j=0 

|f (j)(0)| ≲ ∥f∥AT q
p (ω), f ∈ ℋ(D), (1.4)

or its analogue for ALq
p(ω), holds if and only if ω ∈ p𝒟. This result extends [23, Theorem 6].

We next appeal to Theorem 1.7 to describe the analytic symbols such that certain 
integration operators are bounded on AT q

p (ω). To give the precise statement, for each 
g ∈ ℋ(D), define

Tg(f)(z) =
zˆ

0 

f(ζ)g′(ζ) dζ, z ∈ D,

and for a = (a1, a2, . . . , an−1) ∈ Cn−1, set

Tg,a(f) = Tn
I

(︄
fg(n) +

n−1∑︂
k=1 

akf
(k)g(n−k)

)︄
, I(z) = z, z ∈ D.

The generalized integration operator Tg,a was introduced by Chalmoukis in [8].

Theorem 1.8. Let 0 < p, q < ∞, n ∈ N, a ∈ Cn−1 and ω ∈ 𝒟. Then Tg,a : ALq
p(ω) →

ALq
p(ω) is bounded if and only if g belongs to the classical Bloch space ℬ.

The last topic of the paper is to describe the dual spaces of ALq
p(ω) and AT q

p (ω). 
Our approach to this matter leads us to characterize the radial weights such that the 
Bergman projection

Pγ(f)(z) = (γ + 1)
ˆ

D

f(ζ) 
(1 − ζz)2+γ

(1 − |ζ|2)γ dA(ζ), f ∈ L1
γ , z ∈ D,

induced by the standard radial weight (γ + 1)(1− |ζ|2)γ , is bounded on Lq
p(ω) or T q

p (ω). 
We also consider the maximal Bergman projection

P+
γ (f)(z) = (γ + 1)

ˆ

D

f(ζ) 
|1 − ζz|2+γ

(1 − |ζ|2)γ dA(ζ), f ∈ L1
γ , z ∈ D.

For brevity, we write ωx =
´ 1
0 rxω(r) dr for the moments of a radial weight ω. If ω(z) =

vγ(z) = (γ + 1)(1 − |ζ|2)γ , we will simply write ωx = γx to denote its moments.
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Theorem 1.9. Let 1 < p, q < ∞ and −1 < γ < ∞, and let ω be a radial weight. Then the 
following statements are equivalent:

(i) Pγ : Lq
p(ω) → ALq

p(ω) is bounded;
(ii) P+

γ : Lq
p(ω) → Lq

p(ω) is bounded;

(iii) Dp(γ, ω) = sup 
n∈N∪{0}

(ωnp+1)
1 
p (σnp′+1)

1 
p′

γ2n+1
< ∞, where

σ = σvγ ,ω,p =
(︃

vγ

ω
1 
p

)︃p′

= v
p 

p−1
γ

ω
1 

p−1
;

(iv) The Bekollé-Bonami type condition

Bp(γ, ω) = sup 
0≤r<1

(︂´ 1
r
ω(t)t dt

)︂ 1 
p
(︂´ 1

r
σ(t)t dt

)︂ 1 
p′

´ 1
r
vγ(t)t dt 

< ∞

holds;
(v)

(︁
ALq

p(ω)
)︁⋆ ≃ ALq′

p′(σ) via the A2
γ-pairing with equivalence of norms;

(vi)
(︁
AT q

p (ω)
)︁⋆ ≃ AT q′

p′ (σ) via the A2
γ-pairing with equivalence of norms;

(vii) Pγ : T q
p (ω) → AT q

p (ω) is bounded.

The boundedness of P0 : Lq
p(0) → ALq

p(0) was recently proved in [3, Theorem 4.3], 
see also [16, Proposition 2.8]. In fact, to show that (i)⇒(iv) we will follow ideas from the 

proof of [3, Theorem 4.3] to control the maximal Bergman kernel (1−|ζ|2)γ
|1−ζz|2+γ by an adequate 

discrete kernel. Among other tools used in the proof, we apply results concerning the 
boundedness of the Hörmander-type maximal function [13]

Mω(φ)(z) = sup
z∈S 

1 
ω (S)

ˆ

S

|φ(ζ)|ω(ζ) dA(ζ)

where S is a Carleson square. Namely, we will use the fact that Mω : Lp
ω → Lp

ω is bounded 
for each ω ∈ p𝒟 [19, Theorem 3.4], and appeal to [28, (4.7)], see also [6], which states that 
Mvγ : Lp

ω → Lp
ω is bounded if and only if ω belongs to the Bekólle-Bonami class Bp(γ, ω). 

Indeed, it is worth pointing out that this class of radial weights is contained in the class 
of radial doubling weights 𝒟. More precisely, ω ∈ p𝒟 is proved in [25, Lemma 9(i)], while 
ω ∈ q𝒟 follows from our arguments in the proof of Theorem 1.9.

The rest of the paper is organized as follows. Theorems 1.1--1.6 are proved in Section 2. 
Section 3 is mainly devoted to the proof of Theorem 1.7, while Section 4 contains the 
proof of Theorem 1.8. Finally, Theorem 1.9 is proved in Section 5.

For clarity, a word about the notation already used in this section and to be used 
throughout the paper. The letter C = C(·) will denote an absolute constant whose 
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value depends on the parameters indicated in the parenthesis, and may change from one 
occurrence to another. As usual, for non-negative functions A and B, the notation A ≲ B, 
or equivalently B ≳ A, means that A ≤ C B for some constant C > 0 independent of 
the variables involved. Further, we write A ≍ B when A ≲ B ≲ A.

2. Maximal functions, equivalent norms and polynomial approximation

We begin with the nontangential maximal operator acting on ALq
p(ω) because it serves 

us as a model for the tent space case which is more involved. The radial maximal function 
of a measurable function ϕ : D → C is

R(ϕ)(z) = sup 
0≤r≤1

|ϕ(rz)|, z ∈ D. (2.1)

Theorem 2.1. Let 0 < p, q,M < ∞ and let ω be a radial weight. Then there exists a 
constant C = C(p, q,M) > 0 such that

∥R(f)∥Lq
p(ω) ≤ ∥NM (f)∥Lq

p(ω) ≤ C∥f∥ALq
p(ω), f ∈ ℋ(D). (2.2)

Proof. The left-hand inequality in (2.2) is obvious, so we only we have to prove the right 
one. First observe that NM (ϕ)(rζ) is a non-decreasing function of r for each fixed ζ ∈ T . 
Therefore, for all s ∈ (0, 1) and θ ∈ [0, 2π), we have

s ˆ

0 

(NM (f))p(reiθ)ω(r)r dr =
n−1∑︂
j=0 

(j+1)s
n ˆ

js
n 

NM (|f |p)(reiθ)ω(r)r dr

≤
n−1∑︂
j=0 

NM (|f |p)
(︃

(j + 1)s
n 

eiθ
)︃ (j+1)s

n ˆ
js
n 

ω(r)r dr, n ∈ N.

Since the functions

hj,s(z) =
⃓⃓⃓⃓
f

(︃
(j + 1)s

n 
z

)︃⃓⃓⃓⃓p (j+1)s
n ˆ

js
n 

ω(r)r dr, j = 0, . . . , n− 1,

are log-subharmonic in D and continuous in D, by [18, Theorem 7.2 on p. 212 and the 
comment following it], there exists a constant C = C(p, q,M) > 0 such that
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2π ˆ

0 

⎛⎝ s ˆ

0 

(NM (f))p(reiθ)ω(r)r dr

⎞⎠
q
p

dθ

≤
2π ˆ

0 

⎛⎝n−1∑︂
j=0 

NM (hj,s)(eiθ)

⎞⎠
q
p

dθ

≤ C

2π ˆ

0 

⎛⎝n−1∑︂
j=0 

hj,s(eiθ)

⎞⎠
q
p

dθ

= C

2π ˆ

0 

⎛⎜⎝n−1∑︂
j=0 

⃓⃓⃓⃓
f

(︃
(j + 1)s

n 
eiθ

)︃⃓⃓⃓⃓p (j+1)s
n ˆ

js
n 

ω(r)r dr

⎞⎟⎠
q
p

dθ.

By using that |f |p is uniformly continuous on D(0, s), it now follows that

lim 
n→∞

n−1∑︂
j=0 

⃓⃓⃓⃓
f

(︃
(j + 1)s

n 
eiθ

)︃⃓⃓⃓⃓p (j+1)s
n ˆ

js
n 

ω(r)r dr =
s ˆ

0 

|f(reiθ)|pω(r)r dr.

Therefore, by the dominated convergence theorem,

2π ˆ

0 

⎛⎝ s ˆ

0 

(NM (f))p(reiθ)ω(r)r dr

⎞⎠
q
p

dθ ≤ C

2π ˆ

0 

⎛⎝ s ˆ

0 

|f(reiθ)|pω(r)r dr

⎞⎠
q
p

dθ

≤ C∥f∥q
ALq

p(ω),

from which the assertion (2.2) follows by Fatou’s lemma. □
Theorem 2.1 implies that, for each fixed 0 < M < ∞, we have

∥f∥ALq
p(ω) ≍ ∥R(f)∥Lq

p(ω) ≍ ∥NM (f)∥Lq
p(ω), f ∈ ℋ(D). (2.3)

In order to obtain an analogue of this result for the tent spaces we will use the proof of 
Theorem 2.1 as a toy model. The task we will face then is to find a suitable partition for 
each cone Γ with vertex in D in terms of sets induced by suitably chosen cones induced 
by points in Γ. Our cones have been chosen such that they obey convenient geometric 
properties and that allows us to pull the argument from radii to tents.

Theorem 2.2. Let 0 < p, q,M < ∞ and let ω be a radial weight. Then there exists a 
constant C = C(p, q,M) > 0 such that

∥NM (f)∥T q
p (ω) ≤ C∥f∥AT q

p (ω), f ∈ ℋ(D). (2.4)
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Proof. A direct calculation shows that

ΓM (ξ) =
⋃︂

z∈ΓM (ξ)

ΓM (z), ξ ∈ D \ {0}. (2.5)

For ξ ∈ D \ {0}, define ξn0,0 = ξ and

ξnj,k = ξ
n− j

n 
eiM |ξ| kn , j = 1, . . . , n− 1, −j ≤ k ≤ j, n ∈ N,

and set

Fn
j,k(ξ) = ΓM (ξnj,k) \

⎛⎝ ⋃︂
l≥j+1, |i|≤l

ΓM (ξnl,i)

⎞⎠ .

