COMMUTATORS OF SINGULAR INTEGRALS REVISITED
ANDREI K. LERNER, SHELDY OMBROSI, AND ISRAEL P. RIVERA-RIOS

ABSTRACT. We obtain a Bloom-type characterization of the two-weighted boundedness of
iterated commutators of singular integrals. The necessity is established for a rather wide
class of operators, providing a new result even in the unweighted setting for the first order
commutators.

1. INTRODUCTION

Given a linear operator 7" and a locally integrable function b, define the commutator [b, T']
of T and b by
[0, T]f(x) = b(x)T(f)(x) = T(bf) ().
The iterated commutators 7", m € N, are defined inductively by
Tl;mf - [bv Tbmil]fa Tblf = [b7 T]f

We say that a linear operator T is an w-Calderén-Zygmund operator on R™ if T is L?
bounded, and can be represented as

(1.1) Tf(x)= | K(z,y)f(y)dy forall ¢ supp f,
]Rn
with kernel K satisfying the size condition |K(z,y)| < kﬁ?—;n,x # gy, and the smoothness

condition

|z — 2| 1
K(z,y) — K(z',y)|+ |K(y,z) — K(y, 2’ §w<
K(o) — K|+ | 0) - Ko <o (21

for |x — y| > 2|z — 2’|, where w : [0,1] — [0,00) is continuous, increasing, subadditive and
w(0) = 0. We say that w satisfies the Dini condition if fol w(t)% < oco.
In this paper, we will prove the following result.

1
Theorem 1.1. Let p, A € A,, 1 < p < oo. Further, let v = (%)P and m € N.

(i) If b € BMO,1/m, then for every w-Calderon-Zygmund operator T on R"™ with w
satisfying the Dini condition,

m—“max{l,

(1.2) 175" ey < enmalblBro ,,,, (Na,[1]a,) 2 = 11| 2o (-

(ii) Let Tq be an operator defined by with K(z,y) = Q( L >; where Q is a

lz—yl J le—y|™’
measurable function on S™', which does not change sign and is not equivalent to
zero on some open subset from S"~'. If there is ¢ > 0 such that for every bounded
measurable set E C R",

1Ty (xe)llry < en(E)YP,
then b € BMO ,1/m.
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Remark 1.2. We emphasize that in part (ii) of Theorem no size and regularity as-
sumptions on €2 are imposed. It will be useful, however, to distinguish a class of operators
satisfying both parts of the theorem. Assume that

Qy/lyl)

Taf(x) =p.v. - f(z — y)wdy,

where  is continuous on S™~', not identically zero and [y, , Qdo = 0. Assuming addition-
ally that
w(d) = sup [Q(6) — Q6]
l0—6/|<5
satisfies the Dini condition, we obtain that Tg satisfies both parts of Theorem [1.1]
Recall that b € BMO,, (for a given weight n) if

1
b = sup /bx — bgldr < o0,
1bll B0, ) Q| (z) = bo|

where the supremum is taken over all cubes () C R™. Here we use the standard notations
n(Q) = an and by = ﬁ o b- We also recall that w € Ayl <p<oo,if

1 1 N\
[w]Apzsgﬂgn(@/Qw) (@/Qw » ) < 0.

In what follows, we present a brief history preceding Theorem [I.1, and, in parallel, we
outline our novel points.

e Assume first that m = 1 and A = g = 1. In this case Theorem was obtained in the
celebrated work by Coifman, Rochberg and Weiss [4].

The necessity of BMO, expressed in part (ii), was obtained in |4] under the assumption
that [b, R;] is bounded on LP for every Riesz transform R;. Later this assumption was
relaxed in the works by Janson [16] and Uchiyama [21]. It was shown there that the
boundedness of [b, T| on LP (where T, is defined as in Remark [1.2] with Q € C*°(S"™1) in
[16] and €2 is Lipschitz continuous in [21]) implies b € BMO.

