1

One of the key results to understand the structure of vector bundles over a projective space is Hor-
rocks’ criterion (see [8]): A vector bundle F' over P™ splits as a direct sum of line bundles if and only
if it does not have intermediate cohomology (i.e. HI(F) =0 for j =1,2,...,n—1). There has been
many proofs and generalizations of this theorem, using many different techniques, like restriction to
hyperplanes, regularity theory or Beilinson theorem (in the general framework of derived categories).
One interpretation of Horrocks’ theorem is to regard it as a characterization of arithmetically Cohen-
Macaulay (aCM for short) vector bundles (i.e. without intermediate cohomology) over the projective
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1 INTRODUCTION

In this paper we will deal with the second point of view of Horrocks’ theorem, namely as a crite-
rion to characterize vector bundles that split as a direct sum of line bundles. Such a characterization
has been extended to other projective varieties. For example, G. Ottaviani characterized such vec-
tor bundles over Grassmannians and smooth quadrics (see [11] and [12] and Theorem for the
particular case of Grassmannian of lines).

An improvement of Ottaviani’s criterion, which will be the starting point of this paper was given
by E. Arrondo and F. Malaspina in [3] (Theorem [3.2)). The idea behind their proof (and similar ones
in that paper) is quite simple: if a vector bundle F' has a direct summand O(l), this is equivalent to
having maps O(l) — F and F — O(l) whose composition is not zero. The tricky part is to relate
the composition pairing Hom(O(l), F') x Hom(F,O(l)) — Hom(O(l),O(1)) with the perfect pairing
given by Serre duality.

As it is also done in [3], one could be interested in characterizing cohomologically other vector
bundles, and not only line bundles. For instance, in 2005, L. Costa and R. M. Mir6-Roig gave
a characterization, for a given Schur functor, of the vector bundle S,Q, where Q is the universal
quotient bundle of rank k + 1 over the Grassmannian G(k,n) (see [4] and [5]). This characterization
is done in terms of the other universal vector bundle (of rank n — k) and characterizes precisely
BS,9Q but not its twists. However we will be interested in using the same universal bundle Q for
the characterization, and we also want the characterization to be up to a twist, as it happens for
Horrocks’ theorem.

A result of the type we are looking for is the following by E. Arrondo and B. Grana (see [2]):
Let F be a vector bundle over G(1,4). Then F' can be expressed as ®O(l;,) P ©Q(l;,) if and only if
neither F' nor F'® Q do not have intermediate cohomology. The idea for obtaining such result was
as follows. First, one looks at Theorem [3.3, which provides a characterization of the direct sums of
line bundles. Since Q does not split, there must be some hypothesis of that theorem that it does
not satisfy. There is precisely one of them, and one manage to prove (by techniques that are not
relevant here) that the rest of the hypotheses work to characterize directs sums of twists of O and
Q. In fact, the authors continue to remove conditions until getting some description (very far from
an actual classification) of aCM vector bundles over G(1,4).

In this paper, we want to give a cohomological characterization for direct sums of twists of
symmetric product of the quotient bundle Q in the Grassmannian of lines G(1,n). This is the main
result of the second author’s PhD thesis [I3]. We will give such a classification for symmetric powers
of order not bigger than n — 2. The original reason was that a symmetric power S¥Q is aCM if and
only if £ < n — 2, so that our result could be a help to understand aCM vector bundles over G(1,n).
However such restriction is needed anyway, since our proof has some obstruction when k > n — 2.

As main ideas, we will use those from [2] and [3] that we already pointed out. Specifically, we will
start from the splitting criterion of Theorem (which is stronger than the one of Theorem [3.3)).
Contrary to what happened in the proof of the characterization given by E. Arrondo and B. Grana,
removing the only hypothesis of Theorem will not be now sufficient to characterize direct sums
of twists of O and Q, so we will need to add more hypotheses for such characterization. As in [3],
the idea to find direct summand of Q(/) will be to relate it with Serre duality. With this ideas in
mind, one can go on, removing in each step one condition and adding few ones, until arriving to the
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wanted classification.

We start the paper with a section of preliminaries, in which we recall the main results about
Grassmannians, their universal bundles, the notation of Schur functors and Bott’s algorithm. In
section 3, we explain the general method by giving the splitting criterion for Grassmannians of lines.
In section 4 we prove our main result. We finish with a section of remarks, in which we show how
our method gives much stronger results than derived categories, explain how our method will work
in general, and propose the way to extend it to an arbitrary Grassmannian.

Acknowledgments. We would like to thank G. Ottaviani for many useful conversations and
hints. We also thank A. Kuznetsov, who suggested how to use derived categories to get a similar
result.

2 Preliminaries

2.1 Notation and definitions

Let V be a (n+1)—dimensional vector space over an algebraically closed field K of characteristic zero
and let P* = P(V') be projective space of all the hyperplanes in V', or equivalently we can consider
P* = P(V) as the set of the lines in V*.

We define the Grassmann variety or Grassmannian, G(k,n) = G(k,P"), as the set consisting
of all k—dimensional linear subspaces of P". This variety is naturally identified with the set of
(k 4+ 1)—dimensional linear subspaces of the dual V* or even with the set of (k + 1)—dimensional
quotients of V.

Notation 2.1. We will use * for denoting the dual of a vector space and ¥ for denoting the dual of
a vector bundle. As usual, we will not distinguish between a vector bundle and its locally free sheaf
of sections.

We consider Q¥ = {(v,A) € V*x G|v € A} and V* x G/QY ~ S the universal vector bundles of
G(k,n) of rank k + 1 and n — k respectively. We also consider the universal exact sequence:

0—8'—2 V0L 00—

Remark 2.2. We recall some natural isomorphisms between the universal bundles over the Grass-
mannians G(k,n):
e QV ~ /\k Q(—1). For the particular case k =1 we get Q¥ ~ Q(—1) and if we apply the j—th
symmetric power results SYQV ~ (57Q)(—7).

e N'8Y ~ N"F78(=1) (where A\’ denotes the j—th wedge power).
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2.2 Eagon-Northcott complexes

The following exact sequence is the Fagon-Northcott complexes associated to the universal exact
sequence G(k,n):

0—851Q" =V @5 1Q" — NV esi2Q" — ... — NT'V'eQ - AN Vo0 —NS—0
(R})
By dualizing (R}) we give its dual complex (R;):

0—= NS —=NVR0O—=N"Vegd—. .. 5 AN VesF?20 —Ves 10— 59 —0

(R;)
We use them often throughout the paper.

