WEIGHTED BILINEAR HARDY INEQUALITIES

M. ISABEL AGUILAR CANESTRO, PEDRO ORTEGA SALVADOR, AND C. RAMIREZ TORREBLANCA

ABSTRACT. We characterize the weights w, w1, ws such that the weighted bilinear Hardy inequality

L) (o) v ([ )" ([ )’

holds for all nonnegative functions f and g, with a positive constant C' independent of f and g, for all
possible values of ¢, p1 and p2 with 1 < ¢, p1,p2 < .

We also characterize the good weights for the weighted bilinear n-dimensional Hardy inequality to
hold.

1. INTRODUCTION AND RESULTS.

G. H. Hardy established in [8] that if p > 1, then the inequality

/000 <1 /Otf(m)dx>pdt < (L)p/ooo FP(t)dt (11)

holds for all nonnegative functions f on (0, 00).
Shortly after, (1.1) led to prove (see [9], Theorem 330) that if p > 1 and £ < p — 1, then

([ pw Ut < e "7 e,
0 0 p—1—c¢ 0

which can be seen as a weighted strong-type inequality for the operator Pf(x) = / f, with weights
0

t*7P and t°. It is natural to consider the problem of characterizing the pairs (u,v) of nonnegative
measurable functions on an interval (a,b), with —oco < a < b < oo, such that the inequality

([ ([ 5) ) <e([')

holds for all nonnegative f with a positive constant C independent of f, where ¢, p > 1. This problem
was solved by Muckenhoupt [14] and Bradley [2] in the case 1 < p < ¢ < oo and by Mazja [13] in the
case 1 < ¢ < p < oo (see [10] and [15] for more references and details). The next theorem collects the
results mentioned above:

Theorem A ([2],[13],[14]). Let 1 < q,p < oo and let u,v be positive measurable functions
on (a,b). Then the inequality (1.2) holds for all positive measurable functions f with a constant C
independent of f if and only if:
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(i) in the case 1 < p < g < o0,

b % T ,
A= sup (/ u) (/ vl_p> < 00,
a<z<b x a
and the best constant C in (1.2) verifies C = A;
1 1 1

(ii) in the case 1 < qg<p< oo, if —=———,
r q P

= ([ wom)’ ([ v-10m)
() ) ([ o)’ m)dx}i .

1 / 7 1 1
and the best constant C in (1.2) verifies qa <pq> "B<CO< qi(p')7 B.
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The inequality (1.2) is closely related to the embeddings of weighted Sobolev spaces into weighted
Lebesgue spaces. More precisely, if, following [10], we define the space WLl’p (u) as the one consisting
of the functions f : (a,b) — R such that f is absolutely continuous, lim+ f(z) =0 and f" € LP(u),

r—a

normed with ||fHW1,p(u) = [l f'l Lo (u)> then the inequality (1.2) is equivalent to
L
11 zaw) < Cllf oy,

i. e., the continuity of the identity map from W, (v) to L9(w).
This paper deals with the bilinear Hardy operator H defined for pairs (f, g) of nonnegative mea-
surable functions on (a,b), —oo < a < b < 00, by

H(f,9)(z) = / ’ / " H(s)g(t)dsdt.

Our purpose is to characterize the positive measurable functions w, wi, wy such that the inequality

( / (. g)(m))%(w)dm)é <c ( / b fplwl) " ( / bgp2w2> g (13)

holds for all pairs (f, g) of nonnegative functions with a positive constant C' independent of f and g,
where ¢, p1,p2 > 1.

As far as we know, this problem has not been considered previously in the literature, apart from
the papers [4] and [7], which work with general bilinear operators and characterize their boundedness,
in the case — > — + —, by means of a Schur-type criterion.

P1
Our work has been motivated by the paper [11], where a weight theory has been developed for a new

multi(sub)linear maximal function introduced in order to control the multilinear Calderén-Zygmund
operators.
It is worth noting that the inequality (1.3) is equivalent to

19l 2oy < O ym oy I8y (1.4)

which means that the characterization of the weights w,w;, w2 such that the inequality (1.3) holds
is equivalent to the characterization of the weights w, w1, ws for the product to be continuous from
WP (wy) x WP (wg) to L9(w).
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Our results are the following ones:

Theorem 1. Let q,p1,p2 > 1 with ¢ > p1 and q > po. Let w, w1y, ws be positive measurable functions
defined on (a,b). Then there exists a positive constant C' such that the inequality (1.3) holds for all
positive functions f and g if and only if

N x . x 5
q / /
1— Py 1— Pa
Ap = sup (/ w) (/ wy pl) </ w, p2> < 0.
a<z<b T a a

1
Moreover, the best constant C' in inequality (1.3) verifies A, < C < 8(1+4%)aAyp.

Theorem 2. Let q,p1,p2 > 1 with ¢ > p1 and q¢ < pa. Let w,wi,wy be positive measurable functions
defined on (a,b). Then there exists a positive constant C' such that the inequality (1.3) holds for all
positive functions f and g if and only if the following conditions hold:

(i)
b 1 T L/ T L/
q 1_/ p 1_/ p
Ap = sup </w> (/w1p1)1</ w2p2>2<oo;
a<z<b T a a

(i)

1 r2 ) s
SR A LA AN Yorpy\ 7 1-p ’
Br, = sup (/ w; pl) / </ w> (/ Wy p2> wy 2 (y)dy < 00,
a<z<b a x Y a
1 1 1
where — = — — —.
249 P2

Moreover, the best constant C in inequality (1.3) verifies

1 qp,Q % Lo\
max{Ar,qv | == ] Br}<C<8 (AL +q1(p)? BL) :
T2
, 1 1 1 i
Theorem 3. Let q,p1,p2 > 1 with q < p1, ¢ < p2 and — + — > — . Let w,wy,ws be positive
p1 P2 q

measurable functions defined on (a,b). Then there exists a positive constant C' such that the inequality
(1.3) holds for all positive functions f and g if and only if the following conditions hold:

(i)
b : T L T L
q 1—7p p/ 1—p/ p’
Ap = sup (/w) (/ wy pl)l(/ w2p2)2<oo;

a<z<b T a a
T 7 Yy o

1—p, \ P 1—p! q 1—p!

Br = sup (/ w; pl) ! (/ Wy p2> wy 2 (y)dy < o0;
a<x<b a a

(i)

(iii)
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1 1 1 1 1 1
where — = - — — and — = — — —.

T1 a n T2 q D2

Moreover, the best constant C' in inequality (1.3) verifies
PN L PN L SN L
1 / 1 / T 1 1
max{Ap, qz (qp2> " Br,q <qpl> “oy<o<s <8OL +4 <p1> VAL 4 qi(ph) 7 BL> .
) T r1
. 1 1 »
Theorem 4. Let q,p1,p2 > 1 with ¢ < p1, ¢ < p2 and — + — < — . Let w,wy,ws be positive
p1 P2 q

measurable functions defined on (a,b). Then there exists a positive constant C such that the inequality
(1.3) holds for all positive functions f and g if and only if the following conditions hold:

(i) 1

b b \mtr P N\ o b N\ :
s { (o) ([ ([ o) i)

—
=
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o =
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1 1 1 1 1 1 1 1 1 1 1 1
an .

where — = — — —, — =
T qg p1 r2 q P2 s T p2 9 P

Moreover, the best constant C' in inequality (1.3) verifies

1 1
71\ 1 s\ 1
((p,l) Fr + (q) DL) + q4(py)

W [

»Q\‘,_.
N
| w
~_
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N——

)

1 L/ S
C <8|2r*(ph)n <, + 1)

and
C > max { Dy, By, FL},
where
1 , BN 1
Dy =Dy (L7 (P2 (P2)° o (P (PL)"
r 1 S 1 1 q ’
» L o X
= @ 2\ "
E; = Erqe <2> 72 < 1 ) 2
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The proofs of Theorems 1, 2, 3 and 4 are contained in sections 2, 3, 4 and 5, respectively. From the
technical view point, it is worth noting that the proofs of the sufficiency of the conditions in Theorems 3
and 4 need an estimation which is performed by means of the known results about weighted inequalities
for the discrete Hardy operator. This technique is inspired in [3] (see also [1] and [16]).

The theory of weighted Hardy inequalities was extended to the n-dimensional setting by P. Drabek,
H. P. Heinig and A. Kufner, who characterized in [5] (see also [12] for more general results and
applications) the good weights for the inequality

() o) = ()

to hold for all nonnegative f with a positive constant C independent of f, where ¢,p > 1. They proved
the following result.
Theorem B ([5]). Let 1 < q,p < oo and let u,v be positive measurable functions on R"™. Then

the inequality (1.5) holds for all positive measurable functions f with a constant C independent of f
if and only if:

(i) in the case 1 < p < g < o0,

sup / <OO;
p>0 Ix|>p I:c|<p

N

q p

(ii) 4n the case 1 < g < p < o0, sz
r

/" </y|>|w| w) | </|y<lr ’Ulpl> | vlip/(x)dm

- <IZJ/> / </|y|>|x w)” </y|<x| Ul_p/)p/ wlade < oo

Arguing as in the proofs of Theorems 1, 2, 3 and 4, and applying Theorem B instead of Theorem
A when necessary, we also characterize the weighted inequality

(/ n(T(ﬂg)(ﬂC))qW(x)dx); e/ fp1w1>pll (/ gw> | o

where T stands for the n-dimensional bilinear Hardy operator defined for pairs (f,g) of nonnegative

measurable functions on R" by
/ / t)dsdt.
B(0,|z) Y B(0 Ix\)

Some norm inequalities with power weights for a multilinear n-dimensional Hardy operator have
been characterized in [6]. The operator T we have just defined is closely related to the operator H?
considered in [6], which is defined for pairs (f, g) of nonnegative functions on R” and x € R" by

H2(f.9)(x) = / F(y)g(y2)dyr dys.
[(y1,y2)|<|z]|

==

T
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It is clear that H2(f,g)(x) < T(f,9)(z) < H3(f,g)(v/2z), which allows to establish relationships
between the good weights for T' and H2. In particular, the good triplets (w, w1, ws) of power weights
coincide.