Our novel points in part (ii) (even in the unweighted case and when m = 1) are a much
wider class of operators (which includes, for instance, a class of rough singular integrals)
and the fact that the restricted strong type (p,p) of [b,Tq| (instead of the usual strong
type (p,p) in [4, |16 21]) implies b € BMO.

e Assume that m = 1 and A, © € A,. In the one-dimensional case this result was obtained by
Bloom [2]. Recently it was extended to higher dimensions by Holmes, Lacey and Wick [10].
Later, a quantitative form of this statement, expressed in estimate ((1.2)), was obtained by
the authors in [19).

As in the unweighted case, part (ii) is new in such generality. In [10] this part was
obtained, similarly to [4], assuming that [b, R;] is bounded from L”(u) to LP(\) for every
Riesz transform R;.

e Assume that m > 2. Suppose now that A\, € A,. In the early 90s, Garcia-Cuerva,
Harboure, Segovia and Torrea [7] proved for a class of strongly singular integrals S that
b€ BMO,m implies Si* : LP(u) — LP(X). It was pointed out in 7] that similar methods
can be used to obtain the corresponding estimates for Calderén-Zygmund operators.

Estimate represents a quantitative version of that statement. It looks like a natural
extension of the case m = 1 obtained in [19]. Notice, however, that it does not seem that
this estimate can be deduced via a simple inductive argument. Observe also that in the
case of equal weights, recovers the sharp dependence on the A, constant established
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by Chung, Pereyra and Pérez [3] for every m > 1. This indicates that the exponent 25

in (1.2)) cannot be improved.
Recently, Holmes and Wick [11] obtained the LP(u) — LP(X\) boundedness of 7, under

the different assumption b € BMO N BMO, with v = (%)% Hytonen [14] provided a
simpler argument for this result based on the conjugation method. We will show below
(see Remark in Section 4) that the assumption b € BMO,1/m is less restrictive than
be BMONBMO,.

Part (ii) of Theorem for m > 2 is new even for the commutators of the Hilbert
transform. Notice that in |7] the necessity of b € BMO,1/m was deduced from the LP(u) —

LP(X) boundedness of the commutators of the Hardy-Littlewood maximal operator.

Summarizing, our new contribution in Theorem is the following.

e If m > 2, then both parts of Theorem are new.

e If m = 1, then part (ii) provides a much wider class of operators comparing to the previous
works, both in weighted and unweighted cases.

e In part (ii), the necessity of BMO,1/m follows from the weighted restricted strong type
(p, p) estimates.

The rest of the paper is organized as follows. Section [2]is devoted to present some needed
preliminary results. In Section [3] we prove Theorem [I.I} The last section contains some
further comments and remarks related to Theorem [L1l

2. PRELIMINARIES

2.1. A, weights. Define the A, class of weights by Ao, = U,~14,. We mention several well
known properties of A, weights (see, e.g., [8, Ch. 9]). First, if w € A, then w is doubling,
that is, for every A > 1, there is ¢ > 0 such that for all cubes @,

(2.1) w(AQ) < cw(Q),

where \() denotes the cube with the same center as () and side length A times that of Q).
Second, for every 0 < a < 1, there exists 0 < 8 < 1 such that for every cube ) and every
measurable set £ C Q with |E| > «|Q| one has

(2:2) w(E) > fuw(Q).
Next, there exists v > 0 such that for every cube @),

o € Q: u(w) > )| 2 510

In particular, this property implies immediately that for every cube () and for all 0 < ¢ < 1,

(23) 1Ql / 217/6 (IQI / 5>1/5‘

2.2. Sparse families and mean oscillations. Given a cube Qy C R", let D(Qq) denote the
set of all dyadic cubes with respect to )y, that is, the cubes obtained by repeated subdivision
of Qy and each of its descendants into 2" congruent subcubes.