2.3 Schur Functors

We introduce the notion of Young diagram, its corresponding irreducible representation and also its
corresponding Schur functor (in particular we define SyQ). See [7] and [14].

Definition 2.3. To a partition A is associated a Young diagram denoted by A = (A1, Ao, ..., Ap),
where \; > Ao > ... > \,, > 0. It consists of a collection of boxes ordered in consecutive rows, where
the i—th row has exactly \; boxes (the rows of boxes are aligned top-left). The number of boxes of
A is denoted by [A| = A + Ao+ ...+ A\

Definition 2.4. For a given Young diagram we can number the boxes. Any filling of A\ with numbers
is called a Young tableau.

Young diagrams can be used to describe projection operators for the regular representation, which
will then give the irreducible representations of &,. Just to fix convention, for a given Young diagram,
number the boxes consecutively (from left to right and top to bottom). Here we use all numbers
from 1 to d in order to fill d boxes. More generally, a tableau can allow repetitions of numbers. Each
filling describes a vector in V®.

112]3]4]5]
6[7]8

9[10[11
12]13
14

Given a tableau, say the canonical one shown, define two subgroups of the symmetric group (due
to the filling, we can consider the elements of &, as permuting the boxes and the representations
constructed will be isomorphic to the ones made with the canonical tableau):

P =P,={g€ &, g preserves each row}

and
Q=Q\={g €Sy: g preserves each column}

4
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They depend on A but also on the filling of A. In the group algebra C&,, we introduce two elements
corresponding to the subgroups and we set

ay = Zeg and by = ngn(g) - €y
gepr 9e@

To see what ay and by do, observe that if V' is any vector space and &, acts on the d—th tensor power
V@4 by permuting factors, the image of the element a) € C&; — End(V®%) is just the subspace

Im(ay) = SNV @SV ®- - @ S*V C Ve

where the inclusion on the right is obtained by grouping the factors of V®¢ according to the rows of
the Young tableau. Similarly, the image of by on this tensor power is

1238 H2 Hor
Imb)=AVe AVe..e \Vcve

where y is the conjugate partition to A. This is because &4 acts on the d—th tensor power V®4 by
permuting factors.

Definition 2.5. Finally, we set ¢y = a)-by € CS, that is called the Young symmetrizer corresponding
to A\. We denote the image of ¢y on V& by S,V = I'm(cy|yed). We call the functor that associates
V ~» S\V the Schur functor corresponding to A.

Example 2.6. Let us see some examples of Schur functors.

e (Symmetric power) For the partition A = (d) corresponds to the functor V ~» SV

S(d)VZSdV:;| | || |

4

d l;(;(es
e (Exterior power) For the partition A = (1,...,1) corresponds to the functor V ~» AV
d
R
d —
) Y y ) ;
)

Remark 2.7. Notice that the only Schur functor of a vector space V' of dimension 2 is just a
symmetric power with some particular twist. This gives the Schur functor form of the universal
bundle O of rank 2.

STV (i) ~> S O O I S e

J
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2.4 Bott’s algorithm

We state the algorithm to compute the cohomology of S,Q ® S,8Y (or S, ® S,QY) over the
Grassmannians G(k,n). For any partitions A = (Ao, ..., A\x) and g = (g1, - - -, fhn), We set

l/(/\#) = S)\Q ® S“SV.
By considering n = (1, ..., M) and @ = (g1, - - -, @np1) instead of A and p we set
V() = SnS ® S, QV.

From Remark 4.1.5, Corollary 4.1.7 and Corollary 4.1.9 of [I4] we get the following algorithm that
gives the values of H/(S,Q ® S,S8Y) (or H'(S,S ® S,Q")) for all j > 0.

Proposition 2.8. (Bott’s algorithm) Let v := (Ao, ..., Ak, fbka1s - - -5 i) and set j = 0. We iterate
the following two steps:

1. If v is a partition, then HI(S,Q ® S,S8Y) = S, K" and H (S,Q ®S,S8Y) =0 for all i # j
2. If v 1s not a partition, then consider the first | such that vy < v 1. Two possibilities can occur:

o Ify 1 —v =1, then H(S)Q®S,S8Y) =0 for alli >0

o Ifu1—vy # 1, then considerv := (v, ..., V1, Vp1—L,y+1, v, ... Upst) and j = j+1,
and go back to step (1).

Applying Bott’s algorithm we obtain the following statements (we quote [13] for details).

Proposition 2.9. Consider Q the quotient bundle of rank 2 over the Grassmannian of lines G(1,n).
Then:

(i) H/(S'Q(l)) =0 for1>0,i>0andj>0
(i) H/(S'Q(-1))=0forl>0,i1<n—2andj < 2n—2

Proof. See Proposition 2.2.13 of [13]. O
Proposition 2.10. Consider Q the quotient bundle of rank 2 over the Grassmannian of lines G(1,n).
Then, '

H" 1 (S'Q(-n—71))#0 for r=0,1,....i—n+1 and i>n-—1.
Proof. See Proposition 2.2.14 of [13]. O

These two propositions mean that the only symmetric powers without intermediate cohomology
of @ over G(1,n) are the following:

Q, S2Q, S3Q, . Sn73Q’ Sn72Q.

Now, one can be interested also in the Schur functors without intermediate cohomology of Q in the
case of G(k,n). Let us give as an example the case of G(2,5).

6
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Example 2.11. It can be proved using Bott’s algorithm that the only Schur functors of Q over
G(2,5) without intermediate cohomology are the following:

Qa SQQ; S(2,1)Qa S(S,l)Q? S(4,2)Q

The following three statements will be used in Proposition [4.11]

Proposition 2.12. Consider Q the quotient bundle of rank 2 over the Grassmannian of lines G(1,n).
Then S*Q is simple (i.e. Hom(S'Q, S'Q) = K).

