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ABSTRACT

We conducted experiments using a single non-deformed and two spanwise deformed wing models for a constant chord-based Reynolds num-
ber, Re ¼ 20� 103. We carried out all experiments to consider several angles of attack a lower than the stall value. The lift forces between
non-deformed and spanwise deformed wings present differences depending on the angle of attack. A first finding of the experimental study is
that, for smaller values of the angle of attack, e.g., a¼ 4�, the non-deformed wing case has higher lift values than the highest spanwise
deformed wing. However, for larger values of the angle of attack, such as a¼ 8�, we found a higher lift for the spanwise deformed case.
Additionally, velocity fields of the trailing vortex have been taken by two-dimensional particle image velocimetry, finding that both theoretical
models by Batchelor [J. Fluid Mech. 20, 645 (1964)] and by Moore and Saffman [Proc. R. Soc. Lond. Ser. A 333, 491 (1973)] can be fitted to
experimental measurements obtained from non-deformed and spanwise deformed wing models, the latter model giving the best results for all
angles of attack. Finally, we computed the circulation of the trailing vortex using two different methods with the same result and observing
that this estimated circulation level directly correlates with the measurement of the lift force.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0195188

I. INTRODUCTION

The state-of-the-art on steady aerodynamics under subsonic flow
conditions has many examples of researchers performing force mea-
surements on a stiff-wing configuration.1,5,16,22 Therefore, researchers
have determined the drag and lift coefficients of stiff-wing models as a
function of the angle of attack to study the flight physics under a con-
stant incident velocity.3 These classical measurements are subsequently
made more sophisticated by including the effects of aeroelastic perfor-
mance11,20 or studying the behavior of morphing wingtips.14 However,
we are interested in conducting an aerodynamic study of an aerial
vehicle under steady load conditions without accounting for spanwise
flexibility. To that end, we ignore chordwise wing deformation,19

which is also responsible for the fact that the effective angle of attack
can vary.24 Thus, we use a wing model characterized by (1) a high stiff-
ness and (2) a spanwise deformation.

The goal of this study is to analyze models with an imposed span-
wise deformation with a low chord-based Reynolds number,
Re ¼ 20� 103 (see its definition below), and on a wing model with a
relatively small semi-aspect (semi span length to chord) ratio, sAR¼ 2.

The motivation for this study lies in the advent of increasingly lighter
airfoil materials causing considerable spanwise deformations. We
used a low Reynolds number because aerodynamics in this range has
not yet been explored in detail41 for applications such as micro air or
unmanned aerial vehicles (MAVs and UAVs) or aerial vehicles for
space missions in the stratosphere.42,46,47 Low aspect ratio wings are
essential in these applications. In addition, to apply computer-aided
design, it is necessary to solve the problem of spanwise wing defor-
mation when the wing is under distributed aerodynamic
load.24,26,51,53

We used the NACA 0012 profile for our study.12,45 The slope of
the lift with the angle of attack of this slender airfoil presents a non-lin-
earity.5,32,44,50 Thus, this airfoil for a Reynolds number between values
close to Re ¼ 20� 103 and less than 80� 103 shows a near-zero and
negative lift for values of the angle of attack between 0� and 2�.47 This
dead zone has been reported on a few occasions by various
authors.32,35,39 The most plausible explanation for the appearance of
this zone with a negative lift is due to a two-dimensional (2D) effect in
which there is a pre-alignment of the flow at the leading edge.1
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Concerning the effect of spanwise deformation on the lift coeffi-
cient and the trailing vortex, we will focus on the former aspect and
find that numerous data confirm an effective increase in lift with defor-
mation before stall. However, other studies report higher lift coeffi-
cients in the non-deformed (ND) wing models for small values of the
angle of attack.11,26,53 We also show this result in our experimental
study, thus confirming the same performance. On the other hand, the
study of wingtip vortices is of great interest in aerodynamics.
Researchers use three theoretical models with which one can obtain
their parametric characterization from experiments:16 Lamb-Oseen,
Batchelor,6 and Moore and Saffman.31 These turbulent wake structures
have shown to be very stable and persistent over time, and numerous
investigations try to understand their patterns downstream,21 stabil-
ity,4,7,8,10,23 and how they can reduce their strength,9,17,22,27,52 among
other studies that concern about vortex wandering using NACA 0012
wing models.15,18

Several authors explain the generation of lift and its changes in
value by changing flow patterns in a two-dimensional airfoil.13,36,37,43

In this sense, Winslow et al. have schematically differentiated regions
for Reynolds ranging between Re ¼ 20� 103 and 50� 103.46 Thus,
as the angle of attack increases, the laminar separation bubble (LSB)
moves from being concentrated at the trailing edge to an intermediate
zone of the airfoil located further upstream, i.e., the separation point
moves closer to the leading edge, thus increasing the size of the shear
layer. There are other studies in which this range of Reynolds numbers
cited above extends up to Re ¼ 60� 103. In addition, the lift increases
with the angle of attack and Reynolds number.49