A dyadic lattice Z in R™ is any collection of cubes such that

(i) if @ € 2, then each child of @ is in Z as well;
(ii) every 2 cubes @', Q" € 2 have a common ancestor, i.e., there exists ) € Z such that

Q', Q" € D(Q);

(iii) for every compact set K C R”, there exists a cube ) € Z containing K.



4 A. K. LERNER, S. OMBROSI, AND I. P. RIVERA-RIOS

A family of cubes § is called sparse if there exists 0 < o < 1 such that for every Q € S
one can find a measurable set Eg C Q) with |Eg| > «|@)|, and the sets {Eg }ges are pairwise
disjoint.

Given a measurable function f on R™ and a cube @), the local mean oscillation of f on @)
is defined by

wA(£:Q) = inf ((f = o)xe)" (MQI) (0 <A <1),

where f* denotes the non-increasing rearrangement of f.
By a median value of f over a measurable set F of positive finite measure we mean a
possibly nonunique, real number m(E) such that

max ([{z € E: f(z) > my(E)},{z € E: f(z) <my(E)}]) < |E|/2.
Notice that, by Chebyshev’s inequality,

(2.4) spi(fQ) < iflsao (0 <A <),

By a well known result due to John [17] and Stromberg [20], the converse estimate holds as
well for A < %, thus providing an alternative characterization of BM O in terms of local mean
oscillations.

Similarly to (2.4), for every weight 7,

Q _1
supwx(f; @)——=5 < <[l fllBmo, (0<A<1).
Q n(Q)
We will show that assuming n € A, the full analogue of the John-Stromberg result holds
for A < \,. This fact is a simple application of the following result due to the first author
[18] and stated below in the refined form obtained by Hyténen [13]: for every measurable
function f on a cube @, there exists a (possibly empty) %—sparse family S of cubes from

D(Q) such that for a.e. x € Q,

(2.5) [f(x) —m(Q)] <2 Zwﬁ(f; P)xp().
Pes

Lemma 2.1. Letn € Ay. Then

(2.6) Ifllo, < esupen(5Q)-Zs (09 A< ),

where ¢ depends only on 7.

Proof. Since wy(f; @) is non-increasing in A, it sufficed to prove 1D for A = 2,1% Let @ be
an arbitrary cube. Then, by (2.5)),

_foldr < 2 - dx < 4 L (f:P)|P
L1 =geldz < 2 [ 1f-mp@z <4 30w (PP

PeS,PCQ
Supw 1 . ﬂ)
< 4(pp P ) S )

Using that S is sparse and applying (2.2), we obtain

Y. nPy<e > n(Ep) <en(@Q),

PeS,PCQ PeS,PCQ

which, along with the previous estimate, completes the proof. O
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We will also use the following result proved recently in [19, Lemma 5.1] and closely related
to (2.5): given a dyadic lattice Z and a sparse family S C &, there exists a sparse family
S C Z containing S and such that if Q € S, then for a.e. x € Q,

n+2 1
(2.7) F(2) = fol <2 ZQ (W / !f—fp|> \o(a).

3. PROOF OF THEOREM [L.1]

3.1. Proof of part (i). We recall that in the case m = 1, the proof provided in [19] relied
upon the sparse domination result

0.7 < 6032 3 o) ol (157 [ 191) xato+

Jj=1 QeS;

‘*’Qmji > (ﬁ/czlb—bQHfl) Xo(x),

j=1 QeS;

(3.1)

combined with (2.7)) and the sharp weighted L” bound for sparse operators.
To settle the case m > 2, we hinge upon the counterpart for iterated commutators obtained
in [15],

(32) [T @) < eur Zi( ) 3 )~ o™ (i / b= bel111) volo)

QESj

The idea of the proof consists in combining that sparse domination with (2.7). However, in
contrast with the case m = 1, the sparse terms that arise after applying (2.7)) may be rised to
a power larger than 1. We will deal with those terms exploiting the dyadic structure of the
sparse family via . Bearing those ideas in mind, the rest of the proof can be carried out
taking into account the selfadjointness of sparse operators and the sharp weighted L” bound
that they satisfy.