Proof. See Proposition 2.2.16 of [I3]. It is also a consequence of the stability of Q. O

Lemma 2.13. Consider Q the quotient bundle of rank 2 over the Grassmannian of lines G(1,n) and
ke{l,...,n—2}. Then,

(i) H2n—2<sn—k—1 Q\/(_l) ® Sn—k—2Q(_n + 1)) =0
(11) anl(snfkfl QV(—I) ® S’“lQ(—k)) =0
Proof. See Lemma 2.2.17 of [13]. O

Lemma 2.14. Consider Q the quotient bundle of rank 2 over the Grassmannian of lines G(1,n) and
ke{l,....,n—2}. Then,

(i) Hn—l(sk:Qv ® Sn—k—QQV(_l)) =0
(i) HO(S*QV @ S*1Q) =0
Proof. See Lemma 2.2.18 of [13]. O

This last lemma will be used in Theorem 13}
Lemma 2.15. Consider Q the quotient bundle of rank 2 over the Grassmannian of lines G(1,n) and

ke{l,...,n—2}. Then,

.....

18 equal to 1
(ii) HI(S*Q@ S"*1Q)=0 for j#n—1
(iii) HI(S*Q® S'Q)=0 for i#n—k—1 for j=1,2,...,2n—3

Proof. See Lemma 2.2.19 of [13]. O
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3 Splitting criterion

In this section we recover the splitting criterion given by E. Arrondo and F. Malaspina for the
Grassmannian of lines in [3] which is a generalization of Theorem 2.1 of [1] (given by G. Ottaviani)
for the particular case of Grassmannian of lines. In [I] the main tool is derived categories, but we
use the Eagon-Northcott complexes and the Serre duality.

Theorem 3.1. Suppose that for any coherent sheaf F of G(1,n) the following conditions are satisfied:

i. HY(F(-1)) = H(F @ Q(-2)) = HA(F ® S2Q(-3)) = ... = H" 2(F® S"2Q(-n+1)) =0
ii. A" Y(F ® S"2Q(—n)) = H(F ® S"3Q(-n)) = ... = H*>(F ® 5?Q(-n)) = H 4 F ®
Q(—n)) = H**(F(-n)) =0
Then F = (H*(F) 2 O) @ F'.

Proof. We prove the result by induction on the dimension of H°(F), the case zero being trivial. We
thus assume H°(F) # 0. We consider the Eagon-Northcott complex (RY_; ® O(—1)) glued together
with (R,—1) ® O(—n),

0—>(9(—n—1)—>n/\V®O(—n)—>n/\V®Q(—n)—>...

2
. — /\V ®S"?Q(—n) — V®S"?Q(—n) — V' ®S"2Q(-n+1) — ...

n—1

n—2
...—>/\V*®Q(—2)—>/\V*®(’)(—1)—>(’)—>O (1)
which can be regarded as a generator of H*" *(wg(1,,)) = H** " *(O(—n — 1)) = Ext* (0, 0(—n —

1)). We can build the injective map H°(F) RN H" Y (F @ S™1Q(—n)) by tensorizing the first part
of the previous complex ((R)_; ® O(—1))) with F and using the vanishing in (i.). Using the second
part of the previous complex ((R,,—1) ® O(—n)) tensorized by F" and using the vanishing in (i:.)

one can build the surjective map HO(F") -2 H*{(F¥ & S""1QV(—1)). Hence, we can consider the
following commutative diagram:

H'NF @ 5771 Q(—n)) x H'HFY @ §771QY(=1)) =5 H™(O(-n—1))
Tid Xy O Py T

H'NF @ 5771 Q(—n)) x HO(FY) — H'H (8" Q(-n)
Ty xid O Y3t

HO(F) < HOFY) -2 HO(O)
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One can easily see (with the help of Proposition [2.9] and Proposition [2.10)) that the maps 13 and

14 are isomorhpisms.

Since the map ¢ is a perfect pairing, 17 is injective, 15 is surjective and the diagram commutates,
a nonzero element s € H°(F) (which exists by hypothesis) has a partner s¥ € H°(F") mapping to
the identity in H%(©). This means that we can write F = F'@® 0. Applying the induction hypothesis
to F' we conclude the result. O

As a corollary for vector bundles we have the splitting criterion given by E. Arrondo and F.
Malaspina for the Grassmannian of lines in [3]. Notice that we could have given a similar result as
Theorem 2.2 of [I] by adding the concept of g.skyscraper sheaf.

Theorem 3.2. Let F' be a vector bundle on the Grassmannian of lines G(1,n). Then F splits as a
direct sum of line bundles if and only if:

(a) H{(F® Q)= HXF®S?Q)=H}(F®S°Q)=...= H"*(F® S"%2Q) =0
(b) H- (F® S"2Q)=HMNF® S"3Q)=...= H* Y (F® Q)= H>"3(F)=0
Proof. Apply Theorem using recursion on the rank of F'. O

We can compare this characterization with the splitting criterion given by G. Ottaviani in [12]
for the particular case of the Grassmannian of lines G(1,n):

Theorem 3.3. (G. Ottaviani, [12]) A vector bundle F over G(1,n) splits as a direct sum of line
bundles if and only if the following conditions hold forv=0,1,...,n —2:

HI(F®SQ)=0 with i<j<2n—2—1i and j>O0.

In order to do the comparition we introduce some graphical representation.

3.1 Graphical representation

We can express graphically the conditions of the form H?(F ® S°Q) = 0 that appear in Theorem
as the points (4, j) in the following diagram (Figure |1).
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2n -2
2n—3 ¢
n—4
2n—35
n—6

Ag

(n —2,n— 1)

By

o = N oW oA

i

1 2 3 4 cn—-5n—4n-3n-2n-1

Figure 1: Hypothesis for Theorem

Let us define the segments Ay and B, appearing in the previous figure as follows:

o Ay ={(0,2n—3),(1,2n —4),(2,2n—5),...,(n—=5,n+2),(n—4,n+1),(n—3,n)}
e By=1{(1,1),(2,2),(3,3),...,(n—4,n—4),(n—3,n—3),(n — 2,n — 2)}

We can compare graphically this splitting criterion with the one made by G. Ottaviani (Theorem
. For this purpose let us define the following segments:

o Lh={(0,2n—-3),(1,2n—4),...,(n—3,n),(n—2,n—1)}

e Fork=1,...,n—2wedefine L, = {(0,2n -3 —k),(1,2n—4—k),...,(n—k—2,n—1),(n —
k—1n—-2)}={,2n—-3—-k—j) for j=0,1,...,n—k—1}

e Ry={(1,1),(2,2),...,(n—=3,n—=3),(n—2,n—2)}

e Fork=1,2,...,n—2wedefine R, = {(0,k), (1,k+1),...,(n—3—k,n—=3),(n—2—k,n—2)} =
{(J,k+j) for j=0,1,...,n—k—2}

All the cohomological vanishings of Theorem [3.3] consist in:

LoULiU...ULy, o

; . -
HI(F®5'Q) =0 where (z,J)G{Rouglu...uRH

These points correspond with Figure [2] Notice that Lo = Ao U {(n — 2,n — 1)} and Ry = B.