Prandtl’s original lifting line theory34 provides another relevant
aspect in the interplay of the circulation generated in the airfoil and
the wingtip vortices. Specifically, we refer to the combination of the
flow patterns formed in the areas adjacent to the separation bubble
and the wingtip vortices during their roll-up process.40 This interaction
can produce the disappearance of the vortex lift for very low aspect
ratios.33 For this reason, many authors are making a significant effort
to understand the physical mechanism of this interaction for different
aspect ratios and low to moderate Reynolds numbers.28,38 Finally, it is
interesting to remark how force measurement and velocity measure-
ments can be related using the idea about the circulation that Xu
et al.48 very recently exposed. They obtained a constant, k, to relate the
circulation contained in the trailing vortex Cvortex, which can be
derived from velocity measurements on a plane perpendicular to the
movement, and the wing circulation computed throughout the wing
�Cwing , directly obtained from the force measurements. These authors
estimated this constant for several numerical simulations of low aspect
ratio hydrofoils with different geometries and conditions, thus provid-
ing a constant value k ranging between 0.9 and 1.0. Xu et al.48 reported
this last interval for any semi-aspect ratio sAR and Re ¼ 600� 103.
Another finding of our study results in the validity of the k-range for
smaller Reynolds number.

This paper is organized as follows: Section II contains details of
the experimental procedure of force and velocity, including the
methodology for post-processing the velocity and the theoretical
model used. Section III describes the main force results and the influ-
ence of the wing deformation on the lift coefficient. Section IV ana-
lyzes the impact of the wing deformation on the velocity
measurements and circulation. Section V is devoted to the conclu-
sions of this work.

II. EXPERIMENTAL SETUP AND TECHNIQUES

We performed the experiments using a towing tank at the
Laboratory of Aero-Hydrodynamics of the University of M�alaga. The
towing tank is enclosed by transparent 25-mm thick perspex walls,
allowing flow visualizations. The tank measures 10m in length and
features a cross-sectional dimension of 0:5� 0:5m2. We installed a
laser sheet perpendicular to a wing moving at a constant speed in the
z-direction. Figure 1 illustrates a three-dimensional (3D) depiction of
the experimental setup with the wing model moving from right to left.

Three rectangular wing models with the same NACA 0012 airfoil
profile and semi-aspect ratio of sAR¼ 2 were tested. This symmetrical
wing section, chosen with a chord of c ¼ 0:1m and a semi spanwise
length of l ¼ 0:2m, presents a maximum thickness equivalent to 12%
of the chord. Each of the three tested NACA 0012 wing profiles corre-
sponds to a different level of deformation in the spanwise direction.
These rigid models have imposed deformations to replicate the ones
measured experimentally in Farnsworth et al.20 Specifically, they corre-
sponded to tip deflections of d ¼ 0% (non-deformed, ND), d ¼ 2%
(intermediate deformation, ID), and d ¼ 4:5% (large deformation,
LD) of the wingspan (originally obtained from a NACA 0018 profile
with sAR¼ 6 and Re ¼ 230� 103). While the intermediate deforma-
tion profile corresponds to the deflection experienced by the wing for
an angle of attack of a¼ 5�, the large deformation corresponds to
a¼ 10�.20 Figure 2 reproduces the profiles on the spanwise direction
of the non-deformed profile with the two levels of deformations. It is
noteworthy to specify that for the deformed cases, the length corre-
sponds to the projection of the wing on the x-axis, being the total cur-
vilinear wing length slightly greater.

We performed all the experiments at a chord-based Reynolds
number of Re ¼ W1c=� ¼ 20� 103. This constant value is achieved
by adjusting the forward velocity of the wing profile W1, considering
the water temperature, T, and its corresponding kinematic viscosity
�ðTÞ. The velocity is then set to a constant value controlled by an elec-
tric motor, which provides a maximum velocity of 400mm/s with an
error lower than 0.5%. The electric motor is controlled by a laptop
with feedback by means of an encoder, and the control of the accelera-
tion from rest and the final position of the model was set using
MatlabVR through the USB port. We set the angle of attack for the wing
models using a high precision rotating platform attached to the mov-
ing structure on the towing tank.We did not observe any relevant tow-
ing tank blockage effects since it had a maximum value of 1.9% for
sAR¼ 2.

The proposed experimental setup aims to obtain values for two
sets of variables: the hydrodynamic forces exerted on the wing profile
and the velocity field of the trailing vortex. Finally, to check the repeat-
ability of the experimental setup and to obtain the standard deviation
of lift with the level of wing deformation, each experiment was
repeated 3 times with unchanged experimental conditions. Thus, all
the force and velocity results shown in the paper represent the aver-
aged value of these three tests. The details relative to both variables are
exposed, respectively, in Secs. IIA and II B.