The results for T" are the following ones:

Theorem 5. Let q,p1,pe > 1 with ¢ > p1 and ¢ > p2. Let w, wy, we be positive measurable functions
on R™. Then there exists a positive constant C' such that the inequality (1.6) holds for all positive
functions f and g if and only if

A" = sup / w(z)dx / w, " (x)dx / wy 2 (z)dx < 0.
0<p<oo \ Jz|>p lz|<p lz|<p

Theorem 6. Let q,p1,p2 > 1 with ¢ > p1 and ¢ < p2. Let w, wy, we be positive measurable functions
on R™. Then there exists a positive constant C' such that the inequality (1.6) holds for all positive
functions f and g if and only if the following conditions hold:

(i)

q 1—yp/ i 1—p!
A" = sup / w(x)dx / w, " (x)dx / wy P (x)dx < o0
0<p<oo \ Jz[>p lz<p lzl<p

S

ry ) L
q

/ 7 ' "2
</| | |w;_p2(:c)dx> w; pQ(y)dy < 00,
z|<|y

. /|y|>p </x|>y| w(w)d«f)

1 1 1
where — = — — —.
24 P2
) 1 1 1 i
Theorem 7. Let q,p1,p2 > 1 with ¢ < p1, ¢ < p2 and — + — > —. Let w, wi, we be positive

p1 P2 q
measurable functions on R™. Then there exists a positive constant C' such that the inequality (1.6)

holds for all positive functions f and g if and only if the following conditions hold:

(i)

1 1 1
q 1! Py 1! A
A" = sup / w(x)dx / wy H(x)dz / wy (x)dz < 005
0<p<oo lz|>p |z|<p lz|<p

8 /|y|>p </x|>y| w(ﬁf)d$>
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(iii)

cn = 1—pp %
= sup wy (x)dx
0<p<oo |z|<p

N
q / q /
X / (/ w(x)d:v) (/ wi_pl (ZL’)dl‘) wi_pl (y)dy < 00,
ly[>p \V|z[>|y] |z|<[y]

1 1 1 1 1 1
where — =— — — and — = — — —
1 a9 n T2 qa D2
) 1 1 »
Theorem 8. Let q,p1,p2 > 1 with ¢ < p1, ¢ < p2 and — + — < —. Let w, wy, we be positive

P P2 q
measurable functions on R™. Then there exists a positive constant C' such that the inequality (1.6)

holds for all positive functions f and g if and only if the following conditions hold:

(i)

= 4s = o >
O N B e O L ) ey
= w w; Wy w(x)dr y < oo;
m A\ yl>z] ly|<|=| ly|<|=|

(i)

1

T2 2

“ 1=y \ 7 1t ”
e L () () s
A\ yl>z] \/IzI> 1yl |2I<ly]

@ =

(iii)

= / / / w / wy wy " (y)dy
"\ yl>lzl \ 2>yl l2I<lyl
1
o T/1 o °
X / w; P ; P2(x)dx p < oo
2] <|z|
11 1 1 1 1 1 1 1 1 1 1
where — = - - —, —=—-——and —= — — — = — — — — —.
m g p1 2 g P2 s T p2 9 P1 P2

2. PROOF OF THEOREM 1.
Proof. For the necessity of A, < oo, we fix x € (a,b) and test the inequality (1.3) with the functions

1_ /
f= X(a,z)W1 "

([ ([ o) ([ ) <o) ([ o)

which means that Ay < C.

and g = X(a,w)w;_p 2, obtaining immediately
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Conversely, let f, g be positive functions and let us define the sequence {z;} by xo = b and ;41 is
Tit1 T;

the unique number such that / f= f. Then

a

Tit+1

/b</xf)q(/;g) dw‘ZLﬂ(/& )(/{jgzqw(a:)dx
<2 [ () (L) = =3 ([0) [ (f ) vt
[z () L () o

=0
q

+Z (/:: > :+1 (/;1 g>qw(x)dx> = 84(I + II).

