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ABSTRACT. In this paper quantitative weighted matrix estimates for vector valued extensions of
L™ “Hormander operators and rough singular integrals are studied. Strong type (p,p) estimates,
endpoint estimates, and some new results on Coifman-Fefferman estimates assuming A, and C)
condition counterparts are provided. To prove the aforementioned estimates we rely upon some
suitable convex body domination results that we settle as well in this paper.

1. INTRODUCTION

We recall that given p > 1, a non negative locally integrable function w is an A, weight if
wl 1 / < 1 / _1>1"1
w|A, = Sup —— W\ — w Pl < 00
g 1Rl \IQlJg

[w]a, = sup ess. mf ] / y)dx < oo.

and an A; weight if

These classes were introduced by Muckenhoupt to characterize the weighted LP(w) boundedness
of the Hardy-Littlewood maximal function. Soon after Muckenhoupt’s seminal work, a number of
authors such as Muckenhoupt himself, Wheeden, Hunt, Coifman, Fefferman, among others devoted
some works to study the relationship between singular integrals and these classes of weights.

The theory of weights has been a fruitful area of research since then, with the study of a number
of operators and settings too wide for us to be able to sum it up in a few lines. For a long time
the results in the literature of the area were qualitative, in the sense that the dependence of the
inequalities on the weight or weights involved was not quantified in any sense. However, in the
last decade it became a trending topic in the area the study of the so called quantitative estimates,
namely estimates in which the dependence constants [w] 4, and [w]a, was made explicit and in which
the best dependence in some sense was pursued. One of the fundamental problems in this field that
has motivated a large amount of research, was solved by Hytonen in [14], in which the so called
Ag conjecture was settled. That conjecture, now theorem, says that for every Calderén-Zygmund
operator T',

1T fll 2wy < carlwlalfll2ew)-
The efforts to understand better this question led to the development of the sparse domination
theory, that started with the seminal work of Lerner [23], which has proved to be a powerful tool
to study quantitative estimates.

Also the study of quantitative estimates lead to try to achive a further understanding of those
questions deriving in estimates in terms of the A, constants and the A, constant. We recall that
the w € A = U, 4p if and only

[w]a, = sup / M (xqw)

This constant was introduced by Fujii [12] and rediscovered by [44] and was shown to be an inter-

esting object of study for quantitative estimates for first in [15], due to the fact that as it was shown

in that work, if w € A, then [w]a, < cqlw]a, . Since that work also a number of papers have been
1



2 PAMELA A. MULLER AND ISRAEL P. RIVERA-RIOS

devoted to study as well properties of spaces of functions and boudedness of operators in terms of
[w]a, -

Vector valued extensions are one of the possible generalizations of the classical scalar theory.
That field of research has received the attention of a number of authors during the last years. See
for instance [10] for a very recent extension of the theory to the biparametric setting.

Let W : RY — R™ ™ be a matrix weight, namely a matrix function such that W (z) is self-adjoint
and positive definite a.e.

Given f:R? - R"” and 1 < p < oo, we define

1 lenwy = ( /. \w;@)f(x))pdx);

Let 1 < p < co. We say that a matrix weight W is an A, weight if

s

dy) dr < oo
op

[W]a, —Sgpmlﬂ/Q <W;|/‘W;($)W’1’(y) P

and if p=1that W € Ay if
(W]a, = supess 1nf|Q’ / |W (z (y)|opdex.

Above and throughout the remamder of the paper |A|,, stands for the norm as an operator of

the matrix A, namely
|A|op = Ssup ‘Aj
ecrm\{0} €]

Treil and Volberg [42] were the first in studying these weights and their connection with singular
integrals. Later on Goldberg [13] further explored that connection and provided results for certain
maximal functions, and also Nazarov and Treil [37] and Volberg [43] further studied the boundedness
of Calderén-Zygmund operators. At this point we would like to note that the definition of the A,
class that we have just presented here seems to have appeared for first in [39] and is equivalent to
the definitions in the aforementioned works. The definition of the matrix A; condition is due to
Roudenko and Frazier [11].

Contrary to what happens in the scalar case, it is not known whether for p = 2 the dependence
on the matrix Ay constant of Calderén-Zygmund operators is linear or not. The current record is
due to Nazarov, Petermichl, Treil and Volberg [36], who showed that

3 -
1T Fll2w) < en W13, 11 2wy

That estimate was generalized for p # 2 in [6]. The aforementioned results rely upon a suitable
adaption of the sparse domination, the so called convex body domination. In the case of the maximal
function, the dependence of the scalar case was retrieved in [19], and the only case of singular
operator up until now in which the sharp dependence has been settled is the square function [17].

In the case of estimates in terms of the A; constant, the best dependences have been retrieved
for several operators in [21].

2. MAIN RESULTS

In this paper our purpose is to provide strong type and and endpoint weak type quantitative
estimates for vector valued extensions of rough singular integrals and L"'-Hérmander operators.
Some results had already been obtained for maximal rough singular integrals in [9]. In the case of
L" -Hérmander operators we are not aware of any result in this direction.

We will also provide Coifman-Fefferman estimates going beyond the A, condition and providing
a counterpart of the (), condition in this setting.

A key ingredient in our proofs is convex body domination for all the aforementioned operators.
We will as well provide convex body domination results for both L™ -Hérmander operators and
rough singular integrals, relying upon ideas of [36, 9, 24, 30].
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To present our results we need a few more definitions.
We say that T is an L"-Hormander singular operator if 7' is bounded on L? and it admits the
following representation

Tf(x) = - K(z,y)f(y)dy

provided that f € C2° and = ¢ supp f where K : R? x R4\ {(z,2) : 2 € R’} — R is a locally
integrable kernel satisfying the L"-Hormander condition, namely

= s $5(0) U K15 s

LT 2kQ

e d
Heoy=sup sup 3 (29Q)" (K (2) = K(,2) xargianq
Q x,zE%kal

LT 2kQ

Given Q € L>®(S%1) with Jsa-1 2 = 0, we define the rough singular interal T as

2(5)
To(f) = lim —a fw)dy
€20 Jiz—y|>e |x*y|d
Let p > 1. we say that a weight W € A% ) if
(2.1) Wlag, = sup [IWel], < .
ecR™

We recall that given a linear operator 7' and an orthonormal basis e; of R" we define the vector
valued extension of T' by
=Y T((d.e;)()e;
J

It is worth noting that this expression is independent of the basis chosen.
In the following subsections we gather the statements of our main results and some further
comments.

2.1. A, estimates. The results in this subsection provide counterparts for rough singular integrals
and L"'-Hormander of the estimates obtained in [36] and [6] for Calderén-Zygmund operators. Since
we push forward techniques in those papers also, as one may expect, the estimates obtained do not
match with the ones obtained in the scalar case.

Theorem 1. Let Q € L>°(S%1) with [, 1 Q=0 and 1 <p < co. Then if W € A, we have that

/

D —
P }Agg,p, ”f”LP(W)

Note that this estimate was sketched for the case p = 2 in [9, Remark 6.6]. Here we provide a
full proof and extend the result to every p > 1.

