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Abstract

In real-life mechanical engineering applications it is often complex to achieve an optimal multi-

objective design, because of the costs related to fabrication and test of different prototypes. For

this reason, the use of computational tools is a recommended practice. In this work, the design of

an efficient mixing mechanical device composed of a rectangular pillar confined in a microchannel

is aided by Machine Learning techniques (addressed as Machine Learning-Aided Design Optimi-

sation, MLADO, proposed in this work). A Random Forest classifier is trained to predict which

geometric configuration may lead to vortex shedding. Later, a multi-objective optimisation prob-

lem is investigated, which consists of minimising the required pumping power and maximising the

mixing efficiency under some design constrains. If extra training data are desired for surrogates,

the Random Forest classifier can be used to predict whether is worthy or not to simulate the new

configuration, avoiding to run irrelevant computational intensive cases and accelerating the data-

driven process. The resulting optimal designs from using the NSGA-II Genetic Algorithm on the

surrogates are simulated and their performance is shown. The optimal geometric configurations,

even for very unfavourable mixing conditions and a medium-low Reynolds number of 200, give a

maximum mixing efficiency of around 50% at very low pumping power cost in a short channel,

outperforming existing devices in the literature. The MLADO framework followed in this work can

be easily extendable and automated for other similar design processes in mechanical engineering

at any scale, by including shape parametrisation strategies.
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1. Introduction

To achieve a proper mixing is crucial for many medical, chemical, biological and industrial

applications, such as medical devices to prevent thrombosis formation [1], reaction enhancement

in chemical&pharmaceutical applications [2], gas turbine combustors [3] or heat transfer augmen-

tation using vortex generators and nanofluids [4]. In addition, micromechanics&microfluidics is a

field of research which has gained plenty of attention in recent years due to its multiple applications

in the mentioned areas. Among some of these applications one could highlight LOC (Lab on a

Chip) devices, which are small devices that integrate one or more laboratory functions on a single

chip [5]. Within the field of mixing, this type of device has some advantages, such as low fluid con-

sumption, fast response times due to its small dimensions and the possibility of mass production.

Examples of LOC devices include those used in clinical analysis for the early detection of cancer or

for the detection of diseases such as HIV, malaria or many other pathologies [6, 7]. An important

field of application of mixing is the COVID-19 disease. The recent global pandemic highlights the

use and need to develop inexpensive and rapid microdetection devices, since some parts of the

current RT-PCR (Reverse Transcriptase-Polymerase Chain Reaction) detection protocol involve

mixing and high cost centrifugation with body fluid samples and chemical reagents [8]. Further-

more, some vaccines for COVID-19, such as the Pfizer-BioNTech COVID-19 Vaccine, requires the

mixing with a diluent in the preparation right before administration [9]. This mixing is performed

by trained nurses manually by inverting a container several times and under the indication of no

shaking [10].

This work aims to design an efficient, passive and cheap microdevice for heat and/or species

mixing by means of vortex shedding mechanism generated when two fluids interact with a pillar

structure confined in a channel. Opposite to the passive microdevices, where no additional energy

needs are required (except the pressure difference for fluid motion), are the active microdevices. For

active microdevices, extra energy consumption is necessary to enhance the efficiency of the devices.

In this sense, previous works of the same research group [11, 12, 13] carried out studies about

microdevices with a moving central pillar in a channel which undergoes heaving, pitching, and

heaving&pitching motion, respectively. For the three different tested motions, optimal values of the

input parameters (frequency and amplitude of each motion) are given for their best performance.

Regarding the present microdevice, a sketch of its geometry is depicted in Figure 1. Despite the

main purpose of this device is a microscale application within the UMA18-FEDERJA-184 project,
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the performance of this device can be applied to larger scale mechanics. The parameters of interest

for optimal design are pillar dimensions, in terms of the aspect ratio AR and blockage ratio BR,

and the Reynolds number Re. The axial position Lu of the pillar with respect to the inlet is not

relevant since the flow is assumed to be fully-developed across the 2D channel of width H. The

downstream length is also assumed to be long enough as no impact on the simulation is noticed

by the outlet. More details on the geometry and computation will be given in Section 2.

The fluid mechanism responsible for an adequate mixing in this device is the vortex shedding

generated downstream the pillar. This well-known flow behaviour was studied by [14] more than a

century ago, followed by [15, 16], and of course by [17], which finally led to the assignation of the

“von Karman streets” name to this type of fluid wake. Since then, these flow structures have been

vastly investigated by a large number of authors, either from a theoretical, numerical or experi-

mental side. Some authors have focused for instance on the use of different pillar shapes [18, 19],

on analysing the frequency of the shedding [20, 21], the noise emission [22, 23], the species/heat

mixing effect [24, 25], etc. Despite vortex shedding has been studied in the literature extensively,

there are still many recent and on-going investigations on the flow physics of this phenomenon.

For instance, [26] studied experimentally vortex shedding past a circular cylinder in the subcritical

regime. The early separation at this regime leads to large wakes, which are studied by means of

Particle Image Velocimetry (PIV) and pressure surface measurements. Proper Orthogonal Decom-

position (POD) is also applied to study the pressure fluctuations, observing primarily two modes

(antisymmetric mode and symmetric mode), which determine the vortex shedding characteristics.

Vortex shedding wakes of a circular cylinder with fins are analysed experimentally in [27]. They

analysed the flow in the subcritical regime and using the same techniques as [26]. In their study

they concluded that the addition of fins to a cylinder changes the flow distribution around the

cylinder. They observed that as the diameter ratio between the cylinder and fins is increased,

the recirculation region behind is reduced. In [28] a laminar flow through arrays of square cylin-

ders is studied numerically to predict the transition behaviour depending on the density of pins

(solid fraction). Several interesting relations are found to demonstrate how the critical Reynolds

number, individual critical Reynolds number and the Roshko number are influenced by the solid

fraction. In [25] laminar flow-induced vibration of a D-section cylinder in a channel is studied for

heat transfer enhancement by means of numerical simulations. In this work, the channel walls

are heated and the effect of the galloping motion of the D-section cylinder on the generation of

3



vortex streets is analysed. They concluded that the disruption of the thermal boundary layer due

to the interaction with the D-section cylinder and the downstream periodic vortical structures is

critical for the increase in heat transfer. Finally, some researchers have oriented recently their

efforts to study the suppression of vortex shedding as, for instance, the investigation carried out

in [29]. In their work, a complete compressible flow model including thermophysical properties is

used to replicate large-scale heating effects of a laminar flow past a square cylinder. The effect

of large-scale heating effects in the suppression of vortex shedding is discussed, and the effect of

buoyancy effects due to variations in transport properties is found important in the suppression.

For a more extensive review on the many different aspects of the present configuration studied

in the literature, we refer the reader to our precedent paper [30], where the onset of the vortex

shedding is characterized for a fixed value of BR. In [30] is also shown the good performance

of the vortex shedding mechanism for mixing fluids in a specific configuration, concluding that

vortex shedding can enhance the mixing efficiency more than a 50% and decrease the mixing cost

two order of magnitude with respect to configurations without vortex shedding. However, despite

the large research evidence in the literature, there are still applications of this flow problem under

consideration for improvement, as the present work. Therefore, the current investigation could be

considered a continuation of the univariate exploratory investigation developed in [30], but in the

present work a multi-objective optimisation framework involving all parameters in a multivariate

approach and Machine Learning classification algorithms is introduced and tested to design an

optimal microdevice.

An initial objective in the present paper is to be able to predict whether vortex shedding may or

may not take place. It is important to know beforehand if a design will lead to this phenomenon,

because of the importance in the mixing process and the limitations in the AR, BR and Re.

Since the potential applicability of the device is for micromechanics&microfluidics in medical,

pharmaceutical or biological applications, the maximum Re, due to the very reduced dimensions

of the device, will be restricted to Re ≤ 200. On the other hand, AR and BR are constrained by

the geometry of the pillar and channel itself. Therefore, under these constrains may be complex to

achieve a good design. To predict the appearance of vortex shedding in this work, Machine Learning

classification algorithms [31, 32, 33] are used. According to [34], Machine Learning “usually refers

to changes in systems that perform tasks associated with artificial intelligence (AI)”. It must

be outlined that the present investigation is aimed at achieving vortex shedding, because of the
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enhancement of mixing. However, the Machine Learning predictive models provided in this work

can be used to avoid designs that lead to vortex shedding because of potential undesired effects

e.g. in efficiency of downstream elements [35, 36], generate resonance [37, 38] or noise emission

[39, 40, 41]. Within this design context, the use of this type of predictive models can be a matter

of interest in the Digital Twin modelling [42], which consists of the integration of virtual and

physical designs to share data between them constantly. This makes Digital Twin one of the most

promising technologies to revolutionise smart manufacturing in industry 4.0.