10
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¥y Yy EY

vy owow o
1
N

|

Figure 2: Hypothesis for Theorem

4 Main result

We can now prove our characterization of direct sums of twists of symmetric powers of Q over G(1,n).
We imitate the technique in [2], having as starting point Theorem . We first observe which of
the hypotheses of this splitting criterion is not satisfied by Q and try to see whether the remaining
ones characterize vector bundles of the form (©O(l;,)) @(®Q(l;,)). Observe that, by Lemma [2.17]
Q satisfies all the conditions of this splitting criterion except one:

e HI(Q®SQ)=0 j=1,2,...,n—3,n—2
o H"'(Q® S"2Q) #0

However, also FF = S*Q(l) with k < n — 2, satisfies all the hypotheses of Theorem but
HMYF®S"2Q) = 0. Therefore, we have to add more conditions. Once we have the characterization
for the direct sums of twists of O, Q, S?Q,..., S*71Q the idea is to remove one particular hypothesis
and add a few more. In this way we get the characterization of direct sums of twists of O, Q,...,5*Q
with £ <n — 2.

11
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4.1 More graphical representations

We continue with some graphical representation of the results that we will obtain.

Remark 4.1. Notice that the point (n — 2,n — 1) of Figure[l|is the continuation of the segment A,
but we put it separately since it is the condition we need to remove to get the next characterization.

Remark 4.2. We have also expressed (in Figure [I) with a dashed line the n — 1 order of the
cohomology of H/(F ® S'Q) = 0 because all the cohomologies we remove in each step are in that
line.

We see in Theorem that the characterization of F' = (&O(l;,)) @(®Q(l;,)) consists of the
vanishing of HY(F ® S'Q) for (i, j) in Ay, By and the points that are shown in Figure [3]

Ay

B,

Dy

1 2 3 4 --m Gndn-3n-2n_1 ¥

Figure 3: Hypothesis to be added to characterize F = (6O(l;,)) D(®Q(l;;))

Hence, if F satisfies H/(F @ S'Q) = 0 for (4,7) as in conditions Ay and By of Figure [1| and as in
all the conditions in Figure 3| then we get the characterization for F' = (@O(l;,)) P(®Q(L;,)). All
these conditions can be expressed in Figure [4

12
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i

A1 AD

n—3,n—1)

By

Dy

1 2 3 4 --n-bn-4n-3n-2n-1 4

Figure 4: Hypotheses needed to characterize F' = (60(l;,)) B (@Q(l;,))

Remark 4.3. Notice that C; C Ag but we highlight it in Figure[3|and 4] since in the iteration process
we need the segments C} not contained in any other defined segment.

In Theorem we iterate this process to obtain a characterization of direct sums of twists of
symmetric products of the universal bundle

= (@0(,) P@,) P ... Plestar
until £ =n — 2.

For that, we give the definition of the segments Ay, By, Ck, Di. Notice that we have already
introduced Ay and By in the first part of this chapter.

Definition 4.4. Let us define the following segments for 1 < k <n — 2:
e A, ={(0,2n—k—=3),(1,2n—k—4),(2,2n—k—=5),...,(n—k—4,n+1),(n—k—3,n)}
e B, ={(0,k+1),(1,k+2),(2,k+3),...,(n—k—4,n—-3),(n—k—3,n—2)}
e (., ={0,2n—k—-2),(1,2n—k—1),(2,2n—k),...,(k—2,2n—4),(k—1,2n — 3)}

o Dy ={(0,k),(Lk—1),(2k—2),....(k—2.2),(k—1,1)}

Observe that Ay can be defined in the same way as the A, with £ = 0 whereas By cannot be defined
as the By with k£ = 0.

13
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Remark 4.5. Notice that A,,_5 = () and B,,_» = (. Hence, in the case that & > n — 2 we are not
adding any cohomological condition with the notation of A; and By.

Moreover, all the conditions corresponding to the points of the lines Cy and Dj make no sense
for k > n — 1 because of the way they are defined. For example, if £ = n — 1 we get that
Cho1 = {(0,n —1),(1,n),(2,n+1),....,(n — 3,2n — 4),(n — 2,2n — 3)} and D,y = {(0,n —
1),(L,n—2),(2,n—3),...,(n —3,2),(n — 2,1)}. The point (0,n — 1) of C,,_y and D,,_y corre-
sponds to the condition H" '(F) = 0 and this cannot be true if we want to characterize F =
(®O1,)) D(@®QU,)) B ... P(®S*Q(1;,)) with k =n — 1 since H* (5" 1Q) # 0 (see Proposition
2.10)).

We show graphically in Figure [5] which are the points of the segments defined in Definition
(that correspond to the cohomological conditions H?(F ® S'Q) = 0). We also draw the point
(n —k —2,n — 1) since we use it in the lemmas and proposition of the following section.

J

n—
n—
n—
m—k+1
on—k
n—k—1
n— k-2

Cy
2
2
n-k-3
m-k—4
2n—k-5
2n—-k—6
Ap

n+2

n+l

’ (

n—k—2n-1)

n-1
n-2
n-3
n—4
By
k+4
k+3
k+2
k+1

k
k-1
k-2
k-3
Dy,
3
2
1
o
T i

Figure 5: Ag, By, Ck, Dy, and the point (n —k — 2,n — 1)

[
s

[ F) < omesmezaon t
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Remark 4.6. One can easily see that the points corresponding to:

are inside of the set of points:

o = o

AgUA U .. UA
BoUBU...UB;

(i) € CLUC,U...UC,
D,UDyU...UDj
AO U Al U U Ak
L ByUuB; U U By
(i) € CLUC,U... UGy
DiUDyU U Dy
J
C1Co Ch
%
0K
28
(SR
e
Ap
Ay
m—k—=2n-—1)
By,
By BO
S
0%
(SR
GO
O
E2
b]Q Dy ‘ :

Figure 6: Conditions to characterize direct sum of twists of @, Q, %9, ..., S*Q
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This observation will be useful during the proof of the main theorem. Specifically, these last
conditions plus the point (n — k —2,n — 1) form the hypothesis of the main theorem. We show them
graphically in Figure [0l One starts drawing the lines corresponding to Ay, By, Ck, Dy and fill the
corresponding spaces with lines until the ones drawn in Figure 4] (except condition (n — 3,n — 1)).