1 1
ITofllewy S 1€ oo ga—1) W14, W 7 Thse  [W]Ree min{[W]Aié,p’[W

P

Theorem 2. Let 1 < 7 < p < 0o and let T be a L" -Hérmander operator. Then if W € A, ;. we have

that

p/T

> 1 _r(ey.t o
ITAerow) S VI, IV e | W1 1oy
2.2. A and A, estimates. Our results here are the counterparts for rough singular integrals and
L™ -Hormander operators of the results obtained in [21]. In these cases we recover as well the optimal
estimates known in the scalar case (see [32]). We remit the interested reader to [21], to read about
further references about the motivation to study this kind of estimates.

Theorem 3. Let W € A;. We have that
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o IfQe LS with [y 2 =0 and 1 < p < oo then

Q oo (ga-1) W15, W ]Z NF 1o

ITafllrw) < cnpa

o IfT isa L" -Hérmander operator and p > r, then

(2.2 Il zowy < enrpa (2) W13, W] 5ee 1 Flioor

Theorem 4. Let 1 < g <p and W € A,;. We have that
o IfQ e L®(S™Y) with [y =0 then

Lo
(2.3) ITofleowy < cnpall Lo e W1, W] 5ee 1o

o If T is a L" -Hérmander operator and g > r, then

1

(2.4) I 1oy < enrp (2 ) W1, IW15e 1 lzscr

rq

2.3. Coifman-Fefferman estimates. We recall that the classical Coifman-Fefferman inequality asserts
that if T is a Calderén-Zygmund operator, 0 < p < co and w € A

(2.5) T fllze(w) S cwllM £l Lo (w)

Note that a quantitative version with ¢,, = [w] 4., was obtained in [38]. In the case of rough singular
integrals the corresponding quantitative counterpart was settled in [32] and for L™ -Hérmander
operators, for instance in [18]. Our vector valued counterpart is the following result.
Theorem 5. Let p > 1. Then

(1) If W e A%, and T is a Calderén-Zygmund operator

1 1L 1 1 _1 o
W2 T(W > )l o@ey S [Wlhse S“p/ WeoW >/l
P Q@ ’Q| Q LP(R%)
(2) IfW e A%, and Q € L®(S™1) with [g4_y Q =0 then
1 1 < 1+% 1 _1 -
W To(W 2 f)lll ey S [W] g Sup o7 (W @W 7 f]
7| @ 1@l /g Lp(Rd)

(3) If W e A%, and T is a L -Hérmander operator and p > r then

(i)
sup | — 4 p f|"
Qo \QlJg" +9

Remark 1. At this point we would like to note that even though the dependence may look better
than in the scalar case, the maximal operator in the right hand side is a weighted maximal operator,
in contrast with the situation in the classical setting. Hence, in some sense, the “missing” piece of
constant is in disguise “inside” the maximal operator. In any case, in this setting, due to the non-
linearity of the maximal function, that leads to study weighted versions of it, those inequalities seem
a suitable candidate.

—

1 1 1
[WPT W » )l oray S [W]ZZ; .

Lr(R4)

Remark 2. The estimate in the case of L™ -Hérmander operators in terms of an L” maximal function
seems the best one may expect in view of the fact that this is the same that happens with scalar
L' -Hoérmander operators. We remit the reader to [33] for more details.
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In the scalar case, Muckenhoupt [34] showed that A is not necessary for the Coifman-Fefferman
estimate to hold. He showed that if p > 1 and (2.5) holds for the Hilbert transform and a certain
weight w then there exists ¢,d > 0 such that for every cube ) and every measurable subset £ C Q)

we have that
2]’
wE)<e(ig) [ Moore
Q) Jrn
In the 80s Sawyer [40] extended that result to higher dimensions and also showed that for p > 1 the
Cp+e was sufficient for (2.5) to hold. It is still unknown whether C,, is sufficient for (2.5) to hold.
In the last years several advances have been made, for instance the extension in [5] to the full
range 0 < p < oo and other operators relying upon [45, 22] and sparse domination techniques,
the characterization of the good weights for the weak type counterpart of (2.5) in [25], and the
quantitative results introduced in [3] and further explored in [4].
In [3, Theorem 2.5] the following reverse Holder type inequality was settled for C}, weights. There

exists r > 1 such that
1
1 / T>r 1
=il W) Sia | Mxe)w
<|Q| 0 Q Jpa ™ ¢

In the matrix setting the right hand side of that expression seems difficult to “reproduce”. We recall
that the matrix A, conditions are introduced via scalar A, and frequently arise in reverse Holder
inequalities. Taking that into account a definition in terms of a certain reverse Holder inequality
seems reasonable. Those ideas motivate the following definition. Given 1 < p < ¢ we say that
W € Cp 4 if there exists v > 1 such that

~1
W, WH g S o [ MO
We remit the reader to Section 4 for the precise definition of W, g.

Theorem 6. Given 1 < p < gq
(1) If W € Cpq and T is a Calderén-Zygmund operator

1 1o 1 -1a
I3 TV oy < [sup e [ W37
(2) If W € Cpq and Q € L>®(S41) with [ Q=0 then
1 1o 1 -1a
||WeTo(W Pf)|HLp(]Rd) S SUP/ ‘WPQ 7 fl
Q |Q‘ Q Lr(R4)

(3) If r >1 W € Ce,andT is a L" -Hérmander operator and p > r then

sap <|Q!/ We W e fl )

2.4. Endpoint estimates. The study of endpoint estimates for vector valued extensions was initiated
in [7]. It is not clear how to make sense of a matrix weight in the role of a density. Note that to
study strong type weighted inequalities such as

—

1 1
[W»T (W™ »f )’”LP(Rd)N

\:’M—‘

Lr(R4)

—

TP oy S ew L Fl Loy
we usually rewrite the problem as
1 1 =
[IWeTW 2 f)ll[e S ewll flze-

Furthermore in the case of the maximal function, since it is not linear, a usual choice is to consider
a weighted version of such operator and to study its unweighted estimates. Hence in the case
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of endpoint estimates it seems reasonable to study unweighted estimates of “weighted” operators,
namely, to study

1 1 - —
[IWeTW 2 f)ll[pree S cwl fllzr-
Quantitative estimates in this direction still seem to be far from from the optimal estimates known
in the scalar case. The current record for Calderén-Zygmund operators in terms of the A; constant
is [W]%, (see [7]) while in the scalar setting the sharp bound has already been achieved and is
[w] 4, log(e + [w]4,) (see [28, 29, 27]).

Before presenting our results for rough singular integrals and L"'-Hérmander operators, we would
like to note that in the scalar setting this kind of estimates are the so called mixed weak type
inequalities. First results in this direction are due to Muckenhoupt and Wheeden [35] and Sawyer
[41] and a number of contributions have been made in the last years. We remit, for instance, to [1]
and to [31] and the references therein for some of those contributions.

Now we present our results.

Theorem 7. If Q € L>®(S* ') with [, =0, then
W (@) To(W = f)(@)] [l 1o S €Ul poo(sa—1y [W]a, [W]ase | max {1Og([W]A1 te), [Wlase } 1z
Theorem 8. Let W € Ay and let T be a L" -Hérmander operator. Then

< W), (Wase I Flllr

[wr@rir= P, . .

