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Abstract

In this paper, a new version of the aggregation-based evolutionary
algorithm Global WASF-GA (GWASF-GA) for many-objective optimization
is proposed, called Adaptive Global WASF-GA (A-GWASF-GA). The fitness
function of GWASF-GA is defined by an achievement scalarizing function
(ASF) based on the Tchebychev distance, which considers two reference
points (the nadir and utopian points) and a set of weight vectors. Despite
of the benefits of using these two reference points simultaneously and a well-
distributed set of weight vectors, it is necessary to go a step further to get
better approximations in problems with complicated Pareto optimal fronts.
For this, in A-GWASF-GA, some of the weight vectors are re-calculated
during the optimization process based on the sparsity of the solutions found
so far, and taking into account some theoretical results demonstrated in this
paper regarding the ASF considered. Different strategies are carried out to
accelerate the convergence and to maintain the diversity. The computational
results, carried out in comparison with RVEA, NSGA-III, and different
versions of MOEA/D, show the potential of A-GWASF-GA in well-known
but also in novel many-objective optimization benchmark problems.
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1. Introduction

In many real applications, a multiobjective optimization problem (MOPs)
arises, consisting of the simultaneous optimization of several objective
functions, subject to several constraints that determine the feasible set of
solutions. As finding a single solution optimizing all the objectives at the
same time is usually impossible because of the conflict existing among the
objectives, the interest is focused on the so-called Pareto optimal solutions.
At them, an objective function improvement can only be achieved at the
expense of worsening, at least, one of the others. Problems handling more
than three objectives, referred to as many-objective optimization problems
(MaOPs), are more difficult to solve and lately they have drawn much
attention of the multiobjective optimization community [1, 2].

Along the years, Evolutionary Multiobjective Optimization (EMO)
algorithms have demonstrated their ability for solving MOPs [3, 4] and
MaOPs [1, 2, 5, 6]. They are aimed at finding a subset of non-dominated
solutions approximating the Pareto optimal front (PF) (the set of all Pareto
optimal solutions in the objective space). The approximation set must be
formed by solutions as evenly distributed as possible in the PF (diversity),
and as close as possible to the PF (convergence). However, achieving
convergence and diversity simultaneously is not always easy for an EMO
algorithm, specially when handling MaOPs or problems with complicated
PFs (such as e.g. non-convex, degenerated, or discontinuous). Actually,
several works propose to modify the dominance relationship in order to
enhance the convergence, such as e.g. the fuzzy dominance suggested in [7]
or the ε-dominance proposed in [8].

Based on the selection strategies used, EMO algorithms can be
categorized into three main classes: indicator-based approaches (whose
selection strategy is based on the computation of a performance indicator
metric), dominance-based approaches (which use a dominance relation -the
Pareto dominance or any other one- for the comparison of solutions), and
aggregation-based or decomposition-based approaches (which transform the
original problem into a set of single-objective optimization subproblems).

In the indicator-based class, we can mention SMS-MOEA [9], in which
each solution is evaluated by its hypervolume contribution, distance-based
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algorithms such as e.g. IBEA [10], or algorithms defined according to the R2
indicator such as e.g. MOMBI [11]. Other indicator-based algorithms are
HypE [12], an hypervolume-based evolutionary algorithm, and TwoArch2
[13], based on the Iε+ indicator.

A well-known dominance-based algorithm is NSGA-II [14], which has
successfully solved many real-life MOPs [4, 15]. It uses an elite-preserving
strategy and a diversity preserving mechanism, and it has stood out by
its fast non-dominated sorting procedure to rank the solutions into several
non-dominated fronts for the selection of the best individuals. The new
version NSGA-III [16, 17] also ranks individuals according to the Pareto
dominance relation, but includes a diversity strategy that considers a set
of reference points and emphasizes the closest individuals to each of these
reference points. In practice, the distribution of reference points affects both
the convergence and the diversity of the approximation generated by NSGA-
III. Recently, new versions of NSGA-III have been proposed [18, 19] to obtain
better approximations for MaOPs.