A. Force measurements

We measured the hydrodynamic forces applied on the wing
profile during its translation along the towing tank with the precise
six-axis force/torque sensor ATI FTD-Nano17 SI-12-0.12 sensor of
accuracy 60.003N. This load cell, mounted on the mobile platform
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on the towing tank, is connected to each of the tested wing profiles
through the high-precision rotating platform. We ensured the orienta-
tion of the wings using a digital inclinometer with an accuracy of 0.1�.

We might be aware of some considerations to calculate the lift
and drag coefficients from force measurements. Given that the z-axis
of the transducer aligns with the direction of gravity, hydrodynamic
forces exclusively act within the (x, y)-plane. The force sensor was
aligned with the direction of the movement, establishing a global coor-
dinate system in which the lift force can be directly obtained. The
global lift component FL is set perpendicularly to the free-stream veloc-
ity W1. In order to compute the force using the local coordinate sys-
tem aligned with the wing chord, we applied the following
transformation:

FL ¼ Fx0 sin að Þ þ Fy0 cos að Þ: (1)

It is essential to consider the eventual offset of the force measure-
ments, which has to be subtracted from the force signals to obtain the

hydrodynamic forces over the airfoil. Then, we computed the non-
dimensional lift coefficient using the following expression:

CL ¼ 2FL
qW21A

; (2)

where q is the water density at the corresponding temperature,W1 is
the translation velocity of the wing profile, and A is the planform area
of the model, A ¼ l � c.

B. Velocity measurements

We measured velocity fields belonging to trailing vortices using
the 2D-PIV technique. This technique captures velocity information of
the whole flow fields in a fraction of a second using two consecutive
images from the illuminated tracer particles in the laser plane. The
laser sheet is positioned in a fixed position perpendicular to the axial
axis (z), illuminating an (x,y)-plane, enabling the reconstruction of
both azimuthal and radial velocity components in the wake alongside
the axial coordinate. Note that the dimensional axial position, z, is
measured from the laser sheet to the trailing edge of the wing model.

The 2D-PIV system consists of two main components: (1) a laser
sheet that is less than 1mm thick in the measurement section obtained
using one green laser source of 1W (Microvec model SM-SEMI-1W)
in conjunction with a set of lenses (cylindrical lens of �6:25mm focal
length) and a mirror that was installed in front of the laser plane to
obtain a better illumination sheet, (2) a high-speed monochrome
camera Phantom model CINEMAG-II v611 with a Tamron lens (SP
70–200mm f/2.8) at a rate of 125 fps, equivalent to a time interval
between images of Dt ¼ 8ms. This experimental setup allowed us to
obtain the wing wake evolution over a distance of 20c from the motion
onset.We collected velocitymeasurements for angles of attack a¼ 4–8�.

FIG. 1. Three-dimensional schematic representation of the experimental setup: NACA 0012 wing with a semi-aspect ratio sAR¼ 2 mounted on a support moving in the axial
coordinate z from right to left (1), perspex channel (2), laser light plane (3), rail track (4), computer that regulates the velocity control of the guide rail (5), high speed camera
(6), and blue mounting structure (7).21 The top box contains a schematic of the NACA0012 models: non-deformed (ND, d ¼ 0%), intermediate deformation (ID, d ¼ 2%), and
large deformation (LD, d ¼ 4:5%).

FIG. 2. Non-dimensional deflection levels along the spanwise direction considered
in this study, corresponding to deformations observed from Farnsworth et al.:20 non-
deformed (ND, d ¼ 0%), intermediate deformation (ID, d ¼ 2%), and large defor-
mation (LD, d ¼ 4:5%).
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As tracer particles to perform 2D-PIV, we used glass silver-
coated spheres of 10lm (HGS-10 from Dantec). These seeding par-
ticles are neutrally buoyant in water, thus minimizing their relative
motion to the water flow due to gravity and centrifugal accelerations.
The calibration process for the 2D-PIV imaging setup relies on captur-
ing images of a planar calibration target positioned parallel to the light
sheet plane. This calibration target comprises a grid of dot markers
equally spaced at 10mm intervals, facilitating straightforward detec-
tion using simple image processing techniques.

The PIV algorithm to extract the velocity fields from the images
was DPIVSoft.2,30 This program employs a double pass PIV method
with a window deformation of 32� 32 pixels. Therefore, we obtained
a grid containing horizontal and vertical velocity components (u, v) for
each snapshot pair. These velocity profiles were later post-processed to
characterize the wingtip vortices.

In addition, to verify the absence of systematic errors, we lever-
aged the software developed in Mendes et al.29 to generate synthetic
images emulating a q-vortex flow under our experimental conditions.
These conditions encompassed such factors as maximum azimuthal
velocity, particle size, particle density, and pixel-to-mm ratio. With
this technique, we verified that the estimated velocity errors remained
below 1% of its magnitude.