Concretely, Logistic Regression and Random Forest are the classification techniques used in

the present work. Logistic Regression (LR) [43, 44, 45] is used as a model to assign a probability,

which is a number ranging between 0 and 1. The LR has the following form:

PLR(ξ) =
1

1 + exp(−z(ξ))
, (1)

with ξ the vector of design variables space and the regression function z(ξ) modelled as:

z(ξ) = α0 +
k∑
i=1

αizi(ξ), (2)

where αi are the coefficients to estimate and zi(ξ) are the independent literal function terms of the

monomials. These can be designed for linear or non-linear regression. zi(ξ) are the design space

variables ξi in case of first order linear regression modelling. Higher-order polinomials or variable

transformations can be also tried in linear logistic regression. Once the probability is calculated,

one can define a threshold above which the cases can be classified as positive (1) and vice-versa

to define negatives (0). This threshold is usually the intermediate value 0.5, but may change

depending on the application. LR is a very popular predictive model in medical and biological

sciences, due to the facility to interpret the results, as opposite to, e.g., Deep Learning methods [46].

However, no applications in industrial aerodynamics have been found in our literature survey. We

rather suggest the reader to see medical applications in fluid dynamics [47, 48, 49] to comprehend

the goodness of the method.

Another interesting but more complex predictor model is the namely Random Forest (RF), first

presented by Breiman [32]. RF is an advanced decision tree method [50, 51], which consists of a

combination of trees in an ensembled learning way, and by creating these predictor trees based on

a randomised sampling (namely bootstrap with or without replacement, which means to re-select

or not already selected samples) on the original data set. Ensemble learning means to use different
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predictors trained for the same task to further combine them [52]. RF has been established in

the Machine Learning literature as a very robust and accurate method, becoming one of the most

popular predicting algorithms in the current Big Data era [53], as can be seen in the vast amount

of works in the literature. For this reason, since in the present work there is no new development

on the method and this is an application of RF, no theoretical descriptions are given here. We

suggest the reader to see these popular books and publications on the RF algorithm formalities:

[32, 54, 55, 56].

To the knowledge of the authors, there are no works in the literature on the use of such

classification techniques to predict the generation of vortex shedding, which is of importance in

this work to achieve a desired mixing. The predictors also permit to decide whether or not

simulate a new case (sample point) for the functions to evaluate in the optimisation process, as

will be explained later. Despite this dearth of literature, other few works using also Artificial

Intelligent (AI) algorithms for flow predictions can be found in previous works (not considering

turbulence, of course, which is a field where the use of AI in fluid dynamics is becoming a hot-

topic). For instance in the very recent work in [57], Deep Neural Networks are used to study the

Vortex Induced Vibrations (VIV) for a given structure. In this work, the authors demonstrated

that their predictive model (namely Physics Informed Learning Machines [58]) can infer the flow

characteristic from scattered snapshot data. They did demonstrate that can infer lift and drag

from limited velocity data, and also obtained other quantities of interest with the same procedure.

The authors further demonstrated that from smoke or dying visualisations one can use these AI

techniques and extract flow quantities of interest, namely “Hidden Fluid Dynamics”, whose work

has been published last year in Science [59]. In [60], Deep Neural Networks and Random Forest

are used for tracking of chemical leaks using CFD data, which is an important issue in chemical

plants due to the potential disastrous effects that may take place in the event of leak. In [61],

Random Forests are used to predict the degree of erosion due to solid particles in pipe elbows,

problem specially relevant in the oil&gas industry, since severe damage can lead to hydrocarbon

leaks. Several Machine Learning techniques were tested, and Random Forest performed the best.

In [62], cerebral aneurysm is studied by means of creating a Supported Vector Machines (SVM)

classificator for rupture risk prediction, which is supported by CFD simulations. No more Machine

Learning classification-based works were identified during our review. However, Machine Learning

is a broad field, which includes more applications than classification. Many authors did apply
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Machine Learning in surrogate-based optimisation [63, 64] or Uncertainty Quantification (UQ)

[65, 66, 67]. Among these techniques used in optimisation or UQ one can find the Gaussian

Processes or Kriging interpolation [34], which are used in this work to generate surrogates, also

known as Response Surfaces or metamodels. These surrogates are the starting point for the

optimisation process. Kriging aims at obtaining an approximation of an exact model with the

form:

y(ξ) = ŷ(ξ) + ε(ξ), (3)

where y is the exact model, ŷ is the surrogate model and ε the error between the surrogate and

the exact model, all defined in the parameter space ξ. Kriging is deployed in two-steps: first a

regression function f(ξ) is generated based on the data set, and which is intended to capture the

largest variance in data (the general “trend”). Second, a Gaussian process Z(ξ) is built upon,

obtaining the expression:

ŷKG(ξ) = f̂(ξ) + Z(ξ) =
k∑
i=1

γifi(ξ) + Z(ξ), (4)

where f(ξ) stands for the k × 1 vector of basis regression functions [f1(ξ) f2(ξ)...fk(ξ)] and γi

denotes the coefficients. Depending on the order of the regression, the method is called Universal

Kriging (f(ξ) is a multivariate polynomial of order n ≥ 1), Ordinary Kriging (f(ξ) = γ0, with

γ0 an unknown coefficient to estimate) or Simple Kriging (f(ξ) = constant). There is a vast

literature on the method on the theoretical and practical aspects. For further details see for instance

[68, 69, 70, 71]. Examples of application of this popular method are aircraft wing optimisation

under a large number of design parameters [72], optimisation of an opening ventilator shaft for the

ventilation of an underground shelter [73], the aerodynamic optimisation in civil engineering [74],

CFD-based optimisation of aeronautical combustion chambers [75] or optimal design of centrifugal

pumps [76].

Once the surrogates are available as costless functions to evaluate, these have to be explored to

achieve the optimal design. For this purpose, the popular Non-dominated Sorting Genetic Algo-

rithm NSGA-II algorithm is used [77], which is an improved version of the original NSGA algorithm

[78, 79]. NSGA-II is a powerful Genetic Algorithm (GA) with a formulation of non-elitism. The

lack of elitism means that each solution is “ranked” according to the level of non-domination, for

the sake of aiming at non-dominated solutions more directly. GAs are popular because of their

ability to mimic the evolutionary ideas of natural selection and genetics according to the “survival
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of the fittest” theory. This makes the method very helpful as adaptive search algorithm for opti-

misation problems, even for non-linear optimisation in complex engineering problems [80, 81, 82].

These algorithms are robust and have a good performance in complex optimisation scenarios. A

formal description of the method can be found in [77]. Many examples on using the NGSA-II

algorithm can be found in the CFD optimisation literature. For instance, in [83] an axial com-

pressor is optimised to obtain the maximum efficiency at the design and choked working points.

In [84], a wavy fin-and-elliptical tube heat exchanger has been optimised in order to maximise

heat transfer and minimise pressure drop. In [85], an Autonomous Underwater Vehicle (AUV) is

analysed. Their study consisted of integrating a Computer Aided Design (CAD) tool with CFD

to obtain an optimal vehicle geometry in terms of a minimum drag and maximum nominal wake

fraction and total volume. Radial Basis Functions (RBF) interpolation is also a popular method

in the literature to define metamodels suitable for optimisation. In [86] and [87] the RBF meta-

modelling approach is described. An aeronautical advanced application successfully exploiting

the RBF approach is [88], where a numerical shape optimisation framework is followed using mesh

morphing with RBF to optimise the performance of a glider suffering important wing-fuselage joint

separation. Another example in the use of RBF in optimisation is [89], where stochastic RBF are

used to create multi-fidelity metamodels in an adaptive grid environment for optimisation purposes.

To conclude this section, the structure of the paper is outlined. First, in Section 2 a description

on the geometry and computational considerations are given. In Section 3 the MLADO framework

is introduced and explained. In Section 4 a vortex shedding predictor is developed. This predictor

allows to know beforehand if a configuration will exhibit vortex shedding or not in the compu-

tations. Later, surrogates are built in Section 5. In the event of needing extra data points for

the surrogates, the vortex shedding predictor can be used for evaluation and to avoid to compute

vortex-free simulations (the computational URANS require computational efforts), which accel-

erates the design life-cycle. Then, the multi-objective optimisation NGSA-II is deployed on the

surrogates. Finally, Section 6 is devoted to the final conclusions from this investigation.

2. Computational Geometry and Numerical Approach

The geometry of the microdevice under study is shown in Fig. 1: a two-dimensional (2D)

rectangular pillar (which is h and l meters long in the x and y-direction, respectively) is located
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Figure 1: Sketch of the geometry.

at the centreline of a straight H-meter-wide microchannel. This means a pillar-to-channel width

ratio, i.e. a blockage ratio BR, of h
H

and a length-to-width pillar ratio, i.e. the aspect ratio AR,

of l
h
; the pillar is centered at the origin of coordinates (x, y), being the channel inlet at a distance

Lu meters upstream the front face of the pillar, while the channel is L meters length.

