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1 Introduction

Inner ideals in Lie algebras were introduced in [24], where Faulkner defines inner
ideals of modules for Lie algebras. This notion came from the world of Jordan algebras.
Faulkner’s aim was not to develop a general theory of inner ideals, but he used inner
ideals to reconstruct in some way the geometry: a hexagonal geometry with certain
collineations is coordinatized by a Jordan division algebra which permits to construct
the Lie algebra. We come back later to this idea.

Georgia Benkart in her doctoral thesis [4] began a systematic research of the role
of the inner ideals, as well as of the ad-nilpotent elements, in the study of Lie algebras.
This topic was suggested to her by Seligman, taking into account the relevance for
the theory of Jordan algebras of studying those ones satisfying the minimum condi-
tion on Jordan inner ideals, obviously inspired by associative algebras satisfying the
descending chain condition on their left or right ideals. Her following papers [35, 6]
laid the groundwork for the development of an Artinian theory for Lie algebras.

A considerable amount of material of inner ideals of Lie algebras, including the
results in [6], can be found in the recent monograph by the AMS [25], which tries to
show how Jordan theory can be applied to the study of Lie algebras not necessarily of
finite dimension. Precisely the book contains a whole chapter about an Artinian theory
for Lie algebras [25,Chapter 12]. After introducing the notion of a complemented inner
ideal, the following key result is stated: every abelian inner ideal B of finite length of a
non-degenerate Lie algebra L yields a finite Z-grading L = L_,, @ - - - & L,, such that
B = L, sothat in particular B is a complemented inner ideal. In fact, a Lie algebra is
complemented (meaning that every inner ideal is so) if and only if it is a direct sum of
simple non-degenerate Artinian Lie algebras. Note that the algebras considered here
not only have arbitrary dimension, they can even be considered over a ring of scalars
with very few restrictions.

It is well known the rich interplay of inner ideals with ad-nilpotent elements. Using
inner ideals, some generalizations of Kostrikin’s lemma have been achieved in [27],
which finds ad-nilpotent elements of index 3 from ad-nilpotent elements of greater
index. These kind of elements play a fundamental role in the classification of simple
modular Lie algebras. They have strong implications on the structure of the algebra. For
instance, for algebraically closed fields (of characteristic greater than 5) the existence
of an ad-nilpotent element implies that the finite-dimensional non-degenerate simple
Lie algebra is necessarily classical [6]. Thus, we have a criterion for distinguishing
some concrete Lie algebras from other ones using inner ideals or ad-nilpotent elements.
Similarly, [8] obtained a new characterization of infinite locally finite simple diagonal
Lie algebras (characteristic zero) in terms of inner ideals.

Apart from this algebraic line of study of inner ideals, from which we have only
included a small sample of the contributions, there is a second line of study, focused
on the more geometric Faulkner’s approach, which follows being topical. It is based
on incidence geometries. The story begins with Tits, who introduced buildings in
[36] in order to study algebraic groups. Some point-line spaces were associated to
these buildings, called root shadows [10,Definition 3]. Many of these ones coincide
with the following point-line spaces associated to Lie algebras: the so-called extremal
geometry of a Lie algebra L has as points the points in the projective space P (L)
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spanned by extremal elements in L, and as lines the lines in P (L) such that all their
points are spanned by extremal elements. In the case that L is finite-dimensional,
simple and generated (as an algebra) by pure extremal elements, if the set of lines
is non-empty, then the extremal geometry is a root shadow space (for instance see
[11]). Very recently, [13] extends Faulkner’s results, showing that the correspondence
between inner ideals of the Lie algebra of a simple algebraic group and shadows on
the set of long root groups of the building associated with the algebraic group holds
for fields of characteristic different from two too.

This raises the question whether one can recover the Lie algebra from its extremal
geometry. Is the algebra characterized by its geometry? A work in this direction is [9],
which proves that the simple Lie algebra is uniquely determined (up to isomorphism)
when the extremal geometry is the root shadow space of a spherical building of rank
at least 3. (This requires that the algebra is generated by its set of extremal elements,
but, for characteristic distinct from 2 and from 3 and finite dimension, it is enough
that it contains an extremal element that is not a sandwich [12]).

Other authors try to focus on direct connections between Lie algebras and buildings,
without the intermediate step of considering algebraic groups, see for instance, [14,
15]. The idea is to use structurable algebras, a class of non-associative algebras with
involution generalizing Jordan algebras, introduced in [2], which is usually employed
to construct 5-graded Lie algebras via the Tits—Kantor—Koecher construction. So,
Moufang polygons are constructed in [15] using inner ideals of Lie algebras obtained
from structurable algebras via such construction. The considered geometry in [14]
is not the extremal one but a generalization called the inner ideal geometry of a
Lie algebra, where the points are the 1-dimensional inner ideals but the lines are the
minimal proper inner ideals containing at least two points. It turns out to be a Moufang
spherical building of rank at least 2, or a Moufang set in case there are no lines.

The main purpose in this paper is to deal with the case of the real algebras. Note that
a great amount of the mentioned works aim to avoid restrictions on the characteristic
of the field. So, in a sense the real case is one of the easiest cases, after the complex
one. Concretely, real simple finite-dimensional Lie algebras are completely classified
and they are very well known. But on the other hand, they are very important cases,
that are worth a specific study. We cannot forget their fundamental role in Differential
Geometry and in Physics, which not even needs references. We concentrate on two
objectives. First, in this work, on the classification up to isomorphism of the inner ideals
of the real simple finite-dimensional Lie algebras, which is achieved in Theorem 3.4,
and is followed by a case by case description in Sect. 4. Second, in a forthcoming paper,
what are we able to say about the incidence geometries related to these inner ideals?
To study the real case will allow us to gain intuition about the inner ideal geometries,
often difficult to visualize. Besides, our study will provide some concrete realizations
in Corollary 5.7 of the exceptional real Lie algebras obtained from structurable algebras
related to composition algebras, joint with other realizations focused on finding point
line spaces in Sect. 5.4.

Our first tool to address the classification is our knowledge on the classification of
inner ideals in the complex case. Both cases, real and complex, are obviously related,
since an inner ideal of a real Lie algebra will be, after complexification, an inner ideal
of the complexified algebra. Then, we use the complete description of the abelian inner
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ideals of any simple Lie algebra L over C obtained in [18] (of course it can also be
consulted in [25], which collects many results). Namely, take H a Cartan subalgebra

of L, and fix A = {«y, ..., o} abasis of simple roots of the root system ® relative to
H. Denote by & = Zf‘:l m;co; the maximal root in ®. Then, for any nonzero abelian
inner ideal B of L, there is an automorphism ¢ € Aut(L) and asubset I C {1, ..., [}

such that ¢(B) = Bj, where,

B; = @{La:az Z pia; with pj =m; forall j € I}.

acd 1<i<l

In order to relate the inner ideals of the real Lie algebras with the inner ideals of
the complex ones, we will use the Satake diagrams of the corresponding real forms.
We will obtain a result similar to that of the complex case, that is, that every abelian
inner ideal is conjugated to some 37, but only for / a subset of indices adapted to the
Satake diagram (Definition 3.1). In some sense, it can be considered as a generalization
of [16], which proves that there is a bijection between isomorphism classes of real
semisimple Z-graded Lie algebras and weighted (with certain restrictions) Satake
diagrams.

The structure of the paper is as follows. Preliminaries are recalled in Sect. 2: the
Satake diagrams of the simple real Lie algebras and the classification of the inner
ideals of the (also simple) complex Lie algebras. The main result in the real case is
Theorem 3.4 in Sect. 3. This theorem is easily applied in Sect. 4 to obtain a detailed
classification of the inner ideals of the real Lie algebras up to automorphism. This
turns to be a combinatorial description, so we have added Sect. 5, which tries to
describe the inner ideals of the exceptional Lie algebras without using roots, but in
terms of some constructions of these algebras. To be precise, we use the Tits—Kantor—
Koecher construction applied to the tensor product of composition algebras and to
Albert algebras, as well as some nice models of the split exceptional algebras based
entirely on linear and multilinear algebra, which allow us to obtain some remarkable
inner ideals formed completely by extremal elements. As a by-product, all the non-
compact exceptional Lie algebras other than those of type G, are constructed by
TKK-construction of the tensor product of real composition algebras in Corollary 5.7.

2 Preliminaries

All the algebras considered throughout this paper are finite-dimensional (over a field
F, mainly R and C).

2.1 Background on Satake Diagrams
We recall some very well-known facts on Satake diagrams in order to fix notation,

mainly extracted from [28,Chapter III, §7] and from the summary in [19].
Let g be a simple Lie algebra over R and x: g x g — R its Killing form.
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Take any maximal abelian subalgebra a such that x|4xq is positive definite. (So
there exists a Cartan involution : g — g such that 0|, = —idq4.) For each A in the
dual space a* of a, let g = {x € g : [h, x] = A(h)x,Vh € a}. Then, A is called a
restricted root if A # 0 and g, # 0. Denote by X the set of restricted roots, which is
an abstract root system (not necessarily reduced), and by m; = dim g, the multiplicity
of the restricted root. Note that the simultaneous diagonalization of adg a gives the
decomposition g = go & (@Aez‘ g,\), for go = a @ Cent(a), with t = Fix(0).

Now take ) any maximal abelian subalgebra of g containing a. Then, b is a Cartan
subalgebra of g (that is, hT is a Cartan subalgebra of g©). Denote by ® the root system
of g€ relative to h* and by gg the one-dimensional root space forany o € ®.Ifa € @,
denote by & := «|y: a — R. The roots in &9 = {¢ € ® : @ = 0} are called the
compact roots and those in ® \ ®( the non-compact roots. Note that « € g if and
only if @(h) C iR. The restricted roots are exactly the nonzero restrictions of roots to
acC f)(c, thatis, X = {a : ¢ € &\ ®g}. Moreover, for any A € X,

o=@l :a=2)Ng, (1)

where we understand g to be naturally contained in g€; and m; coincides with the
number of roots o € P satisfying & = A. Moreover, it is possible to choose a basis A
of the root system & in such a way that Ao = AN Py = {a¢ € A : @ = 0} is a basis
of @, also a root system.