C. Velocity fields post-processing

2D-PIV measurements provide a grid of velocity data for each
measured plane using a global reference point. However, we are inter-
ested in analyzing these data sets for wingtip vortices. Wingtip vortices
are disturbed by turbulence, causing an unpredictable shift in their
center position known as meandering.15,18 Even though this phenome-
non is not very pronounced due to the low turbulence in the towing
tank, it is necessary to identify the vortex center and establish it as the
local center for our coordinate system to allow comparing velocity
fields across different axial distances.

To determine the vortex center, we used a two-step approach to
approximate its position first and to refine the approximation later.
We computed the first step following the gradient of the stream func-
tion, which inherently points toward the vortex center. This direction,
denoted b, can be calculated at a given point (i, j) as

bi;j ¼ tan�1ðvyi;j ; vxi;jÞ þ p=2: (3)

From an initial guess point, incremental movements in the b
direction ultimately converge toward a point close to the vortex center.
This first procedure is very convenient for experimental data due to its
robustness against spurious values of the velocity fields.

The second step applied a more precise method to refine the vor-
tex center estimation. This method is based on calculating the maxi-
mum vorticity position and has proven quite efficient.21 Specifically,
the vorticity field is approximated by a two-dimensional second-order
polynomial function in the nearest points to the first center estimation.
The polynomial used has the following form, presenting a total of six
adjustable coefficients:

Pðx; yÞ ¼ a1 þ a2x
2 þ a3y

2 þ a4xy þ a5x þ a6y: (4)

Since the vorticity peak occurs at the vortex center, its coordinates can
be calculated at the sub-grid interpolation level as follows:

xvc ¼ a4a6 � 2a3a5
4a2a3 � a24

; yvc ¼ a4a5 � 2a2a6
4a2a3 � a24

: (5)

After the computation of the vortex center (xvc, yvc), all the velocity
data are re-centered and interpolated accordingly. Due to the pro-
nounced axial symmetry exhibited by wingtip vortices, it is advanta-
geous to analyze them within the framework centered on the vortex
and using cylindrical polar coordinates (r; h) for each z measurement
plane with velocity components (vr ; vh), respectively.

D. Theoretical models

One of the earliest theoretical models developed to describe the
behavior of trailing vortices was formulated by Batchelor.6 This model
assumes axial symmetry in the vortex flow and addresses the Navier–
Stokes equations in cylindrical polar coordinates (r; h; z), with velocity
components (vr; vh; vz). A boundary-layer-type approximation is
applied, considering gradients in the axial direction much smaller than
those in the radial direction (@=@z � @=@r), while radial velocity is
negligible compared to the axial component (vr � vz). Simultaneously,
the theoretical model considered the axial velocity defect (or excess)
much lower than the free-stream velocity (jvz �W1j � W1). The
resulting linearized parabolic equations are solved incorporating a
boundary condition stating that in the far field, the axial velocity compo-
nent approaches the flight speed and the tangential velocity takes the
form of a potential vortex (rv ! constant � Ccore=ð2pÞ as r ! 1,
being Ccore the vortex core circulation).16 This results in zero radial
velocity

vrðr; zÞ ¼ 0; (6)

and the following expression for the azimuthal velocity component:

vhðr; zÞ ¼ Ccore

2pr
1� e�W1r2=ð4�zÞ½ �: (7)

The axial velocity component will not be considered, as our experi-
mental data has been acquired using the 2D-PIV technique, neglecting
the out-of-plane velocity component.21

For a more comprehensive understanding of these vortices and to
facilitate comparisons with other research studies, it is advantageous to
analyze them using dimensionless variables based on the chord length
c and the free-stream velocityW1

�vh ¼ vh=W1; (8)

�r ¼ r=c; (9)

�z ¼ z=c: (10)

The use of these non-dimensional variables results in the follow-
ing dimensionless expression for the azimuthal velocity in the
Batchelor’s model:

�vhð�r ;�zÞ ¼ S
�r
ð1� egÞ; (11)

where

S ¼ Ccore

2pcW1
; (12)

g ¼ � �r2Re
4ð�z � �z0Þ : (13)
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As del Pino et al.16 pointed out, the axial vortex origin in the self-
similar solution proposed by Batchelor is not well defined. To address
this issue, an additional free parameter �z0 has been added to the
model. This parameter represents a virtual origin of the vortex differ-
ent from the wingtip and improves considerably the fitting of the theo-
retical models with the experimental data.

The model proposed by Moore and Saffman31 also incorporates
the same boundary-layer-type and small axial velocity defect approxi-
mations as Batchelor’s model. However, it uses a more realistic bound-
ary condition for the tangential velocity as �r ! 1, taking into
consideration the roll-up process of the vortex sheet, resulting in a
more realistic solution for the flow outside the viscous core. In this
model, it is assumed that the vortex sheet is generated by wings with a
circulation distribution across the wingspan CðxÞ 	 x1�n, where
0 < n < 1. In non-dimensional terms and with the inclusion of the
free parameter z0, the Moore and Saffman solution for azimuthal
velocity can be expressed as

�vhð�r ;�zÞ ¼ bRen=2

�ð�z � �z0Þn=2
VnðgÞ: (14)

Here, b is a non-dimensional constant related to the vortex circulation,
VnðgÞ is a function dependent on the gamma function and the hyper-
geometric function of the first kind, and n, the parameter defined by
the wing circulation distribution, determines the vortex decay rate as
�vh ! b�r�n as �r ! 1.