In order to estimate I, we apply Holder inequality and the condition and then take into account

that g > 1 as follows:

P
-Ti+1 Tit1 q
Tit2 Tit1
a < q
ﬂ?z+1 P1 Ti+1 Py Ti+1 Py Tit+1 N\ !
1— 2 1— Py
$z+2 $z+1 Ti42 a a

q

q
o a ) 4 .
271+1 . P1 xz+1 P2 b Tit1 1—p, o Tit1 1—p) ps
fPrun gP2wo w w, w,
Zz+2 Tig1 a a

q

(/a 9p2w2>p Z (/;J: fplwl)pql < Al </a gp2w2> (/ fp1w1> 1

=0

IN
0

~
Il

IN

-Mgzw

=0

.&8

Il
o

]

IN
s
N

For the estimation of I, let us split each interval (z;41, ;) by means of the sequence {zé} defined

%

. Z%4q z
by z§ = x; and, once given z , 2 G4 18 the unique number such that / ’ qg= / ‘J g. Then
z
o0

Tit1 i1
0 Ti4+1 T x q Ii+1 7 oo ZZ x q
I1 / f / / g w(z)dr = Z / Z/ / g | w(z)dz
; Tit2 Tit1 Tit1 i=0 Tit2 j=0 ]+1 $z+1
/ f Z / g / w| = 4qz g / w | .
Tit j=0 \’%it1 Z1 i=0 \’%it2 ] ]+2 %41

Applying Holder inequality, the condition and the facts that 4 > 1 and 4 > 1, we obtain that 17
b1 P2

q

I
18 L1

I
o

IN

()

is less than

9

a ) a . a .
. 00 Tl - P1 Tit1 19, pp Ziiq - P2 Zi1 1—p, D2 z;
4 E fPrun wy g g we Wy S w
i—0 Tit2 Tit2 §=0 2t z;.+2 Z;‘+1

Jj+2
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a ) a . a ) q
i Tit1 pp 2i P2 Zh P 2% P2 b
1—p/ 1 j+1 1—p/
S 44 / fpl w1 E / gpz Wy / w, Py / w, 12] W
Ti42 i a a 2t

i=0 j=0 \"”Z%j+2 j+1
q . a a a

o Tit1 py © Z.;'-H P2 oo Tit1 P1 T; P2
< 4quL Z / Py Z / gP2ws < 4qA‘1L Z / Py / P> ws

i=0 \”/Tit+2 j=0 \”Zj+2 i=0 \7Ti+2 Tit1

q
b oy 0 Tit1 P1 b o b ey
<4149 / P2 ws Z / Py < 49A% / Py / gP2ws )
a i=0 Tit2 a a

This shows that

1

(/ab (/:f>q </:g>qw(x)dx); <8(1447)14y </abfp1w1>?11 </abgp2w2>pz7

and we are done.

3. PROOF OF THEOREM 2.

Proof. The necessity of condition (i) follows as in Theorem 1, obtaining A7, < C'. For the necessity of
condition (ii), we observe that (1.3) is equivalent to

(L) ([ ) o) <o ([o)™ o

This means that the Hardy operator is bounded from LP2(ws) to L%(u), where

we) = ([l ) ot

and the constant C' does not depend on f.
Since ¢ < p2, by Theorem A, the inequality (3.1) implies

[ ) 0]

or, equivalently,
_1

b, b . N c R
L[ r) )™ (fFor) b <ot (52) 7 sl
a z a a o

This inequality implies immediately that

r2
q

r2
q

_ 1
7

LU (L) (o) o] o0t () F



10 M. I. AGUILAR, P. ORTEGA, AND C. RAMIREZ

which means that the Hardy operator P f(z / f is bounded from LP*(w;) to L™(a), where

r2 2

o= ([ ([ 7)o

Since ry > pl, applying Theorem A, this inequality holds if and only if By < oo. Moreover

C>q (p2q By
T

For the sufficiency of the conditions, we work exactly as in the proof Theorem 1, obtaining

LU onssosm

where
e Tit1 1 Tiv1 \ 4 T
= (L) () (L
i=0 Ti+2 a Ti+1
and
oo Tit1 q x; T q
Il = Z (/ f) / (/ g) w(z)dx.
i—0 Tit2 Tit1 Tig1

Proceeding as in the proof of Theorem 1, we obtain, by means of condition (i),

b g b 9
I< A% (/ fp1w1> P1 (/ gp2w2> P2 .