We begin our argument as follows. Observe that taking into account it suffices to
provide suitable estimates for

AT F() = 37 o) — bl k(|Q|/\b—bQ\ 11) xoto),

QeS

where § is a sparse family from some dyadic lattice 2.
We start observing that, by duality,

83 14 e < s S0 ( [ oalb=tal ) 5 [ =l
|gHLP(>\) QES @

By (2.7), there exists a sparse family S C 2 containing S and such that if Q € S, then for

a.e. r € Q,
) —tal <27 S0 (i [ 0=l ot

PeS, PCQ
From this, assuming that b € BMO,,, where 7 is a weight to be chosen later, we obtain

b(z) — bl < 2""*|bllaro, D> nexe(@).
PeS, PCQ
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)\b—bmk> b—b
5 (et ) g 10

(3.4) SchnzMo ‘Q| /|gx| Z ) )

S, PCQ

(& / > ) |f!>|Q|-

PeS, PCQ

Hence,

Now we notice that since the cubes from S are dyadic, for every [ € N,

l

Z npxp | = Z NP Py - - - IR X PiNPaN--NP,
(3.5) PeS, PCQ Py,Ps,..,PCQ, PeS
<1 Z npp, - - NP, XP;-
PCP_1CCPCQ,PeS
Therefore,
l
JALIGED TS I T DR T AL
@ pes pcq PCP_1C-CPICQ, PeS
Further,
Z 77P177P2~--77Pt|h|Pz|Pl|

PCP,_1C-CPICQ, PES

= Z npnp, - -Mp_ Z |h|Pz/ n
By

P_,CCPCQ,PeS P,CP,_1,PEeS

Z npLy - --1Np_y /P A§(|h|)77

P_,C-CPICQ,PeS

= Z NeLy - - - NP_, (Agm|h|)PH |P_1],

P_1CCPICQ,PES

IN

where As, h = Ag(h)n and Ag(h) = 3" 5cshoxq- Iterating this argument, we conclude that
I
[T ) 5 [ A
Q PeS, PCQ @

where Al denotes the operator Ag , iterated [ times. From this we obtain that the right-
hand 81de of [3.4] is controlled by

Wlfivo, 3 (737 | 45.0m) (g7 | 42,050 1
= clblBuo, | As(A%,(1D)AZ, (91
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Using that the operator Ag is self-adjoint, we proceed as follows:

[ ASCAE, QD) AZ ol = [ As(45,170) As Az, Lol
= [ As(As(s, (D)) Az, ol = [ As(A5 D) A, ol
== [ As(ag, 1)lohn

Combining the obtained estimates with @ 3.3)) yields

(3.6) 145" Flley S 101 Bro, 1145 (A2, (LFD) ooy
max | 1,—

U

A, see, e.g., [5]), we obtain

Applying that ||Az||zr@w) S

max{l7 L

145 (AL A Doy 5 AV Az () oy
= T A (A 1) e
(L, Do), ) ™ B AT 1) e

m maxq 1,—=
< (O By D)™ 0 e,
Hence, setting n = /™, where v = (u/\)"/? and applying (3.6)), we obtain

m—1 . ' max{l > 1}
143" Fllroy S I8llBaro 0 ([A]AP[M]AP Wmum]AP) [malpem)

i=1

P

N

By Hoélder’s inequality,

m—1 m—1

—_— — 1—* i m—1
[T e, < TN [0, = (Way lila,) "5
=1 =1

which, along with the previous estimate, yields

m, m T+ maxq 1
1A Fllzwy < 1600, (Mlaylila,) % "0

and therefore the proof of part (i) is complete.

Lo,

3.2. Proof of part (ii). Since i, A € 4, by Hélder’s inequality, it follows that v*/™ € A,.
Therefore, by Lemma [2.1], it suffices to show that there exists ¢ > 0 such that for all @,

(3.7) w1 (;Q) < e ™)q.

on+2

The proof of (3.7)) is based on the following auxiliary statement.