At the channel inlet, a fully developed laminar flow of two identical fluids with different values

of a scalar magnitude Y for mixing purposes (for instance, temperature or mass fraction), scalar

diffusivity coefficient Dc (for the temperature Dc would be thermal diffusivity α, while for the

mass fraction this parameter would be the mass diffusivity D), and known density and viscosity, ρ

and µ, respectively (ν = µ/ρ is the kinematic viscosity), enters the channel inlet with a parabolic

velocity profile of mean velocity value of U . A null value of the scalar magnitude Y in the fluid

enters the channel through the upper half of the inlet section, i.e., Y = 0 at x = −(Lu + l/2),

0 < y ≤ H/2, while the fluid enters through the lower half with unity value of the scalar magnitude,

i.e., Y = 1 at x = −(Lu + l/2), −H/2 ≤ y ≤ 0. With this kind of boundary conditions for Y ,

it is assumed that it has been properly re-scaled to range from 0 to 1. Downstream, the quality

of the mixing of the fluids will depend on the Reynolds number, the scalar diffusivity coefficient,

and the aspect and blockage ratio of the geometry. Therefore, under the assumptions of transient

motion and incompressible fluid, the velocity v = (u,v) and pressure p fields of the 2D flow on the

above described geometry are governed by the continuity and momentum equations which, in a

dimensionless notation, can be written, respectively, as

∇ · v = 0, (5)

∂v

∂t
+ (v · ∇)v = −∇p+

1

Re
∇2v, (6)

while the mixing is governed by the scalar convection-diffusion equation, written as

∂Y

∂t
+ (v · ∇)Y =

1

Pe
∇2Y. (7)
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The characteristic length, velocity, pressure and time used in the study are H, U , ρU2 and H/U ,

respectively. Re in Eq. (6) is the Reynolds number defined, as usual in channel flow problems, as

Re = ρUH/µ, while Pe in Eq. (7) is a Peclet-like number defined as Pe = UH/Dc, which is a ratio

between two characteristic times: the diffusive one, H2/Dc; and the convective one, H/U . High

values of Pe indicate that the time needed for diffusion-based mixing will be very long and the

mixing conditions are very unfavourable. The Peclet number can be also written as Pe = ReΓc,

where Γc, defined as Γc = ν/Dc, is a ratio between two molecular transport mechanisms (Γc would

be the Prandtl number Pr or the Schmidt number Sc in case the scalar Y were the temperature or

the mass fraction, respectively). One can see that, on the one hand, Pe is both fluid and geometry

dependent, while on the other, Γc is only fluid dependent, being a ratio between two diffusion

mechanisms at thermal/molecular level: the ones of momentum and temperature/mass. For a

given and known fluid with constant physical properties, if the dimensions of the geometry change,

Pe and Re can change, despite the use of the same fluid, while Γc will remain constant. In fact,

a very unfavourable and high value of Γc = 104 for mixing has been kept constant throughout the

study.

Regarding the geometry, the non-dimensional measures are: 1 unit wide (H = 1) crosswise, 5

units lengthwise (L = 5) and the pillar is located at 1 units from the channel entrance (Lu = 1).

Additionally, the blockage ratio of the channel BR and the rectangular cylinder aspect ratio AR

are, respectively, BR = h/H and AR = l/h. Thus, for given values of Re, AR and BR, the

vortex shedding from the pillar may, or may not, appear downstream. Consequently, the flow

would be either unsteady or steady. Therefore, for each pair (AR,BR), there is a critical Reynolds

number Recr above which the flow is unsteady and oscillatory: Recr = Recr(AR,BR). For a given

Re < Recr, the flow would be steady, and also the lift and drag forces of the fluid on the pillar.

These forces, in a dimensionless notation, can be written as

Cl =
Fy

1
2
ρU2h

, Cd =
Fx

1
2
ρU2h

, (8)

where Cl and Cd are the lift and drag coefficients, respectively, and where h, as usual in studies of

flows around pillars, has been used as characteristic length in order to have comparable coefficients.

The oscillatory behaviour of Cl because of the vortex shedding from the pillar when Re ≥ Recr,

allows us to identify both the critical value Recr and the Cl frequency of oscillation f . This

frequency is represented in dimensionless notation by means of the Strouhal number: St = fh/U .

Besides this, if an arbitrary dimensionless magnitude g oscillates with time, its time-averaged value
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for an oscillation period St−1 can be calculated as

〈g〉 =
1

St−1

∫ t0+St−1

t0

g(t′) dt′, (9)

being t0 any reference for the periodic flow.

Pressure losses are an important aspect in flows through a channel. This defines the pumping

power needed for the fluid to flow along the channel. Concretely, this is the power needed to

maintain a given flow rate q in the channel for which the pressure and viscous losses throughout

the whole channel must be overcome (which can be evaluated as the inlet-outlet pressure difference

times the mass flow rate). Thence, the dimensionless pumping power, denoted by Π, can be

evaluated as

Π = ∆p q, (10)

where ∆p is the pressure drop between the channel inlet and outlet. Due to the chosen charac-

teristic magnitudes, q = 1, and Π has been made dimensionless by using ρU3h. Taking all the

aforesaid specifications into account, finally the pumping power is defined by Π = ∆p.

The most important parameter in the design of the device is the assessment of the mixing

quality. This feature must be evaluated at the outlet section, being defined as the mixing efficiency

η, in %, as done in e.g. [90, 13]:

η =

(
1− 〈σ〉

σmax

)
× 100, (11)

where σ is the standard deviation of the corresponding scalar magnitude at the channel exit and

σmax is the maximum standard deviation at the inlet: 0.5 in the present case. Given that 0 ≤ Y ≤ 1

and 0 ≤ σ ≤ 0.5; σ = 0 means uniform distribution of Y at the outlet, achieving a full mixing

(η = 100%), whereas σ = 0.5 would mean no mixing at all (η = 0%).

The conducted numerical simulations to simulate the performance of the device as micromixer

have been carried out by using the commercial software ANSYS-Fluent. To that end, the set

of Eqs. (5)-(7) have been numerically solved by means of the pressure-based formulation, with

second order spatial discretization methods. On the other hand, the SIMPLE (Semi-Implicit

Method for Pressure-Linked Equations) algorithm [91] was used to handle the velocity-pressure

coupling. Additionally, the numerical simulations were run with the following boundary conditions.

The inlet was a velocity-inlet boundary condition with a imposed parabolic velocity profile and

known temperature/mass fraction. For all walls (pillar and channel), a solid no-slip wall boundary
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condition was imposed with null heat/mass flux through them. At the outlet, atmospheric constant

pressure was imposed. This allows for reverse and non-developed flow, so it is considered more

suitable than the ‘outflow’ boundary condition available in the software for the problem under

study. Additionally, regarding the temporal integration of Eqs. (5)-(7), an implicit second order

method has been used. The time step ∆t was chosen in order to have the maximum Courant

number below 1.

Numerical investigations must ideally conduct both a grid convergence and validation study.

These provide an overview on the optimum mesh grid and allow to quantify the discretisation

uncertainty (Grid Convergence Index, GCI). Both studies are summarized in Table 1 and Fig.

2, respectively. Different characteristic magnitudes such as St, 〈Cd〉, lift coefficient peak-to-peak

value Clpp and its root mean square Clrms, have been obtained for three different meshes with

uniform cell size (dsi = {0.0125, 0.025, 0.05}h, i = 1,2,3). This has been tested for four values of

the blockage ratio (BR = {1/8, 1/5, 1/4, 1/3}), a fixed Reynolds number (Re = 100) and a fixed

aspect ratio AR = 1 (squared pillar). By means of the computation of the aforementioned output

mechanical magnitudes, their GCI and their Richardson Extrapolation can be estimated, whose

value corresponds to ds → 0 (see Fig. 2). The GCIi+1,i allows us to quantify the discretisation

uncertainty of each magnitude for the two finest grids, i.e., for i = 1,2. Taking into account

that the grid refinement ratio is 2, and by using a safety factor Fs of 1.25 as recommended in

[92], the uncertainty of the finest grid ranged between 0.5% and 2.3%, whereas for the medium

grid, it ranged between 1.8% and 6.5%, as can be seen in Table 1, where all GCI values are

summarized. As illustrated in the table, the medium mesh with ds2 gives reasonable uncertainty

discretisation values and could be chosen as the optimal one. However, in order to further reduce

the discretisation uncertainty, a ds smaller than ds2 has been finally used: ds = 0.02h. This means

a 20% of increase in the number of grid nodes along the pillar of width h. In Fig. 3 it is depicted

a detailed view of the optimal uniform mesh around the pillar. Regarding the goodness of the

optimal mesh from a convective-diffusive mixing point of view, it is worth to mention that special

attention must be paid on properly solve the smaller length scales in the scalar magnitude field Y ,

specially in liquids with Γc normally very large. In this case, the smallest size of the mass fraction

field length scale can be estimated by using the Batchelor length scale, which in a dimensional way

is denoted as λB and, by following [93, 94], can be written as

λB =
λvel√

Γc
, (12)
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with λvel the length scale of the smallest velocity structures. Assuming that for the viscous flow

of this study λvel ∼ H, with Γc = 104, λB ∼ 0.01H = 0.01hBR−1, which means that the most

unfavourable situation would be the one with the highest BR. Since in our investigation the

maximum value of BR would be 0.5, this means that λB ∼ 0.02h, which is the order of magnitude

of the final and optimal chosen mesh.