4.2 Previous lemmas

Before giving the main result, let us give a general idea of the technique we use. To characterize
when a vector bundle F' decomposes as (O(l;,)) PB(®Q(l;,)) from the characterization of &O(l;,)
we can assume, after twisting F, H"'(F ® S"2Q(—n)) # 0. Otherwise we could use Theorem
B.2l Then we use a particular Eagon-Northcott complex to transform H" '(F ® S""2Q(—n)) into
H°(F ® QY). By Serre duality we have also H" 1(FY @ S"2QY(—n — 1)) # 0 and again, by a
particular Eagon-Northcott complex, we transform it into H°(F ® Q). Hence, we obtain the maps
Q — F and FF — Q and we show that their composition is the identity of Q or a multiple of it.
Hence Q is a direct summand of F' and we proceed by induction on rank(F').

Next we try to characterize when F' decomposes as (6O(l;,)) P(® Q(lL,)) P(®S5*Q(l;,)). But
this time we can assume H" '(F ® S"3Q(—n)) # 0. By using Eagon-Northcott complexes and
Serre duality we obtain the maps S?Q — F and F — S?Q and again we prove their composition
to be the identity or a multiple of it, which allows to complete the proof.

In general we use induction on k to characterize (©O(l;,)) @(DQ(1;,)) P ... D@ S*O(L,))
from the characterization of (©O(l;,)) P(®Q(L;,)) D ... B(®S*1Q(l;, ,)) and for this purpose we
assume H" Y(F ® S"*1Q(—n)) # 0 (since H" *(S*Q ® S"*71Q(—n)) # 0 as we have observed
in Lemma . And again we get suitable maps S*Q — F and F — S*Q.

In the Lemmas of this section we see how to produce maps from the cohomology groups. We
keep the notation of Definition

Lemma 4.7. Fix k € {1,...,n—2}. There exists a natural map
HY(F ® S¥QY) % H" Y(F ® S Q(—n)).
Moreover, if the following conditions hold:
HI(F®S'Q)=0 with (i,j) € ByUDyU(n—k—2,n—1)

the map 1 1s a surjective map.

Proof. Since k < n — 2 we consider the Eagon-Northcott complex (R ; ,) ® O(—=k — 1), glued
together with (Ry) ® O(—k) and using Remark [2.2| we get:

2
0— S"*1Q(-n) — V'@ " ?Q(—n+1) — AV @S FPQ(-n+2) —

n—k—2 n—k—1

k—1
— N\ V'eQ(-k-2) — A V'eO(-k-1) —>/\V®(’) ) — A\ VeQ(-k) —

16
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= \V@STO(—k) — Ve SFQ(—k) — SFQ(—k) — 0 (2)

Now we tensorize it by F' and take all the short exact sequences with their corresponding cokernels
(K}). Then apply cohomology. Let us start from left to right:

H"2(F @ §"*1Q(—n)) —= V* @ H"}(F ® $"*2Q(—n + 1)) —= H" 2(F ® K\ _,(~k — 1))
/
H" N F®S"*1Q(—n)) —=V* @ H" (F® S" " ?Q(-n+1)) —= H" N(F @ K)__,(~k — 1))

~
point (n—k—2,n—1)

Moreover, if H" 1(F @ S"*72Q) = 0, then ¢, is a surjective map. Let us repeat the same
argument. By using the first part of we construct ; for j =2,...,n —k — 2

H" 7 F @ K j(~k = 1) —= N V'@ H" 7 (F @ 5" 71Q(=n+j)) —= H" 7 F @ K__; 1 (~k — 1))

¢

H(F® K)_,_(—k—1)) N V& H"(F & S"™™"771Q(—n +j))

point (n—k—j—1,n—j)EBy

H"I(F @ K i (—k—1))

We use the middle part of for the maps ¢, _x_1 and @, _x:

HYF @ KY(—k —1)) ——= A" V* @ HYF(—k — 1)) HYF o N7 S(—k - 1))

Pn—k—1

H(F @ KY(—k — 1)) — A"V @ B (P(—k - 1)) — HM(F 0 A" S(—k - 1))

TV
point (0,k+1)€By

HYF & N\"SY(=k)) —= NV @ H*'(F(~k))

Pn—k

H*Y(F @ Ki(—k))

HEF @ \N'SY(—k)) NV @ HY(F(=k)) ——= HY(F o N "1 S(—k — 1))
N————

point (0,k)EDy,

We repeat now for ¢; with j =n —k+1,...,n — 2 by using the third part of , and finally for

17
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Pn—1-
H" "N F @ Kjy (=k) —=N"7V @ H" " Y(F @S mQ(—k) —= H" 7" (F @ K] ;_,.,(—F))
Pj
H"(F @ Kjy; ,(=k) ——= A"V @ H"I(F @S " Q(—k)) —— H" I (F @ K} ; .1 (=k))

TV
point (k+j—n,n—j)€Dy,

HY(F® K, (=k)) —=V @ H'(F @ §*1Q(~k)) — H(F ® S*Q(—k))
HY(F ® K;_\(=k)) —=V @ H'(F ® S* ' Q(~k)) — H'(F © S*Q(~k))

-~

point (k—1,1)€Dy

By the composition of all ¢; for j =1,...,n — 1 we have finally constructed the map :
H(F @ S¥Q(—k)) -2 H Y (F @ S"*1Q(—n))

Moreover, if all the cohomologies of the statement vanish then 1, is a surjective map. O

Remark 4.8. Notice that the cohomological condition corresponding to the point (n —k —2,n—1)
makes no sense if £ > n — 2. This is why Theorem will be valid only for £k < n — 2.