III. FORCE RESULTS
A. Validation

One of the defining properties of any wing model is its lift coefficient.
The calculation of the lift coefficient for NACA 0012 profiles at low
Reynolds numbers is not trivial due to the non-linearities present for small
angles of attack. This subtle phenomenon has already been
reported1,32,35,39,49 and has been comprehensively studied. Additionally, as
discussed extensively by Tank et al.,39 there are some discrepancies in the
results since they are extraordinarily sensitive to small changes in geometry
and the environment. Nevertheless, we use the previous work of Ohtake
et al.32 and Yasuda et al.49 to validate our forces measurements. Figure 3
represents the measured lift coefficient for a non-deformed model at Re ¼
20� 103 and semi-aspect ratio sAR¼ 2 for different angles of attack
together with the results obtained from the literature. The values are very
similar to Ohtake et al.32 from a¼ 0–7� and more similar to Yasuda
et al.49 for angles a> 7�. Note that even though Yasuda et al.49 and
Ohtake et al.32 are using three-dimensional models with semi-aspect ratio
sAR¼ 2, their experimental setup is different. The models of Yasuda
et al.49 are indeed measurements of a three-dimensional model, whereas
themodel used in Ohtake et al.32 has the same height as the tunnel section,
thus acting as a (airfoil) 2D model. There are also multiple pieces of litera-
ture about the modification for low aspect ratio foils and 3D effect; see,
e.g., Hoerner.25 More importantly than the exact value (due to the above-
mentioned possible discrepancies in the exact values), the results match
the same characteristics as the results exposed byOhtake et al.32 First, there
is a small region about 0–3� with a strong non-linearity, including an
almost zero lift value for an angle of attack a¼ 1�. Then, a second region
appears between a¼ 3� and a¼ 7� with a strong CL slope and, finally, the
third area forms at a> 7� with a middle slope region (region names were
maintained fromOhtake et al.32 for clarity).

B. Influence of the deformation on the lift coefficient

In this paper, we aim to raise the question of how the spanwise
deformation affects an already complicated behavior of the lift coeffi-
cient on the NACA 0012 profile wings. The measured lift coefficients
of the three wing models (non-deformed, intermediate deformation
and large deformation) are represented as a function of the angle of
attack a in Fig. 4. First of all, we focus our attention on the division of
the three distinctive regions: non-linear a¼ 0–3�, large CL slope
a¼ 3–7�, and intermediate slope a> 7�. The three zones are clearly
defined not only for the non-deformed case but also for the deformed
ones.

Analyzing each zone in detail, we observe that the lift coefficient
diminishes with deformation in the non-linear region. Also, we find

FIG. 3. Lift coefficient vs angle of attack. Results from our study, Yasuda et al.49

and Ohtake et al.32

FIG. 4. Lift coefficient variation vs the angle of attack for cases with sAR¼ 2 and
Re ¼ 20� 103 for three levels of deformation.
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that CL is approximately zero at a¼ 1� for all the deformations. These
results also confirm this phenomenon being a purely 2D effect.1 The
large CL slope regions present a slope very similar in the deformed and
non-deformed wings up to a¼ 6�, being the values of CL smaller for
the deformed wings since they were smaller at a¼ 3�. At a¼ 6�, the
CL slope changes differently for the deformed wings, and the differ-
ences on CL are lower as we approach the third region. At a¼ 7�, we
enter the middle CL slope region, and the changes in the behavior of
the deformed wings are evident. First, we can appreciate a noticeable
difference between the intermediate and large deformation wings for
a> 7�. The intermediate deformation mimics the non-deformed
model, showing negligible differences in the CL, whereas for a< 7�,
these two levels of deformation exhibit similar behavior. Therefore, a
larger deformation is required to observe a significant effect in CL for
higher angles of attack. Second, we noticed that for a> 7�, forcing a
big enough deformation increases the CL contrary to the observations
made for smaller angles of attack.

To explain the results of CLðaÞ for the non-deformed case, we
can analyze the pressure profiles at different angles of attack over
NACA 0012 airfoils presented by Anyoji et al.5 and Tsuchiya et al.,44

at Re ¼ 20� 103 and Re ¼ 25� 103, respectively. In these Reynolds
numbers, from a¼ 3� to a¼ 7�, the flow evolves from not presenting
an LSB to showing a larger LSB, which shortens considerably as a is
increased. This range of angles of attack corresponds to that in which
our measured CL increases sharply, suggesting a change in the flow
regime as the causing mechanism for this effect. For the evidence given
above, a plausible explanation of how the LD case has larger values of
CL than the ND case for a> 7� is that the spanwise deformation wing
remains with larger LSB at higher angles of attack. It is also evident
that the presence of a critical spanwise deformation since ID data fol-
lows ND findings.