The computations in the present work have been also compared to other works in the literature

for validation. Fig. 2 shows a comparison between the results obtained by the numerical model in

the present research and those given by different previous authors. The good agreement between

the present simulation and the previous results, in addition to the reduced GCI previously anal-

ysed, evince that the numerical considerations in the followed methodology are appropriate for the

problem under study.

St 〈Cd〉 Clpp Clrms

Re AR BR Grid: i GCIi+1,i GCIi+1,i GCIi+1,i GCIi+1,i

100 1 1/8
Fine: 1 1.0% 2.1% 0.8% 0.6%

Medium: 2 2.9% 4.6% 4.9% 5.9%

100 1 1/5
Fine: 1 0.5% 0.6% – 0.9%

Medium: 2 2.6% 1.8% – 5.9%

100 1 1/4
Fine: 1 1.9% 0.5% 1.4% 0.2%

Medium: 2 4.5% 4.1% 6.5% 2.5%

100 1 1/3
Fine: 1 1.0% 0.6% – 2.3%

Medium: 2 4.1% 4.2% – 4.7%

Table 1: Grid convergence study results with the GCI values for the indicated grids.

3. Machine Learning-Aided Design Optimisation (MLADO) Framework

For the sake of achieving an efficient and optimal mixing device, an optimisation study is

conducted in this paper. The optimisation process, named Machine Learning-Aided Design Opti-

misation (MLADO) in this work, is developed according to the diagram presented in Fig. 4. The

MLADO framework consists of using CFD simulations, a predictive model, surrogate modelling

and a optimisation algorithm. Upon the initial data considered to build the surrogates, one has

to consider whether these are enough data points and surrogates have enough quality. One should
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(a) St (b) 〈Cd〉

(c) Clpp (d) Clrms

Figure 2: Validation and comparison with other authors: Turki et al. (2003) [95], Patil and Tiwari (2008) [96] and

Sharma and Eswaram (2004) [97].

in principle decide where to place new data points (e.g. new CFD simulations) based on the

Mean Square Error (MSE), R2 or any other statistical measure given by the considered surrogate

method. However, since the optimal configuration is vortex shedding oriented to achieve a proper

mixing, vortex-free cases are useless. Thus, by including a predictor, the process to achieve useful

surrogates can be data-driven and save important computational resources. If the predictor output

is that the new potential configuration yields vortex shedding, then is strongly considered as new

point for surrogate enhancement and is simulated.

The first stage of the process is to acquire sufficient data to construct an initial surrogate.

Any Design of Experiment (DoE) may be used here, depending on the nature of the problem,

computational budget, etc. However, to explore initially at least three points per direction (variable

in the design space) is recommended, as the response may be non-linear. Then, surrogates are
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Figure 3: Detail of the optimal mesh around a pillar with AR = 2.

constructed. As the initial surrogates are likely to be coarse, some regions must be refined. For

such task, the Mean Square Error (MSE) tells whether or not is necessary to refine. If refinement

is necessary, then the vortex shedding predictor (classification model) filters if the configuration is

a vortex shedder (V S = 1). If so, the point can be simulated and added to the surrogate data set

composed of Ns samples.

Must be outlined that Np (number of samples of the vortex shedding predictor) and Ns (number

of samples for the surrogate model) does not need to coincide. This is so because the smoothness

of the prediction of vortex shedding may be greater than the smoothness in e.g. the Kriging

surrogates of the mixing efficiency. This will depend on the quantities of interest and the problem

under consideration, as for instance the pressure drop is very smooth. Additionally, the vortex

shedding predictor does not require full simulations to be trained. One just need to differentiate

between V S = 0 and V S = 1 cases, and this can be done for instance from low fidelity simulations

or external data.

The vortex shedding predictor is a pre-trained algorithm. This can be trained with data of

any nature (steady simulations of unsteady problems, coarser meshes, low fidelity simulations,

analytical solutions, databases, other literature, etc.). As vortex shedding is a problem where

configurations with and without oscillatory behaviour can be easily clustered, then few simulations
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have been observed to be enough to train well the predictor. Once in the MLADO loop, to update

the predictive model for classification is a recommendable option, but one must be careful with

this. The potential learning on imbalanced data is a problem to point out [98]. If the vortex

shedding predictor is updated automatically when new samples not considered in the training of

the classifier are fully simulated, then imbalance in the training may appear. Since new training

data would be simulated based on the prediction of V S = 1, one would increase only the number

of cases of V S = 1, thus increasing the imbalance in the training. Only the false positives from

the predictor would improve balance in the data set, since the simulation would then include data

with V S = 0. For this reason, we do not recommend to update automatically the classificator and

rather use a well-trained predictor since the beginning if possible, which should be updated only

according to expert criteria.

After execution of the loop, one could let the framework work automatically until certain level

of refinement is achieved. The convergence criteria for this is open to the researcher, and in the

present application it has been controlled manually. When a good enough surrogate model is

achieved, the optimisation algorithm is used to evaluate them and find a Pareto front for the

multi-objective problem. This MLADO framework could be extendable to any engineering design

process subject to classification. The development of the predictive model is explained in Section

4 and the application of the framework to a mechanical micromixer design is developed in Section

5, which is the main purpose of the present investigation. It is of interest to remark that, in the

present work, for each geometric variation, a new mesh must be generated. An interesting feature

to add to the MLADO framework can be to include a mesh morphing option. In this scenario,

a reduced order model of the computation could be defined and the complete quickly solution

inspected in real-time. Having the flow represented on the same topology of the mesh could also

help the definition of methods addressing flow feature detection. An interesting application of such

mesh morphing technique for real-time inspection can be found for instance in [99]. In this work,

similarly to [88], the parametric shape analysis is made by means of RBF-based mesh morphing

approach. The strong difference in the methodology in [99] is that an inspection tool is developed

within a reduced order model framework to visualise in an interactive manner the flow field in

real-time.
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Figure 4: MLADO framework.

4. Classification Model for Vortex Shedding Prediction

As explained in Section 1, it is of interest to be able to predict the presence of vortex shedding

in many applications because of the desirable/undesirable effects on a system performance [30,

22, 36, 37, 38, 29]. In the present investigation, vortex shedding is desired to achieve an efficient

mixing of the corresponding scalar magnitude Y .

For the objective of classifying which configuration may (V S = 1) or may not (V S = 0) lead

to vortex shedding, two predictive models have been developed and tested on a data set of 80

simulations of the pillar confined in the channel. The data set of 80 simulations is a very complete

one used in this manuscript, but it is a bit expensive to create. However, as the traditional

optimisation will be also deployed on 80 simulations for comparison with MLADO, the 80 full

simulations are already available and it is decided to examine and test the construction of predictive

models for this full data set available as reference. These consist of cases with their configuration

parameters ranging in 120 ≤ Re ≤ 200, 0.2 ≤ BR ≤ 0.5 and 0.125 ≤ AR ≤ 1, while, as previously

said, Γc = 104. The reason of having such high value is to have a very unfavourable mixing case,

where the diffusion of the scalar magnitude between the fluids is very poor and, unless additional

mechanisms were used, the mixing efficiency would be very poor too. This helps to identify how

the vortex shedding and the downstream wake oscillations enhances the fluids mixing. Among

the 80 simulated configurations, 27 were non-vortex shedders (33.75%), so the data set was not

worrisome imbalanced [98]. The full sample has been split into two parts (in a stratified way,

ensuring similar % of V S = 0 and V S = 1 cases in both samples): training data (80% of the
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sample, 64 samples) and test data (20% of the sample, 16 samples). Must be outlined that the

determination of whether each case corresponds to V S = 1 or V S = 0 is based on the lift coefficient

oscillation. Although this could be detected automatically, this assignment has been done at a

post-processing stage for the sake of simplicity, as the analysis is not carried out in real-time.

The first model tested was a Logistic Regression (LR). This model is simple and usually have

a good performance. The predictive model has been trained with the training data, obtaining the

model shown in Table 2. It can be seen that all the variables included in the model are significant

(i.e. they are statistically relevant to model). If any variable had a p-value above 0.05 value,

should be considered whether to discard such variable from the model.

Variable (ξi) Coefficient (αi) Std Error p-value

Intercept term -26.80569 9.20788 0.00360

AR -13.98463 4.92284 0.00450

BR 41.79316 14.84238 0.00487

Re 0.13692 0.04784 0.00421

Table 2: Logistic Regression model for vortex shedding prediction.