For the next lemma we need the conditions of the form H?(FY ® S'Q) = 0 for some (7,7). More
precisely, the conditions we need are:

° HffZ(FV ® Snfkfisg\/) Hn B(F\/ ® S~ k— 4Qv> —
= Her?’(Fv ® S2Q\/) Hf+2(Fv ® QV) HkH(FV) =0

° Hf(Fv) _ Hf_l(FV ® QV) ch 2<Fv R SQQV) _
= H¥(FY ® 5+3Q) = HX(FY © 52Q) = Hl(Fv ® 5t 'Q)=0

° lefl(Fv ® Sn7k72Q\/) =0
For simplicity, by using the Serre duality we transform them into another ones without FV:

° Hf(F@Sn_k_?’Q) Hn+1(F®Sn k— 4Q)
- :an—5—k<F®SQQ) an 4— k(F@Q) H2n 3— k(F) 0

° an727k<F) — anflfk(F(g) Q) H2n k(F(X) S2Q) .
= H3n75(F®Sk73Q) — an 4(F®Sk 2Q) H2n 3(F®Sk IQ) =0

° Hf_l(F ® Sn_k_QQ) =0

18
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These correspond to the segments Ay, Cy and the point (n — k —2,n — 1).

Lemma 4.9. Fix k € {1,...,n—2}. There exists a natural map:
HY(FY © S*Q) 2 H* Y(F¥ © S"*1Q¥(~1))
Moreover, if the following conditions hold:
HI(F®S'Q)=0 with (i,j) € A,UC,Un—k—2,n—1)
the map 1y 1s a surjective map.

Proof. Argue in the same way as before. Since k < n — 2 we can consider the Eagon-Northcott
complex (RY_;_,) ® O(—1) glue together with (Ry):
2
0 — S"FIQY(~1) — V@ S 2QY(~1) — /\ V¥ S"TEEQY (1) — ...
n—k—2 n—k—1 k—1

co— /\ V'@ QY (-1) — /\ V*®O(—1)—>/\V®(’)—>/\V®Q—>...

2
= \VesSTe — Ve silo — §FQ — 0 (3)

This time we tensorize it by FV and take all the short exact sequences with their corresponding
cokernels (K') as before. O

Notation 4.10. We want to remark the following isomorphism:
K= H2n72(0(_n . 1)) ~ H2n72(5n7k71 Q(—n) ® Sn#cleV(_l)).
We call the following perfect pairing:

HY(F ® S"*1Q(—n)) x H"}(F¥ ® S*5-1QV(—-1)) -2 H»2(O(-n—1))
(@,8) — o((a, B))

the Serre pairing.

Now we are ready to state the following proposition in which we prove that the composition of
the maps S*Q — F and F — S*Q corresponds to the identity or a multiple of the identity.

Proposition 4.11. Fiz k € {1,...,n — 2} and consider a and 8 non zero elements such that the
image of the Serre pairing:

HY(F ® S"*1Q(—n)) x H"{(F¥ ® S*5-1QV(—-1)) -2 H»2(O(-n—1))
(@,8) — o((a, B))
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1s mon zero. Suppose that the following conditions hold:
HI(F®S'Q)=0 with (i,j) € A,UB,UCLUD,U(n—k—2n—1)
Then we can lift a to o/ € H'(F @ S*QV) and 8 to B’ € H*(F¥ @ S*Q) by the natural maps,
HY(F  SkQY) N H"Y(F @ §"*1Q(—n))
o — «
HO(FV ® SkQ) & Hn—l(FV ® Sn—k—lQ\/(_l))
for— B

of Lemma and Lemma such that, regarding o/ € Hom(S*Q, F) and 8 € Hom(F,S*Q),
their composition is a nonzero multiple of the identity map S*Q — S*Q.

Proof. By Lemma |4.7| and Lemma [4.9| we can lift o to o/ by v, and by s we can lift 3 to 5. We
would like also to lift ¢ to the composition map Hom(S*Q, F) x Hom(F, S*Q) — Hom(S*Q, S*Q).
So, let us identify H*"2(O(—n—1)) with Hom(S*Q, S*Q). We do this by using the same complexes
we used for the maps 17 and 1), since k < n — 2.

If we tensorize now the complex by S"*~1QV(—1) instead of by F and repeat the same
argument as in Lemma but starting from 2n — 2 as the higher order of the cohomology, we
obtain that the following map is an isomorphism:

Hn—l(st\/ ® Sn—k—lQ\/(_l)) % H2n—2(sn—k’—1Q(_n) ® Sn—k—lQ\/(_l))

The cohomology vanishings we need are the ones given in Lemma [2.13]

Now let us consider the complex tensorized by S¥QV instead of by FV from Lemma .
This time we start from the cohomology of order n — 1 and obtain that the following map is an
isomorphism:

HO(stV ® SkQ) % Hn—l(st\/ ® Sn—k—lQV<_1>)
4
As before, the cohomology vanishings we need are the ones given in Lemma [2.14

Putting all together we get the following commutative diagram:

Hn—l(F®Sn—k—1Q(_n)) % Hn—l(F\/ ®Sn—k—lg\/<_1)) i> H2n—2(5n—k—lg(_n) ®Sn—k—1Q\/(_1))

1y X id O VY3 T
HY(F ® S*QY) x H* Y(FY @ S 1QY(-1)) — H" 1(S*Q" @ S *1QY(-1))
id X ¢2 T O Q,04 T:

HY(F © S*Q¥) x HY(F¥ @ $*Q) %5 HO(S*Q" ® S¥Q)
where 1)1 and vy are surjective maps and 3 and 1), are isomorphisms.

Hence, the composition of the morphisms o/ € Hom(S*Q, F) and 8’ € Hom(F¥ ® S*Q) is a non
zero map S¥Q — S*Q. Since S¥Q is simple (see Proposition [2.12)) this composition is necessarily
a multiple of the identity. O
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Remark 4.12. We can identify the hypothesis of Proposition with the points (¢, j) in Figure 5

We prove now the main result.

Theorem 4.13. Fiz k € {0,1,...,n — 2} and let F be a vector bundle over the Grassmannian of
lines G(1,n). Then F is a direct sum of twists of O, Q,S?Q,...,S*Q if and only if the following
conditions hold:

AyUA U...UA,
ByUB,U...UB,
HI(F®S'Q)=0 for (i,j) € CiUC,U...UCy
DiUDyU...UDy
(n—k—2n-1)

Proof. We use double induction. First we make induction on k, the case k = 0 being Theorem [3.2]
We suppose now the theorem true for £ — 1 and we want to prove it for k. Since £ < n — 2 we can
now apply induction on m := >, A" (F ® S"7*71Q(l)). When m = 0 we are in the hypothesis of
the theorem when replacing k£ with £ — 1. Hence by induction hypothesis, F' can be expressed as the
direct sum of twist of O, Q, S?Q, ..., S*1Q.