(3.2)

(3.3)

In order to estimate II, we work as in the proof of Mazja’s Theorem (see Theorem 1.15 in [15]),

obtaining, for every ¢,

T; x q
/ / g | w(z)dr
Tit1 Tit1
q b T r
T P2 €Ty q y - o
cos ([ ([ )7 () o
Tit1 Ti4+1 ) a

Then, applying (3.4), Holder inequality and condition (ii), we have

$z+1 g Z; P2
IT <q(ph)i~ IZ / / gP?wo X
Tit2 Tit+1
€Ty b ? ) / % o
/ ([o) " ([a)" wb
Tit1 y a
oo Ti+1 P1 X4 p2
/2)KI—1 Z / Pl / gP2ws %
i=0 Tit+2 Tit+1
L) (1 ()
Ti42 Ti+1

S
U3
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(3.5)

Since L > 1, from (3.5) we get

p1
b »r[ b P2
IT < q(p)*~' B} (/ fp1w1> (/ gp2w2> : (3.6)

Finally, from (3.2), (3.3) and (3.6) we obtain

1

(L) () s st ([ o) (o)

and we are done. O

4. PROOF OF THEOREM 3.

Proof. The necessity of the conditions follows as in Theorem 2. Observe that, by simmetry, the
condition C, < oo can be deduced from (1.3) as By, < oo was deduced in the proof of Theorem 2.
For the sufficiency, we work again as in the proof of Theorem 1 and get

/ab </m f)q </w g>qw(”“”)d$ < 8U(I + I1).

Let us estimate I. Applying twice Holder inequality, we obtain

S ()

|
(]

[A
8
N
t;\
s 3
¥ ¢
vo¥
&H
S
S
=
~__—
=)
7
;-z\
¥ 8
vo¥
S
[
=
~
iy
S
I &
g
~
VR
@\g
E
Q
N———
<

9 1 1 e
Tit1 P1 0 X1 1yt E x; q Tit1 T1 "1
< <§ / fp1w1> ( (/ w; p1> (/ w) (/ g> (4.1)
Tit2 i—=0 Tit2 Tit1 a

LN i TN\ 7
s Tigr o\ Py T q X [Tit !
< ( fplwl) Z </ wi pl) ( w> Z/ g
a i=0 Ti+2 Ti+1 j=1 Tj+2
q T n o
b p1 o0 Tit1 l—p/ p/I x; q N " 1
- </ fp1w1> Z / wy w (h ({an})(z)) ,
a i=0 Tit2 Tit1
Tn+1
where h™ ({a,})(i Z ay, and a, = / g for all n.

Tn+2
Observe that h' is nothlng but the discrete Hardy operator. Applying the well-known results about
the weighted inequalities for h™ (see [17]) and taking into account that ps < 71, we have that
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1 q

5 < / o w}‘%)pl ( / w) "t aho)™ | <c (ZG%J ENER )
: Tipo Tigr1 =0

=0

whenever {v;} to be a sequence verifying

o) L\ - a
m Titl p T; ql ! s 1y Py
K = sup Z / w; / w Zvi P2 < 0. (4.3)
m=20 \ "7 Tito Tit1 i—m
-2
Tit1 1—p! Y
In such a case, the constant C' in (4.2) verifies C < 49K9. Let v; = / wy . Let us see
Tit2

that for this sequence {v;}, the condition (4.3) holds. Let m > 0. Then

1
TN o
m Tit1 q 1 oo P’
ap) 1-pj | 2
w, w v,
i=0 \7%i+2 ﬂcz+1 —
m /J3L+1
Ti+2

3
~=

IA
(\
M= L
—
N

r 1 T L/
Tm+1 T , q Tm q , Tm+1 / Py
1— 1— 1—
+ / / w, / w |  w P (x)de / wy
Tm+42 Tm+2 Tm+1 Tm+2
z1 £ 1-p! a b a 1—p! Tm+2 1—p! h
P11 P P2
/ / wy / w| w; Hx)dz (/ W,
Tm+2 Tm+2 x a
1
1 x Y b 1 Tmt1 £
1-p} 1-p} 1-pf \ P2
/ / w; w| w, (x)dr W,
Tm+1 \Y Tm+1 x a
% Tm+1 L/ Tm+1 1, / 1
m 1-p- \ P1 m 1- Py "
< ) w </ wy P1 w, P <20+ Ap,.
Tm+1 a a 7"1

Therefore, (4.2) holds. Transporting (4.2) to (4.1) and applying Holder inequality, we obtain

IN

_l’_

q

- 1 b o zigr \ 72 Tit1 _%Z 2
I <4920+ <p1> AL (/ fp1w1> > / g / wy
1 a ; Tit2 Tit2