The remainder of the paper is organized as follows. Section 3 is devoted to the presentation
of convex body domination results for rough singular integrals and L"'-Hérmander operators. In
Section 4 we provide some further definitions and lemmata. The remainder of the sections are
devoted to settle the main results.

3. CONVEX BODY DOMINATION RESULTS

We recall that a family of cubes S is n-sparse for some 1 € (0,1) if for each @ € S there exists
Eg C @ such that the sets Eg are pairwise disjoint and n|Q| < |Eg|. As it was shown in [26] a
family S is n-sparse if and only if S is %—Carleson that is, if for each Q € S

S ipl< }7|@|.
PCQ,PeS
Convex body domination was introduced by Nazarov, Petermichl, Treil and Volberg who settled
n [36] a “pointwise” domination result for Calderén-Zygmund operators (see [8] for a “bilinear”
version of that result). Those techniques where also explored for commutators in [7, 21, 20] and the
idea of relying upon convex bodies to control maximal rough singular integrals was exploited by Di
Plinio, Hyténen and Li [9]. We shall begin borrowing some definitions from the latter.

Let 1 < p < co. For every |f] € L? (RY) and each cube @ in R?, we define

—

<< >>p7Q:{M/Qf¢d$ : w:Q%R7¢€BLp’(Q)}

BLP’(Q):{ﬁbELp/(Q) ~ (Q|/ W)l' §1}.

Note that each set ({f' ))p,Q is a compact, convex and symmetric set.

where

Theorem 9. Let Q € L>®(S* 1) with [, =0 andr > 1. Then we have that for each |f] € LY(RY)
with compact support and each |§| € L™(R?) there exists a sparse family S such that

(3:2) L |(af. )| < cndl @i’ (@)

Qes
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Note that this convex body domination result was sketched in [9, Remark 6.6]. Here we provide
a full proof of this result that has interest on its own.

Theorem 10. Let r > 1 and let T be a L" -Hérmander operator. Then we have that for each
|f| € L"(RY) with compact support and each |G| € L*(R?) there exists a sparse family S such that

(33) L N@7.a| < i S (Phat@holal

QeS
Given two convex, compact, symmetric sets A, B, the product AB = {(a,b) : a € A, b€ B} isa
closed bounded interval. We shall interpret AB as it right endpoint. That will be the case for the
products in (3.2) and (3.3).

Remark 3. With the available techniques it would be possible to improve (3.3) to a “pointwise”
domination result in the spirit of [36]. However since it is not clear that the dependences in our
applications derived from the bilinear result can be substantially improved having that result at our
disposal we decided to provide just the bilinear domination result for the sake of brevity.

3.1. Proofs of the sparse domination results.

3.1.1. A convex body domination principle. This section is devoted to settle the convex body domi-
nation principle that we will rely upon in order to settle the results in the preceding section. We shall
borrow some ideas and notation from [24]. Given a sublinear operator 7" we define the bi-sublinear
operator Mr as

1
Mr(f.9)(w) = sup /Q IT(Fxams)| 9]

We would also like to recall the John ellipsoid property. If K C R™ is a symmetric, closed, convex
set, then there exists an ellipsoid £, such that

EKCKC\/EE’K

where cA = {ca :a€ A}.
Before presenting and settling our sparse domination principle we need to borrow a Lemma from
[9, Lemma 6.2].

Lemma 1. Let f = (fi1,..., fn) € L} . suppose that Eupo = B where B stands for the unit ball
B={xeR": |z| <1}. Then

)
j:i??,N<rcz|/Q'ff'> <vn

We are now in the position to state and prove our sparse domination principle.

Theorem 11. Let 1 < q <7 and s > 1. Assume that T is a linear operator of weak type (q,q) and
that My maps L" x L® into L*°° where % = % + % Then, for each f with compact support such

that | f] € L™(RY) and for each |j| € L3 ,.(RY), there exists a sparse family S such that

—

L 78] < e Mrllirsseospom + 1T lirosine) 3 (@)l

QeS

Our argument will rely upon a combination of ideas in [9, 8, 24].

Proof of Theorem 11. Fix a cube Q9. We claim that there exists a family of pairwise disjoint cubes
{Pj} contained in Qo with >, |Pj[ < 1Qo| such that

Ja

—

(T(fxa00):5)| < nalAr + A2)(( a0 ()30 30

+Z/p, ‘<T(]FX3P]~)»§>‘

(3.4)
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We begin observing that for f and ¢, there exist matrices My, My € GL,(R) such that My f = f

and Mgg = ¢ and the John ellipsoid of <<f>>r,3Q0 and ((g >)573Q0 is the closed unit ball B (see [8]).
For g let us call

~ 1 ~ N
Mo, <fi,gi> )=  sup / T(fix gildy
Qo (z) B Tl Q| (fix3Q0\30) 19l

Consider the sets

Bl = {2 € Qo |T(fixsqy)(@)| > A1{fi)gs00}
and

By = {z € Qo : [IMrgo(fi,9:)(x)] > A2(fi)r30(9i)s30 )
We begin observing that that we can choose A1, A2 > 0 such that

1
(3.5) 9] < 57751Q0]

where Q = E1 U By, By = U E! and By = U ES.

First we note that

; ~ ~ 1
|E1| = |z € Qo : |T(fixaqo) (@) > A1{fi)g3q0 | < ———=——IIT||] q_>quo||szLq (300)
1<fi>q,3Qo)q
1 ~
< 1Tl %0 0o [3Qol 25 | fil'dx

3
Al iy i, |filtde i Lo

1 d
= FHT”qu_wq,oo?’ |Qol
1

d_d+3 1
Hence, choosing A; = ||T||fa— 2372 ¢ na we have that |E;| < #WO‘-
Next, we observe that

B3 = [{z € Qo+ [ Mr.gy(fi 5)(2)] > Az{fi)r gy (57)5.3Q0}]

1 ~ ~
< - - 7 [IMT 2 ps o pvoe L fill Tr 300) 1961 20 (300)
(42(Fdr s e )
HMT,Q HZT Ls— LV HMT,Q Hfr Ls—Lv:>
S 0 AVX — |3QO| g 0 AVX — 3d|QO|
and choosing Ay = || M7, x Ls%Luoo?)dejBni we have that |Es| < 2d+3\Q0| Combining the

estimates above (3.5) readily follows.
Now we form the Calderén-Zygmund decomposition with respect to Qg of xqo at height 211%. We
obtain a family of pairwise disjoint cubes P; € D(Qy), such that

2d+1]P|<|P mQ\<f\P\
[\ U; Pj| =0
1
>_IPl < 51Q0]
j
PinQc#£0

Having that family of cubes at our disposal we continue our argument as follows.

/0 <T(fX3Qo)v§>‘ I/QO\UP_ ‘< (fX3Q0)+ Z/ ) (fX30); >‘
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S/Qo\tuK (Fxsa0).9 Z/ (T (Fraanar,) +Z/ [(7(rsr).3)

=]+ II+1I
First we deal with I.

