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Abstract. In this note we prove that the algebras Lx (F) and KE have
the same entropy. Entropy is always referred to the standard filtrations
in the corresponding kind of algebra. The main argument leans on (1) the
holomorphic functional calculus; (2) the relation of entropy with suitable
norm of the adjacency matrix; and (3) the Cohn path algebras which
yield suitable bounds for the algebraic entropies.
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1. Introduction

We have applied the notion of algebraic entropy on path, Cohn and Leavitt
path algebras in [2]. There, we saw how the entropy is strongly dependent on
the filtrations used in each case. The paper [2] also contains a trichotomy which
may shed light into classifications tasks on these algebras. At the end of the
paper we detected empirically a fact: the entropies of KF and Lk (E) seem to
coincide. We illustrated this phenomenom with a number of computer-aided
examples. In this note we prove that the algebraic entropies of both algebras
agree.

The paper is organized as follows. After the preliminaries section in which
we recall the standard filtrations defined in [2] on the path algebra KFE as
well as in Cx(F) and Li(FE), we prove, in Sect. 3, the fundamental bounds

Published online: 24 October 2024 T Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-024-02289-y&domain=pdf
http://orcid.org/0000-0002-8400-0416

266 Page 2 of 8 D. M. Barquero et al. Results Math

relating the entropies of KFE, Lk (E) and Ck(E). Then Lemma 3.3 gives an
expression of entropy in terms of norms of powers of adjacency matrices. Next,
we recall the fundamental formula in holomorphic functional calculus, applied
to matrices and we use it to relate h,,(Ck (E)) and h,, (K E). Finally, Theorem
3.5 gives the desired result.

2. Preliminaries

A directed graph, digraph or quiver is a 4-tuple E = (E°, E', s,r) consisting of
two disjoint sets E°, E' and two maps r, s : E! — E°. The elements of E? are
called vertices and the elements of E' are called edges of E. We say that E is
a finite graph if |[E° U E'| < co. For e € E', s(e) and r(e) is the source and
the range of e, respectively. A vertex v for which s71(v) = 0 is called a sink,
while a vertex v for which =1 (v) = () is called a source. We will denote the set
of sinks of E by Sink(F) and the set of sources by Source(E). We say that a
vertex v € E¥ is a infinite emitter if |s~!(v)| = co. The set of regular vertices
(those which are neither sinks nor infinite emitters) is denoted by Reg(E). A
graph E is row-finite if s71(v) is a finite set for every v € E°. Throughout this
paper we only consider finite graphs. We say that a path p has length m € N,
denoted by I(u) = m, if it is a finite chain of edges pu = e ...e,, such that
r(e;) = s(ej+1) fori =1,...,m — 1. We define Path(FE) as the set of all paths
in E. We denote by s(u) := s(e1) the source of p and r(p) := r(ey,) the range
of ;1. We write u° the set of vertices of ji. The vertices are the trivial paths.

For a directed graph E and a field K, the path algebra of E, denoted by
KE, is the K-algebra generated by the sets {v: v € E°} and {e: e € E'} with
coefficients in K, subject to the relations:

(V) viv; = 6, jv; for every v;,v; € EY;
(E) s(e)e = e = er(e) for all non-sinks e € E'.

The extended graph of E is defined as the new graph E = (E°, E' U
(EYY* 7", 8"), where (E1)* = {e* : e € E'} and the maps 7’ and s’ are defined
as1'|gr =71, 8'|p1 = s, r'(e*) = s(e), and s'(e*) = r(e) for all e € EL. In other
words, each e* € (E')* has orientation the reverse of that of its counterpart
e € E'. The elements of (E')* are called ghost edges.