Further, define En
j,0(ξ) = Fn

j,0(ξ) and En
j,k(ξ) = Fn

j,k(ξ) \ ∪|i|≤k−1F
n
j,i(ξ) for 0 < |k| ≤ j

and j = 0, . . . , n− 1. Then the sets En
j,k(ξ) are pairwise disjoint such that

n−1⋃︂
j=0 

⋃︂
−j≤k≤j

En
j,k(ξ) = ΓM (ξ), n ∈ N, (2.6)

and

max 
j=0,...,n−1

max 
−j≤k≤j

diamEn
j,k(ξ) → 0, n → ∞,

see Fig. 1 for an illustration of the sets En
j,k(ξ). Fatou’s lemma implies

∥NM (f)∥q
T q
p (ω) ≤ lim 

s→1−

ˆ

T

⎛⎜⎝ ˆ

ΓM (sξ)

NM (f)p(z) ω(z) 
1 − |z| dA(z)

⎞⎟⎠
q
p

|dξ|

= lim 
s→1−

ˆ

T

⎛⎜⎝n−1∑︂
j=0 

∑︂
−j≤k≤j

ˆ

En
j,k(sξ)

NM (f)p(z) ω(z) 
1 − |z| dA(z)

⎞⎟⎠
q
p

|dξ|

≤ lim 
s→1−

ˆ

T

⎛⎜⎝n−1∑︂
j=0 

∑︂
−j≤k≤j

NM (f)p
(︁
(sξ)nj,k

)︁ ˆ

En
j,k(sξ)

ω(z) 
1 − |z| dA(z)

⎞⎟⎠
q
p

|dξ|

= lim 
s→1−

ˆ

T

⎛⎝n−1∑︂
j=0 

∑︂
−j≤k≤j

NM (hn
j,k)(ξ)

⎞⎠
q
p

|dξ|,

where
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Fig. 1. Two real scale illustrations of the sets En
j,k(ξ) when ξ = e

i
(︂

3π
4 ± π

2 
)︂

and n = 4. In the case ξ = ei
π

4 the 
opening is M = 2 while in the other case M = 1.

hn
j,k(ζ) =

⃓⃓
f
(︁
snj,kζ

)︁⃓⃓p ˆ

En
j,k(sξ)

ω(z) 
1 − |z| dA(z), ζ ∈ D,

are log-subharmonic in D. Now [18, Theorem 7.2 on p. 212 and the comment following 
it] implies

∥NM (f)∥q
T q
p (ω) ≲ lim 

s→1−

ˆ

T

⎛⎝n−1∑︂
j=0 

∑︂
−j≤k≤j

hn
j,k(ξ)

⎞⎠
q
p

|dξ|, n ∈ N.

Since the diameter of each set En
j,k(sξ) tends to zero as n → ∞, and Γ(sξ) expands to 

Γ(ξ) as s → 1−, the identity (2.6) yields

∥NM (f)∥q
T q
p (ω) ≲ lim 

s→1−

ˆ

T

⎛⎜⎝ ˆ

ΓM (sξ)

|f(z)|p ω(z) 
1 − |z| dA(z)

⎞⎟⎠
q
p

|dξ| ≲ ∥f∥q
AT q

p (ω), f ∈ ℋ(D).

Thus the theorem is proved. □
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Theorem 2.2 implies

∥f∥AT q
p (ω) ≍ ∥R(f)∥T q

p (ω) ≍ ∥NM (f)∥T q
p (ω), f ∈ ℋ(D). (2.7)

By combining this with (2.3) we obviously have Theorem 1.1. We next proceed to apply 
Theorem 1.1 to prove our other results.

Proof of Theorem 1.2. We will only establish the case AX = ALq
p(ω), the proof for the 

tent spaces readily follows by the same argument.
(i). Let λ ∈ D. Then Theorem 2.1 implies

∥fλ∥ALq
p(ω) = ∥f|λ|∥ALq

p(ω) ≤ ∥R(f|λ|)∥Lq
p(ω) ≤ ∥R(f)∥Lq

p(ω) ≲ ∥f∥ALq
p(ω), f ∈ ℋ(D).

(ii). Let f ∈ ALq
p(ω). Then

1 ˆ

0 

|f(seiθ)|pω(s)s ds < ∞ and lim 
r→1−

1 ˆ

r

|f(seiθ)|pω(s)s ds = 0

for almost every θ ∈ [0, 2π]. Consequently, for each ε > 0, there exists r0 = r0(ε) ∈ (0, 1)
such that

2π ˆ

0 

⎛⎝ 1 ˆ

r0

|f(seiθ)|psω(s) ds

⎞⎠
q
p

dθ < ε (2.8)

by the dominated convergence theorem. Further, by arguing as in the proof of Theo
rem 2.1 we find a constant C = C(q, p) > 0 such that

2π ˆ

0 

⎛⎝ 1 ˆ

r0

|R(f)(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ ≤ C

2π ˆ

0 

⎛⎝ 1 ˆ

r0

|f(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ. (2.9)

By combining (2.8) and (2.9) we obtain

2π ˆ

0 

⎛⎝ 1 ˆ

r0

|(fλ − fζ)(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ

≲
2π ˆ

0 

⎛⎝ 1 ˆ

r0

|(fλ)(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ +
2π ˆ

0 

⎛⎝ 1 ˆ

r0

|fζ(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ

≤ 2
2π ˆ

0 

⎛⎝ 1 ˆ

r0

|R(f)(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ ≤ 2Cε, λ, ζ ∈ D.
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Since f is uniformly continuous in D(0, r0), there exists δ = δ(ε) > 0 such that |f(z) −
f(w)| < ε

1 
q for all z, w ∈ D(0, r0) such that |z − w| < δ. Therefore, if λ, ζ ∈ D with 

|λ− ζ| < δ, we have

∥fλ − fζ∥qALq
p(ω) ≲

2π ˆ

0 

⎛⎝ r0ˆ

0 

|(fλ − fζ)(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ

+
2π ˆ

0 

⎛⎝ 1 ˆ

r0

|(fλ − fζ)(seiθ)|pω(s)s ds

⎞⎠
q
p

dθ ≲ ε,

and (ii) follows. Finally, by (ii) and the fact that for any λ ∈ D \ {0} the sequence of 
partials sums of fλ converges uniformly to such function in D ⊂ 1 

λD, we get (iii), which 
completes the proof. □

If ω, ν : [0, 1) → [0,∞) are integrable and satisfy pω ≲ pν on [ρ, 1), then an integration 
by parts shows that

1 ˆ

ρ 

φ(r)ω(r) dr ≲
1 ˆ

ρ 

φ(r)ν(r) dr (2.10)

for all non-decreasing functions φ : [0, 1) → [0,∞), see [27, Lemma 8] for details. This 
observation serves us in several instances in the sequel.

Proof of Theorem 1.3. Since z ∈ ΓM (ξ) if and only if z ∈ ΓKM ((|z|+ (1− |z|)/K)ξ) for 
all ξ ∈ T , 0 < M < ∞ and 1 < K < ∞, we have Γ (ξ) ∩ D(0, r) ⊂ Γ2

(︁ 1+r
2 ξ

)︁
for all 

0 < r < 1 and ξ ∈ T . Therefore

∥f∥q
AT q

p (ω) ≲
2π ˆ

0 

⎛⎝ 1 ˆ

0 

N2(f)p
(︃

1 + r

2 
eiθ

)︃
ω(r)r dr

⎞⎠
q
p

dθ

=
2π ˆ

0 

⎛⎜⎝ 1 ˆ
1
2

N2(f)p
(︁
teiθ

)︁
ω(2t− 1)(2t− 1)2 dt

⎞⎟⎠
q
p

dθ, f ∈ ℋ(D),

where the last weight satisfies

1 ˆ

ρ 

ω(2t− 1)(2t− 1)2 dt =
1 ˆ

2ρ−1

ω(r)r dr ≲
1 ˆ

ρ 

ω(r)r dr, 1
2 ≤ ρ < 1,
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by the hypothesis ω ∈ p𝒟. Hence (2.10) and Theorem 2.1 yield

∥f∥q
AT q

p (ω) ≲
2π ˆ

0 

⎛⎜⎝ 1 ˆ
1
2

N2(f)p
(︁
reiθ

)︁
ω(r)r dr

⎞⎟⎠
q
p

dθ ≤ ∥N2(f)∥q
Lq

p(ω)

≲ ∥f∥q
ALq

p(ω), f ∈ ℋ(D),

and thus ALq
p(ω) ⊂ AT q

p (ω).
To see that AT q

p (ω) ⊂ ALq
p(ω), write

Φf,M,p(reiθ) = 1 
1 − r

ˆ

|t−θ|<1−r

NM (f)p(reit) dt, 0 ≤ r < 1, 1 ≤ M < ∞,

for short. For each −M < K < M we have

NM (f)(rei(K(1−r)+θ)) ≤ NM (f)(sei(K(1−s)+θ)), 0 ≤ r ≤ s < 1, θ ∈ R,

and hence

Φf,M,p(reiθ) ≤
1 

1 − r

ˆ

|t−θ|<1−r

NM (f)p(sei((t−θ) 1−s 
1−r +θ)) dt

= Φf,M,p(seiθ), 0 ≤ r ≤ s < 1, θ ∈ R,

(2.11)

that is, r ↦→ Φf,M,p(reiθ) is non-decreasing on [0, 1) for each fixed θ ∈ R, 0 < p < ∞, 
1 ≤ M < ∞ and f : D → C. Since reiθ ∈ Γ

(︁ 1+r
2 e

it
)︁

whenever |θ− t| < 1− 1+r
2 , we have

∥f∥q
ALq

p(ω) ≲
2π ˆ

0 

⎛⎝ 1 ˆ

0 

Φf,1,p

(︃
1 + r

2 
eiθ

)︃
ω(r)r dr

⎞⎠
q
p

dθ.