/ ’<T(fX3Qo)7§>‘ :/ <T(M1fX3Q0)7M2§>‘ S/
Qo\UP; Qo\UP; Qo\UP;

n
/Q\ . > M MIRT(fixso,)9:
o\U

<M1T(?X3Q0), M2§> ‘

i ik ka=1
< sup Mk ik / fX3 )i
1<k k2 <n ; Z Qovup, | AT

Since |2\ U; Pj| = 0, we can continue as follows
Sup ZMlkl Mlkz

1<k1,ko<n i=1 Z/O\UP
< s |3 MEME S A F e /Q 5
=1 0

szSQO)

1<k1,k2<n

i=1
n n
< sup ZMfklMékQ ZA1<fi>q,3Qo/ 193]
1<k ka<n |, =1 3Qo

n n
< sup DMUMD A (fi)g.300(9i)30037 Qo

1<k ,k2<n i=1 i=1

By Lemma 1 we have that sup (fi)g30, < /7 and also that sup (g;)g30, < v/7. Therefore,

i=1,....N i=1,...,
the last part of the right term of the inequality is bounded by a dimensional constant, namely,
n
sup ZMzklMlkz ZAl fl 2,3Q0 (g,>3Q03 |Q0| < sup ZMIHQM;IQ AC 7
1<k1,k2<n —1 i=1 1<k1,k2<n i=1
n . .
It remains to provide an estimate for  sup ZMfkl Mk |,
ISkl,kzgn i=1
We claim that
n
i,k1 7 ri,k2 i —
(3.6) > MPP M| = |(Mieg,, Maer,)| < (F))rsqol(@)ssqo 1< ki k2 <n
i=1

where ey, is the k-th coordinate vector. Indeed, fix 1 < k;, k2 < n. Since ey, belongs to the unit ball

B = ({f))r3q, there exists ¢ € Bl (3q,) such that

1 ~
€ky = oA fer
‘3Q0‘ 3Qo

Therefore,

—

1 ~ 1 -
Mey, = / lei‘{?l = / f‘Pl € << >>7',3 :
b 13Qol Jsg, 13Qo! J3q, o
Analogously for ey,, we have that Maey, € ((§))s 30, and hence (3.6) holds.
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Combining the estimates above we have that

- <T<MJX3QO>,M2'§>] < A1Co dl Qol (P 30 () e300
Qo\UP;

For I1 we begin arguing as we did for . Since f: le and g = MQ; we have that

Z/ ‘ fX3Q0\3P Z/ < leXsQo\:«:P) M2§>

<M1T(fX3Q0\3P M29>‘ Z/ Z Mk ik (szSQo\BP)Z

] i,k1,ko=1

sup

< sz3Qo\3P )i
1<k1,k2<n

ik iko
ZMl M,
j oi=1

At this point since P; N Q° # () and also Zj \Pj\ < 1|Qo| we have that

~ ~ ~ A2 ~ ~
(fiX3Qo\3P,)9i| < €aY_Aa{fi)r3q0(9i)s.3q0 Pl < Cay (fi)r3Q0(9i)s,3Q0| Qol-
J
Arguing as above by Lemma 1 the right term of the inequality above is bounded by a dimensional
constant. Combining the estimates above

n

sup
1<k ,k2<n

1k1 iko
M™ M,
=1

A2C;, 4Qol

<T(M1fX3Qo\3Pj), M2§> <
J

which combined with (3.6) yields that

IT < AsCl, {300 (5))s.300|Qol-

Taking into account the estimates for I, 11 and the properties of the family {P;} the claim (3.4) at
the beginning of the proof is settled.
It is not hard to check that iterating the claim leads to the construction of a family of cubes F

contained in )¢ which is %—sparse and such that
(3.7) | {(rFen8)| < enaldr + 42 3 (a0t @)esan 30
0 QCF

Relying upon the preceding estimate we show now how to end the proof. Take a partition of R™ by
cubes R; such that supp( f) C 3R; for each j. For example, take a cube (g such that supp( f) C Qo
and cover 3Qp\Qo by 3" — 1 congruent cubes R;. Each of them satisfies Qo C 3R; Next, in the
same way cover 90Q¢\3Qo and so on. The union of resulting cubes, including Qq, will satisfy the
desired property. Therefore, applying (3.7) to each R; as follows

/WK (Fxsa0), Z / T(fxsr,) 7)< enalAr+ 42) > UMNrelidsal@l:

Qel; F;

—

Note that the family Uj Fjis i—sparse as a disjoint union of %—sparse families. Hence, setting
S ={3Q : Q € U;F;}, we obtain that S is 2‘(}3” -sparse. This ends the proof of the Theorem.

3.1.2. Proof of Theorem 9. Given 1 < p < oo, we define the maximal operator M, r by

1 1/p
Myrf(z) = Zgﬁ; <@|/Q |T(fXR"\3Q)’pdy>

Note that in [24] it was shown that for every p > 1,
(3.8) My rollnspree < el poo(gn-1)p
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Observe that taking that into account, we have that

1
M (F,9)(x) = 510 (o0 /Q To(Fxamao)| ld

1
o

) My (g) = Mep ()M (g)

1
< 221;12 (M/Q|TQ(fXR"\3Q)

By Holder inquality for weak type spaces, combined with (3.8)
Mz (f D) e S Mz (D)l e | Mrgllzree S 77 19 oo ga-1) L f [l 2 gl e

Taking into account that

|Tallziopre < calllpoo g1y
and My, Theorem 9 readily follows from Theorem 11.

3.1.3. Proof of Theorem 10. To settle the theorem it suffices to apply Theorem 11 combined with
the fact that

(3.9) IMz(f, 9, w00 < ol Fllerllglioe

and that T is of weak type (1,1) which is well known. Hence it remains to settle the latter. Note
that

1
Mz(f,9)(x) = Zl;r; [l /Q IT(fxrm\30)]| l9] < (Mg) Zgl; 1T (fxrm\30) Lo (@) = MgMr o (f)

Then we have that by Holder inequality for weak spaces,
Mz (f, 9 r oo < IMT 00 (f) oo | Mgl Lro0
In [30], Li showed that || Mpeo(f)|lzree < enrllfll - This fact combined with the well-known
endpoint estimate for the maximal function, yields (3.9).
4. SOME FURTHER DEFINITIONS AND LEMMATA

We recall that norms on R™ can be represented by positive definite self-adjoint matrices, namely,
if p: R" — R is a norm, then there exists a positive definite self-adjoint matrix A such that
|Ae| ~ p(e). We remit the reader to [43] for more details.

This fact is particularly useful when dealing with matrix weights. Given a matrix weight W and
p > 1 we will call W, ¢ a matrix such that

Woadl = (i / |Wi<as>é1pdx)'l?

and if p > 1 we will call W,y ¢ a matrix such that

=

i

W= (i [ @aac)”.