Proposition 3.1. There exist 0 < €0,& < 1 and kg > 1 depending only on 0 and n such
that the following holds. For every cube QQ C R", there exist measurable sets E C Q, F C koQ
and G C E x F with |G| > &|Q|* such that

() w_s (b;Q) < [b(x) = bly)| for all (x,y) € Ex F;
(i) Q:Z') and b(x) — b(y) do not change sign in E X F;

(i) ‘Q(é:z')

n+

> e for all (x,y) € G.
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Let us show first how to prove (3.7)) using this proposition. Combining properties (i) and

(iii) yields
1 _

From this, and using also that |z — y| < - diam @ for all (z,y) € G, we obtain

1 ko—i-l -y dxdy
1L (b; Q)G < — b(z) —b(y)|™
onria < S (Rl [[ e - s e (£24)

v =yl
By property (i), (b(z) —b(y))"'Q <|i Y ) does not change sign in F x F. Hence, taking also
into account that |G| > &]|Q|?, we obtain

-y dydx
(Il‘ - y|> [z =yl

Lt o
Q)" < — b(z) — b(y)|™
“n Q" < 22 (%5 |Q|//| )
1 /ko+1 ” m ( T —y ) dy
= — n — x)—b Q

0o ( 2 )~ ) lz—yl) |z —y|
Observing that (75)}" is represented as

T s = [0 - v0) 0 (F=0) F e (o s ),

|z — |z —y|n

dzdy.

dz.

the latter estimate can be written as
c
1 . m < m
(3.8) w1 (6;Q)™ < Ql /EI(Ta)b (xr)|dz,

where ¢ depends only on 2 and n.
By Hoélder’s inequality,

,Q|/\TQ (erlde < 1 ([E\<TQ>?(XF)\PAdx)1/p (/Qx,fl)””/.

Using the main assumption on T, along with the facts that F' C ko@) and p € A, and taking
into account ([2.1]), we obtain

</E |(TQ)?(XF)|p/\d95) " < ou(F)VP < ep(Q)V7,

which, along with the previous estimate and (3.8)), implies

. 1 1/p 1 N 1/p
a8 Q) S"’(@/Q“) <|@\/“ )

By 1) ‘Qi' fQ,u < c(\ﬁll fQ ul/T> for r > 1. Further, by Hélder’s inequality,

G fer) = (o) G )

Therefore, taking r = mp + 1, we obtain

1 m 1 1/p 1 1/p
iz (b m - 1/m - A )\—p—
ameats@ < (i [ ) (i [2) (r )
L 1/m)m
< (g f)
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which proves (3.7)).

Proof of Proposition 3.1 Let ¥ C S™! be an open set such that  does not change sign and
not equivalent to zero there. Then there exists a point 6, € ¥ of approximate continuity
(see, e.g., |6, p. 46] for this notion) of © and such that |Q2(6y)| = 2¢, for some ¢y > 0. By the
definition of approximate continuity, for every € > 0,

. o{f € B(6y,6) N S™ 1 |Q(0) — Q)| < e}

lim =1,

5—0 o{B(0y, ) N S~}
where B(6y,d) denotes the open ball centered at 6y of radius §, and o denotes the surface
measure on S™ 1. Therefore, for every 0 < o < 1, one can find §, > 0 such that

B(0,0,) N S™ 1 Cc X

and
(3.9) {0 € B(0y,0,) NS" 1 |Q0)] > o} > (1 — a)a{B(6y,d,) NS 1}

Let @ C R™ be an arbitrary cube. Take the smallest > 0 such that @ C B(xzg,r). Let
0 € B(0y,0,/2)NS" ! and let y = xg + RO, where R > 0 will be chosen later. Our goal is to
choose R such that the estimate ‘ﬁ — 90‘ < 04 will hold for all z € B(zg, 7).