Within the aggregation-based class, one of the most promising algorithms
is MOEA/D [20, 21]. In MOEA/D, a set of well-spread normalized weight
vectors is used to formulate a set of single-objective subproblems, each of
them using the same scalarizing function with a different weight vector.
At each generation, the new population is composed by the best solutions
found so far for each of the subproblems, relying on the assumption that
neighbor weight vectors (i.e. neighbor subproblems) will produce neighbor
solutions. Different versions of MOEA/D have been proposed in the last
years [22, 23, 24]. One of the most recent versions is MOEA/DD [25],
which combines the Pareto dominance and aggregation techniques to achieve
a balance between convergence and diversity. The Tchebychev metric is one
of the most used approaches to decompose a multiobjective optimization
problem into a set of scalar optimization subproblems. The geometric
properties of the subproblem objective functions after this decomposition
have been studied in [26].

As stated in e.g. [27, 28], the distribution of the weight vectors used
in aggregation-based EMO algorithms may hinder the generation of a
population properly covering the whole PF. Their performance strongly
depends on the shapes of PFs. For MOPs with an hyperplane shaped PF,
many existing decomposition-based algorithms perform well using a pre-
defined set of evenly distributed weight vectors. However, MaOPs and MOPs
with more complicated PFs, such as e.g. non-convex or discontinuous, become
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more difficult to solve using a fixed set of weight vectors [27]. To enhance
this drawback, several studies [29, 30] propose strategies, for example, to
adapt the weight vectors used in MOEA/D while the population converges
to the PF. In this line, MOEA/D-AWA [31] is a variant of MOEA/D that
includes new parameters to dynamically adjust the weight vectors during the
optimization process. Also, other algorithms like RVEA [32] and DMOEA/D
[33] are based on a dynamic adjustment of reference vectors. We understand
by reference vectors or reference directions in the metric Tchebychev (the
most used fitness function), as the directions obtained by taking a point (in
most cases it is the ideal point although it can also be the nadir point as in
our algorithm) and each of the vectors obtained by considering the inverse
components of each vector of the set of weight vectors. Another approach
proposed in this line is AR-MOEA [34], which adapts different reference
points during the search. There also exist other kinds of EMO algorithms
such as PICEA [35], which uses multiple sets of hypothetical preferences
simultaneously to provide multiple comparison perspectives, thus allowing a
good representation of the whole PF.

Global WASF-GA (GWASF-GA) [36] is another aggregation-based EMO
algorithm which works with an evenly-distributed set of weight vectors, two
reference points and the achievement scalarizing function (ASF) proposed
in [37]. When this function is minimized over the feasible set, the Pareto
optimality of the solution found is assured (and not only the weakly Pareto
optimality, as it occurs with the Tchebychev distance [38]). At each
generation, GWASF-GA classifies individuals into fronts according to their
ASF values for a particular weight vector and considering the nadir and
the utopian points. Following a similar idea to MOEA/D-AWA, we propose
to enhance the performance of the algorithm GWASF-GA using a dynamic
adjustment of the weight vectors. We refer to the new algorithm as Adaptive
Global WASF-GA (A-GWASF-GA). The main goal is to re-direct some of
the search directions defined by the weight vectors based on the distribution
of the solutions obtained. So that, weight vectors generating solutions in
overcrowded areas of the PF are replaced by new ones pushing the search
towards regions of the PF with a lack of solutions. This adjustment takes
into account the fact of considering both the nadir and the utopian points
as reference points at the same time, unlike other algorithms such as e.g.
MOEA/D-AWA, which only considers the ideal point.

Next, Section 2 introduces the main concepts and notations used in
multiobjective optimization. A-GWASF-GA is motivated and described in
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Section 3. The computational experiments carried out are shown in Section
4, where we compare A-GWASF-GA with respect to RVEA, NSGA-III
and different versions of MOEA/D. Finally, the conclusions are drawn in
Section 5.

2. Background concepts

A multiobjective optimization problem (MOP) can be defined as1:

minimize {f1(x), f2(x), . . . , fk(x)}
subject to x ∈ S, (1)

where k ≥ 2 is the number of objective functions fi : S → R (i = 1, . . . , k),
x = (x1, x2, . . . , xn)T is the vector of decision variables, and S ⊂ Rn is the
feasible set. The image of the feasible set in the objective space Rk is called
the feasible objective region Z = f(S), and it is formed by objective vectors
f(x) = (f1(x), f2(x), . . . , fk(x))T , with x ∈ S. A many-objective optimization
problem (MaOP) is a particular case where k > 3.