Relying upon this definition we observe that the A, condition can be expressed in terms of
reducing matrices. This follows from the fact that

al. (i [ @w )

1
ol /Q W (@)W () lopd = W1.oW ™ (4)]op

P 4 »
op dy dx = ‘WP»QWP/7Q’op

for p > 1, and

for p=1.
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Another property related to matrix weights that will be fundamental for us is the reverse Holder
property. It was shown in [15] (see [16] for an alternative proof) that if w € Ay, then

(o) sty [

1
Recall that if W € A, then we have that |WreJP are scalar A, weights uniformly on € and

Whererzl+m

consequently, \W%é‘]p are scalar A, weights, with scalar A, constants uniformly controlled by
[W]a,. This fact allows to make sense of (2.1).

A consequence of those definitions is the following Reverse Holder inequality that we will repeat-
edly throughout the remainder of the paper.

Lemma 2. Let A by a self-adjoint positive definite matriz and let 1 < p < co. Assume that W €

AL p- Then, if r <1+ W we have that

(\Q!/W o) AL ) o1 LW @Al

1
Proof. We fix some orthonormal basis {e;} on R". Taking into account |W7e|P satisfies the scalar
reverse Holder inequality uniformly on € for r due to the fact that W € A% ) we have that

1 n 1 n
1/ 1 T>r <1/ 1 T)r 1/ 1 1/ 1
LA ) S (s [ WA ) <23 | (WA S [ (WeAl,
<\Q| Q| op = Q| Q| i = Q| Q| i Q| Q| v

Remark 4. Note that given two positive definite self-adjoint matrices, |AB|op =~ |BA|qp, the estimate
in the preceding lemma holds as well reversing the order of the matrices involved.

O

Now we gather some Lemmata that will be useful throughout the remainder of the paper. The
first of them will help us to settle strong type estimates.

Lemma 3. Let p,r,s > 1 and let W be a weight. For each n-sparse family,

1o 1,
S UV @tV )50l
QeS

1 - )

< s Vatlal 1M, (Il 1 e

1 7 -

< S VUl M,y iMoo Bl 191 e

where

My (R)(2) = sup (@ /Q |<vQ>1Wi<x>ﬁ<x>de)r

VW pr z€Q

1

Mo, <§><z>=sup(,Q|/|uQ ;W (o) )

UW?r s z€Q
and {Ug}g {Voltq are families of self-adjoint positive definite matrices.

Proof. First we observe that taking into account that each Uy and each Vg are self-adjoint positive
definite matrices,

1o

(W) (WP §(@))s0
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:so[?ff<1{<\c2!/w_ )h(e ‘Q,/W z)g(x )dm>}

ol o <1
:JZ??QK\Q!/ VolUey W @ieletorin oy [ otte) W el ) |
ol o <1
el < {1 ] tevatvoy W witeetwaz, 7 [ o) Wi witayutais ) |
1l or <1

< wﬁ”‘?q{(@ / UoVolVe) W s @)ia)p(@iar ) / (o) W @)gle) (o)) |

||w\| o <1
<swplteValyy s { (g7 [ 100 W @it@elas ) (57 [ 1) W@ |
Q lell, <1 L\I@Q Q)
1l o <1
1 1 s
N T T RPN S s
< sup [UgVglep ( [ 170 W @) dx) ( [ 1) W @) d:c)
Q QI Jo QI Jg
< . T . —
< sup WQVQ|opzlgcngv7 R WIC Q&EMu,w%S(g)('z)
Taking this into account,
_1- 1
S U UV 7 )5l Q)
QES
1 bd —
< = inf M inf M E
nsgmucgvmopge;;gc) -, (G EM, e (R)(2)|Eg
1 o
1 | )
< slVol,, [ it M,y (@M, ) @)@
1 - o
< s lUaValy, 1M,y (BlslM, Ly (@]
from which the desired result readily follows. O

The following Lemma will allow us to reduce bumped weight conditions to A, type conditions.

Lemma 4. Let q,r,s > 1. Assume that
1

Vo~ (g [ i)

Uoél = <|Q|/ Wi >aq8);‘“

1 1
7

<Lclew/cg‘wé(x)aqlr)i <|c2|/ whwar )’
(i6 / wiwa )" s (o / rwi<x>aq)q

Vollael S Wa.gWa 4l

for every € € R™ and that

for every € € R™. Then
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Proof. Note that, taking into account the reverse Holder inequality in the hypothesis,

1
Volho#! ~ (][ |W‘3<x>uQé1’"q’> < <][ |W‘ql<x>uQé1q’)
Q Q
~ |Wé97qZ/IQé’|.

1
Py

Hence

Volglop < ‘Wé;,unlop'
Now observe that Wg, Uglop = UgWg 4lop- Then, again by the reverse Hélder inequality in the
hypothesis,

1
UoWh 48] = <]£2 Wé(x)wgg,qasq) '
1
1 q
< (f wi@mo,a) " ~ o,
and we are done. O

The following Lemma can be derived from the arguments given for the proof of Lemma 2 in [21].
We will provide a proof here for reader’s convenience.

Lemma 5. Let A, B be self-adjoint positive definite matrices and let 0 < o < 1. Then
|A“B%|op S |ABg,

Proof. Let e; be an orthonormal basis of eigenvalues A\; of B, then by the classical Holder-McCarthy
inequality (see [2] Lemma 2.1)

|AYB|op S Y JA“BN| =) D AG[A%;] <) AG|Aey|®

j=1 j=1 j=1
n n

= [ANe|* = JAB]|* S14BJg,
j=1 J=1

g

We end this section with two results that will help us to handle certain parameters in order to
obtain the quantitative estimate we aim for.

Lemma 6. Let p > 1 and 8 > 1, then we have that

!/

(o3r) =

11
(pB)Y B p'B
Furthermore, if vy > 1 and 5 =1+ #, with 7 > 2 and k > 1 then

4 /(%m/< =
()] =

and also that

Proof. We argue as follows

/

< r ) oy PP pB-1) peB-1)
(pB) Ly -1 =By p =88 PpB=1)=pB  ppB—p = pP
Pes-1) — peB-=1)  peB-1) ppB-1) pB-1

:(p’—l)pﬁ—p’_(p'—1)p,{’16—p'_ pPB—p  pPB-1)  B-1
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pB /
< 7=
<51 pB
For the second identity first note that
By = L2 b 8
pB=1  fop—1 PB=(—1)

and taking this into account

1L = -1 _pB—p+1_pJB-1H+1 1

= = =—+
(pB) o' o' o' B
For the last estimate note that
;144
f=—7F"=71r+1

TR
Then, taking into account the preceding estimate

1

(pB)

1

10/75.

pl "1 Gey 141 1 1 1
( ) < [p(tk + )]~ "8 < 2pTRr K < 2epTkY

and we are done.
Lemma 7. Let p > 1 and s, 8 > 1 such that

P > s(pB)

and fs =1+ %. Then

/

(i) <270

Proof. First note that

!