Write z € B(zo,r) as © = xg + yv, where v € S" ! and 0 < v < r. We have

oy g o (Roje—y)f
|z —y] |z —y]
Further,
w— (R—|z—y[)f g R — |z —yl|
|z —y| T |z =yl |z =yl
< 2y < 27y < 2r '
lz—yl T R—y = R—r
For every R > W we have RQL < %’ and therefore,
T —y 2r
—9‘<9—9 < ba.
‘u—m o 10—l
Hence, setting
4+ 9, 44 04)2
.a:{%+3meem%@pwwmRL%—EgRgiiﬁll}

we obtain that

(3.10) é:;eB%ﬁ@ﬂﬁAcz (z,y) € Q x Fu).
Also, it follows easily from the definition of F, that
(3.11) Fo Ck(0p,n)Q and |F,| > pn’ég.

By (3.10)), Q(lz:??j') does not change sign on ) x F,. Let us show now that choosing «

small enough, we obtain that ‘Q( s ) ’ < g9 on a small subset of () x F,. Set

[z—y|

N ={0 € B(6y,0,) N S" 1+ |Q0)| < o}
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and

Qaz{(az,y)eQx}“&:ﬁeN}.

Let us estimate |G,|. For z € @ denote
Golz) = {yE.Fa S S N}.
[ =y
Notice that by ,
o(N) < ac(B(fy,0,) N S" 1) < cpad™ L.
Next, for all (z,y) € Q x F, we have |z — y| < ¢}, -, and hence,

n oy’
|Ga(z)| < Hs@ 0<s< C;‘(SL’Q € NH < CZ%O‘(N) < ﬁna@.
Therefore,
2
Gl = [ 16uwldr < alZE.
Q Oa

Combining this with the second part of (3.11]), we obtain that there exists ay < 1 depending
only on n such that

1
(312) |gao‘ S W’faoHQl'

By the definition of wy jan+2(b; @), there exists a subset £ C @ with |€] = 555|Q)| such that
for every x € &,

(3.13) W1 jon+2 (b; Q) < [b(x) — mp(Fap)l-

Next, there exist subsets E C € and F' C F,, such that |E| = 555|Q| and |F| = 3|Fy,],
and, moreover,

(3.14) [b(2) — mp(Fap)| < [b(x) = b(y)|

for all x € E,y € F and b(z) — b(y) does not change sign in £ x F. Indeed, take E as a
subset of either

Ei={x €& :b(x) >my(Fy,)} or Ey={xe&:blx)<my(Fy)}

with |E;| > 1|€], and the corresponding F will be either {y € F, : b(y) < my(Fa,)} with
|F| = £|Fa| or its complement.

Combining (3.13)) and (3.14) yields property (i) of Proposition . Also, since Q(li:;)
does not change sign on Q) x F,,, we have that property (ii) holds as well. Next, setting

G = (E x F)\ Ga,, we obtain, by the second part of (3.11]) and (3.12)), that

1
(Gl 2 B F| = G| 2 575 Feol Q1 2 0] QI

where vy depends only on € and n, and, moreover, property (iii) follows from the definition
of G,,. Finally, notice that by the first part of (3.11)), F' C F,, C koQ with kg = k(da,, 1)
Therefore, Proposition [3.1] is completely proved. O
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4. REMARKS AND COMPLEMENTS

Remark 4.1. The second part of Theorem leaves an interesting question whether the
assumption on €2 that it does not change sign on some open subset from S"~! can be further
relaxed. In particular, one can ask whether this part holds for arbitrary measurable function
2, which is not equivalent to zero.

Remark 4.2. Similar to |4, [10, 21], Theorem 1.1/ can be applied to provide a weak factoriza-
tion result for Hardy spaces. For example, following Holmes, Lacey and Wick [10], one can
characterize the weighted Hardy space H'(v) but in terms of a single singular integral, as this
was done by Uchiyama [21]. The following proposition can be proved exactly as Corollary
1.4 in [10].