Now that r ↦→ Φf,1,p
(︁ 1+r

2 e
iθ
)︁

is non-decreasing, we may proceed as in the proof of the 
inclusion ALq

p(ω) ⊂ AT q
p (ω) to obtain

∥f∥q
ALq

p(ω) ≲
2π ˆ

0 

⎛⎝ 1 ˆ

0 

Φf,1,p
(︁
reiθ

)︁
ω(r)r dr

⎞⎠
q
p

dθ = ∥N(f)∥T q
p (ω).

Theorem 2.2 now completes the proof of AT q
p (ω) ⊂ ALq

p(ω). □
Our next goal is to use (2.3) and (2.7) to obtain another equivalent norms in ALq

p(ω)
and AT q

p (ω), provided ω ∈ 𝒟. To do this, we will need three basic lemmas on doubling 
weights. For each 1 < K < ∞ and a radial weight ω, consider the sequence defined by
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ρn = ρn(ω,K) = min{0 ≤ r < 1 : pω(r) = pω(0)K−n}, n ∈ N ∪ {0}. (2.12)

It is strictly increasing, ρ0 = 0 and limn→∞ ρn = 1. For a proof of the following result, 
see [19, Lemma 2.1].

Lemma 2.3. Let ω be a radial weight. Then the following statements are equivalent:

(i) ω ∈ p𝒟;
(ii) There exist K = K(ω) > 1 and C = C(ω,K) > 1 such that

1 − ρn(ω,K) ≥ C(1 − ρn+1(ω,K)), n ∈ N ∪ {0};

(iii) There exist C = C(ω) ≥ 1 and β0 = β0(ω) > 0 such that

pω(r) ≤ C

(︃
1 − r

1 − t 

)︃β

pω(t), 0 ≤ r ≤ t < 1,

for all β ≥ β0;
(iv) There exist C = C(ω) ≥ 1 and η0 = η0(ω) > 0 such that

ˆ

D

ω(ζ) 
|1 − zζ|η dA(ζ) ≤ C

pω(z) 
(1 − |z|)η−1 , z ∈ D,

for all η ≥ η0.

The next result is a counterpart of Lemma 2.3 for the class q𝒟, and it is obtained by 
methods similar to those yielding the said lemma.

Lemma 2.4. Let ω be a radial weight. Then the following statements are equivalent:

(i) ω ∈ q𝒟;
(ii) For some (equivalently for each) K > 1, there exist C = C(ω,K) > 0 such that

1 − ρn(ω,K) ≤ C(1 − ρn+1(ω,K)), n ∈ N ∪ {0};

(iii) There exist C = C(ω) > 0 and α0 = α0(ω) > 0 such that

pω(s) ≤ C

(︃
1 − s

1 − t 

)︃α

pω(t), 0 ≤ t ≤ s < 1,

for all 0 < α ≤ α0.

The equivalence between (i) and (ii) in the next lemma is an immediate consequence 
of Lemmas 2.3 and 2.4. The other equivalences follow from [22, Theorems 8 and 9] and 
[27, Lemma 9(vii)(viii)].
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Lemma 2.5. Let ω be a radial weight. Then the following statements are equivalent:

(i) ω ∈ 𝒟;
(ii) There exist K = K(ω) > 1, C1 = C1(ω,K) > 1 and C2 = C2(ω,K) ≥ C1 such that

C1(1 − ρn+1(ω,K)) ≤ 1 − ρn(ω,K) ≤ C2(1 − ρn+1(ω,K)), n ∈ N ∪ {0};

(iii) pω ≍ p˜︁ω on [0, 1);
(iv) ˜︁ω ∈ 𝒟.

Proof of Theorem 1.6. Assume (i), that is, ω ∈ 𝒟. Then p˜︁ω ≍ pω on [0, 1) by 
Lemma 2.5(iii). Now that r ↦→ Φf,M,p(reiθ) is non-decreasing by (2.11), (2.10) and 
Theorem 2.2 yield

∥f∥AT q
p (˜︁ω) ≤ ∥Φf,M,p∥

1 
p

L
q
p
1 (˜︁ω)

≲ ∥Φf,M,p∥
1 
p

L
q
p
1 (ω)

= ∥NM (f)∥T q
p (ω)

≲ ∥f∥AT q
p (ω), f ∈ ℋ(D).

Since this argument readily gives the converse implication when the roles of ω and ˜︁ω are 
interchanged, we have ∥f∥AT q

p (˜︁ω) ≍ ∥f∥AT q
p (ω) for all f ∈ ℋ(D). Thus (ii) is satisfied. 

The proof that (i) also implies (iii) is similar to the argument above, and hence it is 
omitted.

Conversely, if (ii) or (iii) is satisfied, then by testing with the monomials z ↦→ zn, one 
obtains the moment condition ωx =

´ 1
0 rxω(r) dr ≍ ˜︁ωx for all 1 ≤ x < ∞. Standard 

arguments together with [27, Theorems 1 and 3] and Lemma 2.5 yield ω ∈ 𝒟. □
Aiming to prove Theorem 1.4 some notation and previous results are needed. A radial 

weight ω is rapidly decreasing if it satisfies the following conditions:

(1) ω = e−φ, where φ ∈ C2(D) is a radial function such that its Laplacian satisfies 
Δφ ≥ Bφ > 0 in D for some positive constant Bφ depending only on φ;

(2) (Δφ)−1/2 ≍ τ , where τ is a radial positive differentiable function that decreases to 
0, as |z| → 1−, and limr→1− τ ′(r) = 0;

(3) There exists a constant C > 0 such that either τ(r)(1−r)−C is increasing for r close 
to 1, or

lim 
r→1−

τ ′(r) log 1 
τ(r) = 0.

The class of rapidly decreasing weights is denoted by 𝒲. This class does not include the 
standard weights, but it contains, for example, the exponential type weights

z ↦→ exp
(︃

−c 
(1 − |z|)α

)︃
, z ∈ D,
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and the double exponential type weights

z ↦→ exp
(︃

exp
(︃

−c 
1 − |z|

)︃)︃
, z ∈ D,

where 0 < c, α < ∞ are fixed.
Let Bω

a denote the Bergman reproducing kernel of A2
ω associated to a point a ∈ D. 

In the next result, we gather together some known facts on the Bergman spaces induced 
by weights in 𝒲 that are useful for our purpose.

Lemma A. Let ω ∈ 𝒲. Then the following statements hold:

(i) There exists ρ0 ∈ (0, 1) such that ∥Bω
a ∥2

A2
ω
≍ τ(a)−2ω(a)−1 for all ρ0 ≤ |a| < 1;

(ii) There exists δ > 0 such that

|Bω
a (z)| ≍ ∥Bω

a ∥A2
ω
∥Bω

z ∥A2
ω
, z ∈ D(a, δτ(a)), a ∈ D;

(iii) There exists δ > 0 such that τ(z) ≍ τ(a) for all z ∈ D(a, δτ(a)) and a ∈ D;
(iv) limr→1−

1−r 
τ(r) = ∞.

Proof. Parts (i) and (iii) are proved in [17, Corollary 1] and [17, Lemma 2.1], respectively. 
Next, bearing in mind the hypothesis limr→1− τ ′(r) = 0, it follows that φ = log 1 

ω ∈ 𝒲0, 
where 𝒲0 is the class of functions considered in [5,14]. Hence Part (ii) follows from 
[14, (18)] and Part(i), see also [4, Lemma E]. Finally, (iv) follows from the fact that 
limr→1− τ ′(r) = 0. □
Lemma 2.6. Let μ ∈ 𝒲 and α > 0. Then there exists C = C(α, μ) > 0 such that

ω(r) = e−Cr2 μ(r) 
(1 − r2)α ∈ 𝒲.

Proof. By [17, Lemma 2.3] and Lemma A(iv), limr→1− ω(r) = 0. In particular, ω is a 
radial weight. Moreover, ω = e−Ψ with

Ψ(r) = Cr2 + φ(r) + α log(1 − r2), 0 ≤ r < 1,

where μ = e−φ. Therefore

ΔΨ(r) = 4C + Δφ(r) − α

(︃
2 

1 − r2 + 2(1 + r2)
(1 − r2)2

)︃
, 0 < r < 1.

Then, by using Lemma A(iv) again we deduce

lim 
r→1−

ΔΨ(r)
Δφ(r) = 1.
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Consequently, C can be chosen large enough so that inf0<r<1 ΔΨ(r) > 0. Moreover, 
the differentiable function τ such that (Δφ)−1/2 ≍ τ also satisfies (ΔΨ)−1/2 ≍ τ . Thus 
ω ∈ 𝒲. □
Proof of Theorem 1.4. Let p = 1 and q = 2. By Lemma 2.6, there exists C = C(μ) > 0
such that ω(r) = e−Cr2 μ(r) 

(1−r2)1/2 ∈ 𝒲. In order to prove that AT 2
1 (μ) is not embedded 

into AL2
1(μ) it is enough to show that I : A1

ω → AT 2
1 (μ) is bounded but I : A1

ω →
AL2

1(μ) is not. Let us write ω = e−φ and let τ be a differentiable function such that 
(Δφ)−1/2 ≍ τ . Bearing in mind that limr→1− τ ′(r) = 0 by the hypothesis, it follows that 
φ = log 1 

ω ∈ 𝒲0, where 𝒲0 is the class of functions considered in [5,14]. Consequently, 
by [5, Theorem 3.3], I : A1

ω → AT 2
1 (μ) is bounded because for each δ > 0 small enough

sup 
a∈D

´
D(a,δτ(a)) ω

−1μ dA

(1 − |a|) 1
2 τ2(a) 

≍ sup 
a∈D

´
D(a,δτ(a))(1 − |z|) 1

2 dA(z)

(1 − |a|) 1
2 τ2(a) 

≍ 1.