The Satake diagram of the real Lie algebra g is defined as follows. In the Dynkin
diagram associated to such basis A, the roots in A are denoted by a black circle e
and the roots in A \ A are denoted by a white circle o. If &, 8 € A\ Ay are such
that @ = f8, then « and B are joined by a curved arrow. The real rank of g is defined
as dim a, which coincides the number of white nodes in the Satake diagram minus the
number of arrows.

Remark 2.1 If g is compact, it turns out that a = 0, so &9 = P and necessarily its
Satake diagram is the Dynkin diagram (of g©) with all the nodes colored in black. If
g is split, it turns out that a is a Cartan subalgebra (a = §), so @9 = ¥ and necessarily
its Satake diagram is the Dynkin diagram (of g©) with all the nodes in white.

2.2 Satake Diagrams of the Simple Real Lie Algebras

We recall the classification in order to unify notation and labelings. Here, I,, denotes
the identity matrix, I, 4 := diag({,, —1;) and J, := (_(}n '{{)

e Special type. The real forms of the special linear algebra sl,,11 (C) of the traceless
matrices are

o the split Lie algebra, sl,,41(R), of real rank n;
o sl,(H) = {x € gl,,(H) : Re(tr(x)) = 0}, only foroddn =2m — 1 > 1,
with real rank m — 1 and Satake diagram

o supy ={x €8l 1(C): [, gx+i'1,, =0} withp+g=n+1,p=<gq,
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with real rank p and Satake diagram
1 p—1

if p = q and p < g, respectively. Here, we assume p > 1, for p = 0 the algebra

Sl 41 = SU,4 is the compact one.

e Orthogonal type. The real forms of the orthogonal algebras 507,41 (C) and s02, (C)
of skew-symmetric matrices are

050, 4(R) = 50,4, = {x € gl ;(R) : Ipgx +x'I,, = 0}, with p < q. If
p+q =2n+1 (type B,), the Satake diagram is:

1 P

Here, there are 0 < p < n white nodes (p is the real rank). For p = n, we have
the split real form, and if p = 0 the compact one.

If p + g = 2n (type Dj,), the Satake diagrams are

p
1 P 1 n

if p <n—2and p = n — 1, respectively, and again the real rank is p. For p = n,
we have the split real form, and if p = 0, the compact one.

o 503 (R) = wi(H) = {x € gl,(H) : x'h + hx = 0}, where h = diag(i,...,i) =
if,,. This case (type D,,) only happens when n > 4. The Satake diagrams are

if n is even and odd, respectively. (The real rank is the integer part of n/2.)
e Symplectic type. The real forms of sp,, (C) are

o The split Lie algebra sp,, (R) = {x € gl,,,(R) : J,x + x'J,, = 0}, of real rank n;
o sp,,(H)=sp,,={xegl,(H): I, gx+x'1, 4 =0},forp < gand p+q =n,

has real rank p and its Satake diagram is
1 2p n 1 2p

if 1 < p < g or p = gq,respectively (p = 0 is the compact one).

e Exceptional type. The real forms of the exceptional complex Lie algebras, apart from
the split and compact cases, have the next Satake diagrams
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O—O—QI—Q—O
0.2 ° @ P6,-14 Qéﬁ 6,26 ¢
1 3 4 5 6
€75 - €725
O—.—QI—.—O—O—O
88,724 : ; f4’,20 : o—e—0 O

7 8 1 2 3 4

Here, the second subindex, after the rank, indicates the signature of the Killing
form. The real ranks are 4, 2 and 2, for the real forms of E¢-type (respectively), 4 and
3, for the real forms of E7-type, eg —24 has real rank 4 and f4,_20 equal to 1. These
real ranks will be related with the maximal length of a chain of proper inner ideals as
well as with the rank of the incidence geometries related to their inner ideals.

2.3 Inner Ideals of Complex Simple Lie Algebras

Usually the next definitions are considered over arbitrary fields, in spite that in this
work we are mainly interested in the real field as an aim and in the complex field as a
tool.

Definition 2.2 A nonzero element e of a Lie algebra L is called an extremal element if
[e, [e, L]] C (e) = Fe. Also, e is called an absolute zero divisor or a sandwich element
if [e, [e, L]] = 0. An extremal element in L is called pure if it is not an absolute zero
divisor. A Lie algebra is non-degenerate if it has no absolute zero divisors.

Example 2.3 The elements ¢ = (7 ) and f = (1) in the special Lie algebra sl (R)
are both pure extremal elements.

Definition 2.4 A vector subspace B of a Lie algebra L is called an inner ideal if
[B,[B, L]] € B. An inner ideal B is called proper if B is neither {0} nor L. Such B
is called a minimal inner ideal if it does not contain properly any nonzero inner ideal.

It is clear, independently of the characteristic of the field, that forany 0 # e € L,
then (e) is a minimal abelian inner ideal if and only if e is an extremal element. These
extremal elements play a key role in the incidence geometries related to inner ideals.

It follows from [6,Lemma 1.13] and the fact that a simple Lie algebra over a field
of characteristic 0 is non-degenerate [25,Corollary 3.24], that every proper inner ideal
of a simple finite-dimensional Lie algebra over a field of characteristic O is abelian.

An important source of abelian inner ideals is the ad-nilpotent elements. On the
one hand, any element e of an abelian inner ideal B is ad-nilpotent of index at most
3: [e, [e, [e, L]]] € [e, B] € [B, B] = 0 for each 0 # e € B. On the other hand,
if e is an ad-nilpotent element of index at most 3, then [e, [e, L]] is an inner ideal
[6,Lemma 1.8]. We can go a little bit further and recall a well-known but key result.

Lemma 2.5 Let B be a proper inner ideal of a simple (finite-dimensional) Lie algebra
L over a field of zero characteristic. Every 0 # e € B is ad-nilpotent of index equal
to 3 and there exist f and h in L such that {e, h, f} is a sly-triple, that is,

[h,e]l =2e, le, f1=h, [h, f1==2f;
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and such that ad h diagonalizes L with eigenvalues £2, +1 and 0.

Proof As above, e is ad-nilpotent, since B is abelian. By the Jacobson—-Morozov
Lemma (for instance, consult the version in [31,Chapter III, §11, Theorem 17]), we
can embed e in a slp-triple of L. In particular the nilpotency index of e is precisely 3
since [e, [e, f]] = —2e # 0. Now, [29,Lemma 1] gives the result on the eigenvalues
of ad & and the corresponding diagonalization. O

Clearly every extremal element belongs to a minimal abelian inner ideal, but the
converse is not true.

Next we focus in the real case. If B is an inner ideal of a real Lie algebra g, then
the complexification BC := B ®g C is an inner ideal of the complex Lie algebra gC.
So, the first step in order to classify inner ideals of the real Lie algebras is to know
the classification of the inner ideals of the complex Lie algebras. This classification is
well known for complex finite-dimensional simple Lie algebras. In such case, every
abelian inner ideal coincides with the corner L, of some Z-grading L = &,__, Ly,
of the simple C-algebra L. A very concrete description of the abelian inner ideals of
L is obtained in [18] in terms of roots (and also related to Jordan pairs, see Sect. 5.5).
Namely, take H a Cartan subalgebra of L, and fix A = {«y, ..., oq} a basis of the root
system @ relative to H. Denote by & = Zgzl m;«; the maximal root in @ relative to
the fixed ordering. Consider, for any subset of indices / C {1, ..., [}, the set of roots

;= a:ZpiaiGQD:pjzmjforalljeI , 2)

1<i<l

and the corresponding sum of root subspaces

By = @Laz@ Ly :a= Z pia; with pj =mj forall j e I . (3)

aed; aed 1<i<l

It is easy to check that B; is always an abelian inner ideal of L, but, as in
[18,Theorem 3.1 or Theorem 4.4], the converse is also true: for any nonzero abelian
inner ideal B of L, there is an automorphism ¢ € Aut(L) and a subset I C {1, ...,1[}
such that p(B) = Bj.

Note that,if I € J C {1, ...,1}, then By C Bj. In particular, the maximal abelian
inner ideals of L are conjugate to By;) for some i € {1, ..., [}. Itis straightforward to
describe these inner ideals by means of combinatorial arguments, as well as the lattice
{By : I € {1,...,1}} (for fixed H and A). The reader can find the related Hasse
diagrams in [18].

3 Results on the Real Case

Assume we are still in the above setting: g is a real simple Lie algebra with complexifi-
cation g® = L, A = {a1, ..., oy} is a set of simple roots of the root system ® relative
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to a Cartan subalgebra H of L, and & = Zﬁzl m;o; is the maximal root in @ relative
to the ordering given by A.

The following result provides us a source for finding abelian inner ideals of g whose
complexification is just B; for a suitable choice of the indices in 7.

Definition 3.1 We will say that anon-empty set I C {1, ..., [} is adapted to the Satake
diagram of g if it satisfies

(i) Ifi € I, the related node in the Satake diagram of g is white (that is, «;|q # 0);
(i) Ifiel,je{l,...,l}and oj|q = aj|q, then j € I.

Proposition 3.2 Forany I C {1, ...,1} adapted to the Satake diagram of g, we have

(a) Ifa € Oy, thenal|q € X;
(b) If« € ®; and B €  satisfies o|q = Blq, then B € Oy,
(c) By := ®{gg : @ € Oy} is an abelian inner ideal of g such that (BT = B;.

Proof Recall that, if r = dim a (the real rank of g), the set {&; : o; € A\ Ao} is a set
of r linearly independent elements in a*. Note that

1
=1—|Ag| — =70,
r [ Aol 570

with rp the number of nodes connected by an arrow in the Satake diagram. Indeed, this
follows by taking into account that &; = «; if ; and «; are connected by an arrow.