The LR model must be validated against the test data, to ensure independence in the construc-

tion and evaluation. This is done through the use of the analysis of the so-called Receive-Operation

Curve (ROC) [100]. The area delimited by this plot is referred to as Area Under Curve (AUC) in

the literature, and it is used as accuracy measure in classification models. The value AUC = 1

means that all cases are classified correctly. A value of AUC = 0.5 means that the model performs

as a random decision, and then the model is not reliable. From the analysis on the test data, the

ROC curve is shown in Fig. 5(a). The LR model performed with an AUC = 1, being able to accu-

rately predict all vortex shedding configurations in the test data. Despite it is not recommendable,

the performance was also tested on the same data used to train the model (training data), with a

AUC = 0.9859 (as seen in Fig.5(b). An additional test to demonstrate split sample independence

and potential overfitting was a 5-fold cross-validation. This consisted of splitting the data into 5

parts. Then, the model is trained with 4/5 parts of the data, and validated with the remaining

1/5. Then process is repeated through the 5 partitions, obtaining 5 different models evaluated

on 5 different test data. The 5-fold has been split with stratification (i.e. trying to preserve a

balanced V S = 0 and V S = 1 percentage of cases). Results are shown in Table 3, where it can be
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seen consistency in terms of high accuracy and that the model fails to predict very few situations

in three partitions.
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Figure 5: ROC curve of the Logistic Regression performance on (a) test data and (b) training data.

AUC1 AUC2 AUC3 AUC4 AUC5

1 1 0.98 0.945 0.969

Table 3: 5-fold cross-validation of the Logistic Regression model.

Although the logistic regression model developed is very accurate and the interpretability of

the method is an advantage, more promising classification methods do exist. Examples of high

accuracy and popular classificators are Random Forest (RF), Neural Networks in Deep Learning,

or boosting methods such as Adapting Boosting (AdaBoost), Gradient Boosting Machine (GBM)

or XGBoost. Amongst these, a Random Forest algorithm has been selected to generate a predictive

modelling for the vortex shedding. This method is very popular in overall scientific literature and it

is well-known that provides accurate predictions and robustness. The algorithm [101] did perform

with very high accuracy as will be shown next. Thus, there is no need to attempt other algorithms

of higher complexity in this work. However practitioners may consider them for other applications.

For theoretical definition, let define as Θ the vector of hyper-parameters Θk that represent

the RF algorithm. Each tree Jk is grown by using each random vector Θk and the training data

set Dt, what leads to Jk(X) = J(X, Θk). As said in [32], the definition of a RF classifier is “a

classifier consisting of a collection of tree-structured classifiers {J(X, Θk), k = 1, ..., ntrees}, where

the {Θk} are independent identically distributed random vectors and each tree casts a unit vote

for the most popular class at input Xi”, where ntrees is the number of trees that construct the RF

predictor. In classification problems RF is thus an ensemble of several models and the predicted
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class CRF upon the ntrees decision trees is selected as the majority vote of a class c ∈ Y, that is

[102]:

CRF
Dt,Θ1,Θ2,...,Θntrees

= arg max
ntrees∑
m=1

(J(X, Θm) = c) . (13)

Since Random Forest is an ensemble of several decision trees, the algorithm requires to define

the number of trees ntrees. There is no theoretical limitation on this, but with a large ntree

value computational resources would be unnecessarily increased. A hint of the optimal number of

trees can be guessed from the Out-Of-Bag error (OOB). This parameter is an error measure that

results from the evaluation by the trees of training data samples which were not included in the

bootstrapped sample of the trees [103], so this is done for each iteration and consequent tree. Above

a certain number of trees, the OOB is unperturbed. Some authors suggest that a good number of

trees is usually around few hundred [104, 103]. Another relevant tuning parameter in the Random

Forest is the number of variables to be randomly sampled at each split, mtry. This is particularly

relevant for datasets with large number of features (variables). Due to in the present investigation

there are only 3 variables, mtry has been fixed to 3. The OOB error with respect to the number of

trees is shown in Fig. 6 for ntrees = 500. The error is stabilised from 400 approximately. Hence,

a number of 500 trees is kept, since the difference in the computational time was found to be

almost unperturbed. Replacement sampling has been permitted to the bootstrapping algorithm

of Random Forest, because the training data had a very limited size to train all the underlying

decision trees. The predictor obtained by Random Forest has a fully accurate performance, with

no false positives nor false negatives for the test data validation. These results are shown in the

confusion matrices shown in Table 4. The confusion matrix shows the predictor output (predicted

value) versus the actual value (reference). This corresponds to a AUC = 1, since all cases are

correctly predicted. Must be noted that the dataset is not split into train and test data, since

the RF algorithm is already splitting and testing tree models. Thus makes no sense to further

split the data. Nevertheless, althought not very relevant, as done for the LR model a 5-fold cross-

validation is developed for the RF predictor, whose results are presented in Table 5. During the

cross-validation can be observed that the accuracy is not AUC = 1 for some splits, but still very

high. The RF predictor performed similarly to the LR predictor, so one can conclude that both

are recommended in this particular application, although in other problems their performance may

differ. In our opinion, RF is preferred because one can find applications in the literature where

outperforms LR. Nevertheless, despite their good performance, interpretability is a well-known
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key problem for these type of predictors yet [105], commonly interpreted as black-box because of

its “impenetrability” to know the interaction of variables [32]. For this reason, the RF predictive

model is provided as additional data to this manuscript.
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Figure 6: OOB error of Random Forest algorithm.

Reference data

0 1

0 27 0
Predicted value

1 0 53

Table 4: Confusion matrix for the Random Forest predictor.

AUC1 AUC2 AUC3 AUC4 AUC5

0.96 0.98 1 0.96 1

Table 5: 5-fold cross-validation of the Random Forest predictor.

Both the LR and RF models aforementioned are based on a total of 80 simulations, but to select

this number of simulations as reference, a study on the number of simulations to train the models

was developed. Since in the present work we have chosen the RF model, the analysis (similar to

a convergence analysis) is shown only for this model. For the study, an initial “complete enough”

set of data is required to train the predictor, which we have set in a Design of Experiment (DoE)

of Np = 36 points of almost equally spaced points as the combinatorial of Re = {120, 160, 200},

BR = {0.2, 0.3, 0.4, 0.5} and AR = {0.125, 0.5, 1}. The RF is trained with this set of data and
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used to predict the next level of refinement. In this study, four levels of refinement have been

developed onto the Np = 36 samples: a) Addition of Re = 140 to the combinatorial (now Np = 36

to classify 48 samples), b) Addition of AR = 0.25 to the combinatorial of the previous refinement

(now Np = 48 to classify 64 samples), c) Addition of Re = 180 to the combinatorial of the previous

refinement (now Np = 64 to classify 80 samples), and finally d) Addition of AR = 0.8 to the

combinatorial of the previous refinement (now Np = 80 to classify 100 samples). The evolution of

the accuracy of the prediction is shown in Table 6, where can be observed that when the predictor

is trained with Np = 80 simulations, the reference data of 100 simulations is predicted without

misclassifications.

By observation of the evolution of the predictions, one can decide to stop at a certain number

of simulations Np, chosen as definitive number of simulations to train the predictor. From that

value on, Np can be increased (that is to say, the RF predictor can be updated within MLADO)

depending on the Mean Square Error (MSE) or any other metric of the Kriging surrogates if

desired. Must be recalled that Np (number of samples of the RF predictor) and Ns (number of

samples for the surrogate model) does not need to coincide, as will be demonstrated in Section

5. For instance, the predictor can be trained with basic simulations (steady state, coarser mesh,

lower fidelity simulations, external data, etc.) as only to determine V S is necessary. On the

other hand, the Kriging surrogates (or any surrogate/interpolation method used) require the full

accurate unsteady simulation, as the accurate calculation of η and Π is a must. Fortunately, this

MLADO method helps in the decision to simulate or not these costly simulations.

From the results given in Table 6 one can extract more useful conclusions. The nested univariate

procedure (nested means that previous samples are kept) followed in the analysis of the convergence

is just an example on how to proceed, and other options can be considered, such as random nested

sampling [106] or sparse grids [107]. However, the problem under analysis did not require a

more elaborated convergence analysis, since even with few samples, the RF algorithm provided an

outstanding performance. It has been even tested that the RF trained with Np = 48 predicted

the 100 samples with just 5 misclassifications (two false positives and three false negatives). This

outstanding performance is so because the activation of vortex shedding does not expect sudden

changes as it is a smooth response problem. However, in other applications the situation may not

be that favourable. Our analysis suggests that for other applications in vortex shedding prediction
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Reference data

0 1

0 21 2
Predicted value

1 0 25

a)

Reference data

0 1

0 22 0
Predicted value

1 2 40

b)

Reference data

0 1

0 27 2
Predicted value

1 0 51

c)

Reference data

0 1

0 41 0
Predicted value

1 0 59

d)

Table 6: Evolution of the accuracy of the RF algorithm in the prediction of the next level of refinement as test

samples. a) Confusion matrix in the classification of 48 samples (RF trained with Np = 36, named RF1). b)

Confusion matrix in the classification of 64 samples (RF trained with Np = 48, named RF2). c) Confusion matrix

in the classification of 80 samples (RF trained with Np = 64, named RF3). d) Confusion matrix in the classification

of 100 samples (RF trained with Np = 80, named RF4).

one can predict the performance with a relatively low number of training data samples. It is

relevant to outline that the misclassifications observed in Table 6 actually correspond to values in

the separation limit of V S = 0 and V S = 1. For this application, this is not a concern. First,

because the line that separates and groups V S = 0 and V S = 1 is vague (should I consider a

very weak oscillation as V S = 0 or V S = 1?). In order to be conservative, in this work even a

weak oscillation test case is marked with V S = 1. And second, because points with high mixing

efficiency should be far from that region (stronger vortex shedding), so the misclassification in

the vicinity of the separation limit between V S = 0 and V S = 1 is not a strong concern. The

misclassifications are shown in Table 7 and in Figure 7 can be observed that these points are in

the vicinity of the separation limit.