IV. VELOCITY RESULTS
A. Validation

To validate our 2D-PIV measurements, we first corroborate the
general structure and characteristics of wingtip vortices observed in
our experimental data. Notably, one prominent attribute of these vorti-
ces is the pronounced axial symmetry they exhibit once the roll-up
process of the vorticity sheet has been finalized. This symmetry is
appreciable in Fig. 5, which displays flow velocity (in arrows) together
with vorticity contours at z=c ¼ 7. This plane was selected as an exam-
ple without any particular reason, considering that symmetry contin-
ues as the vortex evolves in the z direction.

Figure 6(a) represents experimental dimensionless vh in solid
lines at z=c ¼ 10. Note that due to the symmetry of the vortices, the
azimuthal component of the velocity is averaged for every angular
position, obtaining a representative value of vh for each radial position.
Figure 6(a) also illustrates the core radius rcore position defined as the
radial distance of the azimuthal velocity peak. In addition, Fig. 6(a)
also represents, together with the experimental results, the values
obtained with the Moore and Saffman31 and Batchelor6 models with
their corresponding adjusted parameters. Moore and Saffman31 model
is able to reproduce very accurately the velocity results of this experi-
ment. Figure 6(b) represents the dimensionless vh for z=c ¼ 20. The
form of the radial vh profiles is similar for all z distances. However, the
maximum value of vh is decreasing, and the radius of the core is
increasing along the z-axis as expected in trailing vortices. Also, at the

outer regions of the vortex (r=c� 0:2), the velocity profiles overlap for
all the axial distances studied, as the velocity induced by a vortex core
in the far field is similar to the one induced by a singular point with
the same total circulation.

Finally, we compare our results for the non-deformed wing with
the ones obtained by del Pino et al.16 In this article, as in our case, the
2D-PIV technique was used to measure the velocity fields in the wake
generated by wing models with a NACA 0012 profile and sAR¼ 2 at
Re ¼ 20� 103. Therefore, we have computed the parameters for the
theoretical models for our results and compared them with their
results. Table I contains the parameters for the Moore and Saffman31

model for both studies. The results show good agreement despite the
different techniques used to compute the velocity and the difference in
the angle of attack. del Pino et al.16 measurements were taken using a
large water tunnel, whereas the present study uses a towing tank. The
angles of attack were a¼ 6–9–12� in del Pino et al.,16 and the theoreti-
cal parameters computed with the average and our results present the
averaged values over a¼ 6–7–8� since S grows linearly with the angle
of attack.

B. Influence of wing deformation in the wingtip vortex
general structure and axisymmetry

After briefly discussing the well-known features of wingtip vorti-
ces, we shift our attention to the influence of the spanwise wing defor-
mation. The vortex symmetry remains unaltered despite the level of
wing deformation. This behavior is illustrated in Fig. 7 with velocity
and vorticity fields at z=c ¼ 7. However, it remains unaltered for any
other z value after the roll-up process. This characteristic is essential
for further analysis and validates the application of azimuthal averag-
ing some properties, even in cases featuring wing deformation.

The most considerable effect of the deformation on vh is the
change of its magnitude [compare Fig. 8(a) with Fig. 6(a)]. No substan-
tial change is appreciated in the position of the vortex core radius. Two
representative examples of vh profiles have been chosen at z=c ¼ 10,
Fig. 8(a), and z=c ¼ 20, Fig. 8(b), but its structure is maintained for
any other z position along the vortex.

FIG. 5. Results for a non-deformed wing at a¼ 8�: Experimental velocity and
dimensionless vorticity fields at z=c ¼ 7.
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Focusing our attention on the theoretical models, we first analyze
the S parameter of the Batchelor6 model and the b parameter from the
Moore and Saffman31 model that is related to the vortex circulation.
Figures 9 and 10 present these parameters for different angles of attack

and for the non-deformed and large deformation models. We can
observe how for both parameters the deformed model shows smaller
values for angles of attack a¼ 4–5�, then they almost coincide for
a¼ 6� and then they present a change in the trend for values a¼ 7�,
showing the deformed model higher values.

The n parameter, represented in Fig. 10, describes the decay rate
of the azimuthal velocity with the radial distance (vh 	 r�n). Our
results show that this parameter does not seem to be dependent on
wing deformation. For a
 6�, it remains constant at a value of approx-
imately 0.7. However, below 6�, n increases and at a¼ 4�, it is almost
equal to 1, which represents the radial decay of a potential vortex. This
characteristic explains why Batchelor’s model fits the experimental
results better at a¼ 4�; see again Figs. 6 and 8.