Part a) is clear, since if @« = Zle pia; € @y, then the coefficient of a; in @ =
Zai¢Ao pia; for j € I'is p; = m; # 0. For b), take roots o = Zﬁ:] pidi, B =
25:1 gia; € ® with @ = B and pj = mj forall j € I, and let us check that also
qj = mj whenever j € I.Fixed j € I, theno; ¢ Ag by i). If o is not joined by an
arrow to any other node, then 0 = Zﬁzl (gi — pi)a; implies g; — p; = 0. And, if o
is joined to « (which is necessarily unique, namely k = u(j) for pu the involution
of the Dynkin diagram), the linear independence of {&; : o; € A\ Ap} implies that
qj—pj+qr—pr = 0. Wealsohave py = my,sinceii)yieldsk € I. Asa is the maximal
root, g; < m; for any index i and som; +my = p; + px = q; + qx < m; + my,
forcing q; = m;. For part c), let us check that B; = B; N g. On the one hand, if
o € @y, then

1 — _ b - _
ga(=)(ea{g‘$:7/€d>,y=a})ﬁg=)(®{g$:7/€®1,V=a})ﬂg§Bmg-

This means that 5; € B; N g. On the other hand, (gc)y - (g);)(C forany y € @, so
_ C . \C . C C
Bi=0{(@)y:ye®}C®{(gy) :yed} S (B S (B Ng~ < By,

which implies that (BT = (B; N g)C and By is a subset of B; N g with the same
dimension, so necessarily equal. Finally, [B;, (B, g]] < [By, [Br, g]] € B; and is
also contained in g, so that it is contained in 5;, showing that B; is an inner ideal. O
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Our objective is to prove that every abelian inner ideal of g is conjugated to some
B as in Proposition 3.2. First, we adapt [18,Lemma 4.1] in order to prove that, given
any abelian inner ideal B of g, there is a decomposition as above such that B is
homogeneous and B N go = 0, thatis, B = @, cx B N g,. Moreover, it is possible to
prove something slightly stronger, namely:

Lemma 3.3 If B is an abelian inner ideal of a simple real Lie algebra g, there is a
maximal abelian subalgebra a satisfying that k|qxq is a positive definite symmetric
bilinear form, and that, if I" : g = go & (@xez g;L) is the decomposition in restricted
root spaces g = {x € g : [h,x] = AM(h)x Vh € a} as above, then B is homogeneous
and g;. € B for each A € ¥ such that gy N B # 0. Besides, go N B = 0.

Proof Take 0 # e € B. By Lemma 2.5, we can find an sl,-triple {e, i, f} C g such
that

g=9g2Dg- 1D gD g1 D™

is the diagonalization relative to ad 4, i.e., g, = {x € g : [h, x] = mx}. Of course
B is homogeneous for this grading, since [k, B] = [[e, f], B] < [le, Bl, f]1 +
le,[f, Bll = le,[f, B]] € [B,[B,gll € B. Let us check that g € B. Indeed, for
any x € g, [h, x] = 2x. As [e, x] = 0, the Jacobi identity tells that [e, [ f, x]] = 2x.
Now [e, [f, [f, xIIl = [, [f. x]1 + [f,2x] = [f, 2x] and

4x = [h,2x] = [e, [f,2x]] = [e. [e, [, [f, x]II] € [e, [e, g—2]] S [B, [B, g]] < B.

If we take a second element ¢’ € gy, again there is an slp-triple {¢’, #’, f'} in g. As
¢/, [/, f'1] = —2¢, then [26,Proposition 5.2] (see also the proof of [18,Lemma 4.1])
says that we can replace f’ with another element in g_5. Thus, /' = [¢/, f'] € go
commutes with £, and we can consider the simultaneous diagonalization. In this way,
we can take a collection of elements {eq, ..., e} € B\ {0} such that the related
sly-triples {e;, h;, fi};‘=1 satisfy [A;, hj] = O for any i, j and the 7k -induced grading
on g,

Lo:9=®80m,..ne)»  Buy,np) =X € g [, x] =nix Vi}

has a maximal number of homogeneous components. This grading satisfies

(@) If g@uy,....np) N B # 0, then gy,
(®) g0...0NB=0;
(c) the restriction of the Killing form x|, ... n,) is positive definite.

.....

Indeed, if 0 # ery1 € gy,...n) N B, we can take as before an sl-triple
{eks1, hist, fir1) with fry1 € g(—ny,...,—ny)- As the new grading is not a proper
refinement of I'o, €x+1 € guy,...n) = Sny,.np) N {X € @ ¢ [hr41, x] = 2x} which
is contained in B as above (the eigenspace of ad iy of eigenvalue 2 is). Also, if

..........

ific(h,h) =0, then [h, gl =0and h € Z(g) = 0.
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Now we can take an abelian subalgebra a containing (A1, ..., hx) maximal with
the property that k| 4% q 1S positive definite. Let " be the simultaneous diagonalization
relative to {ad & : h € a}, which is a refinement of I, so that it still satisfies properties
a) and b). (In particular this implies the homogeneity of B for the grading I".) O

Now, we can prove the converse of Proposition 3.2 to describe, up to conjugation,
all the abelian inner ideals of g.

Theorem 3.4 [f B is an abelian inner ideal of g, there is  # 1 C {1, ...,1} adapted
to the Satake diagram of g such that B is conjugated to Bj.

Proof First we apply Lemma 3.3 to find a maximal abelian subalgebra a with «|qxq
positive definite and such that the restricted root space g, = {x € g : [h,x] =
A(h)x Vh € a} is contained in B for any A € X such that g, N B # 0. Again consider
y any maximal abelian subalgebra of g containing a. Let ® denote the root system of g©
relative to the Cartan subalgebra hC and let (g©),, denote the complex one-dimensional
root space for any a € ®. The root space decomposition of g€ is a grading I" which is
arefinement of I'C forI" : g = go @ Y sex 8. Now note that BC is an abelian inner
ideal of g€ homogeneous for I". A slight adaptation of [18,Theorem 4.4] implies there
are a basis A = {«q, ..., a;} of ® and a non-empty subset I C {1, ...,[} such that
BC = th, A1 = Brasin (3). To be precise, [18,Theorem 4.4] provides the Cartan
subalgebra, while we have started with the Cartan subalgebra hC, but the proof in [18]
only uses that BC is homogeneous for I'. Let us prove that

B =8B =®{ga:ae b}

Recall that B = @,cx B Ng,, but BN gy = 0 so there is ¥’ € ¥ such that B =
@)ex/@2r- Our aim is to check that ¥ = %/ where £/ := {@ : « € ®;}. First take
A€ ¥ and B € ® such that B = A. Since g), = (Baeca{(8C)s : @ =A})Ng C B, we
have

@) < (@)° € B® = B; = ®uco, (65)a.

But dim@(gc)ﬁ = 1, so that there is @ € ®; such that « = B and in fact 8 € ;.
Hence not only X’ C >! but we have proved that

if f € ® suchthat B € X' then B € ®;. 4)

Second, take @ € ®; and let us see that @ € ¥’. Again the one-dimensional space
(g(c)o, is contained in B; = BC = @Aez/(gx)c, so that there is A € X/ C a* such
that (§%) € (82)° = @pecal{(@®)p : B = A}). Then, @ = A, which belongs to X'. We
have proved ¥’ = /.

Note that the chosen subset / may not be the required one, because it is not nec-
essarily adapted to the Satake diagram of g. But we can replace / with a convenient

subset: Take / € I minimal with the property that ®; = ®;. This can be done since
J € I implies ®; C & ;. The new [ satisfies i) in Definition 3.1. Indeed, assume there
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is j € I such that @; = 0. By minimality, P\ (jy # Pj- Then take o = Zé:l pict
with p; # m; but p; = m; for any i € I \ {j}. Taking into account the combi-
natorial properties of the roots, there is a path connecting o with the maximal root
oa = Zi:l m;a;, that is, there are {iy, ..., is} € {1, ..., [} (not necessarily different
indices) such that every element in the list

a, atao, at+a; +d,, .0ttt =a ©)

is a root. Note that j € {iy, ..., i;} and that every element in (5) belongs to Qi\{j}-
Choose B the last element in the list (5) such that 8 + «; belongs to (5) too. Hence,
B+ aj € ®jand B ¢ ;. This means that f +a; € X' but § ¢ X’ by (4),
which is a contradiction since 8 + o ; = B+ aj = B. This finishes the proof in case
that the Satake diagram does not contain an arrow. Otherwise, let u be the order 2
automorphism of the Dynkin diagram fixing the Satake diagram, that is, o; = u(e;)
forany o; € A. (This only happens for some real forms of type A, D or E¢.) Think of
/L as an automorphism of the setof indices {1, ..., [},i.e., oy ) = u(o;). Now replace
I with T U (1), which of course satisfies property ii) and it still satisfies i). There is no

problem with this replacement since X' = »l = piowd . Indeed, choose j € T (so
that «; corresponds to a white node) and let us see that ! = 20 Take r € =1
This means that A = a with o = Zi:l pia; € ® such that p; = m; for any i € I
(in particular, p; = m;). As () = @ (u acts Z-linearly in ® and fixes the Satake
diagram), also A = p(a) and (@) € @ 7 by (4). In particular the coefficient of the root
ajin p(a) ismj. But u(o) = pru(ar) + -+ + pipuler) = progay + -+ + proge
has as coefficient of the root & = @, (u(jy) just pu(j), so that pyjy = mj = myj
and then o € QDIUMU) O

Remark 3.5 Some comments are in order. First, note that {o; : 1 < i < [} \ {Og*}
is a basis of the abstract root system ¥ (of course taking out the elements appearing
twice), because every element in X is the restriction of an integral linear combination
of elements in A with all the coefficients having the same sign. The positive roots =+
are the restrictions to a of the positive non-compact roots in ®* \ @, and § := @|q
is the maximal root of X for this choice of basis. The only caution is that the basis
of ¥ obtained in this natural way is not ordered in the usual way. In any case, let
us denote by B; = @; for each o; ¢ Ag (also B; = @) if the Satake diagram has
arrows). So the set of simple roots of X is {8; : i € K} for certain K C {1, ...,[} of
cardinality » = dim a. Then, the maximal root 8 = Y ick Mip; of X has coefficients
M; = 2m; if the Satake diagram has arrows and i # (i), and M; = m; otherwise.
Note now that the set related to B; defined by X/ = {@ : a € ®;}, coincides with

= {Ziek qiBi € X :qi = M; Vi € I} when the subset I is adapted to the Satake
diagram of g, i.e., [ satisfies i) and ii).