( i ) I R A AV )
s(pB)’ P —spB)  p—sty Pe8-1)-spB
p'(pB—1) pB—1

T PEB-1)—sp(p—1)B  (B-1)—s(p—1)p

It is not hard to check that

1
(pB—1)—s(p—1)8 TR
and then we can end the argument as follows
P’ >, ppB—1 /
- =@EB-H +1re<2|p|1+
<8(p5)’ PB—1)—s(p—1)3 (pB—-1)(p"+1) D
/
=2 p_1++ p/T(5§2pT(5—|—22_p717—6§2p7_5

1

15
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5. PROOFS OF STRONG TYPE ESTIMATES
Note that as we pointed out in Subsection 2.4, to settle

1T oowy S ewll Fll Lo ow)

is equivalent to prove

1 1 -
[WeTW % )l o @ay S cwll fll Lo ga-
In every proof in this section we shall settle the latter.

5.1. Proof of Theorem 1. Taking into account Theorem 9 and Lemma 3 we have that there exists
a sparse family S such that

/Rd <W%TQ (W‘%E) ,§> da

/Rd <TQ (W‘%H) ,W%§> dz

_1- 1
< ndllQl poo(ga-1y8" > (WP 1o ((WP3))s 0l Q)
Qes
1 o o
< Ecn,d! Q| poo(ga-1ys’ Sup UaVal,, ”Mv’wfi’lulzpHMM7W%7SHLP' [l e (|G 10

where {Ugp} and {Vg} are families of self-adjoint positive definite matrices. Hence it suffices to show
that for suitable choices of {Vg}, {Ug} and s > 1

o < (W15 (W] (™

1 Asc
Wpr,s P o0,p o0,p’

5.1 ! U M M
G o swlgVal,, IM, -y M,

Let us choose Vg such that for every €

(5:2) Vol ~ (]é |W?<x>é17‘p’>rlp'

1
where r = 1+ y and Ug such that for every ¢,

24115 ) yoc
p

/
s

oo

1

53) Uil = (]{2 wi@ar)”

where
1 p’-{-l 1+Tn[W]A§?OO

y=1+ 7 : and § = ( 5 ) T .
(p;— ) Td[W]Af),Coo 1+ (%) Td[W}Af]’coo
1

2d+11[W:|A§,coo
4 and the definition of the A, condition yields

Consequently sy = 1+ and s < p[W] Ase . For these choices an application of Lemma

1
(5.4) Sup VoUglop S [W14,-

P

Now we focus on HMV S 1||LP. We are going to show that

)

P/
S
(5.5) L1 LU VT

First we observe that taking into account (5.2)
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1
1 g 7.\ (P’T), PT),
~ V5Volo (/ |h|®'T) dx)) ( /|h|f““ dx)
@ " \[Ql Jq Q)
Consequently

< p ! (p?")/
(5.6) HMVW i 1HLP ||Mpr HL” ~ |:((p/,r)/> :|

and it suffices to provide a bound for the rightmost term. A suitable application of Lemma 6 allows
us to conclude that )
M o ’
D (') p 1
S[Worhee .
[((W)’) ] S,

|| v~ We are going to show that

This shows that (5.5) holds.
At this point we turn our attention to HMM ik
k) P 78

1
(5.7) 1M sl S PV

L{,W%,s
Taking into account (5.3)

1 1 1
1 g Ly T
(a1 Jy et wara)” < (g [t whorman) ™ (g [ rean)
1 1
_ 1 (o) s(p)’ 1 —s(py) s(v)

p/ / 5(1’7),
(5.8) HMZ/{W ”Lp HMs(pv)’”Lp’ S [( ( /)} :

Now we observe that by Lemma 7

Consequently

P\
P} < opr [Wage
() <2,
and also that by Lemma 6 choosing 8 =~ and p = p/

1 1 1 cq 1
s sy Ty S z
s(y) sy spy T [Wlage, p

Hence, combining the estimates above

/ /% 1
P s(Bp) 2
< pW]hee -
(S(Bp)’) S Wi,
Combining this with (5.8) yields (5.7). Finally taking into account our choice for s, (5.4), (5.

(5.7) we conclude that (5.1) holds.
For the other estimate note that since T, is also a rough singular integral,

/Rd <W%TQ (W‘%ﬁ) 7g‘> da /Rd <W‘%E,T5§ (W%§)>dx

, 1o 1
< Cnall Ul oe(i—1)s' Y (W7 h)) s (WP 9)10lQ)
QeS

Ut
ot

) and

Arguing as above essentially exchanging the roles of h and g we have that

IR Il S WIS, Wi, W5 402

QeS
This ends the proof.
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5.2. Proof of Theorem 2. Taking into account Theorem 10 and Lemma 3 we have that there exists
a sparse family S such that

QeS

1
< = M M h
— ncn’d’T Sgp ‘UQVQL)I) ” V,W ||L ” Z/{ Wp IHLP H HLpHgHLP

where {Ug} and {Vq} are families of self-adjoint, positive definite matrices. Hence it suffices to
show that for suitable choices of {Vg}, {Ug}

Y e

(W] hse

) 00 oo,

NS

S0

1 ,
(5.9) Sup UgVialyy 1M, -y NlivllM I S W15 w20

VWb UWT 1 ¢

3038

1
We choose Ug = Aé where

ya, =
Aqfl = ( f 1w a® e

1 1
and a =1+ AV and Uy = Bé such that
wrr )] v
7al Ay oo
., B
5e = (f wiartas)”
Q
where =14+ ————
5 Td[W]Asc

First we observe that by Lemma 5

11 1
UqVal,, = ‘Aé% S [AeBaly,

op

Now by Lemma 4 we have that

“AQBQ|op ~ ‘WQJ?/TWQ,]J/T

Consequently
1
(5.10) Sup UeVal,, < Wk,

Now we show that

1
< w5 e
(5.11) ”MV,W*%,THLP Sy ]A?%),m

First we observe that taking into account Lemma 5 and Reverse Holder inequality

1

1 _1 1 N b

(@| / AW p(y)h(ywdy)
< (1w | e Wt D)) 7e (& [ ey >)““”'“)’
(g [ 14w oa)) e (& [ ey ) Fey
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1 1
1 / =T By (B (1 = ((BY o) () )
S{—= [ A pr(r)adx> (/ hT((r)a)dx>
(MQ|Q ()| d) o | )
1 AP, r((B )a)’ r((B )’a)’
~ AL A </ h|r () ) dm)) —( /h’” @) >
‘ Q Q‘OP |Q‘ Q‘ ‘ |Q’ ‘ ‘

from which readily follows that

1
! Pyiay
> - p H(BYaY
1M, -5 Bllee S IMpqzyay (B)lle S Kr((p)’a)’> ] 1l e

Now we observe that by Lemma 6 we can conclude that

1
(5.12) 19, 43 o S W02

1S}

and hence (5.11) holds.
It remains to show that

First note that

1 1 1 w1 , el

|@485WN>um<(@/wdwww%®ﬁ(Q/mwm®”>
(i el wiversian) ™ (i [ i)
~ 1B, 1BQ|op<‘Q, / 709 d:c> (|Q / 709 da) )(”“

p O\ @
/ / < .
1M, 3 o S 10l 5| (55 ) |

By Lemma 6 we have that
1
7 Y
p/ (»8) L
(o) =i,
and (5.12) holds.

Gathering (5.10), (5.12) and (5.11) we obtain (5.9) and hence we are done.