C. Circulation and effect of wing deformation on the
circulation

Due to the importance of the circulation in further analysis of the
vortex, we analyze its evolution in a separate subsection. Circulation,
CðrÞ, is defined as the circulation around a circular path of radius r,
centered on the vortex and determined directly through the line inte-
gral of the velocity field (C ¼ Þ

~v � ~dl). Figure 11 shows the value of
CðrÞ averaged for any z plane for non-deformed (in solid lines) and
large deformation (in dashed lines) wings for different angles of attack.
The circulation is always increasing as we move away from the vortex
core as expected, showing two clear regions: one with a stronger slope
at the vortex core and another one where its increase is less pro-
nounced or becomes even constant depending on the cases outside the
core.

This circulation behavior is an expected result that is typical in
vortex analysis. However, the novelty elucidated here is the influence
of the deformation on the circulation. The deformation decreases the
circulation for small angles of attack and increases the circulation for
larger angles of attack. The change in this behavior is appreciable
between a¼ 6–7� as it was also evident in the analysis of the b and S
parameters; see Figs. 9 and 10. This change also coincides with the
change in the trend displayed on the lift coefficient in Fig. 4,

FIG. 6. vh=W1 for a non-deformed model at a plane (a) z=c ¼ 10 and (b)
z=c ¼ 20. Solid lines represent experimental measurements, dashed lines repre-
sent the Moore and Saffman31 model, and dotted lines represent the Batchelor6

model.

TABLE I. Comparison between the parameters of the Moore and Saffman31 model
for the present study and del Pino et al.16

Parameter del Pino et al.16 Present

b=a 7:5� 10�3 7:3� 10�3

n 0.54 0.69
�z0MS �9:4� 10�4 �5� 10�4

FIG. 7. Results for a deformed wing with d ¼ 4:5% at a¼ 8�: Experimental veloc-
ity and dimensionless vorticity fields at z=c ¼ 7.
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comparing deformed and non-deformed models. The connection
between the circulation and the lift coefficient will be further elabo-
rated in Sec. IVD.

Now, we focus our attention on the evolution of the circula-
tion along the z-axis. It is well known that the vortex intensity
decays in the downstream direction. Therefore, the evolution of
vhmax along the z axis (not shown) gradually decreases after the
roll-up process. However, note that after the roll-up process, the
core circulation is preserved, due to the fact that the core radius
increases at the same rate that the peak azimuthal velocity
decreases (r0vhmax ¼ cte). See Fig. 12 for the downstream evolution
of core circulation.

Wing deformation maintains similar patterns for the evolution of
circulation as observed in Fig. 12 dashed lines. vhmax and core radius
(not shown) also show similar behavior to the non-deformed cases.

D. Wingtip vortex circulation and its relationship with
wing hydrodynamic forces and spanwise circulation
distribution

Wing circulation along its span direction can be computed by
applying the Kutta–Joukowski theorem and integrating along the wing
span as

�Cwing ¼ 1
2
CLW1c: (15)

FIG. 8. vh=W1 for a deformed model with d ¼ 4:5% at a plane (a) z=c ¼ 10 and
(b) z=c ¼ 20. Solid lines represent experimental measurements, dashed lines rep-
resent the Moore and Saffman31 model, and dotted lines represent the Batchelor6

model.

FIG. 9. Parameter S of the Batchelor6 model vs the angle of attack for non-
deformed wing (solid line) and deformed wing with d ¼ 4:5% (dashed lines).

FIG. 10. Parameters b and n of the Moore and Saffman31 model vs the angle of
attack for non-deformed wing (solid line) and deformed wing with d ¼ 4:5%
(dashed lines).
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Therefore, the average spanwise circulation around the wing is directly
computed from the lift coefficient. The spanwise circulation decreases
from a maximum to zero in the wingtips, and this variation can be
understood as the mechanism by which the streamwise circulation is
generated and shed into the wake. Since most of the vorticity shed by
the wing is rolled up in the wingtip vortex, Xu et al.48 very recently
developed a method to estimate the circulation contained in the vortex
from the hydrofoil load. This vortex circulation, Cvortex, is measured in
a downstream plane perpendicular to the flow direction and can be
computed directly from velocity measurements. Both circulations can
be related to the following formula:

Cvortex ¼ k�Cwing ¼ 1
2
kCLW1c: (16)

They estimate a value of k between 0.9 and 1 based on several numeri-
cal simulations of low aspect ratio hydrofoils with different geometries
and conditions. We refer to the original paper Xu et al.48 for further
details about how to obtain this relationship.

In our study, �Cwing is computed from the CL measurements and
Cvortex from the 2D-PIV measurements. Cvortex refers to the total circu-
lation contained in the vortex, that is, CðrÞ measured at a radial dis-
tance where the vortex flow is irrotational. Specifically, we have
estimated Cvortex � Cðr=c ¼ 0:4Þ and averaged it for all the axial dis-
tances z=c 
 5, where the roll-up processed has finished. Note that,
for a > 5�, the flow is still not completely irrotational at r=c ¼ 0:4.
However, we have used Cðr=c ¼ 0:4Þ to estimate the value of Cvortex

since the non-averaged circulation measurements (not shown) do not
show a clear tendency after that value, whereas up to r=c ¼ 0:4, all
experimental measurement displays a very small dispersion both
between experiments and between z values.