On the other hand, for some δ > 0 small enough such that Lemma A(ii)-(iii) holds, take 
δ1 > 0 and intervals Ja ⊂ T , Ia = [a − δ1τ(a), a + δ1τ(a)] ⊂ [0, 1) with |Ia| = |Ja|
and Ia × Ja ⊂ D(a, δτ(a)). Next, consider the family of analytic functions fa(z) =(︃

Bω
a (z) 

∥Bω
a ∥A2

ω

)︃2

, a ∈ D. Then Lemma A(i)--(iii) yields

∥fa∥2
AL2

1(μ) ≥
ˆ

Ja

⎛⎝ˆ

Ia

|fa(reit)|μ(r)r dr

⎞⎠2

dt =

´
Ja

(︂´
Ia

|Bω
a (reit)|2μ(r)r dr

)︂2
dt

∥Bω
a ∥4

A2
ω

≍

´
Ja

(︂´
Ia

(︁
∥Bω

a ∥A2
ω
∥Bω

reit∥A2
ω

)︁2
μ(r)r dr

)︂2
dt

∥Bω
a ∥4

A2
ω

=
ˆ

Ja

⎛⎝ˆ

Ia

∥Bω
reit∥2

A2
ω
μ(r)r dr

⎞⎠2

dt

≍ τ(a)

⎛⎝ˆ

Ia

(1 − r) 1
2 τ(r)−2 dr

⎞⎠2

≍ 1 − |a|
τ(a) , ρ0 ≤ |a| < 1.

Therefore Lemma A(iii) implies supa∈D ∥fa∥AL2
1(μ) = ∞, which together with the fact 

supa∈D ∥fa∥A1
ω

= 1 shows that I : A1
ω → AL2

1(μ) is not bounded. This finishes the 
proof. □

We will next prove Proposition 1.5. To do this, we recall that the Hardy-Littlewood 
maximal function of g ∈ L1

loc(T ) is defined by
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M(g)(ξ) = sup
ξ∈I 

1 
|I|

ˆ

I

|g(z)| dz, ξ ∈ T , (2.13)

where the supremum is taken over all arcs I on T containing the point ξ.

Proof of Proposition 1.5. To prove (i), let p < q. Then qp > 1, and hence

∥f∥p
T q
p (ω) = sup 

g∈B

ˆ

T

⎛⎜⎝ ˆ

Γ(ξ)

|f(z)|pω(z) dA(z) 
1 − |z|

⎞⎟⎠ |g(ξ)| |dξ|,

where we have written B = B
L

( q
p

)′ (T)
for the closed unit ball of L( q

p )′(T ). By denoting 

I(z) = {ξ ∈ T : z ∈ Γ(ξ)}, Fubini’s theorem now yields

∥f∥p
T q
p (ω) = sup 

g∈B

ˆ

D

|f(z)|pω(z)

⎛⎜⎝ ˆ

I(z)

|g(ξ)| |dξ| 
1 − |z|

⎞⎟⎠ dA(z)

≤ sup 
g∈B

2π ˆ

0 

⎛⎝ 1 ˆ

0 

|f(reiθ)|pω(r)r dr

⎞⎠
⎛⎜⎝ sup 

r∈[0,1)

ˆ

I(reiθ)

|g(ξ)| |dξ| 
1 − r

⎞⎟⎠ dθ

π
.

The length of I(z) satisfies

|I(z)| =
ˆ

T

χΓ(ξ)(z) |dξ| ≍ (1 − |z|), z ∈ D. (2.14)

Therefore, by Hölder’s inequality and the Hardy-Littlewood Maximal theorem, we get

∥f∥p
T q
p (ω) ≲ sup 

g∈B

2π ˆ

0 

⎛⎝ 1 ˆ

0 

|f(reiθ)|pω(r)r dr

⎞⎠M(g)(eiθ)dθ

≲ ∥f∥p
Lq

p(ω) sup 
g∈B

∥M(g)∥
L

( q
p

)′ (T)
≲ ∥f∥p

Lq
p(ω) sup 

g∈B
∥g∥

L
( q
p

)′ (T)
≤ ∥f∥p

Lq
p(ω),

that is, Lq
p(ω) ⊂ T q

p (ω).
To see that the inclusion is strict, consider the function

f(reiθ) =

⎧⎨⎩ (1−r)
1 
p

|θ|
1 
q ω

1 
p (r)

, ω(r)θ ̸= 0,

0, ω(r)θ = 0,

and write χω for the characteristic function of the set of positive measure on which ω is 
different from zero. Then
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∥f∥q
Lq

p(ω) = 1 
2π

2π ˆ

0 

dθ 
|θ|

⎛⎝ 1 ˆ

0 

χω(r)(1 − r)r dr

⎞⎠
q
p

= ∞

and

∥f∥q
T q
p (ω) ≤

2π ˆ

0 

⎛⎜⎝ 1 ˆ

0 

⎛⎜⎝ ˆ

|θ|<1−r

dθ 

|θ + t|
p
q

⎞⎟⎠ dr

⎞⎟⎠
q
p

dt ≤
2π ˆ

0 

⎛⎝ 1 ˆ

−1

dθ 

|θ + t|
p
q

⎞⎠
q
p

dt < ∞

because pq < 1. Thus f ∈ T q
p (ω) \ Lq

p(ω).
The statement (ii) is a well-known consequence of Fubini’s theorem and (2.14).
To prove (iii), let q < p, and choose b > 1

q . By [7, Theorem 1, p. 303], we have

∥f∥Lq
p(ω) = ∥|f | 1b ∥b

Lbq
bp(ω) = sup 

g∈B

⎛⎝ˆ

D

|f(z)| 1b |g(z)|ω(z) dA(z)

⎞⎠b

,

where we have written B = B
L

(bq)′
(bp)′ (ω) for short. By applying (2.14), Fubini’s theorem 

and Hölder’s inequality twice, we deduce

∥f∥
1
b 
Lq

p(ω) ≍ sup 
g∈B

ˆ

D

|f(z)| 1b |g(z)|ω(z)

⎛⎝ˆ

T

χΓ(ξ)(z) |dξ|

⎞⎠ dA(z) 
1 − |z|

= sup 
g∈B

ˆ

T

⎛⎜⎝ ˆ

Γ(ξ)

|f(z)| 1b |g(z)|ω(z) dA(z) 
1 − |z|

⎞⎟⎠ |dξ|

≤ sup 
g∈B

∥|f | 1b ∥T bq
bp (ω)∥g∥T (bq)′

(bp)′ (ω) = ∥f∥
1
b 
T q
p (ω) sup 

g∈B
∥g∥

T
(bq)′
(bp)′ (ω).

But bq < bp by the hypothesis, and hence (bq)′ > (bp)′. Therefore Part (i) implies

sup 
g∈B

∥g∥
T

(bq)′
(bp)′ (ω) ≲ sup 

g∈B
∥g∥

L
(bq)′
(bp)′ (ω) = 1.

Thus we have shown that T q
p (ω) ⊂ Lq

p(ω).
To see that the inclusion is strict, consider the function

f(reiθ) =

⎧⎨⎩ (1−r)
1 
p

|θ|
1 
p ω

1 
p (r)

, ω(r)θ ̸= 0,

0, ω(r)θ = 0.

Then
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∥f∥q
Lq

p(ω) ≤
1 
2π

2π ˆ

0 

dθ 

|θ|
q
p

⎛⎝ 1 ˆ

0 

(1 − r) dr

⎞⎠
q
p

< ∞

because qp < 1. Since ω is a weight, there exists a constant r0 = r0(ω) ∈ (0, 1) such that ´ r0
0 χω(r)r dr > 0. This observation together with Fubini’s theorem yields

∥f∥q
T q
p (ω) ≥

1 
2π

2π ˆ

0 

⎛⎝ 1 ˆ

0 

χω(r)r

⎛⎝ 0 ˆ

r−1

dθ 
|θ + t|

⎞⎠ dr

⎞⎠
q
p

dt

= 1 
2π

2π ˆ

0 

⎛⎝ 0 ˆ

−1

1 
|θ + t|

⎛⎝ 1+θˆ

0 

χω(r)r dr

⎞⎠ dθ

⎞⎠
q
p

dt

≥ 1 
2π

2π ˆ

0 

⎛⎝ 0 ˆ

r0−1

1 
|θ + t|

⎛⎝ r0ˆ

0 

χω(r)r dr

⎞⎠ dθ

⎞⎠
q
p

dt

≳
2π ˆ

0 

⎛⎝ 0 ˆ

r0−1

dθ 
|θ + t|

⎞⎠
q
p

dt ≥

1−r0
2 ˆ

0 

⎛⎝ t ˆ

r0−1+t

dx 
|x|

⎞⎠
q
p

dt

≥ 1 − r0
2 

⎛⎜⎝
1−r0

2 ˆ

0 

dx

x 

⎞⎟⎠
q
p

= ∞,

and thus f ∈ Lq
p(ω) \ T q

p (ω). □
3. Littlewood-Paley inequalities

We begin with an auxiliary result which guarantees that, for each radial weight ω, 
the norm convergence in either AT q

p (ω) or ALq
p(ω) implies the uniform convergence on 

compact subsets. As usual, we write

Mp(r, f) =

⎛⎝ 1 
2π

2π ˆ

0 

|f(reiθ)|p dθ

⎞⎠
1 
p

, 0 < r < 1,

for the Lp-mean of the restriction of f to the circle of radius r, and M∞(r, f) =
max|z|=r |f(z)| for the maximum modulus.

Lemma 3.1. Let 0 < p, q < ∞ and n ∈ N ∪ {0}, and let ω be a radial weight. Then there 

exist constants C1 = C1(p, q, n, ω) > 0 and C2 = C2

(︂
p, q, 1−ρ

ρ−r 

)︂
> 0 such that
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M∞(r, f (n)) ≤ C1
min

{︁
∥f∥ALq

p(ω), C2∥f∥AT q
p (ω)

}︁
pω(ρ)

1 
p (ρ− r)

1 
q +n

, 0 ≤ r < ρ < 1, f ∈ ℋ(D).

In particular, if ω ∈ p𝒟, then the choice ρ = 1+r
2 gives

M∞(r, f (n)) ≲
min

{︁
∥f∥ALq

p(ω), ∥f∥AT q
p (ω)

}︁
pω(r)

1 
p (1 − r)

1 
q +n

, 0 ≤ r < 1, f ∈ ℋ(D).