Both viewpoints are useful for describing the inner ideals of a concrete simple
Lie algebra g. We will follow mainly that one in Theorem 3.4, which allows us to
determine the dimensions of the inner ideals of g by counting roots in g€ or simply
using the tables and lattices in [18]. This is quite easy since dim B; = |®;| (in
general # |X;|). The advantage of the second approach is that the root system X is
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considerably smaller than @, and the corresponding sets X; are equally listed (at least
for the reduced root systems). Butdim By = ), ex, Mxs SO that the knowledge of the
restricted multiplicities is necessary. An example is shown in Remark 4.6.

4 Classification of Inner Ideals of Real Simple Lie Algebras

Through this section, we will assume we have fixed a Cartan subalgebra of a simple
split (real or complex) Lie algebra and a set of simple roots of the related root system,
labeled as in Sect. 2.2.

Recall that it is possible that B; = 3; happens for some / # J. We will say that a
subset I € {1, ..., [} is maximal describing an inner ideal B if B = B; and whenever
there is another J C {1,...,[} with B = B, then J C I. Sometimes it is useful
to have this maximal 7 since, only in that case we can assure that 3; € B; implies
J C I (recall that the converse was always true). We will use this to construct the
lattices of inner ideals. Similarly, we will say that a subset I C {1, ..., [} is minimal
describing an inner ideal B if B = 3; and whenever there is another J < {1, ..., [}
with B = By then J D I. We can always find both a maximal set and a minimal
set describing any proper inner ideal. The minimal choice is useful in order to apply
Theorem 3.4, since we have only to check whether or not the minimal set representing
a determined inner ideal is adapted to the Satake diagram.

Our description and classification of the inner ideals will be up to conjugation,
although we will not explicitly recall this every time. So “the nonzero abelian inner
ideals are” should be read as “up to conjugation, the nonzero abelian inner ideals are.”

4.1 Type A,

Consider first the split Lie algebra, whose inner ideals are determined analogously to
those ones of its complexified algebra. Recall that the set of positive roots is

©+={Oli—‘r(¥i+1+"'+(¥j1lfifjfl}

and the maximal rootis &« = a1 +- - - +0y. The nonzero abelian inner ideals of s[;1 | (R)
are

{Bis,ry: 1 <s <t <1y,

because B; = Bimins, max1}. Here we enclose the possibility Bis s = Bysy. The
corresponding roots are

S n={oitoip+.. Aogtogi o top o1 <i < s<t<k<l},
so that By ;) has dimension s (! 4+ 1 — t). Since it is conjugated to Bjj41—;,;+1—s), the
set of nonzero abelian inner ideals up to conjugation coincides with {Bys;y : 1 <5 <

t <l,s 4+t <1+ 1}.(This set has size k? if | = 2k — 1 and k*> + k if | = 2k.) The
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lattice is described by taking into account that
Bisyy S By & s <s',t>1.

The only minimal abelian inner ideal (unique if we assume it adapted to the Cartan
subalgebra and to the fixed ordering) is By ;y = g, while the maximal ones are By,
withk € {1, ..., 1} (although By = By;+1—«}). For the other non-compact real forms
of sl;11(C), we use the results in the previous section. Thus,

Proposition 4.1 e There are p nonzero abelian inner ideals of sup ;11— p, namely

B{l,l} CB{Z,I*]} (@R CB{p’l'i’]*P} lf‘zpfl,
By € Bpa—1y C - CBp-1,p+1) C By if2p=1+1.

e [fl is odd, the nonzero abelian inner ideals of s\, (H) for m = % are:

{Bpson:1l<s<t<m-—1}.

Proof Simply take into account that the Satake diagram of su, 11—, (p > 1) has
white nodes {1, ..., p}U{l +1— p, ..., I} and arrows connecting the ith node with
the (/ + 1 —i)thnode for alli < p; while sl,,, (H) has white nodes {2,4, ..., —1} and
no arrows. (The compact form is suyg ;+1, without abelian inner ideals, corresponding
top=20.) O

In particular, sl,,, (H) has no extremal points (more precisely, its minimal inner
ideals have dimension 4) and the longest chain of proper inner ideals has length m — 1
(coinciding with the real rank of the algebra), for instance, Bp;—1) C Bjs,—1; C

-+ C By—1,-1j. In the list of the abelian inner ideals of sl,, (H) above, there are (';')
inner ideals, but again some of them are conjugated.

4.2 TypeB;, 1 > 2

There are 2/ — 2 nonzero abelian inner ideals of the split Lie algebra so0; ;41 (as in the
complex case). Recall that the sets of short and long positive roots are, respectively,

Of ={ai+-Fo:1=<i=<l}
O ={oi+ Faj_nei+ o 20420 1 <i < j <1}

The maximal root is @ = a1 + 2w - - - + 2¢;. The abelian inner ideals are
By : 1 <k <IYU{Bpxy:3<k<l}, (6)

because By = By = g5 if2 € I, B = Bjmingy if 1 ¢ 1 and By = B{l,min(l\{l})}
if 1 € I and 2 ¢ I. These are precisely the minimal choices for representing subsets.
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The dimensions are dim By xy = k—1ifk # 1,dim By = 2/ —1 and dim By = (’2‘)
if k > 2, because, for k # 1,

Qpy=fai+-+aj_1+20j+ 420 : 1 <i<j<k}=Dukit1,..1
Sy ={ar+---+aj1+20; +- -+ 20,01+ +aj,o: 1 < j <1},
Sy =for+---+aj1+2a;+---+20:1<j<k}=Purit1,..0-

The other non-compact real forms of s09;11(C) have the following inner ideals.

Proposition 4.2 e There is only one (up to conjugation) nonzero abelian inner ideal
of so1,2, namely By (of dimension 21 — 1). In particular it has no extremal
elements.

o There are 2p — 2 nonzero abelian inner ideals of $0p 2111 1f 2 < p < I, namely
By C By if p =2, and

By : 1<k <p}U{Buyx:3<k=<p}

if p > 3. Thus, a chain of maximal length of nonzero abelian inner ideals has
length p (coinciding with the real rank of the algebra)

By C B3y C B4y C -+ C Bpi,py C By

Proof The Satake diagram of s0,, /41—, has white nodes just {1, ..., p}. O

4.3 Type C, 1 > 3

There are [ nonzero abelian inner ideals of the split Lie algebra sp,; (R). Recall that
the sets of short and long positive roots are, respectively,

Of ={oi+- oo+ o+ 20+ 20 Fog i < j <)
q>l+={2ai+...—|—2a17]—|—0111lfifl}'

(The notation here is slightly confusing, for instance the long root for i =/ is t;.) The
maximal root is & = 201 + - - - + 20y—1 + ;. It is clear that B; = Bimin 1}, so that
the abelian inner ideals are just {By, : 1 < k <[}, where By, has dimension (k;“]),

since

Sy =20 + -+ 201+ 1 <i <k}U
{aj +--+aj 1 +2aj+--+20 1+ : 1 <i < j=<k}L

Thus, we have a chain By} = gg C By C -+ C By, of inner ideals of maximal
length, /. In particular sp,; (R) has extremal elements (but no inner ideals of dimension
2). Let us apply the results in the above section to the remaining symplectic real
algebras.
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Proposition 4.3 There are p nonzero abelian inner ideals of the Lie algebra sp, ;_,
(2p < 1), which in fact form a (maximal) chain, namely

By C Biay C -+ C Bpayy-

Proof The Satake diagram of sp, ;_, has white nodes {2, 4, ..., 2p} if p # 0 (none
if p =0). O

The word maximal here simply means of maximal length. In particular sp , ;_, does
not possess extremal elements for any p, and sp; ;_; only has one nonzero abelian
inner ideal up to conjugation.

4.4 TypeD;, 1 > 4
4.4.1 TypeD;, 1> 4

There are 2/ — 2 nonzero abelian inner ideals of the split Lie algebra so; ;, with [ > 4.
Recall that the set of positive roots is

O ={o; + - +aj 1+ 2+ A2yt o 1 <i < j<1—2}U{y}
Ufai 4+ +ajil<i<j<l-1U{gi+ -+a,ai+- -+ r4+o:1<i<l-2}

and the maximal root is @ = a| + 2a2 + - -+ + 207—2 + oj—1 + oy. A set of 21 — 2
representatives of the conjugacy classes of the nonzero abelian inner ideals is

{Bixy, Biiky : 3 <k <1 — 1} U{Bpy, Biay, Bu—1.1y, Biii-1.y}- (7

To be precise, for2 <k <1 —2,

o Oy =Pp, .y ={oi+-Foj1+20+ - F2 2+ 1+l <i<
j <k} has (];) elements, (coinciding with g4 for k = 2),

o Oy =P,y = {1+ Foj 12+ 20 2+a;1+o; 1 1 < j <k}
has k — 1 elements,

o Oy =0y nUfo+---+aj 1< j<lU{og+---+o2+o}has 2] -2
elements and it corresponds with a maximal inner ideal,

o Oy =Py Ufag +---+oy_1, 01+ -+ oy} has ] — 1 elements,

o Oy 1y =Py -2y U{ag + -+ o} has ] — 2 elements,

e &y 1y =Py oy U{a;+---+a;:i <I—2}has (ZEI) elements, and

o &y =Py pU{ai+---+oy_1:i <1 —1}has (é) elements.