Assume now m > 0 and that we know the result for m—1. In particular, H*"}(F®S"*~1Q(l)) #
0 for some [. We want to show that S*Q(—n — ) is a direct summand of F. Since the result is
independent on the twist, we can assume [ = —n. We take a non zero element a € H" '(F ®
Sn=k=1Q(—n)). Since the Serre pairing:

HY(F ® S"*F1Q(—n)) x H*™ Y(FY ® S**1QY(~1)) -2 H™2O(-n - 1))

is perfect we can take 8 € H" }(FY @ S"*~1QY(—1)) such that ¢(a, 3) # 0.

Since k < n—2, by Proposition we can lift a to o/ € Hom(S*Q) and 8 to 8/ € Hom(F, S*Q)
such that the composition of o/ and " is a nonzero multiple of the identity map S*Q — S*Q.
Thus we can write F' = S*Q @ F’ for some F’. Clearly F’ satisfies all the hypothesis of the theorem
(since F does). Moreover, since h"1(S*Q @ S"*~1Q(—n)) = 1 by Lemma we have h" 1(F' ®
SE1Q(—n)) =m — 1.

By induction hypothesis F” can be expressed as direct sums of twists of O, Q, 529, ..., S*Q and
hence the same holds for F' as we wanted. O]

5 Final remarks

5.1 Comparison with derived categories

As A. Kuznetsov suggested, a natural way to obtain cohomological characterization of vector bundles
is the use of derived categories (see [10]). The main tool that uses this technique is the resolution of

21
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the diagonal. For the case of G(k,n) this resolution is:
(k+1)(n—Fk) 2
0= A (Q'RS)—... \(Q'HS) = Q" RS = Oxxx = Oa =0 (4)
Remark 5.1. The main difference now is that the wedge products of @V X §Y are much more
complicated and decompose into many pieces. Specifically:

k
N\(Q B SY) = P SrQY @SySY

I\ =k

where the sum goes over all Young tableau with k cells, X is the conjugate Young tableau and S, is
the Schur functor associated to the tableau .

By applying Beilinson’s theorem we obtain the same characterization given in Theorem and
Theorem but with different conditions. In order to state these statements we must give some
definitions. For more details see Section 4.3 of [13].

Definition 5.2. Consider the following set of points:

o My={(0,2n-3),(1,2n—4),(2,2n—5),(3,2n—6),...,(n—5,n+2),(n—4,n+1),(n—3,n)}
o M'={(0,2n—4),(1,2n—5),(2,2n—6),(3,2n—="7),...,(n—4,n),(n—=3,n—1),(n—2,n—2)}

My = {(0,2n—3—2k), (1, (2n—3—2k) — 1), (2, (2n—3—2k) —2), (3, (2n—3—2k) —3),..., (n—
2—2kn—1),(n—1-2k,n—2)}

No=41(2,1),(3,2),(4,3),(5,4),....,(n—4,n—=5),(n—3,n—4),(n—2,n—3)}

N = {(0,142(k—1)), (1, (1+2(k—1))+1), (2, (1+2(k—1))+2), (3, (1+2(k—1))+3), ..., (n—
4—2k—1),n—3),(n—3—2(k —1),n—2)}

for ke {1,2,..., [%1]}.

Theorem 5.3. Let F be a coherent sheaf over G(1,n). Suppose that for some t € Z we have the
following vanishings:

(1,0)
)):0 fOT (Z,j)e MoUM/UMlu...UM[nT—l]

o
o d—ixl

HI(F ® S"QY( 5

Then F contains O(t) @ H°(F(t)) as a direct summand.

Proof. See Theorem 4.3.6 of [13]. O
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Hence, we can state the splitting criterion for vector bundles over G(1,n) (notice again that we
could have given the result for coherent sheaf by adding the concept of g.skyscraper sheaf).

Theorem 5.4. Let F' be a vector bundle over G(1,n). Suppose that:

J g = , ]
HI(F®S'Q)=0 for (Z>J>€{NouN1U...UN[rL21}

Then F'is a direct sum of line bundles.
Proof. See Theorem 4.3.9 of [13]. O
Let us show graphically the conditions of Theorem in Figure [7]

J
n—2
2n—3
n—4
2n—5
2n—6
2n—7
n—8
2n—-9
2n — 10

No

= T

! .
0 1 2 3 4 a [ - n—Sﬁ—:lﬂ—Z!n—En—l?’

Figure 7: Hypotheses of Theorem
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Notice that for (i,7) = (1,0) the corresponding condition is H°(F ® QV(t)) = 0. This condition
plays an important role since it does not appear in the conditions of Theorem but one can prove
it holds with all the conditions we have in the hypotheses.

Remark 5.5. As one can observe, the splitting criterion of Theorem implies the criterion by
Ottaviani (for more details see Remark 4.3.10 of [13]).

We can also compare graphically Theorem with the splitting criterion given by E. Arrondo
and F. Malaspina (Theorem . We see that Theorem only needs 2n — 2 conditions, while
Theorem requires much more conditions. The reason is implicit in Remark [5.1] because each of
the 2n — 2 terms of the resolution of the diagonal is made of many different pieces, each of them
imposing a different condition.

5.2 Searching a Serre extension for G(k,n)

Now we want to generalize the argument used to prove the main theorem for a general Grassmannian
G(k,n). Everything works properly for the particular case of Grassmannian of lines G(1,n) since we
have a nice extension (). Each element of this extension does not have intermediate cohomology.
Moreover, it is a nonzero element of H**~2(O(—n — 1)), i.e., an element of Ext*"2(O,O(—n — 1))
with dimension 1 by Serre duality. This is what we call Serre extension.

In order to give a Serre extension for G(k,n) it seems that one can use the sequences in the
following proposition given by A. Fonarev in [6] which are some kind of generalization of the Eagon-
Northcott complex. This proposition gives the corresponding extension Ext"*(S,Q, Sy-Q(—1)) for
a particular Young diagram A\ with A\ =n — k.