Proposition 4.3. Under the hypotheses and notation of Theorem and for the class of
operators Tq described in Remark 1.3, we have that

oo

Il V>_mf{2||gz||m oo Willeego = £ = 3 (6:Ta)hi — hu(To)’g:) }.

i=1

Remark 4.4. Comparing both parts of Theorem [I.T} for the class of operators described
in Remark we have that the LP(u) — LP(X) boundedness of (Tg);" is equivalent to the
restricted LP(u) — LP(\) boundedness. It is interesting that BMO,1/m does not appear in
this statement, though it plays the central role in the proof.

Remark 4.5. Theorem answers the following question: what is the relation between
the boundedness properties of commutators of different order? Again, let T, be a singular
integral as in Remark . Assume that w € A,. Then Theorem implies immediately
that for every fixed k,m € N, k # m,

(4.1) (To)" : LP(w) — LP(w) & (To)F : LP(w) — LP(w).

As in the previous remark, this implication is linked by BMO.

However, in the case of different weights, an analogue of is not true in any direction,
as the following example shows.
Example 4.6. Let n = 1 and let H be the Hilbert transform. Set y = |2|*/? and A = 1. Then
we obviously have that u, A € Ay. Define v = (u/\)Y/? = |2[/* and let b = v'/2 = ||'/8.
Then b € BMO, /2, since for every interval I C R,

V1/2 /’Vl/z (?)1lde < 2.

Therefore, by Theorem H? : L?(u) — L2 On the other hand, taking I. = (0,¢) with €
arbitrary small, we obtain

12 1/2 )ldz =

8
1/8 _ O _1/8
65/4/ |$ 9° ’dx Z Ti7s 61/8

Therefore, b ¢ BMO, and hence, by Bloom’s theorem, [b, H] : L*(u) /4 L.

On the other hand, set y = |#|7"/?2 and A = 1. Then again p, A € Ay. Define v = (u/\)Y/? =
|z|=%/* and let b = v. Then, arguing exactly as above, we obtain that b € BMO,, (and hence,
[b, H] : L*(u) — L*) and b & BMO, /2. Therefore, by Theorem 1.1}, H? : L*(u) /4 L2.
Remark 4.7. Compare the condition b € BMOV% with b € BMONBMO, from the works

1
|11, 114]. First, as we mentioned before, if 1, A € A, then v = (%)” € A,.



12 A. K. LERNER, S. OMBROSI, AND 1. P. RIVERA-RIOS

Lemma 4.8. Let u € Ay andr > 1. Then
(4.2) BMO,NBMO C BMO ..

ur

Furthermore, the embedding (4.2) is strict, in general. Namely, for every r > 1, there exists
a weight u € Ay and a functz’on be BMOU% \ BMO.

Proof. By .

1 = — [ (@) = bold
i) S —belde < o [ 00) bl

1 1
1 / VAR 7
e b(z) — b |dx> (—/ b(z) — b |dx> |
(u(@) Q ¢ Q1 Jq ¢
from which (4.2)) readily follows.

To show the second part of the lemma, we use the same idea as in Example [4.6] Let
u(z) = |2|*,0 < o < n. Then u € Ay. Let b = u!/" = |z|*/". Then b € BMO,;/.. However,
b ¢ BMO, since it is clear that b does not satisfy the John-Nirenberg inequality. OJ

Take an integer m > 2. In accordance with Lemm take u € Ay and b € BMO -l \

BMO. Then, setting pr = uw and A = 1, by Theorem |1.1| we obtain that 7" : LP(u) — L? for
every p > 2. This kind of estimates is not covered in [11] due to the fact that b ¢ BMO.

Very recently we have learned that after finishing this paper some results concerning the
necessity of BM O for the endpoint estimate of commutators have been obtained. We remit
the interested reader to [1] and [9] for those results. In an even more recent work [12], a more
general version of the second part of Theorem has been obtained, answering positively a
question posed in Remark [4.1]
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