Here, By1y and By;_1) = By are the maximal inner ideals, while By; 2) = Bpp) = ga
is the minimal one. Note that also By ;—1} = Bj1,;. The longest chain of proper inner
ideals has length /. Note that, for 3 < k < k' < [ — 2, we have Bk € By
Bk € B{kf} and By € B{k/}.

Proposition4.4 e There are 2p — 2 nonzero abelian inner ideals of s0p 21— p if
2<p<landlifp =1, namely
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- {Buylifp=1;

- {Buy, By if p=2;

—{Buy: 1 <k=ptU{Bux:3<k=<plif3<p=<l-2

— By 1 <k =<1-=2}U{Bjx :3<k=<1-2yU{By—11,Bpi-1.n}if
p=I1—1

(If p = O the algebra is compact and it does not contain any nonzero abelian inner
ideal, and, if p =l the algebra is the above considered split algebra).

e [fliseven (respectively, odd), there are % (respectively, % ) nonzero abelian inner
ideals of wj (H), namely:

— By C By C -+ C By—2y C Byy ifl is even;
— By C By C -+ C By—3y C By—1,y ifl is odd.

Proof The Satake diagram of 50, 2, has

e white nodes {1, ..., p} and no arrows, if | < p <[ —2,
e white nodes {1, ..., [/} and an arrow connecting the [ — 1th node with the /th node,
ifp=1—-1;

while the Satake diagram of u; (IH) has

e white nodes {2, 4, ...,[} and no arrows, if [ is even;
e white nodes {2, 4, ...,I — 1} U {l} and an arrow connecting the / — 1th node with
the /th node, if / is odd.

In particular, neither u}" (H) nor so1 2;—1 has extremal elements.

4.4.2 Type Dy

As there are more automorphisms of the algebra of type Dy, there are less inner ideals.
To be precise, there are 4 inner ideals up to conjugation:

Bi1,2,3.4) C By1,3,4) C Bji,ay C By,

of dimensions 1, 2, 3 and 6, respectively. (The map o] — a3 > a4 +— o fixing the
2"_pode is a diagram automorphism.) The other non-compact real forms work as in
Proposition 4.4, namely $0, g, with a chain of maximal length p (p = 0 compact,
and p = 4 split):

e Only By1; up to conjugation for so; 7, an inner ideal of dimension 6;
e By1,2,3,4) C Byy for soz 6, inner ideals of dimensions 1 and 6;
e By1,2,3,4) C By1,3,4y C Byiy for so3 5, inner ideals of dimensions 1, 2 and 6.
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4.5 Type Eg

The maximal root is o] + 22 + 23 + 3y + 2a5 + ag. There are 7 nonzero abelian
inner ideals of the split algebra ¢ ¢, given by

Bii23.456 = Bpy =0z,  Bpij3ase = By, Bi1,3,5.6) = B35
Bi13,6) = Bia,ey = Bpsy,  Bpz = By = Bysy, Biie, By = Bisys
¢))

with dimensions 1,2, 3,4, 5, 8 and 16, respectively. Here, we have to take care with the
order 2 automorphism of the Dynkin diagram. We have chosen, for each inner ideal B,
theset I C {1, ..., 6} to the left (right, respectively) maximal (minimal, respectively)
among the ones satisfying 5 = B;. Recall that the choice of a maximal 7 helps us to
find a chain of inner ideals of maximal length, while a minimal / gives us our main
tool to know if a concrete real form possesses such inner ideal: it reduces to check if
1 is or is not adapted to the Satake diagram.

Proposition 4.5 e There are 4 nonzero abelian inner ideals of the Lie algebra e¢ 2,
of dimensions 1, 2, 3 and 8, namely By C By C Bz sy C Bii,e)-
e There are 2 nonzero abelian inner ideals of the Lie algebra ee —14, of dimensions
1 and 8, namely By C Bji,6).
e There are 2 nonzero abelian inner ideals of the Lie algebra es, 26, of dimensions
8 and 16, namely By1,6) C Bj.

Proof The Satake diagram of the real form g has

e white nodes {1, 2, 3,4, 5, 6} and arrows connecting the nodes 3 and 5 and the
nodes 1 and 6, if g = ¢62;

e white nodes {1, 2, 6} and arrows connecting the nodes 1 and 6, if g = e¢, _14;

e white nodes {1, 6} and no arrows, if g = ¢g, _26.

O

Hence, ¢, _26 has no pure extremal elements (there are no Z-gradings with a corner
of dimension 1).

Remark 4.6 According to Remark 3.5, there is an alternative method to arrive at the
same results. Note that @\ @ is a root system of type F4, BC> and A if the signature
of the real form is 2, —14 or —26, respectively. For instance, in the last case, the inner
ideals of a split algebra of type A, are the root spaces B! = 0o/ and B? = 0o Do +a} s
where aﬁ = a|q and aé = og|q. It is well known that the restricted multiplicities are
mg, = 8 = mg, [28] (see also [19], with explicit constructions of the Satake diagrams
of these real forms), so that dim B! = 8 and dim B? = 16. Similarly, the structure of
the inner ideals of the complex Lie algebras of type F4 and B> tells us that for ee 2
there will be 4 abelian inner ideals, and for ¢ 14 there will be only 2. In order to
compute the explicit dimensions, we again need the restricted multiplicities.
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4.6 Type E7

The maximal root is 2a; + 22 + 33 + 4aq + 3as + 206 + 7. There are 10 nonzero
abelian inner ideals of the split algebra ¢7 7, given by

Bii23.45067 =By, Bpsasen =Bp,  Bpaser = Buy,
B2s.67 = B,sy, Bper = Bpes Bis,6,7y = Bisy,
By, B,y = Bie)s Bpy, By

of dimensions 1, 2, 3,4, 5, 5, 6, 10, 7 and 27, respectively.

Proposition 4.7 e There are 4 nonzero abelian inner ideals of the Lie algebra e7 s,
of dimensions 1, 2, 3 and 10, namely By C B3y C By C Big).
e There are 3 nonzero abelian inner ideals of the Lie algebra e7, _2s, of dimensions
1, 10 and 27, namely By C Bis) C Byz.

Proof The Satake diagram of L has white nodes {1, 3, 4, 6} if L = e¢75; and white
nodes {1, 6, 7} if L = ¢7 _»s. O

4.7 Type Eg

The maximal root is 2 + 3y + 4a3 + 64 + Sas + 4ag + 3a7 + 2ag. There are 10
nonzero abelian inner ideals of the split algebra eg g, given by

Bi1,2,3,4,56,7.8) = Bigy, Bi1,23.4567 =By, B,2,3,45.6 = Biey,
Bi1,2,3.4,5) = Bis), Bi1,2.3,4) = By, Bi1,2,3) = Bp,3y,
B2y, Bpzy = By, By, By

with dimensions 1, 2, 3,4, 5,6, 7, 7, 8 and 14. Again we have chosen, for each inner
ideal, the set I to the left (right, respectively) maximal (minimal, respectively) among
the ones representing the inner ideal.

Proposition 4.8 There are 4 nonzero abelian inner ideals of the Lie algebra eg _24, of
dimensions 1, 2, 3 and 14, namely Bigy C By, C Big) C Bjiy.

Proof The Satake diagram of eg _»4 has white nodes {1, 6, 7, 8}. |

4.8 Type F4

The maximal root is 2« + 3y + 43 + 2a4. There are 4 nonzero abelian inner ideals
of the split algebra f4 4, given by

Bii2,3,.4y = By, Bpsa = By,
B34y = Bizy, By,

of dimensions 1, 2, 3 and 7, respectively. (Again we use the same convention for the
maximal and minimal subsets.)
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Proposition 4.9 There is only one nonzero abelian inner ideal of the Lie algebra §4, 20,
of dimension 1, namely Byay. That is, all the proper inner ideals are conjugated.

Proof The Satake diagram of f4 _20 has only one white node, {4}. O

4.9 Type G,

There are 2 nonzero abelian inner ideals of the split algebra g5 », given by By1} and
Bja), of dimensions 1 and 2, respectively. Of course, the compact algebra g, _14 has
no nonzero abelian inner ideals.

5 More on Inner Ideals of Real Exceptional Lie Algebras

We consider that our combinatorial description of the inner ideals falls short of pro-
viding an insight on the essential nature of these objects. Thus, our next objective is,
at least in the case of the exceptional Lie algebras, to give concrete descriptions and
realizations of all these inner ideals.

5.1 Preliminaries on Structurable Algebras

It is well known that any Jordan algebra allows to define a 3-graded Lie algebra
by means of the Tits—Koecher construction. Structurable algebras are a class of
non-associative algebras with involution introduced in [1], containing the class of
Jordan algebras, which also permits to construct a Z-graded Lie algebra starting
from any algebra in this class, in general with 5 pieces, by means of a generalized
Tits—Kantor—Koecher construction. Moreover, [2,Theorem 10] also proves that every
finite-dimensional central simple Lie algebra over a field of characteristic zero con-
taining some nonzero ad-nilpotent element (for instance, with proper inner ideals) is
obtained from a (central simple) structurable algebra by using this construction. This
is the case of all the non-compact real (finite-dimensional) simple Lie algebras.

A recent work by De Medts and Meulewaeter [15] studies the set of inner ideals of
the Lie algebras constructed from some structurable algebras. With these inner ideals,
they construct Moufang sets, Moufang triangles and Moufang hexagons.

Definition 5.1 Let (A, —) be analgebra with involution (an order 2 anti-homomorphism).
For each x, y € A, denote by V, ,: A — A the linear operator given by

Vi y(2) = (x))z + (zy)x — (zX)y,
forany z € A. The algebra Ais called a structurable algebraif,forany x, y, z, w € A,
[Vx,yv Vz,w] = VVXY).(z),w — V.V (w)-

In particular Instr(A) := {d_ Vi, y, : xi, yi € A} = V4 4is aLie algebra.

Example 5.2 Some examples, extracted from [1,§8], are:
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(i) If (A, —) is a unital associative algebra with involution, then it is structurable.