Consequently

5.3. Proof of Theorem 3. In virtue of Theorem 9 applied to T{j and Lemma 3 we may start arguing

as follows.
/Rd <W%TQ (W‘%ﬁ) ,g> da /Rd <TQ (W‘ﬁ) ,W%g’> da

/Rd <W‘%E,T;; (W%§)>dx

, 1. 1,
< Cn,all2 pesanys Y (W7 R)s (W2 3))101Q)
Qes

1
<

/ _’ -
)8 S UQValoy 104,y 10, s i 191

Hence it suffices to bound the latter.
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1
We take Vg = .AQP where

[Aofl ~ { Welds
Q

and Ug =V,
For those choices we have that supg, [UgVq| op = 1 First we show that
1
< P
(513) I8,y llw S VTG,

For that purpose we observe that taking into account the definition of A; weight and Lemma 5

< \VélW_;(x)ﬁ(x)\sdx>i
- (f i) < (f W o)
( VoW @)l e :(][( Wiy >rdy)s| <az>\5dac>i

1

< W, (e \dm) < W13, M)

Consequently

1

1 1 1
— p s —
S W MR S I, (B)° WA,

and choosing for instance s = % < p (5.13) holds.
To end the proof it suffices to show that

M-

VW %,sh”m

p/
(5.14) 1M, oo S W1

1

Let us Callﬁ = 1+W

. Then we have that, taking into account Reverse Holder inequality,

and Lemma 5

@/Q|UQ_21W11’(9)§(ZJ)|dy: @/QMC;;W;@M@)'

0 [y (2 o)

(7 fy e >\ﬁpdx>); (& [ atan)™
<’Q\/‘AQ1W )|opd$> <‘ /’g’(pﬂ dx><pﬂ>

~ | A4 Aglop <@|/Qg‘<pﬂ)'dx)> o _ (M/Q|§|(Pﬂ)’dx>“’}”’.

Consequently

f N\ @8’
10 e £ syl 5 [ (25) ]
UW? 1 (pB)
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Now by Lemma 6 we have that

1
R Y .
(o) | =,
and hence (5.14) follows.

The proof of (2.2) is exactly the same we have just presented replacing the choice we made for s
by r, that satisfies r < p.

5.4. Proof of Theorem 4. Again by Theorem 9 applied to 7¢, and Lemma 3 we may start arguing

as follows.
/Rd <W%TQ (W‘%H) ,§> dz| = /Rd <TQ (W‘%E) ,W%§> da
/Rd <W‘%E,T§; (W%§)>dx

, 1o 1
< Cnall Ul poe(i-1)s" Y (W7 h)) s (WP 9)10lQ)
Qes

1

Ug Vg

1 7 =
< end| iy’ sup 1M,y el o B2

op

q
and it will suffice to bound the latter. We choose Vg = Aé where

4af1~ gy [t )

and Uy = Vé 1 For those choices

4
Py

1
sup UQV(S =1
Q op
so it remains to provide estimates for
1M,y e and M
First we show that
(5.15) 1M, b Pllor S g

. L41 .
Let s > 1 such that 0 < %s < 1 for instance we may choose s = “5—. Then we have that, taking
that choice for s and Lemma 5 into account

<|Qr/“’@1W @I dx>1<@|/’*‘@pw IR d“">1
<|Q!/ AW 'Sqd‘T) (IQ\/ e |5qu>
< <@|/ Agwéyzsq/dx> (@I/ |E(x)|84dx> g

q

<(|@1/VQ1W’”””)M(|Q1/}L ’Sqdm>

1

g|AgglAQ|§ (@‘ /Q |E(x)|sqczg;> < My h(z).
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Consequently

1

] —
- - p sq
< < | 2=
1M, 3 s 1Ll 5 (2) 7 il

and (5.15) holds.
Now we turn our attention to the remaining term. We show that

1 1

7

(5.16) 1M, o3 M S VIR WA,

Let 6=1+ . Then we have that by reverse Holder inequality and Lemma 5

1
2d+11[W}Agg .

1 —1ytNa 1 v ~
g /Q g W )l < o5 /Q AR T ()| 3(w) dy

= (!Ql|/Q’AQW3( )| pﬁdm)> (@/Q‘g‘(pﬁ),dx)ygy
< (i wioran) * (G o)
< (i [ i)’ <|Q| [ i0a) ™

S W] iq (‘Q|/ 151®?) dx) w7

M, s o S W0 Myl S W1 [<p>]”
Uw v~ A M4 (pB) Ly’ S Aq (pB) :

By Lemma 6 it is not hard to conclude, as we did earlier in this section, that

()] sk,

Gathering the estimates above, (5.16) holds and we are done.
To settle (2.4) the proof is essentially the same we have just provided for (2.3) just replacing the
choice we made for s by r and taking into account that by hypothesis 0 < %r < 1.

Q=
B

m‘“

hSES]

Hence,

6. PROOFS OF COIFMAN-FEFFERMAN ESTIMATES

6.1. Estimates assuming A., conditions. Let us settle each case. Let us deal with Calderén-
Zygmund operators first. By the sparse domination result in [36] we have that arguing by duality,

[ W @r v fe). g o

Wy oW ] )( WL g|> Q
QES<|Q/ relt IQ!/ rQ
1. V4
W Pf!) Ql ( W Wg) Ql
Q€S<|Q|/ 2 rcz|/ ha

W Wg\) Q)
3 (i f, e

p/

B =

IN

pl

—

‘tH»—A

N

il
sup — W,

Lr
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Now we observe that if W € A%, we have that choosing r = 1 + W

p p) (Tp)’
\QI/'W QW g'<<|@r/‘ ) (|@/'g' >
_ 1 p () (Tp)’
< (a1 L, remie)” (g [ 17)
(| 5 / \gmrpy) o

Ny
Z<WQ1WPQ QQ> ~ HM(TP)/ ‘g‘ HLP ~ ((fp)> "’ ”g”Lp

and hence

Since by Lemma 6
1

S =
3
o

o) s

00,p

we are done.
For Tq, by Theorem 9 we have that

| W@ TaW S f(a) (o)

<19 e, ( W “\)
_1 ! 1 1 s
[ Waw Pf!) Q) ( rwiIng*\s) Q

P’ P
1 1 s
S92l [suwp o [ oo 31 (S (1 [ s ZONC!
CETI IRl g o\ sz \el PQ
. ’ 1+Td[W]Asc
Choosing s = (p H) . P.c0 andr=14+-——+1+
& 2 1+<p27+1>7'd[W]ASCOO <p+1)7'd[W]ASC

1
s W 1 N\ s(rp)’
W Wgs) <( / ) </ gs(rm)
(IQ\/' QW74 il J," v) \1ar /7
1 1
1 P 1 1\ s(rp)
<(L w—lwifg>"</ 978(“’))
<1Q|/Q' vl ) i J,19
1
1/ 7 S(TP)/
< (i [1ae)
(!Q\ Q

Hence arguing as we did to settle (5.8)

bﬁ\

(|Q, / WoAw? g|) Q) S 1Moy (D S W11
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and we are done.