23



RF predictor, test samples AR BR Re V S (actual value)

RF1, 48 samples
0.125 0.2 140 1

1 0.5 140 1

RF2, 64 samples
0.25 0.3 120 0

0.25 0.2 140 0

RF3, 80 samples
0.5 0.3 180 1

1 0.4 180 1

RF2, 100 samples

0.25 0.3 120 0

0.25 0.2 140 0

0.5 0.3 180 1

1 0.4 180 1

0.8 0.4 180 1

Table 7: Misclassified samples from Table 6 and prediction of RF2 of the 100 samples.
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Figure 7: Representation of simulated cases (actual values) with and without vortex shedding and the separation

limit for a) AR = 1, b) AR = 0.5, c) AR = 0.25, and d) AR = 0.125.
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5. Application of a Machine Learning-Aided Design Optimisation Framework to the

Design of a Mechanical Micromixer

The MLADO process is applied to the design of an optimal mechanical micromixer in this

section. Starting the process as explained in Section 3, the initial step is to construct the Kriging

surrogates upon data. As training data we have considered initially both cases with and without

vortex shedding, because it helps to understand visually the performance. The change in the

surrogates is negligible in the important areas (where mixing is important), as will be explained

later. The visualisation of both cases in the same figure using different markers allows to understand

visually regions differentiated between configurations with and without vortex shedding. However,

the Mean Square Error (MSE) and the Random Forest prediction determine the real need of

refining the data point distribution.

In this work (and for the MLADO method in general), the number of samples used in the

surrogate model and the vortex shedding predictor does not need to coincide. This is strategic

and one of the benefits of the method: the classification algorithm (RF) can be trained upon other

data (steady simulations, coarse mesh, empirical correlations, low fidelity simulations, laminar,

external data, etc.). From that data, one can classify and decide what to simulate (full simulation)

next to create the surrogate models for optimisation. For instance, in the present investigation,

the aforementioned set of simulations to train the RF predictor consisted of a DoE of equidistant

points run in FLUENT as steady state. This was enough to observe when the oscillation in the

lift forces do appear and then flag each case as V S = 0 or V S = 1. The RF predictor trained with

80 simulations has been preferred in our optimisation of the micromixer, as such data is available

from the traditional optimisation study, so there is no point on using lower quality predictors.

However, as explained in Section 4, a predictor with less than 80 simulations is still accurate and

useful in predicting the oscillatory behaviour. The MLADO framework can be very useful when

the optimisation procedure starts with a small data set or when a good amount of data is available

to construct surrogates but additional refinement is expensive. The first option, which begins

with few samples, is where one can take greater advantage of the MLADO, since the problem is

transformed into an efficient data-driven solution to guide the refinement process. To demonstrate

the capability of the method in the design of the micromixer, in this section, first, an optimisation

process without MLADO but using nearly equidistant DoE for Kriging surrogates is presented.

This will be used as reference. Second, the MLADO will be applied from an early design stage of

25



Ns = 36 simulations. These results will be compared to the reference ones to quantify the saved

resources.

5.1. Traditional Approach to the Optimisation of a Micromixer.

It is frequent to see in the literature the use of Kriging surrogates for CFD optimisation where

the DoE consists of a decent number of costly simulations in terms of computational resources.

Then, the decision of whether to simulate a new additional expensive sample relies only on the

MSE.

An optimisation study has been developed from an almost equidistant DoE set of individuals,

which consists of the combinatorial of Re = {120, 140 160, 180, 200}, BR = {0.2, 0.3, 0.4, 0.5} and

AR = {0.125, 0.25, 0.5, 0.8, 1}. This corresponds to a total population of 100 simulations. However,

due to 100 simulations is too large for our computational resources, some will be discarded. By

experience we know that AR = 0.8 is not a useful candidate, so that only 80 simulations are

selected in the DoE, by discarding the AR = 0.8 combinations.

In the present work, the DACE toolbox [108] is used to build the Kriging surrogates. These are

built upon the input samples. For such interpolation, it is advisable to normalise input data, but

the toolbox performs normalisation automatically. For the Gaussian Process (Kriging) method,

the correlation function for two points at locations xi and x′i, C(θi;xi, x
′
i), must be specified. This

function is important to build a good Kriging estimator. The function depends only on the distance

between two points: the smaller the distance, the higher the correlation. This helps to deal with

clusters of data. On the other hand, if the distance between the two data points is increased,

the correlation drops to zero. In the DACE toolbox, several options are available as correlation

function (although one can construct custom functions as well). The correlations tested in this

work are shown in Table 8.

In Figs. 8 and 9 can be seen the surrogates, which are shown for Re and AR at constant values,

respectively. Analogously, in Figs. 10 and 11, the Mean Square Errors (MSE) are also given. In

these figures, red squares are the simulated data cases without vortex shedding, whilst the blue

points are the cases with vortex shedding. These surrogate models correspond to a Universal

Kriging model of 2nd order regression with generalised exponential correlation (GEXP). In Figs.

12 and 13 the surrogates for η by means of other correlations are also depicted, just for AR = 1 and

just for Re = 120, respectively, since these are the most challenging surrogates. As it can be seen

in Fig. 12, the wavy shape of the function can be corrected by a linear correlation. However, the
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Type Function C(θi;xi, x
′
i)

Exponential e−θi|xi−x
′
i|

General Exponential e−θi|xi−x
′
i|m ; with 0 < m < 2

Gaussian e−θi|xi−x
′
i|2

Linear max(0, 1− θi|xi − x′i|)

Spherical 1− 1.5γi + 0.5γ3
i ; with γi = min(1, θi|xi − x′i|)

1− 15γ2
i + 30γ3

i ; if 0 ≤ γi ≤ 0.2;

Spline 1.25(1− γi)3; if 0.2 < γi < 1;

0; if γi ≥ 1;

with γi = θi|xi − x′i|

Table 8: Correlation functions tested for the surrogates, as defined in [108].

sudden slopes at certain points produce a surrogate with unrealistic sharp areas. The use of splines

with Ordinary Kriging provides good surrogates if observed for AR = 1 in the same figure, but the

reality is that has not better performance than the GEXP, as observed with Reynolds number fixed

to Re = 120 in Fig. 13. We also found that MSE is considerably greater than the values shown

in Figs. 10 and 11. Spherical correlations performed the best with Universal Kriging with 2nd

order regression, but produced sharp surrogates similar to those by linear correlation. Gaussian

correlation performed similar to the GEXP since this is actually a generalised exponential of 2nd

order, but the waviness is more noticed than for GEXP, as well as exhibits larger MSE. Therefore,

the most appropriate correlation was found to be the GEXP, even though some waviness is noticed

in the vicinity of η = 0. But since the optimal mixing efficiency values should be far from η = 0,

this is not relevant.

Similarly, in Figs. 14-17 the surrogates and MSE for the dimensionless pumping power 〈Π〉 are

shown. Since these training data points have an underlying smooth response, the modelling was

simplified to Ordinary Kriging surrogates with simple exponential correlation.

By means of the generated surrogates it is possible to find an optimal configuration for the

geometry of the pillar in the channel. For this optimisation study, there are two objective functions:

the mixing efficiency η and the pumping power 〈Π〉. The aim is to maximise η and to minimise

〈Π〉. When dealing with these objectives separately, constrained by the given ranges of AR, BR

and Re in the present work, the best configurations are given in Table 9.
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Figure 8: Surrogate models for η shown at different Re regimes. Red squares are configurations without vortex

shedding and blue dots are configurations with vortex shedding.
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Figure 9: Surrogate models for η shown at different AR values. Red squares are configurations without vortex

shedding and blue dots are configurations with vortex shedding.

These configurations are determined from the simulated CFD configurations. As seen in the

previous table, when η is high, 〈Π〉 is also high and vice-versa. Thus, trade-off optimal values must

be calculated by a multi-objective approach. For this purpose, the NSGA-II algorithm introduced
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Figure 10: Mean Square Error (MSE) of surrogate models η shown at different Re regimes. Red squares are

configurations without vortex shedding and blue dots are configurations with vortex shedding.