Proposition 5.6. (Proposition 5.3 of [6]) Let A € Y,,;, be a diagram with A = (n — k, Ao, ..., A1)
(where Y, i, is the set of Young diagrams inscribed in a rectangle of size (k+1) x (n —k)). Consider

A= (Ag, ..., As1). Then there exists the following long exact sequence for the tautological subbundle
QY of rank k + 1,

Un—k Un—k—1

0—8n0(-1)— AVe®s, 20— A Ves, , ,2— ..

v2 V1
...—>/\V®S#2Q—>/\V®SMQ—>SAQ—>O (5)

for some 0 < v; < n and p; € Y, where v; and p,; are defined in a nice combinatorial way. Given
A€ Y, with \y =n —k, let us draw a strip of width 1 as shown:
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_______

Now, p; is pictured in the following figure by the solid line. One takes the path A\ going from left
to right and "jumps" upward on the path N'(—1) in the point with abscissa n —k —i. The number v;

1s the number of boxes one needs to remove from A in order to get u;. These are pictured in gray on
the previous figure.

Some of the vector bundles appearing in (5) have intermediate cohomology. However, by hand and
with the help of Schubert package, one can construct a similar sequence but with better properties,

since all the elements of the sequence will not have intermediate cohomology and there will be some
duality conditions too. We give as an example the case of G(2,5).

Example 5.7. For G(2,5) one can build the following extension by using (5)):
2 3
0= O(=3) = V" ®S3332Q" — /\ V' ®8S331)Q" — /\ V' ®835Q" —
2 3
= V' ®832Q"(1) = AV ®551Q"(1) = A\ V' ® 5*QY(1) —

V' ©5°Q"2) =+ AV ©Q"(2) » AV © 0(2) - 03) = 0

12

If we use the relation Si, 4ratrrssr @’ = Sy QY (—7) (since Si.,QY = O(—r)) and

several duality conditions such as:
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o Q'(1) = SuQ

o 520Y(2) & Sy Q

* Si31QY(3) = Si2Q
o S?QV(3) = S5 Q

we obtain the following extension:
3
0—=0(-3) = V'®Q(-3) = /\v* ®5°Q(-3) = AV ®S*Q(-3) —
2 3
—V*@SenQ(-2) = AV ©S312"(1) » AV @ 5°9"(1) —

— V*®520Y(2 —>/\V*®QV —>/\V*®O( ) = O3) =0

This extension is not nice enough since some of the bundles that appear has intermediate coho-
mology. Specifically, H3(S2QY(—1)) # 0 and H5(S3Q(-5)) # 0. However, one can give a splitting
criterion as giving for the case of Grassmannian of lines.

Nevertheless, we propose a new extension in H?(O(—6)), which seems to exist, since the Chern
classes fit perfectly. Its components are now simpler vector bundles without intermediate cohomology,
and it is also self-dual.

2
0— O(— —>/\V®(’) —>/\V®Q(—2)—>V®SQQ(—2)—>
2
—>/\V*®S2Q —>/\V ® S2,1)Q(— —>/\V®S2Qv< 1) —
ﬁv*®52QV%/\v*®QV %/\V*@O(HO(SHO

There exist more duality conditions, for instance:

® S1)Q"(2) ®S1)Q = S321Q(—1)
® Su2Q"(4) ®Su2Q
b S(4,1)Q (4) = S(43 Q

Q

In the following proposition we generalize this type of duality conditions for a general Grassmannian.

Proposition 5.8. Let QY be the universal bundle of G(k,n) with rank k + 1. Consider A a Young
diagram with A\ columns. Let us fill the rectangle (k + 1) X A1 and call the complement of X in the
rectangle (up to mirror) by «. Then:

SAQY (M) &S, Q
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Proof. By Section 1.8 of [9] we have the duality relation for vector spaces, hence S,Q"(d) = S,Q
for a twist d. In particular O(—d) is a direct summand of S,Q¥ ® S,Q". To compute d we use
Littlewood-Richardson’s rule (see (6.7) of [7]) to this tensor product. We want to see that the only
direct summand of $,Q" ® S, Q" with rank 1 is O(—d).

First let us compute when a Schur functor S, Q" where v = (14, ..., 1,), with 7 < k+ 1 has rank
1 (considering v,11 = ... = 1441 = 0). Now let us use the formula that calculates the rank of S, QY
(see Theorem 6.3(1) of [7]):
V; — Vj + j — ’L

j—i

rank(S,Q") = H

1<i<j<k+1

If we want this expression to be equal to 1, each of the quotient Ltj*z must be 1 since v; —v; > 0

and j —¢ > 0 always. This means that v; = v, forall 1 <7 < j < k_—i— 1. Therefore, the length of v
has to be k + 1 and all the v; has to be equals. In that case S,Q" = O(—11).

Now, by Littlewood-Richardson’s rule and the previous observation, the only a—expansion of A
that gives a line bundle has to have length £ 4 1 and all the entries equal. Consequently, the only
possibility is that all these entries are equal to A;. O

Example 5.9. As an example we compute the previous relation for SyQ" with A = (4, 1) for G(2,5).
We have to fill the 3 x 4 rectangle (with yellow boxes). Finally, we mirror the complement of A and
call the result a, that corresponds with the partition (4, 3).

=l L] o= |

Since the number of columns of A is 4 the duality relation is:
SunQ*(4) = SuyQ
Remark 5.10. With the same arguments used in Example [5.7] it seems that one can extend this

type of sequence for the case of G(k,n) by gluing some particular sequences that are self-dual. For

.....

For a general ¢ the pieces we need seem to be the following:

n—i

0— S(n—k,iil,n—k’) QV — /\ Ve S(n—k—l,iﬂﬁl,n—k—l) QV —

n—1—i k+2—i
— /\ Ve S(n*kfl,.?.,nfk—l,nfka) QN — ... — /\ Ve S(nfkfl,%n*k*l,l)gv —
kt-1—i
— /\ Ve S(n—k—l,.?ﬂ,n—k—l)gv > Sk, ik Q(1) — 0 (Ci)
Glueing the k + 1 pieces corresponding to Cy, Cy_1, ..., C1,Cy we obtain the Serre extension we are

looking for (of length (n — k) x (k4 1)). More precisely, the i—th extension C; should be, up to a
twist, the dual of the (k4 1 — 7)—th extension Cy,1_;. Furthermore, \'V = A" V>,
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Using Proposition to the vector bundles that appear in C; one can observe that:

S(n—k,i.‘tl,n—k) QV (TL - kj) = S(n—k,k.ii,n—k) Q
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