(i) If J is a unital Jordan algebra, that is, commutative and satisfying the Jordan
identity ((x?>y)x = x>(yx)), then J is structurable for the involution given by the
identity.

(iii) If (C,n) is a unital composition algebra, that is, C is endowed with a non-
degenerate multiplicative quadratic form n: C — F (that is, n(xy) = n(x)n(y)),
then C has an involution — such that n(x) = xx and it turns to be a structurable
algebra. Moreover, if C| and C» are two unital composition algebras, then the ten-
sor product C; ® C; is structurable for the involution given by x| ® x2 = X1 @ X73.

Definition 5.3 If (A, —) is a structurable algebra, we consider the sets of skew-
symmetric elements and of Hermitian elements defined, respectively, by

S=Skew(A,—):={seA:5=—s}), H:={heA:h=h).

Clearly A = 'H & S. The dimension of § is called the skew-dimension of A.

As mentioned, the interesting point on structurable algebras is that they provide a
5-graded Lie algebra by means of a construction which generalizes the Tits—Koecher
construction for Jordan algebras. And conversely, the isotropic finite-dimensional
simple Lie algebras over fields of characteristic zero can be constructed by the TKK-
construction (abbreviation of Tits, Kantor and Koecher) applied to some structurable
algebra:

Definition 5.4 ([2,§3]) Let (A, —) be a structurable algebra with S = Skew(A, —)
and consider the Z-graded vector space K(A) = K> & K_; & Ko & K1 & Ky, for

Ky :=1{0,s5):5€S8}, Ki:={@a0):acA}

K_2:={0,s):5se€S8}, K_1 :={(a,0) :a e A}, Ko := Instr(A, =) = V.4,

where the tilde ~simply denotes a copy of the pair. Then, KC(.A) is a (graded) Lie algebra
for the product such that Instr(A) is a Lie subalgebra and the following conditions
hold:

[(@.r). (b,5)] = (0, ab — ba),

[(a,r), (b,s)]=(0,ab — bay,

[(@,r), (b,s) 1= (—sa,0) + Vyp + L Ls + (rb,0), 9)
(T, (a,r)] = (Ta, T°r),

[T, (a.r)]=(T¢a, (T)°r),

* o o A %

for any T € Instr(A4, —),a,b € A, r,s € S, where Ls, R;: A — A denote the
left and right multiplication operators by s € S, T€ := T — Ly 7 and T8 =
T+R7y- This Lie algebra will be called the Kantor construction or TKK-construction
attached to the structurable algebra A.

In the complex case, every simple Lie algebra is obtained in this way, while in the
real case every simple non-compact Lie algebra is obtained in this way.
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5.2 Inner Ideals of /C(.A) for .A Tensor Product of Composition Algebras

It is clear that /Cy is an inner ideal of IC(A) for any structurable algebra A. The
purpose now is to collect information about the remaining inner ideals of the Lie
algebras C(A) when A is a tensor product of composition algebras. We are interested
in them because all the exceptional complex Lie algebras not of type G, arise from
the case iii) in Example 5.2: If C; and C3 are two unital composition algebras over
the complex numbers, with C» of dimension 8 (usually called a Cayley algebra), then
K(C1 ® C») is the exceptional algebra of type F4, Eg, E7 and Eg according to the
dimension of C; being 1, 2, 4 and 8, respectively. Hence, if (C1,n1) and (C», n3)
are two unital composition algebras over the real numbers, with C, a Cayley algebra,
thus IC(C1 ® C») is a real form of an exceptional Lie algebra, IC(C(lC ® C(zc). In these
cases, we will describe some inner ideals, and we will use the provided information
to recognize the concrete real form obtained.

Note that the set of skew-symmetric elements of A = C; ® C», for C| and C,
arbitrary unital real composition algebras, coincides withS = (S| QR) ® (R ® S»),
where §; = {x € C; : x = —x} denotes the set of skew-symmetric elements of
the corresponding composition algebra. A key tool to study this type of structurable
algebras is to consider the so-called Albert form defined in [3,§3] by

ga:S—=>R,  qals1 ®1+1®s2) =ni(s1) —nas2).

This allows us to find some of the inner ideals of /C(A), besides the homogeneous
component K, which of course it is always an inner ideal that can be identified with

S.

Proposition 5.5 The only inner ideals of K(C1 ® C2) contained in the component Ko
are:

o The whole Ky = {(0,5) : s € S};
e {(0,s) :s € I} forany subspace I of S such that g (1) = 0.

In consequence, K(C1 ® C2) has inner ideals of each dimension 1, ..., m for m the
Witt index of q A (the dimension of the maximal isotropic subspace), and also an inner
ideal of dimension equal to dim S = dim C; 4+ dim Cp — 2.

Proof Of course K, is an inner ideal. Now take B = {(0,s) : s € I} C K, for
a subspace I of S such that g 4(I) = 0, and let us check that [B, [B, K]] € B,
or equivalently, due to the grading, that [B, [B, K_3]] € B. That is, we have to
see, for any 5,5’ € I and 1t € S, if [(0,5), [(0,5), (0,1)]] = (0, —(LyL;)%s) =
—(0, s'(ts) + s(ts”)) belongs or not to B. By using [3,Equation 3.7], we have that
s(ts) € (s) for any s, € S such that g 4(s) = 0. In our case s, s’, s + 5" € I, so that
qgA(s) = qa(s’) = qals +5") = 0,50 =(s'(ts) + s(ts") = s(ts) +5'(ts") — (s +
st (s +s7) € (s,s’) C I, as we needed.

Conversely, if B C K, is an inner ideal, there is a vector subspace I < S with B =
{(0,s) : s € I}. Let us see that, if there exists s € I with g 4(s) # 0, then I coincides
with the whole S. Take into account that [(0, s), [(0, s), (0,¢)7]] € [B,[B,K]] € B
forany ¢t € S, which means that s(¢s) € I. Again [3,Equation 3.7] says that g 4 (s)t* =
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s(ts) +qa(s,t")s € I, where (s @ 1 + 1 ®52)" := 5, ® | — 1 ® 5. Hence, t* € I
foranyt e Sand I = S. O

Another inner ideal of the Lie algebra K(C; ® C>), which is not contained in /Cy,
appears in case C; = R @ R. This is a composition algebra with product compo-
nentwise and exchange involution. So 1¢, = (1,1) = ej + e> for ey = (1,0) and
ey = (0, 1) orthogonal idempotents with e] = e, and e; = e;. Note that Cae; C Re;
forany i = 1, 2, and ¢;e; = 0. Besides, it is easy to prove that C1 ® C» = C; Cfp
with (x, y) = (v, x).

Proposition 5.6 (See [15,Lemma 6.10]) If Cy is a composition algebra and C, =
R& R, then

B={a,0:aecC;®(1,0}®{0,5):5€S=(S1®1) & RI®(1,—1))}

is an inner ideal of K(C1 ® C2) of dimension equal to 2dim S = 2dim Cy, which
contains the homogeneous component ICy.

Proof Note that B = By @ K, with B] = {(a,0) : a € C| ® 1} € K. Taking into
account the Z-grading on the Lie algebra, then checking [B, [B, K(C; ® C2)]] € B
is equivalent to checking the following conditions:

(a) [B1, [K2, K2l € By and [Ky, [By, K_2]] € By,
(b) [B1, [B1,K-2]] = 0and
(c) [B1,[B1,K-1]] € Bi.

Takea,b € C1®ej,c € Ci®Cyands, t € S.Foritem a), [(a, 0), [(0, s), (0,1)]] =
(—s(ta),0) € Iy since (C1®C2)(C1®e1) € C1®e;. The other expression in a) holds
by applying the Jacobi identity. For b), let us see that [(a, 0), [(b, 0), (0, £)]] = — V.1
is the zero map. It is enough to see that V, 5(c) = 0, since ¢ € A is arbitrary and
th € Ci1®e. Writta = a1 Q@ e, b = by @ e; and ¢ = ¢; ® ¢ (the argument
goes equally if ¢ = Zi cﬁ ® cé). Then, V, 5(c) = (ab)c + (cb)a — (ca)b = 0 since
ab =0, (cb)a = (c1b1)a; ® (c2e2)e; = 0 and similarly changing a and b. For c), we
compute [(a, 0), [(b, 0), (¢, 0)]] = —(Vp,c(a), 0) but Vp, (a) = (bc)a+ (ac)b—0 €
Ci®Cre CCI®e. O

Note that the above two propositions are also valid for a field F and C, = F@F. But
in the real case we get some useful conclusions, taking advantage of our descriptions
of the inner ideals in Sect. 4. In particular, all the non-compact real forms of E-type
appear:

Corollary 5.7 Denote by O and Q the octonion division algebra and the split octonion
algebra, respectively. Denote by C; = R@R. Then, the non-compact real exceptional
Lie algebras of Eg-type can be obtained as follows:

K@Qs®Cs) =e66; KOs®C)=e62; KORC) Zeg-14; KO®Cy) = e6,-26-
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In the same way, denoting by H and Hy = Mat, 2 (R) the quaternion division algebra
and the split quaternion algebra, respectively, then the non-compact real forms of E7-
type are

KOs @ Hy) = e7,7; KOs @H) Ze75 =K(OQH); K(OQH;) = e7,-25;
while the non-compact real forms of Eg-type are
KO;®05) Zes3 =ELOR0); KO®QOQ;) = eg 4.

Proof By Proposition 4.5, the inner ideals of ¢, _26 have dimensions 8 and 16, the inner
ideals of e _14 have dimensions 1 and 8 and the inner ideals of ¢¢ » have dimensions
1, 2, 3 and 8. The inner ideals of eg ¢ have dimensions 1, 2, 3, 4, 5, 8 and 16 by (8).

Take A = O ® C;, with skew-dimension 8. By Proposition 5.6, the algebra /C(.A)
has an inner ideal of dimension 16, so that its signature is either 6 or —26. But it is not
6 since the Witt index of ¢ 4 is 0, so Proposition 5.5 says that C(4) has not nonzero
inner ideals contained properly in that one of dimension 8 (the split algebra has, on
the contrary).