�Cwing can be easily computed from the lift coefficient, see Eq.
(15). Therefore, we obtain the value of k as Cvortex=Cwing for each
experiment. See Table II for the values of each magnitude for deformed
and non-deformed wings for angles of attack a¼ 4�, 6�, and 8�. All
the k values for non-deformed models are in the range of 0:87� 1:03,
displaying an excellent agreement with Xu et al.48 proposed formula.
Note also that for the non-deformed cases, this formula is still valid
with slightly higher values of k, in the range of 0.94–1.07.

Last, as seen in Fig. 11, the circulation displayed a tendency
change at a¼ 6–7� when comparing deformed and non-deformed
cases. This change coincides also with the change in tendency dis-
played on the lift coefficient in Fig. 4. This coincidence should not be
an unexpected result since the circulation and the lift coefficient are
proportional as shown in Eq. (16). Figure 13 displays Cvortex to facili-
tate the visual comparison between circulation and the lift coefficient
shown in Fig. 4 and the influence of the deformation in both.

V. CONCLUSIONS

We have analyzed the influence of the spanwise wing deforma-
tion on the wingtip vortex using a towing tank for Re ¼ 20� 103

using models with a semi-aspect ratio of sAR¼ 2 and three levels of

FIG. 11. Dimensionless circulation averaged for every z 
 5c respect to the dimen-
sionless radial coordinate for 5 different angles of attack. Solid lines represent non-
deformed wings and dashed lines represent deformed wings with d ¼ 4:5%.

FIG. 12. Experimental axial profile of the dimensionless core circulation vs dimen-
sionless span direction for different angles of attack. Solid lines represent non-
deformed wings and dashed lines represent deformed wings with d ¼ 4:5%.

TABLE II. Comparison between Cvortex, �Cwing , and k values for deformed and non-
deformed wings.

Deformation a Cvortex=ð2pW1cÞ �Cwing=ð2pW1cÞ k

d ¼ 0% 4� 0.0148 0.0170 0.87
5� 0.0269 0.0278 0.97
6� 0.0338 0.0330 1.02
7� 0.0373 0.0363 1.03
8� 0.0383 0.0394 0.97

d ¼ 4:5% 4� 0.0130 0.0137 0.94
5� 0.0256 0.0251 1.02
6� 0.0343 0.0321 1.07
7� 0.0377 0.0365 1.03
8� 0.0429 0.0416 1.03
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spanwise deformation: non-deformed (ND), tip deflection of d ¼ 2%
(ID), and tip deflection of d ¼ 4:5% (LD).

2D-PIV measurements were performed to analyze the wingtip
vortex behind the wing, and these data, combined with force measure-
ments, provided enough information to present a general analysis of
the impact of deformation on a wingtip vortex and the main aerody-
namic characteristics of the wing.

We have observed that the deformation does not alter the general
structure of the vortex. Therefore, the theoretical model of Moore and
Saffman31 still accurately reproduces the velocity profiles when using
the appropriate parameters.

Force measurements reveal three distinct zones in the range of
angles of attack studied, each characterized by different lift slopes.
These three zones are still appreciable for the deformed wings. For
small angles of attack, even a (ID) deformation of 2% has a strong
effect on the CL. However, for a> 7�, a higher level of deformation
(LD) is required to observe any change in the lift concerning the non-
deformed wing. Additionally, one of the key results is that the defor-
mation decreases the lift for a< 7� with respect to the lift of non-
deformed values and increases it for greater a. This change in tendency
comparing deformed wings with non-deformed ones can also be
observed in the circulation level being lower for deformed cases for
a< 7� but higher for greater a. This change in behavior can be
explained using the relationship between the circulation over the wing
due to lift vortex (obtained from CL) and the circulation measured in a
plane perpendicular to the movement (computed from 2D-PIV) pre-
sented by Xu et al.48 Our data shows a strong alignment between the
proposed relationship of these circulations even though we are in a
value of Reynolds significantly smaller than theirs. Finally, this study
shows that the relationship between circulation levels Cvortex and �Cwing

still holds for the deformed cases, having the deformation a subtle
influence on the constant value, k, that relates both circulations.

In conclusion, the influence of the spanwise deformation is com-
plex to analyze at low Reynolds numbers for a NACA 0012 wing
model, and further detailed studies of flow patterns are required since

the effect of the deformation varies with the angle of attack. The maxi-
mum tip deflection analyzed in this work corresponds to 4.5%, and we
have shown that deformations of this order of magnitude already alter
the lift and the wingtip vortex associated with the wing model for
sAR¼ 2.
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