=0
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/ % q b ﬁ
49 (20; + (pl) AL (/ fplwl) x
T a
Py _P2\ &
o Tit1 Tikl ph Tivl vh P2
3 / 0 / Wi / Wi
i=0 Tit2 Tit2 Tit2 (4 4)
1 q " @ € '
P1 Ti4+1 P2
2CL+< > Ap ( fp1w1> Z gPw
1 a Ti42
ACRANE. i &
41120, + | = Ap / fPlwy / gP2 w9 .
1 a a
For the estimation of 11, we work as in the estimation of I1 in Theorem 2, obtaining
g g
Ti4+1 Pr1 X; P2
IT < q(ph)i~t Z / Py / gP2ws
Ti4+2 Ti41
q
o r2 7 2
Tit1 o\ P T T q Yy q o
x (/ % ) [ ([ ) (/ wh ) wh i)y
Tit2 Tit1 Y Tit1
Now, applying condition (éi) and Holder inequality and taking into account that s > 1, we get
p2
9 9
Tit1 r1 Ty P2
II <q q 1Bzz / fplwl / gp2w2
X420 Ti41
a L\ -
Tip1 p1 [ © z; pz |\ !
Y- qu Z/ Py Z / P> ws
Ti42 i=0 Ti41
b VA Py
< q(ph)"'BY </ fp1w1> </ gp2w2> )
a a
From the above estimates, we finally get
A 3
Il <8 (800 +4 (2) " A1 +04 67 B ) 1l
as we wished to prove.
O
5. PROOF OF THEOREM 4
Proof. For the necessity, we begin by showing that (1.3) implies Dy, < occ.
The inequality (1.3) is equivalent to
1
b z \4¢ z g q 3 b I
</ (/ f) (/ ) w(:z:)da:) <C (/ fp1w1> . (5.1)
a a a HgHP27w2 a

This means that the Hardy operator is bounded from LP!(w;) to L4(u), where

o) = ([ ) ot
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and the constant C' does not depend on g.
Since g < p1, applying Theorem A, the inequality (5.1) implies

/ab </: (/:Mim)qw(t)dtf (/jwi_paﬁ (/ax W)qw(x)dx

1

/ - -
cor ()7 ()
1 P

or, equivalently,

1
1

T r oo

(L o)’ (o) ([

1

1
1 plg\ "7 g\t
<og e (2 4 .
<ca s (B2) 7 () ol

This inequality implies immediately that

LU () (2)" o

x
which means that the Hardy operator Pg(z) = / g is bounded from LP2(wsy) to L™ (u), where
a

()" ([ ) o

Since ps > r1, applying Theorem A, this inequality holds if and only if

1
1

-
w(z)dzx < Cq_% (plq)

1

m\‘H

ks
=
N
@\&
S
==
<
=
~__
Lt

i 1
L b b\ po x N\ s
DL:{/ </ u) 2(/ w% p2>p2u(x)da:} < 00,
1 1 1

where — = — — —, and

S 1 P2
(P (g \T L A\ T ()¢
Cq « ” - ZDLrl - — .
1 V41 S 1

b x ,
Taking into account that / u > = (/ wi_pl)
xT 71 a

3Lnd(rl_|_1>8_|_T1:5—|—S,vveobtabinDL<ooand
P p2 P1 P11 P2

Q|3
==

pip2 D)

b %H T s r
(/ w) and the identities —,1——1——1 =
X
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In order to prove F;, < oo we begin as in the proof of Dy < co. We have proved that (1.3) is
equivalent to the Hardy operator to be bounded from LP'(w;) to L%(u), where

we) = ([ ) wto

and the constant C' does not depend on g.
Since ¢ < p1, by Theorem A, the inequality (5.1) implies

[ ) o)

or, equivalently,
1
L 1

by opb s ot N4 TN o\ T
/</ (/ g) w(t)dt> (/ w! pl) wy P (z)dr y < Cq q(fj}lq> 1191 |pa s

This inequality implies immediately that

1
1

T1 r
T o\ o 1 / -

( / ! ) WP b < Cq (M)
a

N
q

Q|

N
q

‘»-.
=

b T \T1 b %1 x 4 " N\~
1—p, \ ¢ 1—9p/, _1(Dpiq q
/ </ g> (/ w> (/ wy P1> wy & (l‘)d$ <Cq ¢ ( ! ) ”9HP2,w2’
a a x a 1

which means that the Hardy operator P is bounded from LP2(ws) to L™ (u), where

~|

T

o= ([ ([ )" i

Since ps > r1, applying Theorem A, this inequality holds if and only if F7, < co. Moreover

1 1 1
1 / - TL L\ o % e\ 1 / P
Cq (%}f) > Frr)! (p281> Yie, O R <p281> L (plq)q .