For a directed graph E and a field K, the Leavitt path algebra of E, de-
noted by L (E), is the path algebra over the extended graph E with additional
relations

(CK1) e*e’ = b, er(e) for all e,¢’ € EY;
(CK2) X ieepr: s(e)mo} €€" = v for every v € Reg(E).
Let E be an arbitrary directed graph and K any field. The Cohn path

algebra of F with coefficients in K, denoted by Ck(E), is the path algebra
over the extended graph E with additional relation given in (CK1). We will
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construct certain quotient algebras of Cohn path algebras. For v € Reg(FE),
consider the element ¢, of Cx(E)

G =V — Z ee”.

e€s—(v)

Let X be any subset of Reg(E). We denote by I* the K-algebra ideal of
Ck(E) generated by the idempotents {¢,: v € X}. The Cohn path algebra of
E relative to X, denoted by Ci (E), is defined to be the quotient K-algebra
Ck(E)/I*. This definition of the relative Cohn path algebra relates the Cohn
path algebra with the Leavitt path algebra, that to say, Cx(F) = C?((E) and
Li(FE) = C’f}eg(E) (E). Other basic definitions and results on graphs, Cohn and
Leavitt path algebras can be seen in the book [1].
Recall that, as in [2], a K-algebra A is said to be filtered if it is endowed
with a collection of subspaces .% = {V,,}°2 , such that
MHocVycWcC---CV,,C Vg1 C--- A,
(2) A= UnZOVna
(3) Vrbvjm C Vn-i—m-
Hence, we define as in [2] the algebraic entropy of a filtered algebra

(4, 7),

0 if A is finite dimensional,
Jim sup log dim(V;, /Vi—1)

n—00 n

h,, (A, F) =
1 ) otherwise.

If there is no doubt about the filtration .% that we are considering in A,
then we can shorten the notation h,, (A, %) to ha(A).

Definition 2.1 [2]. For KE we define the filtration {V;};eny where V; is the
linear span of the set of vertices of the graph E, while V; is the sum of V with
the linear span of the set of edges, and Vj41 linear span of the set of paths of
length less or equal to k + 1. This will be termed, the standard filtration on
KE.

Definition 2.2 [2]. For Lg (E) we define its standard filtration {W;},en as the
one for which Wy is the linear span of the set of vertices of E and W; the sum
of Wy plus the linear span of the set E' U (E1)*. For W} we take the linear
span of the set of elements: A\u* with I[(\) + I(p) < k.

Definition 2.3. Let E be a finite directed graph, we define the standard filtra-
tion of C% (E) as the families of vector spaces .F := {V,, },>0 where

Vo := span(E°),
Vi :=span(E' U (EY)%),
Vo o= span{h’ € CE(B): \) + t() < n}.
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From now on, any path algebra KF will be understood to be endowed
with its standard filtration by default (and the same applies to Lx(E) and

CR(E)).

3. Agreement of the Algebraic Entropies of Li (E) and KE

In this section we prove the main results. To start with, we relate the entropies
of KE and C5 (E) by proving that one is bounded above by the other.

Proposition 3.1. Let E be a finite directed graph. Then

halg(KE) < halg(ci{((E))'
Proof. Let us consider the canonical monomorphism i: KE — Cx(E) and
the standard filtrations .# = {V,, }n,>0 and 4 = {W, }n>0 respectively. We

observe that i(V;,) = i(KE) NW, and applying [2, Lemma 4.2] the conclusion
follows. 0

Remark 3.2. If E is a finite directed graph, and X C Y C Reg(F), then
CY.(E) ~ C%(E)/I for a suitable ideal generated by the new relations we need
to add due to (CK2). In particular, there is a projection p: Cix (E) — CX(E)
with p(F) = 4 where .7 and ¢ are the standard filtrations of C3 (E) and
CY.(E) respectively. As a consequence of [2, Lemma 4.1], we have that

hag (Ci () < hag(C (B)). (1)
In particular, for X = () and Y = Reg(F) we have

Da1g (L (E)) < hag (Cr (E)).