Proof. It is well known that |f(ζ)|q ≤ ∥f∥qHq/(1 − |ζ|) for all ζ ∈ D, 0 < q < ∞
and f ∈ ℋ(D), see [29, Theorem 9.1] for details. An application of this inequality to 
ζ ↦→ f (ρζ) at ζ = z/ρ yields

Mq
∞(r, f) ≤ ρ

M q
q (ρ, f)
ρ− r 

, 0 < r < ρ < 1, f ∈ ℋ(D).

This estimate together with Theorem 2.1 gives

∥f∥q
ALq

p(ω) ≍
1 
2π

2π ˆ

0 

⎛⎝ 1 ˆ

0 

R(f)p(teiθ)ω(t) dt

⎞⎠
q
p

dθ ≥ pω (ρ)
q
p

1 
2π

2π ˆ

0 

R(f)q
(︁
ρeiθ

)︁
dθ

≥ pω (ρ)
q
p Mq

q (ρ, f) ≥ pω (ρ)
q
p (ρ− r)Mq

∞(r, f), 0 < r < ρ < 1, f ∈ ℋ(D),

and thus the statement for ALq
p(ω) is proved in the case n = 0. The general case n ∈ N

is a consequence of n applications of the inequality

M∞(r, f ′) ≲ M∞(ρ, f)
ρ− r 

, 0 ≤ r < ρ < 1, f ∈ ℋ(D),

which is a consequence of the generalized Cauchy integral formula, and the case n = 0
just proved. Details are omitted.

To deal with AT q
p (ω), let M = M(r, ρ) = max

{︂
1, 21−ρ

ρ−r 

}︂
. Since r+ρ

2 e
iθ ∈ ΓM

(︁
ρeit

)︁
whenever |θ − t| < 1 − ρ, we have

Φf,M,p(ρeiθ) = 1 
1 − ρ

ˆ

|t−θ|<1−ρ

NM (f)p(ρeit) dt ≥
⃓⃓⃓⃓
f

(︃
r + ρ

2 
eiθ

)︃⃓⃓⃓⃓p
.

Hence Theorem 2.2 and (2.11) yield
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∥f∥q
AT q

p (ω) ≍
1 
2π

2π ˆ

0 

⎛⎝ 1 ˆ

0 

Φf,M,p(teiθ)ω(t) dt

⎞⎠
q
p

dθ ≥ pω (ρ)
q
p

1 
2π

2π ˆ

0 

Φ
q
p

f,M,p

(︁
ρeiθ

)︁
dθ

≥ pω (ρ)
q
p Mq

q

(︃
r + ρ

2 
, f

)︃
≥ pω (ρ)

q
p
ρ− r

2 
Mq

∞(r, f), 0 < r < ρ < 1, f ∈ ℋ(D),

and thus the case n = 0 of the statement for AT q
p (ω) is proved. For n ∈ N the assertion 

follows as in the case of ALq
p(ω). □

The pseudohyperbolic disc centered at z ∈ D and of radius 0 < r < 1 is the set 
Δ(z, r) = {ζ ∈ D : |φz(ζ)| < r}, where φz(ζ) = (z − ζ)/(1 − zζ) for all z, ζ ∈ D. It 
coincides with the Euclidean disc D(Z,R), where

Z = 1 − r2

1 − |z|2r2 z and R = 1 − |z|2
1 − |z|2r2 r.

Theorem 3.2. Let 0 < p, q < ∞ and n ∈ N, and let ω be a radial weight. Then ω ∈ p𝒟 if 
and only if there exists a constant C = C(p, q, n, ω) > 0 such that

∥f (n)(1 − | · |)n∥Lq
p(ω) +

n−1∑︂
j=0 

|f (j)(0)| ≤ C∥f∥ALq
p(ω), f ∈ ℋ(D).

Similarly, ω ∈ p𝒟 if and only if there exists a constant C = C(p, q, n, ω) > 0 such that

∥f (n)(1 − | · |)n∥T q
p (ω) +

n−1∑︂
j=0 

|f (j)(0)| ≤ C∥f∥AT q
p (ω), f ∈ ℋ(D).

Proof. Fix 0 < r < t < 1. A change of variable and an application of

Mp(r, f ′) ≲ Mp (ρ, f)
ρ− r 

, 0 ≤ r < ρ < 1, f ∈ ℋ(D),

the proof of which can be found in [11], yield

ˆ

Δ(z,r)

|f ′(ζ)|p dA(ζ) ≲ 1 
(1 − |z|)p

ˆ

Δ(z,t)

|f(ζ)|p dA(ζ), z ∈ D.

By using this estimate for 0 < t < 1 sufficiently small, the subharmonicity of |f ′|p, (2.10), 
Lemma 3.1 and Theorem 2.1 imply
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∥f ′(1 − | · |)∥q
Lq

p(ω) ≲
2π ˆ

0 

⎛⎜⎝ 1 ˆ

0 

⎛⎜⎝ 1 
(1 − s)2

ˆ

Δ(seiθ,r)

|f ′(ζ)|p dA(ζ)

⎞⎟⎠ (1 − s)pω(s)s ds

⎞⎟⎠
q
p

dθ

≲
2π ˆ

0 

⎛⎜⎝ 1 ˆ

0 

⎛⎜⎝ 1 
(1 − s)2

ˆ

Δ(seiθ,t)

|f(ζ)|p dA(ζ)

⎞⎟⎠ω(s)s ds

⎞⎟⎠
q
p

dθ

≲ Mq
∞

(︃
1
2 , f

)︃
+

2π ˆ

0 

⎛⎝ 1 ˆ

0 

N(f)p
(︃

1 + s

2 
eiθ

)︃
ω(s)s ds

⎞⎠
q
p

dθ

≲ Mq
∞

(︃
1
2 , f

)︃
+ ∥N(f)∥q

Lq
p(ω) ≲ ∥f∥q

ALq
p(ω).

A slight modification in this argument shows that ∥f ′(1 − | · |)∥T q
p (ω) ≲ ∥f∥AT q

p (ω), 
provided ω ∈ p𝒟. The general case n ∈ N readily follows from the argument above.

Conversely, by testing one of the inequalities with monomials easily give ω ∈ p𝒟, see 
the proof of [23, Theorem 6] for a similar argument. □
Theorem 3.3. Let 0 < p, q < ∞, n ∈ N and ω ∈ 𝒟. Then there exists a constant 
C = C(p, q, n, ω) > 0 such that

∥f∥AT q
p (ω) ≤ C

⎛⎝∥f (n)(1 − | · |)n∥T q
p (ω) +

n−1∑︂
j=0 

|f (j)(0)|

⎞⎠ , f ∈ ℋ(D).

Proof. By Theorem 1.6 it is enough to prove the statement for the average radial in
tegrability spaces. We may assume without loss of generality that f(0) = 0. Let first 
1 < p < ∞ and take h(t) = (1 − t)1−

1−ε
p , where 0 < ε < 1 will be fixed later. Then the 

estimate |f(reiθ)| ≤
´ r

0 |f ′(teiθ)| dt, Hölder’s inequality and Fubini’s theorem yield

1 ˆ

0 

|f(reiθ)|pω(r)r dr ≤
1 ˆ

0 

⎛⎝ rˆ

0 

|f ′(teiθ)|h(t) dt 
h(t)

⎞⎠p

ω(r)r dr

≤
1 ˆ

0 

⎛⎝ rˆ

0 

|f ′(teiθ)|ph(t)p dt

⎞⎠⎛⎝ rˆ

0 

dt 
h(t)p′

⎞⎠p−1

ω(r)r dr

≲
1 ˆ

0 

⎛⎝ rˆ

0 

|f ′(teiθ)|p(1 − t)p−1+ε dt

⎞⎠ω[−ε](r)r dr

=
1 ˆ

0 

|f ′(teiθ)|p(1 − t)p−1+ε

⎛⎝ 1 ˆ

t 

ω[−ε](r)r dr

⎞⎠ dt.
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By [24, Lemma 2] we may fix ε = ε(ω) ∈ (0, 1) sufficiently small such that ´ 1
t
ω[−ε](r) dr ≲ pω[−ε](t) for all 0 ≤ t < 1, and thus

1 ˆ

0 

|f(reiθ)|pω(r)r dr ≲
1 ˆ

0 

N(f ′)(teiθ)p˜︁ω[p](t) dt.

Further, as 1 < p < ∞ and ω ∈ q𝒟 by the hypotheses, [27, Lemma 9(v)] gives

1 ˆ

r

˜︁ω[p](t) dt ≤ (1 − r)ppω(r) ≲
1 ˆ

r

ω[p](t) dt, 0 ≤ r < 1. (3.1)

Therefore (2.10) yields

1 ˆ

0 

N(f ′)(teiθ)p˜︁ω[p](t) dt ≲
1 ˆ

0 

N(f ′)(teiθ)pω[p](t) dt.

These estimates together with Theorem 2.1 imply

∥f∥ALq
p(ω) ≲ ∥N(f ′)(1 − | · |)∥Lq

p(ω) ≲ ∥f ′(1 − | · |)∥Lq
p(ω), f ∈ ℋ(D), f(0) = 0.

The case n = 1 for ALq
p(ω) is now proved. Since ω[np] ∈ q𝒟 by [27, Lemma 9(v)], the 

general case follows from the estimate above.
Let now 0 < p ≤ 1, and for each 0 < r < 1 set rn = rn(r) = max{1 − 2n(1 − r), 0}. 