1
Observe that, by simmetry, the condition E; < oo can be deduced from (1.3) as Fp < oo was

»Q\‘H

1 1
1 (phq\ 7 &= [(Pire\ "
deduced in the above proof. Moreover, C' > Ejqq (WJ) ! o’ <pl2> ’
9 S

For the sufficiency, we work as in Theorem 3, obtaining

UL (f ) =

and
r r a
b ﬁ 00 Tit1 1w ﬁ z; 71 . T
I< (/ fmw1> > / w; 7 / w| (A {a})@)" ] (5.2)
a i=0 Ti+2 Tit+1
e Tn+1
where h* ({a,})(i) = Zan and a, = / g for all n.
j=i Tn+2

Applying the well-known results about the weighted inequalities for h™ (see [17]) and taking into
account that r; < ps, we have that the inequality
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T 4q
e Tit1 1 - ﬁ z; T . 1 o0 o
A\ 71
Z / wy; / w (h*({an})(4)) <C Zafzvi , (5.3)
i—0 Tit2 Tit1 1=0
holds whenever {v;} to be a sequence verifying
s 1
00 n Tig1 ;Tl . % T (9] o °
i 1 1 _ 1 _n
K = Z Z / wi Pl / w Zvll = on P2 < 00. (5.4)
n=0 \i=0 \*7Ti+2 Tit1 i=n
11
In such a case, the constant C' in (5.3) verifies Ci < r{*(ph))"" K. Again as in the proof of Theorem

—po
/

Ti41 Py
3, let v; = ws P2 . Let us see that for this sequence {v;}, the condition (5.4) holds:
2
€T

i+2
R
U
AN wi P
2
Tn42

1 r 1
s n Tit1 A\ Pl x; q ! Tnil , ?"’1+
7 1-p 1-p
<2m E wy ! w wy 7
— T; Tn42

\
T
X
==
=
=
o~
¥ o8
*
S
_
VR
9\
§
+
=
N =
3

n=0 \ i=0 Tit2 i+1
S
e T _—
s X n Tl ﬁ zi T\ Tnt2 ﬁ Tntl
+2M g / wy / w / W P2 / w, P2
n=0 \ i=0 Ti+2 Tit1 a T2
=J1+J2
Let us estimate Ji:
. S
= i . Tkl g ;71 i %1 " £ 1—p! % 1—p!
! P Py —P3
J1=2 1 g / E / wy / w / w, wy 2 (x)dx
Tn+42 i=0 Tit2 Tit1 Tn+2
S
Tl 7‘1 —_ S
o rx n-1 x; A @ e\ T =
S n+1 i+1 1_ , Py i 1—p! 1 1—7pl,
<2°— E / w, w wy 2 wy P2 (z)dx
P2 n=0" Tn+2 i=0 Ti42 Tit1 Tn+2
S S S
+25i /x7b+1 w1 pl Py /mn w /anrl wlfplz Py
/ E : 1 2
p2 n=0 Tn42 Tn+1 Tn+2
S
1 1 E
T v b
T1 ntl 1— N7 1-p! ?
s 2 E 141 Dy
Pz Tpt2 Tn+1 Y
i
1— 1—p/
X w2 p2> wy 2 (x)da
a
S

7 E]
+1 P fcn+2 Tn+1 7
1 1 q 1—p \ Ph
i Z/ / - w) </ = p2> vl
p2q Tpn41 Tn42 a
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T O [T+t b Yo N b
<ot (D) [ ([ e e ()
Py \P1 =0 Tnt2 x a y
T '\ 7
X </ w§p2> ! w; P2 (z)dx
a
o, o b ﬁ—i_% T ) 7
S / </ 1);01 (/ w) </ w; p2>P2 U}(:L')d:,v
p2qn 07 %Tn+1 a T a
b b y , L b ?1 z N\ )
<ot () L) o ([o) a) ([u) o
P2 \P1 a x a Yy a

b = b N\ pr e ;
s [ (o) () ([ ) o
p2 q a x a

= 28}7 (p}) F} + 28p qu < .
2 1 2

Now, we estimate Js in the same way:

S
s 1 e s

1 ) 7 ) o 1
Tn+1 n Ti4+1 7\ P1 Tq 4 T / ! /
1- 1-ph \ ™1 1-
Jo <28 E / (/ w; pl) / w </ Wy p2) wy 2 (z)dx
T; Tit1 a

Tn+2 i4+2
i~ Tn+1 i Tn 2 Tn+1 , i/
1 1— 2
+232 / w, -p} / w (/ w, Pz) 2
n=0 xn+2 Tn41 a
T
<2° (,1) F+2°2D3 < o0
V41 q

Therefore, (5.4) holds, which implies (5.3). Transporting (5.3) to (5.2) and working exactly as in

(4.4), we obtain
</ FL -+ DL / fpl'u)l / gp2w2 .
pl a a
For the estimation of I/, we begin as in the estimation of I1 in Theorems 2 and 3, obtaining
9 9
Ti41 p1 x4 P2
IT < q(ph)" 12 / P / 9P w
Ti42 Ti41
= r2
Xi41 Py T4 T q Yy ! )
x(/ ) () (o) o
xT; Tit1 Yy Ti41

i+2

» hQ

9 9
I <7t (ph)m2e ( + 1)
p2

Q\‘G
Sle

s
Applying now the triple Holder inequality with exponents ﬂ, P2 ond —, we have
qa q q
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4 g
b P1 b P2
1T < q(ph)*™! </ fp1w1> (/ gp2w2>
a a
> Tiyr T T 2 Y o o
AS (L) () ([ ) i e
Ti42 Tit+1 ) Ti+1