We can describe the dimension of Vi11/V) for a Cohn path algebra in
terms of the following matrix norm. If A = (a;;)7;_; is a matrix, then we

define .
1A = > lai;

ij=1

Lemma 3.3. If E is a finite directed graph with Ag its corresponding adjacency
matriz and transpose adjacency matriz denoted by Ay, then

k—oo

k
: 1 S * c— S
by, (Cx (E)) = lim EZHAE(AE)k I
s=0

Proof. By the first part of the formula given in [3, Theorem 40] (also in [2,
Proposition 6.1]) we have the number of linear independent elements A\u* for
Ck (F) such that ¢(\) + ¢(p) = k where k € N, A, u € Path(F), that is,

k,n n n
dim(Vir1 /Vi) = Y (Z(ASE)LJ') (Z(A’E_S)i,j)

s=0,7=1 \i=1 =1
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But

k,n n n k,n
> (Z( SE)M) (Z(Ak *)i, >= > (AR)ii (A ),

s=0,j=1 \i=1 i=1 s=0,i,7,l=1
,n n k
= D (AR (AR)F )0 = Z )it
s=0,i,l=1 j=1 s=01,l=1

I
]~
=
=
N
=
o

O

Before proving that the entropies of a Leavitt path algebra and of a path
algebra agree, we recall the following well-known result about holomorphic
functional calculus (see [4, Definition 10.26, formula (2) and Theorem 10.27]).

Theorem 3.4 [4, Theorem 10.27]. If A € .#,,(C), then for every k > 1
Pkt

2m
: 1
Ak — it(k+1) ‘ dt
27 /0 ‘ rett — A

where r is larger than the spectral radius p(A).

Theorem 3.5. If E is a finite directed graph, then h,(Ck(E)) < h.(KE).
Consequently,

o (KE) = haye (L (E)) = hae(Ck (E)).
Proof. Write A := Ag the adjacency matrix of E/, A* the corresponding trans-

pose matrix of A and suppose r > p(A). First we compute On

1
reit — A||

1 I A A? ,
the one hand, oy Bl ' (I—i—reit—&-w—fﬂ“) if |A] < r. So
R T N TH R E

1AL g
S | R | T R SN R I
]| = s ] < 5 (i LR

rezt (7“6“5)2
L o 1 [EY o
=—[(n+ . r = - (n + ).On the other hand, we bound ‘ /
0

r ET B N V1
ks
. 1 2m . 1 2m
et~ gl In fact we have PRI p—— | I
rett — A rett — A 0
1 A
T dt < — (n + | ||J4) 27 taking into account the previous com-
rett — r r—

putation. Hence by Theorem 3.4, for every k > 1, we obtain

P ] 1] 1]
Ml _ ok .
147 =57 r(“*r—nAn)% " (”*r—nAn)
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At this point recall that by Lemma 3.3, h,(Ck(E)) = limp_c
LSk 1 A5(A*)*=5||. Consider ||A*(A*)*~¢||. Since Spec(A) = Spec(A*) we

have that A < Al < r (o A0 e
—

1A% EIR% .
ST (GG N R <n—|— ) . Therefore, Y0 [|A5(A*)F==|| < r*
< - |A*||) r— ] ’

2
A .
(n + TL\L\) (k+1). Finally,

k
*\k—s A
log (Z [|AS(A*)F |> <log(k + 1) + klog(r) + 2log (n + . ! ”LH)
s=0

1 k o log(k + 1)
- s * s <
= log (;)HA (A*) ||) S— + log(r)
+Z1og (e JAL)
k r—All/”
which means, h,,(Ck(E)) < log(r) (whenever r > p(A)). In particular,
hae (O (E)) <log(p(A)) = hay(KE)

by [2, Theorem 5.4].
Finally, taking also into account [2, Lemma 4.2] and Remark 3.2 we have
that for every finite graph F,

g (KE) < hag(Lx (E)) < hag(Cr (E)) < hag(KE).
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