Further, choose 0 < s < ρ < 1 such that Δ(teiθ, s) ⊂ Δ(rneiθ, ρ) for all rn+1 ≤ t ≤ rn
and n ∈ N ∪ {0}. Then the subharmonicity of |f ′|p yields

|f(reiθ)|p ≤

⎛⎝ ∞ ∑︂
n=0

rnˆ

rn+1

|f ′(teiθ)|dt

⎞⎠p

≤
(︄ ∞ ∑︂

n=0
sup 

rn+1≤t≤rn

|f ′(teiθ)|(rn − rn+1)
)︄p

≤
∞ ∑︂

n=0

(︄
sup 

rn+1≤t≤rn

|f ′(teiθ)|p
)︄

(1 − rn)p

≲
∞ ∑︂

n=0

ˆ

Δ(rneiθ,ρ)

|f ′(z)|p dA(z)(1 − rn)p−2

≍
∞ ∑︂

n=0

ˆ

Δ(rneiθ,ρ)

|f ′(z)|p(1 − |z|)p−2 dA(z)

≲
ˆ

ΓM ( r+K
K+1 eiθ)∪D(0, K

K+1 )

|f ′(z)|p(1 − |z|)p−2 dA(z)
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for some sufficiently large 1 < K,M < ∞. By using the hypothesis ω ∈ p𝒟, it follows 
that

1 ˆ

0 

|f(reiθ)|pω(r)r dr ≲
1 ˆ

0 

⎛⎜⎜⎝ ˆ

ΓM ( r+K
K+1 eiθ)∪D

(︂
0, K

K+1

)︂ |f ′(z)|p(1 − |z|)p−2 dA(z)

⎞⎟⎟⎠ω(r)r dr

≲ Mp
∞

(︃
K

K + 1 , f
′
)︃

+
ˆ

ΓM (eiθ)\D
(︂
0, K

K+1

)︂ |f ′(z)|p(1 − |z|)p−2
pω ((K + 1)|z| −K) dA(z)

≲ Mp
∞

(︃
K

K + 1 , f
′
)︃

+
ˆ

ΓM (eiθ)

|f ′(z)|p(1 − |z|)p−2
pω (z) dA(z)

≤ Mp
∞

(︃
K

K + 1 , f
′
)︃

+
1 ˆ

0 

Ψf ′,M,p(reiθ)(1 − r)p˜︁ω (r) dr.

Since r ↦→ Ψf ′,M,p(reiθ) is non-decreasing by (2.11), we may proceed as in the case 
1 < p < ∞. Namely, [27, Lemma 9(v)(vi)] imply (3.1) with ≲ in place of ≤, and hence 
an application of (2.10) together with Lemma 3.1 and Theorem 2.2 imply

∥f∥ALq
p(ω) ≲ ∥N(f ′)(1 − | · |)∥T q

p (ω) ≲ ∥f ′(1 − | · |)∥T q
p (ω), f ∈ ℋ(D), f(0) = 0.

Since ω[p] ∈ 𝒟 by the hypothesis ω ∈ 𝒟, Theorem 1.3 yields

∥f∥ALq
p(ω) ≲ ∥f ′(1 − | · |)∥Lq

p(ω), f ∈ ℋ(D), f(0) = 0.

The general case

∥f∥ALq
p(ω) ≤ C

⎛⎝∥f (n)(1 − | · |)n∥Lq
p(ω) +

n−1∑︂
j=0 

|f (j)(0)|

⎞⎠ , f ∈ ℋ(D),

concerning the average radial integrability spaces follows by iterating this estimate. The 
statement of the theorem follows from Theorem 1.6 because ω ∈ 𝒟. □
Proof of Theorem 1.7. Assume that ω ∈ 𝒟. Then, (ii) and (iii) hold by Theorems 3.2
and 3.3. Conversely, if (ii) or (iii) holds then ω ∈ p𝒟 by Theorem 3.2. Therefore, it suffices 
to show that whenever ω ∈ p𝒟 both statements (ii) and (iii) guarantee ω ∈ 𝒟. By testing 
on the monomials fn(z) = zn, we get

ωnp+1 ≍ nkp(ω[kp])np+1, n ∈ N ∪ {0}.
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Then, ω ∈ 𝒟 by [23, (1.2) and Theorem 3]. □
4. Integration operators

We begin with constructing suitable test functions. For that purpose we need the 
following lemma.

Lemma 4.1. Let 0 < p, q < ∞ and ω ∈ p𝒟. Further, let β0 = β0(ω) be that of 
Lemma 2.3(iii), and β > 1

q + β0
p . Then the function

fλ(z) = 1 (︁
1 − λz

)︁β , z ∈ D,

satisfies

∥fλ∥Lq
p(ω) ≲ pω(λ)

1 
p (1 − |λ|) 1 

q−β , λ ∈ D.

Proof. It suffices to prove the estimate for |λ| ∈
(︁ 1

2 , 1
)︁
. Write rn = 1 − 2−n for all 

n ∈ N ∪ {0}. Then Theorem 2.1 and standard estimates imply

∥fλ∥qLq
p(ω) ≲

1 ˆ

0 

⎛⎜⎝ 1 ˆ
1
2

ω(r) 
[(1 − r) + (1 − |λ|) + θ]pβ

dr

⎞⎟⎠
q
p

dθ

≤

⎛⎜⎝ 1−|λ|ˆ

0 

+
1 ˆ

1−|λ|

⎞⎟⎠(︄ ∞ ∑︂
n=1

pω(rn) − pω(rn+1) 
[(1 − rn+1) + (1 − |λ|) + θ]pβ

)︄ q
p

dθ

= I1(λ) + I2(λ), λ ∈ D.

(4.1)

Let N = N(λ) ∈ N such that rN ≤ |λ| < rN+1, that is, 1 − rN+1 = 2−N−1 ≤ 1 − |λ| <
2−N = 1 − rN . Then

I1(λ) ≤ (1 − |λ|)
(︄(︄

N∑︂
n=1

+
∞ ∑︂

n=N+1

)︄
pω(rn) − pω(rn+1) 

[(1 − rn+1) + (1 − |λ|)]pβ

)︄ q
p

≤ (1 − |λ|)
(︄

N∑︂
n=1

pω(rn) − pω(rn+1)
(1 − rn+1)pβ

+
∞ ∑︂

n=N+1

pω(rn) − pω(rn+1)
(1 − |λ|)pβ

)︄ q
p

≤ (1 − |λ|)
(︄

N∑︂
n=1

2(n+1)pβ
pω(rn) + pω(λ) 

(1 − |λ|)pβ

)︄ q
p

, λ ∈ D.

An application of Lemma 2.3(iii) gives pω(rn) ≲ 2(N−n)β0
pω(rN ) for all 1 ≤ n ≤ N , and 

hence
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N∑︂
n=1

2(n+1)pβ
pω(rn) ≲ 2pβ2Npβ

pω(rN )
N∑︂

n=1
2(pβ−β0)(n−N) ≲ pω(λ) 

(1 − |λ|)pβ
, λ ∈ D, (4.2)

because pβ − β0 > 0. Thus

I1(λ) ≲ pω(λ)
q
p (1 − |λ|)1−qβ , λ ∈ D,

that is, I1(λ) obeys the upper bound of the statement.
It remains to deal with I2(λ). To do this, observe that, for 0 < θ < 1, there exists 

M = M(θ) ∈ N ∪ {0} such that rM ≤ 1 − θ < rM+1, so 1 − rM+1 = 2−M−1 ≤ θ <

2−M = 1 − rM . Therefore an argument similar to that applied in (4.2) yields

I2(λ) ≤
1 ˆ

1−|λ|

(︄
M∑︂
n=1

pω(rn) − pω(rn+1)
(1 − rn+1)pβ

+
∞ ∑︂

n=M+1

pω(rn) − pω(rn+1)
θpβ

)︄ q
p

dθ

≲
1 ˆ

1−|λ|

(︃
2Mpβ

pω(rM ) + pω(rM+1)
θpβ

)︃ q
p

dθ ≲
1 ˆ

1−|λ|

pω(1 − θ)
q
p

θqβ
dθ.

Since 1− θ < |λ|, an application of Lemma 2.3(iii) yields pω(1− θ) ≲
(︂

θ
1−|λ|

)︂β0
pω(λ). By 

using our choice β > 1
q + β0

p , we then obtain

I2(λ) ≲ pω(λ)
q
p

(1 − |λ|)
q
pβ0

1 ˆ

1−|λ|

dθ 

θqβ−
q
pβ0

≲ pω(λ)
q
p (1 − |λ|)1−qβ , λ ∈ D,

and the proof is complete. □
For g ∈ ℋ(D) and n, k ∈ N ∪{0} such that 0 ≤ k < n, we define the operator Tn,k

g by

Tn,k
g (f) = Tn

I

(︂
f (k)g(n−k)

)︂
,

where Tn
I = TI ◦ · · · ◦TI refers to the n compositions of the integral operator induced by 

the identity mapping I.

Proposition 4.2. Let 0 < p, q < ∞, n ∈ N and k ∈ N ∪ {0} such that 0 ≤ k < n, and 
ω ∈ 𝒟. If g ∈ ℬ, then Tn,k

g : AT q
p (ω) → AT q

p (ω) is bounded.

Proof. Theorems 3.2 and 3.3 imply

∥Tn,k
g (f)∥AT q

p (ω) ≲ ∥f (k)g(n−k)(1 − |z|)n∥T q
p (ω) ≲ ∥g∥ℬ∥f (k)(1 − |z|)k∥T q

p (ω)

≲ ∥g∥ℬ∥f∥T q
p (ω),
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and thus the assertion is proved. □
Proof of Theorem 1.8. If g ∈ ℬ, then Tg,a = Tn,0

g +
∑︁n−1

k=1 akT
n,k
g is bounded by Propo

sition 4.2.
Conversely, assume that Tg,a : AT q

p (ω) → AT q
p (ω) is bounded. Let β0 = β0(ω) > 0 be 

that of Lemma 2.3(iii). Further, for λ ∈ D and γ > 1 
p + β0

q , let

fλ(z) = (1 − |λ|2)γ− 1 
p− 1 

q

(1 − λz)γ
, z ∈ D.

Then Lemmas 3.1 and 4.1 yield

|(Tg,a(fλ))(n)(λ)| ≲
∥Tg,a(fλ)∥T q

p (ω)

pω(λ)
1 
p (1 − |λ|2)n+ 1 

q

≲
∥Tg,a∥T q

p (ω)→T q
p (ω)

(1 − |λ|2)n+ 1 
p+ 1 

q

.