If A = O; ® Cy, the Witt index of ¢ 4 is 4, so K(.A) has inner ideals of dimensions
1, 2, 3, 4 contained in K by Proposition 5.5. Only the split real form satisfies that
condition.

If A = O ® C, the Witt index of g 4 is 1 and C(A) cannot have inner ideals
contained properly in K (of dimension 8) up to those of dimension 1. This forces the
signature —14.

Now, the Witt index of the Albert form of Oy ® C is 3, and so its Kantor construction
gives a real form of signature 2, by similar arguments. This finishes the E¢-case.

For E7, we only have to note that the Albert form has Is 5 as a related matrix (in
a suitable basis) for A = Oy ® H, I37 for A = O ® H, I7 3 for A = O ® H and
Iy for A = O ® Hj, with Witt indices 5, 3, 3 and 1, respectively. Proposition 5.5
gives immediately the signature of the Lie algebras constructed from these structurable
algebras, once we recall that e7, _»5 has only inner ideals of dimensions 1, 10 and 27,
¢7,5 has inner ideals of dimensions 1, 2, 3 and 10, while the split real form has an inner
ideal of dimension 5. Finally, the Eg-case is immediate once one notes that the Witt
indices of C1 ® C», with Cy, C € {0, Qy}, are 7 if C; = C; and 3 otherwise. O

Remark 5.8 Having these realizations of the real forms of Eg helps to explain some of
their fine gradings, described in [21] and [22]. For instance, an immediate consequence
is that all the non-compact real forms of ¢, namely ¢¢ 6, ¢6,2, €6, —14 and eg, 26, pOSsess
aZ x Zé-grading which does not admit proper refinements. Similarly, all the non-
compact real algebras of type E7 have a fine Z x Zg-grading and all the non-compact
real algebras of type Eg have a fine Z x Zg-grading. This is clear from two facts:
the complexifications of these gradings are fine [23], and the Z-grading given by the
Kantor construction is compatible with the gradings on the composition algebras,
where the real composition algebras of dimension 2% are always Zé—graded. Note
that, in spite of the active work trying to find all the fine gradings on the simple Lie
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algebras, see, for instance, the monograph [23], there is still quite some work to do in
the exceptional real Lie algebras.

Many of the inner ideals of the real exceptional Lie algebras have appeared as
particular cases of Propositions 5.5 and 5.6, as we have seen through the above proof.
In fact, most of them appear in this way, according to the classification obtained in
Sect. 4. We would like to find also descriptions of the remaining inner ideals which are
not in terms of roots, but in terms of a model or explicit construction of the algebra,
similarly to the descriptions above. This will follow being our philosophy through the
next subsections.

5.3 Inner ideals coming from Jordan algebras

If J is a Jordan algebra, then K = J is an abelian inner ideal of K(J) = K_| &
Ko @ K1, since it is the corner of a Z-grading (the involution is the identity and S = 0).
Moreover, the inner ideals of the Jordan algebra provide inner ideals of the related Lie
algebra. Recall that a subspace B < J is said an inner ideal if Up(J) C B, for the
quadratic operator Uy = Uy x = 2L§ — L.

Lemma 5.9 The only inner ideals of KC(J) contained in the component IC are the sets
{(b,0) : b € B} for some inner ideal B of J.

Proof This is evident: I = {(b,0) : b € B} is an inner ideal of (7) if and only if
[Z,[I,K_1]] € I holds, taking the grading into consideration. But

[(a’ O)’ [(bv O)’ (C, O)N]] = (_Vb,c(a)9 0) = (_Ub,a (C), O)
belongs to / if and only if Up 5(J) € B. |

Take J = H3(C) the Jordan algebra of Hermitian matrices of size 3 with coeffi-
cients in the complex Cayley algebra C with the symmetrized producta o b = %,
the so-called Albert algebra. The Lie algebra obtained when applying the TKK-
construction is the complex Lie algebra of type E7 [30,Proposition 16]. Thus, an
inner ideal of dimension 27 of the complex Lie algebra e7 is given by the 1-part of the
3-grading, which can be identified with this Albert algebra.

If we consider any real form of the Albert algebra, its TKK-construction will give
a real form of the complex algebra e¢7, also with an inner ideal of dimension 27.
In particular, the TKK-construction applied to H3(Qy) and H3(Q) has to give the
real forms of signature either 7 or —25 according to Sect. 4.6, because these real
forms are the only ones with inner ideals of dimension 27. In order to distinguish
the obtained signature, we could check that the construction used by Jacobson in
[30,Table (143), row b)] coincides with ours, what would imply K(H3(Qy)) = e77
and C(H3(0)) = e7,_25. But note that we can alternatively use our knowledge on the
remaining inner ideals. Take an idempotent e € Oy and, as in [34,Main Theorem, iv)],
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consider

<
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Then, B is an inner ideal of dimension 6 of the Jordan algebra H3(Qy) which pro-
vides a 6-dimensional inner ideal of IC(H3(Qy)). Consequently, K(H3(Qy)) is the
split real form e7 7. This 6-dimensional inner ideal is formed uniquely by extremal
elements (clear from [18], since an element is extremal if it is after complexification).
But C(H3(0)) cannot be the split real form, because [34,Theorem 8] says that the
inner ideals of H3(0) formed by extremal elements are necessarily one-dimensional.
By Lemma 5.9, K(H3(0)) does not have a six-dimensional inner ideal. Hence, its
signature is —25.

Now we deal with the inner ideals not appeared so far, which all satisfy the following
property: all their nonzero elements are extremal.

5.4 Point Line Spaces (and Some More Linear Models)

In order to describe the remaining inner ideals, we will use some ad-hoc constructions
of the exceptional (split) Lie algebras based on linear and multilinear algebra, following
the philosophy of [20].

Definition 5.10 A nonzero subspace P of a Lie algebra g is said to be a point space
if [P, P] = 0 and every nonzero element in P is an extremal element. (Recall Defi-
nition 2.2.)

Point spaces were introduced in [7], in order to complete the missing cases in [5].
The following is hence well known.

Lemma5.11 If P is a point space of g, then P is an abelian inner ideal and every
subspace of P so is.

Proof Letustake 0 # x,y € P and z € g and let us check that [x, [y, z]] € P. As
[x, y] = 0, the Jacobi identity implies that [x, [y, z]] = [y, [x, z]] so that

1 1
[x, [y, 2]l = 5([)6, [y, 21+ [y, [x, 2]1) = 5([)6 + v, [x +y, 2l =[x, [x, 211 = [y, [y, 2]),
which belongs to (x, y) € P because x, y and x + y are extremal elements (except
for x + y = 0, in which case the result is clear too). Thus [P, [P, g]] C P.
Moreover, it is evident that every nonzero subspace of P is also a point space, and
hence an abelian inner ideal. O

Now we will describe a point space of dimension 8 of eg g, a point space of dimension
7 of ¢7.7 and a point space of dimension 5 of ¢s 6. The fact that they are point spaces
appears explicitly in [18]. These point spaces and their subspaces will exhaust all the
abelian inner ideals of the split exceptional Lie algebras not appeared in Sects. 5.2 and
5.3.
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5.4.1 A Linear Model of ¢g g

Take U a complex or real vector space of dimension 8 and consider the graded vector
space

g=9g 3DPg2Dg-1DPgoDg1 D gD g3

given by

g3 =U: g2 =AU; g1 = A°U; go = gl(U); g—1 = A°U; g2 = A*U: g3 =A"U.
(10)

Now g can be endowed with a Lie algebra structure of type Eg (over C or R,
respectively). Indeed, think first of the complex Lie algebra L of type Eg, H a
Cartan subalgebra, L = H @ (®yepLy) the root decomposition relative to H, and
{og, ..., ag} aset of simple roots (with labeling as in Sect. 2.2). There is a Z-grading
on L with homogeneous components given by:

L,=®{Ly:a= Z?Il piti, p2 = nj,
Lo=H®® (@{La To = Z?:l piti, D2 =O}).

A glimpse of the roots gives us that this grading has 7 pieces and the related dimensions
are 8, 28, 56, 64, 56, 28 and 8§, respectively (necessarily L, and L_,, are dual one of
each other through the Killing form «). This fits with the fact that L is a reductive
subalgebra which is the sum of a one-dimensional center and a semisimple subalgebra
whose Dynkin diagram is obtained when removing the 2"4-node of the Dynkin diagram
of Eg, thatis, a simple Lie algebra of type A7. Thus, L is a Lie algebra isomorphic to
gl(8, C) and to gl(U) = go when our 8-dimensional vector space is considered over the
complex numbers. Also, according to [32,Chapter 8], L, is an irreducible Lo-module.
By dimension count, for each n there is an obvious identification among L,, and either
gn or g_, compatible with the actions of L and g, respectively. Changing U by its dual
if necessary, we can assume that the Ly-module L is isomorphic to the gl(U)-module
AU = g1. The fact that dim¢c Hom(L, ® L, L+m,) = 1 ([32,Chapter 8] too) gives
our choices for the remaining exterior powers of U. We mean, the Lo-modules L,
are now isomorphic to the gl(U)-modules g, = APBBU where [n]g denotes here n
modulo 8. Now, the isomorphism of vector spaces between L and g induces a structure
of (complex) Lie algebra on g. Itis clear that the bracket [y, gm] C @n+m is determined
up to scalar by the only gl(U)-invariant map AP"8U x AB"By — ABO+TmIy if
n+m # 0. And, if n + m = 0, determined up to scalar by the only gl(U)-invariant
map AP U x ABMU* — gl(U). The concrete scalars can be determined (once we
have fixed such invariant maps) by imposing the Jacobi identity to (g, [, ]) instead
of passing through the explicit isomorphism, as in [20]. In any case, it is possible to
have more information on the pieces of this grading without computing the concrete
scalars.