AR=0.125

150 200

Re

0.2

0.3

0.4

0.5

B
R

5

10

15

20

AR=0.25

150 200

Re

0.2

0.3

0.4

0.5

B
R

5

10

15

AR=0.5

150 200

Re

0.2

0.3

0.4

0.5

B
R

5

10

15

20

AR=1

150 200

Re

0.2

0.3

0.4

0.5

B
R

5

10

15

20

Figure 11: Mean Square Error (MSE) of surrogate models η shown at different AR values. Red squares are

configurations without vortex shedding and blue dots are configurations with vortex shedding.

in Section 1 is used. The optimal candidate values of the Pareto front are given in Fig. 18. It can

be seen that Re values remain clustered around Re = 200, so in practice that parameter could be
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Figure 13: Surrogates for η by using different correlations for Re = 120.

Objective AR BR Re η 〈Π〉

Max (η) 0.125 0.5 200 49.6869 % 3.30872

Min (〈Π〉) 0.5 0.2 200 9.9221 % 0.8372

Table 9: Optimal values for each objective function.

fixed to 200 and thus the design space would be reduced to BR and AR. From the figure, any

of the shown points in green with circular marker is a potential optimal solution to the problem.

Among these, points A, B and C are finally selected as candidates. It can be noticed that if Point
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Figure 14: Surrogate models for 〈Π〉 shown at different AR values. Red squares are configurations without vortex

shedding and blue dots are configurations with vortex shedding.
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Figure 15: Surrogate models for 〈Π〉 shown at different Re regimes. Red squares are configurations without vortex

shedding and blue dots are configurations with vortex shedding.

A is chosen, priority would be given to achieve a good mixing efficiency at high pumping power

cost. On the contrary, if Point C is the definitive choice, one would be more interested in low

power pumping to the detriment of mixing efficiency. Point B would be an intermediate solution.
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Figure 16: Surrogate models for 〈Π〉 shown at different AR values. Red squares are configurations without vortex

shedding and blue dots are configurations with vortex shedding.
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Figure 17: Surrogate models for 〈Π〉 shown at different Re regimes.

The cluster of points near η = 0, as it will be shown later, corresponds to cases without vortex

shedding. Since the configurations of interest are, in principle, those related to vortex shedding,

the surrogates could have been developed using only the training data from simulations with vortex

32



shedding (V S = 1). To demonstrate how would affect this to the final results, we have tested the

optimisation process with V S = 1 only. The resulting Pareto front is shown in Fig. 19, which is

almost identical to the Pareto front in Fig. 18 when η ≥ 10, so the the cluster of optimal points

near η = 0 seems to be attributed to vortex-free configurations.
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Figure 18: (a) Pareto front obtained by the NSGA-II algorithm on the η and 〈Π〉 objective functions with a

population size of 500 samples. (b) Values of the optimal parameters. A, B and C are selected optimal points for

reference study.
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Figure 19: Pareto front obtained by the NSGA-II algorithm on the η and 〈Π〉 objective functions constructing the

surrogates only with V S = 1 data.

5.2. Machine Learning-Aided Design Optimisation of a Micromixer.

The actual interest of the use of the MLADO method is to save computational resources. For

this objective, the framework has been tested upon an initial set of few data samples consisting

33



of three points in the AR and Re design space coordinates, and four in the BR coordinate.

This is a total of Ns = 36 simulations from the combinatorial of Re = {120, 160, 200}, BR =

{0.2, 0.3, 0.4, 0.5} and AR = {0.125, 0.5, 1}. Then, the surrogates are refined according to the

MSE and the RF vortex shedding predictor trained with Np = 80 (RF4), but only those cases with

V S = 1 will be added to the original population data set of Ns = 36 individuals. Must be recalled

that any of RF1, RF2 and RF3 vortex shedding predictors could be used, as it was demonstrated

in Section 4 their capabilities (these misclassify only few configurations near the separation limit),

and also that these do not need full computations for the training. Thus, we prefer to use the RF4,

as this is the best trained one and there is no point on using a less accurate predictor, although

the Pareto fronts to be obtained are essentially the same.

Thus, following the steps synthesized in Figure 4, and the configurations to construct surrogates

explained in Section 5.1, the first step is to construct the surrogate from the initial Ns = 36 data

and decide whether to refine. Due to the DoE was (nearly) equidistant data 1, the areas of highest

MSE are those where the design space is less discretised. These areas are, for instance, those in

the areas of Re = 140, AR = 0.25, Re = 160, and AR = 0.8, as both Re and AR had only 3 points

in each direction and the response is highly non-linear for η. These directions can be refined in

an univariate or multivariate manner. Since only V S = 1 will be considered to refine the design

space, an univariate approach can be sufficient to demonstrate the benefit of MLADO. However,

especially for more sophisticated DoE, a nested sampling may be more efficient.

According to Figure 4, there is a loop within certain conditions, which are opened to the

practitioner. The first execution of the loop has been set to increase the initial Ns = 36 with

combinatorial simulations of Re = 140, but only those that lead to V S = 1 will be included. Thus,

the new number of simulation population is Ns = 42. Although the loop in Figure 4 suggests that

the expert is who decides when to stop performing the refinement of the design space under some

criteria, one can e.g. deploy the optimisation algorithms at each refinement stage and observe

some sort of convergence. This is the process followed in this work.

As second execution of the loop, the MSE suggests to refine for instance the AR = 0.25

positions, due to the large separation between AR = 0.125 and AR = 0.5. The RF predictor is

1Other more sophisticated DoE can be tried with MLADO, but in this optimisation problem a distribution of

equidistant individuals has been found a good option. The problem is multi-objective, so the design space must be

explored sufficiently for η and Π.
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used to predict which are the combinatorial V S = 1 cases to append to the previous surrogate

samples, resulting to a total number of Ns = 55 samples. A third execution of the loop leads

to a refinement in Re = 180 direction, again considering only the predicted V S = 1. This leads

to a total number of Ns = 68 individuals. The problem can be further refined, but as observed

in Figure 20, the results in the optimisation procedure reveal some sort of convergence. Multi-

objective optimisation problems are complex to control (Pareto fronts are usually constructed

to illustrate the optimals), but in single-objective optimisation, the optimal candidate is a single

individual, so the procedure can be adapted e.g. to check the convergence of an optimal. Gradient-

based methods could be also used in MLADO to better guide the collocation of new samples in

potential regions of optimal candidates.

In Figure 20 can be observed that even with few Ns samples, the Pareto front is very close

to the reference for η < 35% and 〈Π〉 < 2.25. However, above this region, it is observed that

some refinement for the Ns = 55 surrogate design space is necessary compared to the reference

of Ns = 80 points. Thus, refinement in Re = 180 was necessary (the surrogates improve as the

discretisation between Re = 160 and Re = 200 was too broad and optimals are located at high

Reynolds). Further refinement between Re = 180 and Re = 200 could be considered, but the MSE

is not large. Thus a total of Ns = 68 seems enough to construct reliable surrogates.

Must be noted that the optimisation process can be actually more efficient. When the initial

data set of Ns = 36 is considered, if the optimisation algorithm is deployed, no optimal candidates

are observed at low Reynolds numbers analysing the cases in the Pareto front, so the refinement

at Re = 140 could be discarded. Also, especially for larger design spaces where by intuition is

complicated to figure out the best regions, the RF predictor can be used to explore whether the

number of V S = 1 cases is increasing or decreasing when Re (or any parameter) is varied. In

this case, the number of cases with V S = 1 is decreasing as we approach to Re = 140. Said

this, similarly to the abovementioned process, AR = 0.25 and Re = 180 combinatorial cases only,

together with their V S = 1 predicted cases by the RF algorithm, can be used to refine the surrogate

data set. These two refinements lead to a total number of just Ns = 59 samples, yielding identical

results than the previous analysis with Ns = 68 and similar to the reference results with Ns = 80

(see Figure 20).

Finally, can be concluded that some computational resources are saved with the MLADO

approach. To quantify the total costs in a comparison with traditional optimisation, the full
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cost of each simulation will be considered. Simulations that led to steady flows (V S = 0) took

approximately 1800 iterations at a rate of 2 seconds per iteration to converge, thus the total elapsed

time was approximately 1 hour per simulation. On the other hand, the simulations that exhibited

an oscillatory flow (V S = 1) were unsteady computations, which converged after several time steps

with approximately 40E3 iterations at a rate of 2 seconds. That is, a total elapsed time of 22.2

hours per simulation. The total costs are compared in Table 10, where Ns = 100 would be the

total cost of the full surrogate with Re = {120, 140, 160, 180, 200}, BR = {0.2, 0.3, 0.4, 0.5} and

AR = {0.125, 0.25, 0.5, 0.8, 1}.

Ns Simulations V S = 0 Simulations V S = 1 Total hours of simulation

100 41 59 1350.8h

80 27 53 1203.6h

68 15 53 1191.6h

59 15 44 991.8h

Table 10: Computational costs (measured as simulation time) as function of the number of simulations.