Hence there exists a constant C = C(γ) > 0 such that

⃓⃓⃓⃓
⃓
n−1∑︂
k=0 

akλ
k(γ)k

(1 − |λ|2)k+ 1 
p+ 1 

q

g(n−k)(λ)

⃓⃓⃓⃓
⃓ ≤ C(γ)

∥Tg,a∥T q
p (ω)→T q

p (ω)

(1 − |λ|2)n+ 1 
p+ 1 

q

,

where (γ)k = γ(γ + 1) · · · (γ + k− 1), k ≥ 1, and (γ)0 = a0 = 1. By re-arranging factors, 
it follows that⃓⃓⃓⃓

⃓
n−1∑︂
k=0 

akλ
k(γ)k(1 − |λ|2)n−kg(n−k)(λ)

⃓⃓⃓⃓
⃓ ≤ C(γ)∥Tg,a∥T q

p (ω)→T q
p (ω),

and hence g ∈ ℬ by [8, Lemma 2.3]. □
5. Bergman projection

In our proof of Theorem 1.9 we will first show that (iv)⇒(ii). With this aim let us 
observe that the condition Bp(γ, ω) < ∞ implies Lq

p(ω) ⊂ L1
γ = {f :

´
D |f |vγdA < ∞}. 

In particular, P+
γ (f) ∈ ℋ(D) is well defined for each f ∈ Lq

p(ω).
Throughout the proof of Theorem 1.9, we will estimate the kernel

Kγ(reiθ, ρeiφ) = 2ρ(1 − ρ2)γ

|1 − rρei(θ−φ)|γ+2

from above by using a discrete positive kernel which is more convenient for our purposes. 
In order to do so, we introduce some necessary terminology. Given a measure space 
(X,ℳ, μ) and a μ-measurable function M : X×X ↦→ C, we consider the kernel integral 
operator
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TM (f)(z) =
ˆ

X

f(u)M(z, u) dμ(u), z ∈ X,

whenever such integral is well defined.
From now on, with a little abuse of notation, |θ−φ| will denote the distance between 

θ and φ in the quotient group R/2πZ, that is, mink∈Z |θ − φ + 2kπ|. Since Lq
p(ω) ⊂ L1

γ

whenever Bp(γ, ω) < ∞, to prove the boundedness of P+
γ on Lq

p(ω), it is sufficient to 
establish the boundedness of TK̃γ

, where

K̃γ(reiθ, ρeiφ) = ρ(1 − ρ)γ
⃓⃓⃓
1 − reiθρeiφ

⃓⃓⃓−2−γ

χ{|θ−φ|≤1} · χ{min{r,ρ}> 1
2}.

Next, observe that

K̃γ(reiθ, ρeiφ) = ρ
(︁
(1 − rρ)2 + 2rρ(1 − cos(θ − φ))

)︁−1− γ
2 (1 − ρ)γχ{|θ−φ|≤1}

· χ{min{r,ρ}> 1
2}

≲ ρ
(︁
(1 − rρ)2 + rρ|θ − φ|2

)︁−1− γ
2 (1 − ρ)γχ{|θ−φ|≤1} · χ{min{r,ρ}> 1

2}

≲ D(θ, φ, r, ρ),

where

D(θ, φ, r, ρ) =

⎧⎪⎪⎨⎪⎪⎩
0, if |θ − φ| > 1 or max{r, ρ} ≤ 1

2 ,
ρ(1−ρ)γ
|φ−θ|2+γ , if 1 ≥ |θ − φ| ≥ 1 − rρ and min{r, ρ} > 1

2 ,
ρ(1−ρ)γ

(1−rρ)2+γ , if |θ − φ| ≤ 1 − rρ and min{r, ρ} > 1
2 .

The change of variables x = 1 − r and y = 1 − ρ now yields

H̃(θ, φ, x, y)
22+γ

≤ D(θ, φ, 1 − x, 1 − y) ≤ H̃(θ, φ, x, y), x, y ∈ [0, 1], θ, φ ∈ [0, 2π],

with

H̃(θ, φ, x, y) =

⎧⎪⎪⎨⎪⎪⎩
0, if |θ − φ| > 1 or min{x, y} ≥ 1

2
yγ(1−y) 
|θ−φ|2+γ , if 1 ≥ |θ − φ| ≥ max{x, y} and max{x, y} < 1

2 ,
yγ(1−y) 

(max{x,y})2+γ , if 1
2 > max{x, y} ≥ |θ − φ|,

because max{x, y} ≤ 1 − rρ ≤ 2 max{x, y}. Consequently, in view of the above in
equalities, in order to prove that the maximal Bergman projection P+

γ is bounded on 
Lq
p(ω), it is enough to prove that the operator TH̃ defined on [0, 2π) × (0, 1) is bounded 

on Lq
p (ωL dx dθ, [0, 2π) × (0, 1)), where ωL(x) = (1 − x)ω(1 − x). In that case we have 

∥P+
γ ∥ ≲ 1 + ∥TH̃∥. With this aim, let us define the sets



32 T. Aguilar-Hernández et al. / Journal of Functional Analysis 291 (2026) 111513 

Jn :=
{︁
(θ, φ, x, y) ∈ [0, 2π)2 × [0, 1)2 : max{x, y} ≤ 2n|θ − φ| < 2 max{x, y} < 1

}︁
,

n ∈ N \ {0},

and J0 :=
{︁
(θ, φ, x, y) : max{x, y} ≤ |θ − φ| ≤ 1, max{x, y} < 1

2
}︁
. Notice that Jn∩Jm =

∅ for m ̸= n. A calculation shows that

H̃(θ, φ, x, y) ≍ yγ(1 − y) 
|θ − φ|γ+2

∑︂
n≥0

χJn
(θ, φ, x, y)
2n(γ+2) . (5.1)

For a given radial weight ν, we define ν̇(s) = sν(s) and the maximal operator

Wνf(x) =

⎧⎨⎩sup1≥t≥x

´ t
0 f(u)(1−u)ν(1−u)du

pν̇(1−t) , if 0 < x ≤ 1,

0, if x > 1.

For each θ ∈ R and a function f defined on [0, 2π)× [0, 1), we denote fθ(x) = f(θ, x).

Lemma 5.1. Let ω be a radial weight. Then

2π ˆ

0 

1 ˆ

0 

(TH̃f)(θ, x)g(θ, x)ωL(x)dx dθ

≲
∑︂
n≥0

2π ˆ

0 

2π ˆ

0 

˜̇︁ω(1 − 2n|θ − φ|)Wvγfφ(2n|φ− θ|)Wωgθ(2n|φ− θ|) dθ dφ

for any pair (f, g) of positive measurable functions on [0, 2π) × [0, 1).

Proof. By using the definition of the kernel H̃, (5.1) and grouping terms, it follows that

2π ˆ

0 

1 ˆ

0 

TH̃f(θ, x) g(θ, x)ωL(x)dx dθ

=
2π ˆ

0 

2π ˆ

0 

1 ˆ

0 

1 ˆ

0 

H̃(θ, φ, x, y)f(φ, y)g(θ, x)ωL(x)dx dy 
dφ

2π dθ

≲
∑︂
n≥0

2−n(γ+2)
˘

An

yγ(1 − y) 
|θ − φ|γ+2 f(φ, y)g(θ, x) ωL(x)dx dy dφ dθ,

where An = {(θ, φ, x, y) ∈ [0, 2π)2 × [0, 1)2 : 0 ≤ x ≤ 2n|θ − φ| ≤ 1 and 0 ≤ y ≤
2n|θ − φ| ≤ 1}. Consequently,
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2π ˆ

0 

1 ˆ

0 

TH̃f(θ, x) g(θ, x) ωL(x)dx dθ

≲
∑︂
n≥0

¨

|φ−θ|≤2−n

˜̇︁ω(1 − 2n|θ − φ|)

⎛⎜⎝ 1 
2n(γ+1)|θ − φ|γ+1

2n|θ−φ|ˆ

0 

f(φ, y) yγ(1 − y)dy

⎞⎟⎠

×

⎛⎜⎝ 1 
pω̇(1 − 2n|θ − φ|)

2n|θ−φ|ˆ

0 

g(θ, x)ωL(x)dx

⎞⎟⎠ dθ dφ

≲
∑︂
n≥0

2π ˆ

0 

2π ˆ

0 

˜̇︁ω(1 − 2n|θ − φ|)Wvγfφ(2n|φ− θ|)Wωgθ(2n|φ− θ|) dθ dφ,

and we are done. □
For each a ∈ D, let Ia =

{︂
eiθ : | arg(ae−iθ)| ≤ (1−|a|)

2 

}︂
. The Carleson square induced 

by a ∈ D is the set

S(a) = {z ∈ D : |z| ≥ |a|, eit ∈ Ia}.

Further, for each weight ω and φ ∈ L1
ω, the Hörmander-type maximal function is

Mω(φ)(z) = sup
z∈S 

1 
ω (S)

ˆ

S

|φ(ζ)|ω(ζ) dA(ζ).

Lemma 5.2. Let −1 < γ < ∞, 1 < p < ∞ and let ω be radial weight such that Bp(γ, ω) <
∞. Then Wvγ is a bounded operator on Lp(ωL, (0, 1]).

Proof. For a radial weight η and a radial function φ, a straightforward calculation shows 
that

Mη(φ)(1 − |z|) = Wη(ϕ)(|z|), z ∈ D \ {0},

where φ(|z|) = ϕ(1 − |z|). Therefore, it is enough to prove that the Hörmander-type 
maximal function Mvγ is bounded on Lp(ω,D). But this immediately follows from [28, 
(4.7)]. □
Lemma 5.3. Let 1 < p < ∞ and ω ∈ p𝒟. Then Wω is a bounded operator on Lp(ωL, (0, 1]).

Proof. Since ω ∈ p𝒟, the Hörmander-type maximal function Mω is bounded on Lp(ω,D)
by [19, Theorem 3.4]. Therefore by arguing as in the proof of Lemma 5.2, the assertion 
follows. □
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Proof of Theorem 1.9. We will show that (iv)⇒(ii)⇒(i)⇒(iii)⇔(iv), (i)⇔(v) and (iv)⇒
(vi)⇒(vii)⇒(iii).