Lemma 5.12 g3 = U is a point space of g.
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As we know from [18] that any inner ideal of dimension § should be a point space,
and g3 is an inner ideal because it is the corner of a Z-grading, this lemma would not
require a proof. But we think that a direct argument provides deeper insight.

Proof If we think of g_3 as U*, take 0 £ u € U and o € U™ and let us check that
u is an extremal element: [u, [u, g]] € Cu. Taking the grading into consideration, it
is enough to prove that [u, [u, g—3]] € Cu, since [u, [¢, g,]] < gn+6 vanishes when
n # —3. Up to scalar, [u, a] corresponds to the map in gl(U) given by v — «(v)u for
any v € U. As the action of gl(U) on g3 = U is the natural action, also up to scalar
[u, [u, a]] should coincide with —a(u)u € Cu. |

If we now consider U as a real vector space, the same construction (10) gives a
real Lie algebra of type Eg which possesses an inner ideal of dimension 8 (and also
inner ideals of each dimension less than 8), so that the description of inner ideals in
Sect. 4.7 implies that the constructed real form g is necessarily of split type, eg g.

5.4.2 ALinear Model of ¢7 7

Similarly to the previous case, the Z-grading on the complex Lie algebra L of type
E7 (and also, on the real Lie algebra ¢7 7) produced by choosing the second node is

an@{LOl '052217:1]710[“ P2=n}a

Ly=H® (@{La To =Z,7:1 pDici, P2=0}>-

This is a 5-grading, since the maximal root 2«1 + 202 + 3003 +40s + 305 + 206 + 007 has
2 as the coefficient of a>. Looking at how many roots have coefficient of a, equal to
+2, +1, 0, we get dimensions of the homogeneous components equal to 7, 35 and 49,
respectively. Also, looking at the Dynkin diagram obtained when removing the second
node, we know Lo = gl(7, C). So there is a Lie algebra structure on the following Z-
graded vector space. Take U a vector space of dimension 7, over the complex numbers
or over the real ones, and consider

0=90209-1Dg Do DM
given by
g=U; ai=A; go=glU); g1=AU; go=AU,
with the above explained Lie algebra structure induced by the isomorphism with L.
The same arguments as above yield

Lemma 5.13 The vector space of dimension 7 given by g, = U is a point space of g.

This corresponds with the inner ideal named Bjp) of ¢7,7, and their proper subspaces
of dimension at least 4 correspond to the inner ideals By 7y 2 Bjp,6,7y 2 B{2,5,6,7)» 50
that this completes, joint with the inner ideals appeared above, the list of inner ideals
of e77.
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Remark 5.14 In this case, we can give an alternative description of an inner ideal of
¢7,7 which is a point space of dimension 7. Recall that, as the Z-grading has 5 pieces, it
could be the TKK-construction of some structurable algebra. This is indeed the case,
the structurable algebra of dimension 35 is the Smirnov algebra [35]. Thus, the point
space of dimension 7 can be understood as the set of the skew-symmetric elements of
the Smirnov algebra.

5.4.3 A Linear Model of ¢¢_ 6

In this case, the considered Z-grading on the complex Lie algebra of type Eg (and
also, on the real Lie algebra ¢ ¢) is produced by choosing the third labeled node. So,
after choosing a Cartan subalgebra and a set of simple roots {«; }1.6:1 of the related root
system, the homogeneous components are

Li=H®(®{Ly:a=Y", piai, p3=0}).

This decomposition L = @,czL, is again a 5-grading, since the coefficient of a3 of
the maximal root a1 +2a2 + 203 + 30eq + 2005 + o is 2. The O-part is the sum of a one-
dimensional center and a semisimple algebra, which is the sum of two simple ideals
of types A4 and A;. The dimensions of the non-neutral homogeneous components,
by counting roots, are 5 and 20. The considerations about their irreducibility as Lg-
modules work as in the previous cases, although in this case an irreducible module
for a semisimple algebra (the derived algebra [Lg, Lo]) has to be a tensor product of
irreducible modules for each simple component. A model adapted to this situation is
the following.

Take U a real vector space of dimension 5 (not 6) and V a real vector space of
dimension 2. Take

g=9g2P9- 1D gD g1 D™

given by

n=U®R;, g = AUV, go=glU)®sl(V); g_1 = AUQV;
g2 =AUG®R,

with the Lie algebra structure such that g is a simple real Lie algebra (the uniqueness of
the bracket between components is again obtained by passing to the complexification
and using then the results in [32,Chapter 8]). We prefer to write go = U ® R instead
the nicer but equivalent expression g» = U for emphasizing that the action of s[(V)
on the homogeneous component g; is trivial. Once more we have

Lemma 5.15 The vector space of dimension 5 given by g = U ® R is a point space

of g.
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The argument follows being that the only invariant map U @ U* — gl(U) is given
by u ® @ — (v — a(v)u), up to scalar multiple. Alternatively, g» is an inner ideal
since it is a corner of a Z-grading, which should be a point space because every inner
ideal of dimension 5 of Eg is a point space.

This point space cannot be described as the set of skew-symmetric elements of a
structurable algebra, since there is no central simple structurable algebra with skew-
dimension 5 (a simple case-by-case computation from [2,Theorem 11]).

One of the applications of this viewpoint is to provide models to describe the
gradings of the exceptional Lie algebras, so, in some sense, a method to look for
symmetries. Consult [17] in this line, where Kantor’s construction is applied to a
structurable algebra of dimension 20 to get a Z-grading on ¢ and on some of its real
forms, but such algebra structurable algebra has skew-dimension 1 (not 5).

5.5 Some Comments on Jordan Pairs

For completeness, we relate our results with Jordan pairs. Real simple Jordan pairs
are classified in [33,§11.4], where the study of real bounded symmetric domains
is reduced to that one of real Jordan pairs. As is explained in [25,§12.5], abelian
inner ideals of Lie algebras and inner ideals of Jordan pairs are essentially the same
mathematical object. More precisely, if B is an abelian inner ideal of a Lie algebra
L,then Sub; B :=V = (VT, V™), for VT = Band V- = L/Ker, B, is a Jordan
pair called the subquotient of B. Recall that Ker; B := {x € L : [B,[B, x]] = 0}.
Now the inner ideals of L contained in B are the inner ideals of V contained in V*
[25,Proposition 11.471)]. We look at the exceptional cases in the light of Jordan pairs.
Recall that any Jordan pair has attached a Lie algebra by a construction also called
TKK-construction.

In the complex case, there is (up to conjugation) only one maximal inner ideal
of the complex Lie algebra of type E¢, with dimension 16. It has as subquotient the
Bi-Cayley pair V. = (Mat|x>(C), Mat1(C)) for C the complex Cayley algebra,
where the Q-operator is Q,b = (ab)a. Moreover, the TKK-construction applied
to the Bi-Cayley pair is again the Lie algebra of type E¢. In the real case, there
are two real forms of the Bi-Cayley pair. The TKK-construction of the Jordan pair
V = (Mat;x2(0), Mata1(0)) gives es._26, since eg 2 and e _14 have no inner ideals
of dimension 16, while ¢ ¢ has inner ideals of dimensions from 1 to 5, in particular it
has point spaces of dimension 1, which is not the case for V. On the other hand, it is
clear that the TKK-construction of the Jordan pair (Mat; 2 (Qy), Mats, 1 (Qy)) gives
¢6,6, again taking into account the lattice of inner ideals. For the other real forms, recall
that if ¢ : X — T is a non-degenerate quadratic form on a vector space X over a field
I, then (X, X) is Jordan pair called Clifford pair, where the Q-operator is given by
Oyy = q(x, y)x —q(x)y. We refer to this Jordan pair as Q,, (n = dim X) when there
is no ambiguity in the signature of g. The lattice of the proper inner ideals of e » (resp.
¢6,—14) coincides with the lattice of inner ideals of the Clifford Jordan pair defined by
a quadratic form of Witt index 3 (resp. 1) on a real vector space of dimension 8.

The complex Lie algebra of type E7 can be seen as the TKK-construction of the
Albert pair V = (J, J) for J = H3(C) and C the complex Cayley algebra. There
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are two maximal inner ideals, one with dimension 27 and the other one a point space
of dimension 7. The subquotient of the first one is the Albert pair. Similar arguments
to Sect. 5.3 allow us to conclude that e7, 5 (resp. ¢7,7) can be obtained as the TKK-
construction of the Albert pair given by H3 () (resp. H3(Qy)). Lastly, the lattice of the
proper inner ideals of e7 5 coincides with that one of the Clifford Jordan pair defined
by a quadratic form of Witt index 3 on a real vector space of dimension 10.

The complex Lie algebra of type Eg has two maximal inner ideals up to conjugation,
one whose subquotient is the Clifford pair Q4 and the other one a point space of
dimension 8. This time the TKK-construction applied to this Clifford pair Q4 does
not give the full Lie algebra of type Eg but only a subalgebra of type Dg. The lattice
of eg,_24 coincides with the lattice of inner ideals of the Clifford Jordan pairs defined
by a quadratic form of Witt index 3 on a real vector space of dimension 14.

5.6 Conclusions

In the above subsections, we have found explicit descriptions of the inner ideals of
the exceptional real Lie algebras, with the exception of those of type G», which are
better understood. These inner ideals, closely related to the different constructions of
the exceptional Lie algebras, permit us to have a taste of the general behavior of the
inner ideals. In a next paper, we will deal with some incidence geometries related to
the inner ideals of the simple real algebras. We will take advantage of the very precise
information obtained here. There will appear polar spaces, root shadows and some
kinds of partial linear spaces. In some cases, the minimal inner ideals will constitute
a Moufang set. These nice geometries will explain, in some way, the more involved
structure of the inner ideals or of the extremal elements instead of considering them up
to automorphism, which often provide an insufficient answer. We mean, sometimes
the vertical distribution of the inner ideals, once we have chosen them compatible
with a determined Cartan subalgebra, hides in some way a more intricate structure,
which is far from being completely described only by saying that they are conjugated
by an automorphism.
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