To these costs one should add those related to the training of the Random Forest algorithm.

However, in other studies with external data available (empirical correlations, relevant data sets

of experimental data, etc.) this cost is not included (the computational resources in the training

of a RF predictor are negligible). As seen in Section 4, even an algorithm with few samples is

accurate. For instance, the algorithm trained with the initial data set of Ns = 36 full simula-

tions (RF1) misclassified only 7 out of the 100, and would be trained at no extra costs. The

algorithm trained with Np = 48 (RF2) misclassified only 5 samples out of 100, and just required

12 additional samples obtained by steady partially converged simulations, as V S = 1 cases show

oscillations in steady simulations that can be detected prior solid convergence. As the detection of

vortex shedding in these simulations required approximately 2/3 of the time necessary to obtain a

fully converged steady simulation, the method is still more efficient than the traditional approach.

To use a predictor trained with more than Np = 36 is not necessary, as it has been also seen in

Section 4 that the misclassifications take place in the separation limit, which is not a region of

interest in terms of high accuracy in the classification. Thence, from Table 10 can be observed

that a MLADO with a final set of Ns = 59 may be reduce the computational time up to a 27%

with respect to a standard optimisation with Ns = 100, and a 18% with respect to a standard
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optimisation with Ns = 80. However, we outline that in the present application, the avoidable

simulations are not the expensive ones (V S = 0 are steady). For other applications, i.e. designs

to suppress vortex shedding, the optimisation process may be intended to designs with V S = 0

and i.e. reduce drag. In this scenario, the MLADO approach is recommended, as V S = 1 sim-

ulations would be saved in the construction of surrogates with more relevant computational savings.

0 10 20 30 40 50
0.5

1

1.5

2

2.5

3

3.5
A

B

C

N
s
=80 points (reference)

Optimal candidate points (reference)

N
s
=68 points

N
s
=55 points

N
s
=42 points

N
s
=59 points (two refinements only)

Figure 20: Pareto fronts from multi-optimisation with different number of surrogate samples Ns.

As seen in Figure 20, the selected optimal points A, B and C are the same with the MLADO.

Before proceeding to simulate the selected cases, it is useful to check by means of the predictive

model whether vortex shedding may take place. If there is no vortex shedding, then the perfor-

mance of low efficiency configurations may be debatable. The configurations of the three points A,

B and C were input to the Random Forest predictor and it predicted vortex shedding for all. The

description of the three points is given in Table 11 (which includes also the simulated performance

via CFD), and their representation on the surrogates is depicted in the contour plots in Fig. 21,

where for the sake of visualisation, it has been assumed that for point A, B and C the optimal

value of Re is exactly Re = 200. In Table 11 can be seen that the Kriging surrogates predicted a

performance very close to the simulated scenario. This is a good indicator of the accuracy of the

surrogates to model the expected performance of non-simulated configurations. The CFD relevant

visualisations of the selected optimal points are shown in Fig. 22.

To conclude, a comparison of the performance with respect to previous works in the literature
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Optimal candidate AR BR Re Predicted η Predicted 〈Π〉 CFD η CFD 〈Π〉

Point A 0.130 0.500 199.956 49.032 % 3.288 48.96 % 3.284

Point B 0.131 0.370 199.875 30.305 % 1.875 30.2 % 1.85

Point C 0.251 0.203 199.879 12.751 % 0.896 13.4 % 0.891

Table 11: Selected optimal points from the Multi-Objective optimisation problem. Predicted η and 〈Π〉 corresponds

to the values provided by the evaluation of the surrogates. CFD η and 〈Π〉 are the values upon the CFD simulation

of the optimal point candidates.
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Figure 21: Representation of the selected optimal points on the η and 〈Π〉 surrogates for a constant value of

Re = 200.

(which are related to different geometries) is shown in Table 12. Due to the fact that previous works

used for comparison purposes are about mixing fluids with different mass fraction concentrations,

Γc would be the Schmidt number: Γc ≡ Sc. Therefore, and for a fair comparison, both the

Reynolds and the Schmidt numbers in the studies to be compared should be the same, but some

authors used different values. Nevertheless, the comparison can still be valuable to understand

the goodness of our optimal design. To support the analysis, a new simulation with Schmidt

number Sc = 103, and with geometry configuration of Point A (the optimal candidate with the

highest mixing efficiency and pumping power consumption), has been run. If the present study

is compared to previous works with Schmidt numbers of 104 (see Table 12), the efficiency of our
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Figure 22: Config. A: a) Mass fraction. b) Streamlines. Config. B: c) Mass fraction. d) Streamlines. Config. C:

e) Mass fraction. f) Streamlines. For all the figures, the streamlines are coloured according to max total velocity

(red) and min total velocity (blue).

proposed design outperforms them all. In terms of pressure drop (∆p is provided in the previous

works and is made dimensionless here with ρU2), can be seen that also exhibits a low pressure drop

to achieve a high efficiency. Although the pressure drop in [30] exhibits lower values, the efficiency

is much lower too. Actually, if one really needs to reduce ∆p, points B and C are just 1.85 and

0.891, respectively, and still outperforming the efficiency. The works in the literature related to

Sc = 103, despite the good mixing performance achieved, they report large values of the pressure

drop. It is important to consider the pressure drop (or the pumping power) in the comparison,

because each design in the literature survey is different in terms of elements and configuration,

so to focus only on the mixing would not be reliable since the energy requirements may be large.

Therefore, in terms of mixing-pumping power trade-off, our microdevice seems to outperform them

all, because achieves a good mixing at low pumping power. However, to clarify this statement,

the comparison must be put into context. Although a mixing efficiency of η ∼ 50% may seem

small compared to other mixing efficiencies in the literature, the investigated optimal device is

designed for a very high Peclet-like fluid, a very short microchannel and with just one obstacle

interaction. If the length of the microchannel and/or the number of obstacles is increased, the

mixing efficiency will be also increased notably, but the pressure drop will grow excessively, as seen

for instance in [109, 110, 111, 90, 112]. In these works it is especially relevant the strong impact
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[90], 50, 103 [113], 0.29, 104 [112], 200, 700 [30], 200, 104 PR, ∼200, 104 PR, ∼200, 103

η [%] 13-90 12-14 ∼90 12.8-17.8 ∼49 ∼52

∆p [-] 9.3-35.9 ∼1800 24.6-470.5 0.74-1.96 3.284 3.284

Table 12: Comparison of mixing efficiency got by different authors. Each column header stands for: Author, Re,

Sc. PR stands for Present Research.

on pressure drop by the aggregation of many obstacles. As to add more obstacles to our design

would modify the vortex shedding mechanics and increase pressure drop remarkably, to extend the

length of the microchannel would be an easy option to increase mixing efficiency. To give evidence

of this, an additional computation has been conducted: the impact of the increase in one unit

length has been tested for the optimal configuration of Point A with Sc = 104. The results of this

length L = 6 are compared to the baseline optimal design of length L = 5. An important increase

from η = 49% to η = 58.6% is observed, with a very gently increase of the dimensionless pressure

drop from 3.284 to 3.348. Thus, the optimal mixer designed in this work is a very efficient option,

especially when the microchannel must be short and pressure drop (pumping power) must be low.

Thus, if the length is extended, the efficiency of the vortex shedding-based micromixer is expected

to be notably improved with decent cost, as no additional objects are placed along the channel.

Future work may be oriented to develop the present investigation as a multi-objective optimisation

problem including L as design parameter, which should not be excessively long, in order to avoid

a large increase in pressure drop.

6. Conclusions

In this work, an optimal design of a micromechanical device which consists of a pillar con-

fined in a microchannel to generate vortex shedding is engineered. For this objective, a proposed

Machine Learning-aided design optimisation (MLADO) framework is followed, which consists of

using CFD simulations, a Random Forest predictive model and Gaussian Processes (Kriging). The

MLADO framework is an approach easily extendable to other engineering applications, and can

be automatised if shape parametrisation strategies are included (for instance, Computer Aided

Engineering-based or mesh morphing-based). The framework has demonstrated to be an efficient

way to design the device: since the surrogate predictors may need extra training data to update,

the Random Forest vortex shedding predictor can be used to decide whether the new points are
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necessary or not. Hence, computational resources can be saved fully simulating only configurations

that lead to vortex shedding and the creation of the surrogates becomes data-driven. The use of

a Genetic Algorithm (the NSGA-II algorithm) on the final surrogates has determined the optimal

configurations (Pareto front) for the multi-objective problem of minimising the power consumption

and maximising the mixing efficiency. Three optimal candidates have been simulated and their

performance matches with negligible differences with the predicted performance via the Kriging

surrogates. The optimal candidates outperform existing devices in the literature, especially in

mixing per unit length, as good mixing is achieved even for a short microchannel of L = 5 and a

single object interaction .

Supplementary Material

The trained Random Forest predictor is provided. Extension: .RData (Rstats only).
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trees in a random forest? In International workshop on machine learning and data mining

in pattern recognition, pages 154–168. Springer, 2012.
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