Assume first (iv). By using [7, Theorem 1] and our previous considerations it is enough 
to prove that

sup
2π ˆ

0 

1 ˆ

0 

(TH̃ |f |)(θ, x) |g|(θ, x)ωL(x)dx dθ < ∞, (5.2)

where the supremum is taken over all the pairs of functions (f, g) such that

∥f∥Lq
p(ωL dx dθ,[0,2π)×(0,1)) ≤ 1 and ∥g∥

Lq′
p′ (ωL dx dθ,[0,2π)×(0,1)) ≤ 1.

For such f and g, write F = Wvγ |f | and G = Wω|g|. Fix K > 1, and let {ρn} be the 
sequence defined in (2.12) in terms of ω and K. Consider the sequences of functions 
fn(φ) = F (φ, 1 − ρn) and gn(φ) = G(φ, 1 − ρn) for φ ∈ T and n ∈ N ∪ {0}. Notice 
that for all x ∈ In = [1 − ρn, 1 − ρn−1) we have fn−1(φ) ≤ F (φ, x) ≤ fn(φ) and 
gn−1(φ) ≤ G(φ, x) ≤ gn(φ). Hence

∞ ∑︂
n=1

fn−1(φ)χIn(x) ≤ F (φ, x) ≤
∞ ∑︂

n=1
fn(φ)χIn(x),

∞ ∑︂
n=1

gn−1(φ)χIn(x) ≤ G(φ, x) ≤
∞ ∑︂

n=1
gn(φ)χIn(x).

Then, by applying Lemma 5.2 in the inner integral to each function fφ, we obtain

2π ˆ

0 

(︄ ∞ ∑︂
n=1

fp
n−1(φ) K−n

)︄ q
p

dφ ≲
2π ˆ

0 

⎛⎝ 1 ˆ

0 

|F (φ, x)|pωL(x) dx

⎞⎠
q
p

dφ

≲
2π ˆ

0 

⎛⎝ 1 ˆ

0 

|f(φ, x)|pωL(x) dx

⎞⎠
q
p

dφ < ∞.

(5.3)

By [25, Lemma 9(i)], Lemma 5.3, and repeating the argument above we get

2π ˆ

0 

(︄ ∞ ∑︂
n=0

gp
′

n (φ)K−n

)︄ q′
p′

dφ < ∞. (5.4)

Let us prove next that the hypothesis

Bp(γ, ω) = sup 
0≤r<1

(︂´ 1
r
ω(t)t dt

)︂ 1 
p
(︂´ 1

r
σ(t)t dt

)︂ 1 
p′

´ 1
r
vγ(t)t dt 

< ∞
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implies ω ∈ q𝒟. Since vγ ∈ q𝒟, there exists K > 1 and C > 0 such that

1 ˆ

r

vγ(t)t dt ≤ C

1− 1−r
Kˆ

r

vγ(t)t dt, 0 ≤ r < 1.

Therefore

⎛⎝ 1 ˆ

r

ω(t)t dt

⎞⎠
1 
p

⎛⎜⎝ 1− 1−r
Kˆ

r

σ(t)t dt

⎞⎟⎠
1 
p′

≤

⎛⎝ 1 ˆ

r

ω(t)t dt

⎞⎠
1 
p
⎛⎝ 1 ˆ

r

σ(t)t dt

⎞⎠
1 
p′

≤ Bp(γ, ω)
1 ˆ

r

vγ(t)t dt

≤ CBp(γ, ω)
1− 1−r

Kˆ

r

vγ(t)t dt

≤ CBp(γ, ω)

⎛⎜⎝ 1− 1−r
Kˆ

r

ω(t)t dt

⎞⎟⎠
1 
p
⎛⎜⎝ 1− 1−r

Kˆ

r

σ(t)t dt

⎞⎟⎠
1 
p′

for all 0 ≤ r < 1, that is, 
´ 1
r
ω(t)t dt ≲

´ 1− 1−r
K

r
ω(t)t dt for all 0 ≤ r < 1. It follows that 

ω ∈ q𝒟.
Next, by Lemmas 5.1 and 2.4(ii), we have

2π ˆ

0 

1 ˆ

0 

TH̃ |f |(θ, x)|g|(θ, x) ωL(x) dx dθ

≲
∑︂
j≥0 

2π ˆ

0 

2π ˆ

0 

˜̇︁ω(1 − 2j |θ − φ|)F (θ, 2j |φ− θ|)G(φ, 2j |φ− θ|) dθ dφ

≲
∑︂
j≥0 

2π ˆ

0 

⎛⎝ ∞ ∑︂
n=1

K−n

1 − ρn
fn(θ)

2π ˆ

0 

gn(φ)χIn(2j |θ − φ|) dφ

⎞⎠ dθ

≲
∑︂
j≥0 

2π ˆ

0 

∞ ∑︂
n=1

fn(θ) 2−jK−n

⎛⎜⎝ 1 
21−j(1 − ρn−1)

θ+2−j(1−ρn−1) ˆ

θ−2−j(1−ρn−1)

gn(φ) dφ

⎞⎟⎠ dθ

≲
∑︂
j≥0 

2−j

2π ˆ

0 

∞ ∑︂
n=1

fn(θ) K−nMgn(θ) dθ,
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where the constants involved in the above inequality depend on ω and K. By Hölder’s 
inequality, the Fefferman-Stein vectorial maximal theorem [12, Theorem 1, p. 107] and 
the inequalities (5.3) and (5.4) we deduce

2π ˆ

0 

∞ ∑︂
n=1

fn(θ) K−nMgn(θ) dθ

≲
2π ˆ

0 

(︄ ∞ ∑︂
n=1

fp
n(θ) K−n

)︄1/p (︄ ∞ ∑︂
n=1

(Mgn)p
′
(θ) K−n

)︄1/p′

dθ

≤

⎛⎝ 2π ˆ

0 

(︄ ∞ ∑︂
n=1

fp
n(θ) K−n

)︄q/p

dθ

⎞⎠1/q ⎛⎝ 2π ˆ

0 

(︄ ∞ ∑︂
n=1

(Mgn)p
′
(θ) K−n

)︄q′/p′

dθ

⎞⎠1/q′

≲

⎛⎝ 2π ˆ

0 

(︄ ∞ ∑︂
n=1

gp
′

n (θ) K−n

)︄q′/p′

dθ

⎞⎠1/q′

< ∞.

Therefore (5.2) holds, and this finishes the proof of (iv)⇒(ii).
It is clear that (ii)⇒(i), and by mimicking the proof of [25, Proposition 8(i)] we get 

(i)⇒(iii). Further, (iii)⇔(iv) follows by [25, Lemma 9(ii)]. Therefore we have proved that 
the first four conditions are equivalent.

Now we will prove (i)⇔(v). The proof is standard, but we provide the details 
for the convenience of the readers. Assume (i). For each g ∈ ALq′

p′(σ), consider the 
linear functional Lg(f) =

´
D fḡ vγ dA. Two applications of Hölder’s inequality yield 

∥Lg∥(ALq
p(ω))⋆ ≤ ∥g∥

ALq′
p′ (σ). Take L ∈ (ALq

p(ω))⋆. By the Hanh-Banach theorem L

can be extended to a bounded linear functional ˜︁L on Lq
p(ω) such that ∥L∥(ALq

p(ω))⋆ =
∥˜︁L∥(Lq

p(ω))⋆ . Now, by [7, Theorem 1] and a straightforward calculation there exists 
h ∈ Lq′

p′(σ) such that ˜︁L = Lh and ∥˜︁L∥(Lq
p(ω))⋆ = ∥h∥

Lq′
p′ (σ). Moreover, since Pγ is bounded 

on Lq
p(ω), by the symmetry of the condition Bp(γ, ω) < ∞, Pγ and P+

γ are both bounded 

on Lq′

p′(σ). So, by Fubini’s theorem,

L(f) = ˜︁L(f) = ⟨f, h⟩L2
γ

= ⟨Pγ(f), h⟩L2
γ

= ⟨f, g⟩A2
γ
, f ∈ ALq

p(ω),

where g = Pγ(h) and ∥g∥
Lq′

p′ (σ) = ∥Pγ(h)∥
Lq′

p′ (σ) ≤ ∥Pγ∥∥h∥Lq′
p′ (σ) = ∥Pγ∥∥L∥(ALq

p(ω))⋆ . 

Therefore (ALq
p(ω))⋆ ≃ ALq′

p′(σ), with equivalence of norms, via the A2
γ-pairing.

Conversely, assume (v). Take h ∈ Lq′

p′(σ) and consider the bounded linear functional 
Lh(f) = ⟨f, h⟩L2

γ
on Lq

p(ω) such that ∥Lh∥(ALq
p(ω))⋆ ≤ ∥h∥

Lq′
p′ (σ). By Fubini’s theorem, 

Lh(f) = ⟨f, Pγ(h)⟩A2
γ

for each polynomial f . Further, by the hypothesis, there exists 
g ∈ ALq′

p′(σ) such that Lh(f) = ⟨f, g⟩A2
γ

for all f ∈ ALq
p(ω) and ∥Lh∥(ALq

p(ω))⋆ ≃
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∥g∥
ALq′

p′ (σ). Now, by testing with the monomials {zn}n∈N∪{0} we get g = Pγ(h). There

fore ∥Pγ(h)∥
Lq′

p′ (σ) ≲ ∥h∥
Lq′

p′ (σ), that is, Pγ is bounded on Lq′

p′(σ), and thus Pγ is bounded 

on Lq
p(ω). Therefore (i) is verified.

Next, assume (iv). Then ω, σ ∈ p𝒟 by [25, Lemma 9(i)], and hence AT q
p (ω) = ALq

p(ω)
and AT q′

p′ (σ) = ALq′

p′(σ) by Theorem 1.3. Therefore (vi) follows from (v). Conversely, 
if (vi) holds, the same argument as above implies (vii). Finally, assume (vii). Then, by 
mimicking the proof of [25, Proposition 8(i)], we get (iii). With this guidance we consider 
the theorem proved. □
Data availability

No data was used for the research described in the article.
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