23



24 PAMELA A. MULLER AND ISRAEL P. RIVERA-RIOS

Finally if 7 is a L"'-Hérmander operator

—

[ W@ TV (o), ) do
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QeS

< Cpyd,T <|Q!/ Wy oW ;4|>T’Q\

QeS

1

1 1 - T

sup /W; W_Pf|7">
(1 [, Wi

Taking into account Lemma 5 and Reverse Holder inequality
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From this point arguing as we did for Calderén-Zygmund operators we deduce that
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S endr
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/
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and we are done.

6.2. Estimates assuming C,, type conditions. Note that arguing by duality, exactly the same argu-
ment provided above works, provided we are able to adapt in each case the term involving §. We
begin with Calderén-Zygmund operators. Note that

W LW ~ W LW
Q65<1Q\/' h g) © QE$<\Q1/’ 7 ) xe

Hence, arguing by duality

Q€S<1Q|/'WPQW ) [,
=5 (g ywewie)” ' (1 7 )W il J,e
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~ <1Q\/Q'WW | !Q\/ 7 rQ/Q ©
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Analogously, in the case of rough singular integrals, choosing s > 1 and a > 1 such that 1 <
as < v and 1 < s(ap)’ < p’ we have that
wor (1 e 1
1 sap 1\ alap)’
S ([ ) (L )™ L
= <\Q! P @l 1l Jq
QeS
a(ap)’ p)
< (x ) (o /|*|”P) 5 e
2 <|Q|/ ") \1g] [Ql
P
> [0 (g /)
Qes/R" Q Qes
where, again, the bound for h in the last inequality follows from Lemma [4, Corollary 3.7] with
w=1.
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/ p
oo (/)
S\ 2 M0 (g
where the bound for A in the last inequality follows from Lemma [4, Corollary 3.7] with w = 1.
/W LW g|s>s/h
Ocs <|Q| Q
1 w1 e 1
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2 <|Q! Q ¢ Q| Q|
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In the case of L"-Hormander operators we have that
w1 o 1
1 yp \ P / (’YP)/
< Wit ¥ )7 (g ) [ ne
S2 (IQ\ Q Q| 1@l Jg
QEeS

and the remainder of the proof is the same as in the case of Calderén-Zygmund operators.

7. PROOFS OF ENDPOINT ESTIMATES

7.1. Proof of Theorem 7. The argument is an adaption of the one used in [7] for the endpoint
estimate of the commutator. We reproduce the full argument here for reader’s convenience.
Without loss of generality we may assume that A =1 and |[f[[z1 = [|€f| oo (ga-1) = 1. If

G = {|W(2)To(W ™ f)(x)| > I\ {M(/])(z) > 1},
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then it will suffice to prove that
1
G < e alW)a, [Whage , max {log (W]a, + ), [Wlax, } + 516

Let e; the canonic basis in R™ and let us consider § = x¢ >, ¢;. We then have that for s > 1 to
be chosen, by sparse domination,

G| = [{z e G: [W(@)To(W ' f)(z) > 1}] < /G W (@) To(W™" f)(2)|dz

<l [ (W@TaW 1)@, g do = o [ [TaV 1)) W @i | da
< el sy’ SV (W) alQl
QeS

Now we observe that choosing r =s =1+ we have that ' = s ~ [W] asc | and that
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32T 40
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Relying upon this choice we have that arguing similarly as we did to settle Lemma 3
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where g = x¢, and consequently,

61 < coalWlWlae, Y- (15 / ) (o / )S’lrm
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We may assume that S is %—sparse. Otherwise we may split the sparse family S by [26, Lemma 6.6]
and deal just with the maximum of the resulting sparse family sums times a constant depending
only on the sparse constant.

Being that reduction done we now split the sparse family as follows. We say that @ € &y j,

k,j>0if
1
1 r
[fy)ldy <277, 27 1< (/ \g(y)!dy> <27
!QI / Q| Jg
Then we can write

1< enaW)a Wi, 300 3 (M/ dx)’ls'@/me)dy\Qr

J=0 k=0 Q€S ;

= CndW)a, Waze , D> sk

k=0 j=0
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We claim that
Skyj < Cn,d[W]a, [W]ase  min {2 27k cn7d2_j2k(rs/_1)+Tsl|G|} = Qe

For the first bound we argue as follows. Let Eg = Q \ Uges, , @'- Then
Q'cQ

Fly)|dy = F(y)|d Fly)|d
/Q F)ldy /E T+ /U F)ldy

Q€S
Q'CQ

s/E Wiy + 3 / F)ldy.

Q' €Sk
Q/CQ

For the second term on the right hand side, we have that since S is %—sparse and hence it is

%—Carleson
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from which readily follows that
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Thus,

For the second estimate of sy ;, let S; . denote the maximal cubes in &;j. Then, taking into
account again that S is %—Carleson,

sk <27927F N Q<2772 Y NP

QGS]' k QES*k PCQ
5
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Combining the estimates above, we obtain

|G’ < Cn,d[W] Asc Z Zak,]

k=0 j=0

Fix v > 0, to be chosen later on. To complete the proof we decompose the double sum as follows.

00 o
E E Ak j = E Ok, j

k=0 7=0 7> [loga ([W]ay W]acy) | +[k(28' —1)+25']+k

+ Z A 5+

7< [loga ([W]a, Wlacy) [+k(rs'—1)+rs" 1 +k
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To estimate the first sum on the right, note that

> Qg
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< Cnd[W)a, [W]ase |G| Y 2k =Dr 3 9~i
k=0 7> log2 ([W}Al [W}AfﬁJv) +|—k(7"s’_1)+7“3"‘ +k

- rs'— rs’ __IOg (Wlay [Wlase v _—fk(rs’—1)+r5"‘_k
:Cn7d[W]A1[W]Agg,1’G|ZQk( D+rs'o 2( a1 Wlase | )

k=0

S '—1)+rs’ 7-log (Wla, [W]ase v -ffk(rs’fl)+rs’]7k
— Cn,d[W]Al [W]AZgJ ’G| Z Qk(Ts 1)+ 9 2( Ay Az )

k=0

Cn,alW)a, [W]as L 2¢h.4
< g5 o k< 2 g
— [W]a [Wlase, 7‘ |Z v — |Gk

Therefore, it suffices to let v = 4cn’d.
To estimate the second sum on the right, note that

> U
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If we now combine all the preceding estimates, we complete the proof.

7.2. Proof of Theorem 8. We will follow ideas in [32, p. 2544]. By duality for Lorentz-Bochner
spaces

—

W+ @rw=7 )|

/Rdm/’l"(I)T(W_if)(fﬂ),g“(:c»dx .

= sup

k] d gl
Lo RS gl e 1 gy =1

Hence it suffices to bound the right-hand side. First note that by sparse domination
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Now we observe that choosing o =1 + W we can argue as follows
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Taking these computations and our sparse domination result into account,
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where ,

r’ .
v % (g ) Ml

was settled in [32, p. 2544] and (ﬁ) S [Wlase | by the choice of @ and Lemma 6. This ends the

proof.
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