=0

43
3
w

o
=]

If we call S the sum in brackets in the above inequality, it is simple to see that S < pi,Ei:
1

s ) =
O rxig T rh @ T 2 y q "2
8 ! 2 ' q ! !
S :,Z/ / wi P1 wi Pi(z)de / </ w) / w; P2 w; P2 (y)dy
Py i=0 Y Ti+2 Tit+2 Tit+1 Y Tit1
r ry =3 s
o pxiq b b q Y 7 x 7
S ) o ) r )
< /Z/ / </ ’LU> </ w; P2>‘1 w; pQ(y)dy </ wi Pl) 2 wi pl(w)d.%’
Dy i=0 Y Tit+2 T Y a a
s
= —E;.
Py
Then
q a a
1/ S \¢ b P1 b P2
IT<q(py)™" | ) Ef / fPrwy / g w2
pl a a
and we are done.
O

REFERENCES

[1] M. I. Aguilar Caifiestro and P. Ortega Salvador, Boundedness of Generalized Hardy operators on weighted Amalgam
spaces, Math. Inequal. Appl. 13 (2010), no. 2, 305-318.

[2] J. Bradley, Hardy inequalities with mized norms, Canad. Math. Bull. 21 (1978), no. 4, 405-408.

[3] C. Carton-Lebrun, H. P. Heinig and S. C. Hofmann, Integral operators on weighted amalgams, Studia Math. 109
(1994), no. 2, 133-157.

[4] M. Cwikel and R. Kerman, Positive multilinear operators acting on weighted L? spaces, J. Funct. Anal. 106 (1992),
no. 1, 130-144.

[5] P. Drébek, H. P. Heinig and A. Kufner, Higher-dimensional Hardy inequality, General inequalities, 7 (Oberwolfach,
1995), 316, Internat. Ser. Numer. Math., 123, Birkhuser, Basel, 1997.

[6] Zunwei Fu, L. Grafakos, Shanzhen Lu and Fayou Zhao, Sharp bounds for m-linear Hardy and Hilbert operators, to
appear in Houston J. Math..

[7] L. Grafakos and R. H. Torres, A multilinear Schur test and multiplier operators, J. Funct. Anal. 187 (2001), no. 1,

1-24.

[8] G. H. Hardy, Note on a theorem of Hilbert, Math. Z. 6 (1920), no. 3-4, 314-317.

[9] G. H. Hardy, J. E. Littlewood and G. Pdlya, Inequalities, Cambridge Univ. Press, 1952.

[10] A. Kufner and L. E. Persson, Weighted inequalities of Hardy type, World Scientific, 2003.

[11] A. Lerner, S. Ombrosi, C. Pérez, R. H. Torres and R. Trujillo-Gonzdlez, New mazimal functions and multiple weights

for the multilinear Calderdn-Zygmund theory, Adv. Math. 220 (2009), no. 4, 1222-1264.
[12] F. J. Martin-Reyes, P. Ortega Salvador and M. D. Sarrién, Boundedness of operators of Hardy type in AP*?-spaces
and weighted mized inequalities for singular integral operators, Proc. Royal Soc. Edinburgh 127A (1997), 157-170.

[13] V. G. Maz’ja, Sobolev Spaces, Springer-Verlag, 1985.

[14] B. Muckenhoupt, Hardy’s inequality with weights, Studia Math. 44 (1972), 31-38.

] B. Opic and A. Kufner, Hardy-type inequalities, Longman, 1990.
| P. Ortega Salvador and C. Ramirez Torreblanca, Hardy operators on weighted amalgams, Proc. Roy. Soc. Edinburgh

Sect. A 140 (2010), no. 1, 175-188.

[17] G. Sinnamon, Spaces defined by their level function and their duals, Studia Math. 111 (1994), no.1, 19-52.



WEIGHTED BILINEAR HARDY INEQUALITIES 19

M. ISABEL AGUILAR CANESTRO, ANALISIS MATEMATICO, FACULTAD DE CIENCIAS, UNIVERSIDAD DE MALAGA, 29071

MALAGA, SPAIN
E-mail address: mi_aguilar@hotmail.com

PEDRO ORTEGA SALVADOR, ANALISIS MATEMATICO, FACULTAD DE CIENCIAS, UNIVERSIDAD DE MALAGA, 29071

MALAGA, SPAIN
E-mail address: portega@uma.es

C. RAMIREZ TORREBLANCA, DEPARTAMENTO DE MATEMATICAS, ESCUELA POLITECNICA SUPERIOR, UNIVERSIDAD
DE CORDOBA, CORDOBA, SPAIN
E-mail address: malratoc@uco.es