When minimizing all the objective functions simultaneously, the degree
of conflict existing among them makes it impossible to find a single solution
where all of them can reach their individual optima. Because of this, the
interest is focused on the so-called Pareto optimal solutions, at which no
objective function can be improved without deteriorating, at least, one of
the others. A solution x ∈ S is said to be Pareto optimal if and only if
there is no other x̄ ∈ S such that fi(x̄) ≤ fi(x) for all i = 1, . . . , k, and
fj(x̄) < fj(x) for, at least, one index j. The corresponding objective vector
f(x) is referred to as a Pareto optimal objective vector. The set of all Pareto
optimal solutions is called the Pareto optimal set (PS), denoted by E, and
the set of all Pareto optimal objective vectors is called the Pareto optimal
front (PF), denoted by f(E). Besides, a solution x ∈ S is weakly Pareto
optimal if there does not exist another x̄ ∈ S such that fi(x̄) < fi(x) for all
i = 1, . . . , k. Also, there are also properly Pareto optimal solutions, which
are Pareto optimal solutions with bounded trade-offs between the objectives.

In addition, given two vectors z, z̄ ∈ Rk, we say that z dominates z̄ if and
only if zi ≤ z̄i for all i = 1, . . . , k, and zj < z̄j for, at least, one index j. In this

1For simplicity, all objectives are assumed to be minimized. In case any of them must
be maximized, it can be transformed into the minimization form by multiplying by -1.
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paper, we refer as a nondominated set to a set of solutions whose objective
vectors are not dominated by those of the rest of solutions in the set. A
relaxation of the strict dominance is the ε-dominance, for a small positive
real value ε > 0. We say that z ε-dominates z̄ if and only if zi ≤ z̄i + ε for
all i = 1, . . . , k, and zj < z̄j + ε for, at least, one index j.

In multiobjective optimization, the ideal and the nadir points are
important because they provide upper and lower bounds for the objective
function values in the Pareto optimal set. Besides, the utopian point, defined
as a slight modification of the ideal point, is also very useful since it is a
point strictly dominating the ideal point. The ideal point z? = (z?1 , . . . , z

?
k)
T

is calculated as z?i = minx∈E fi(x) = minx∈S fi(x) (i = 1, . . . , k), and thus,
the utopian point z?? = (z??1 , . . . , z

??
k )T can be obtained by z??i = z?i − ε

(i = 1, . . . , k), where ε > 0 is a relatively small real value. The nadir point
znad = (znad

1 , . . . , znad
k )T is defined as znad

i = maxx∈E fi(x) (i = 1, . . . , k).
In A-GWASF-GA, for any approximation set of feasible solutions P ⊂ S,

we need to measure the diversity around each solution in P in the objective
space. This is required to be able to detect which regions of the PF are
well-covered and which are not (according to the set P ). Then, we define the
scattering level of each x ∈ P , and denote it by s(x), as follows:

s(x) =
k∏
j=1

√√√√ k∑
i=1

(fi(x)− fi(xj))2, (2)

where x1, . . . ,xk ∈ P are the k solutions with the closest objective vectors
to f(x) regarding the L2-distance. The objective vectors are assumed to be
normalized to avoid scale problems2. The higher (respectively, the lower) the
value of s(x), the less (respectively, the more) crowded is the region where
f(x) lies. Thus, we can identify areas of the PF that are poorly approximated
(i.e. with a lack of solutions) by means of the solutions with the highest
scattering levels, and overcrowded regions as these containing the solutions
with the lowest scattering levels.

2.1. Brief description of GWASF-GA
GWASF-GA [36] is based on an achievement scalarizing function (ASF)

proposed by Wierbicki [37]. This function is formulated as followed,

2If the ranges of the objectives are in very different scales, the differences fi(x)−fi(xj)
can be normalized dividing it by znadi − z??i (i = 1, . . . , k).
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establishing a relationship between the objective functions and a reference
point q = (q1, . . . , qk)

T (formed by desirable values qi for the objective
functions fi, for i = 1, . . . , k):

s(q, f(x), µ) = max
i=1,...,k

{µi(fi(x)− qi) }+ ρ

k∑
i=1

µi(fi(x)− qi), (3)

where µ = (µ1, . . . , µk) is a vector of strictly positive weights. This ASF has
to be minimized over S to generate a Pareto optimal solution [38]:

minimize s(q, f(x), µ)
subject to x ∈ S. (4)

The real value ρ ≥ 0 is the so-called augmentation coefficient. The
augmentation term (i.e. the term ρ

∑k
i=1 µi(fi(x) − qi) in (3)) is added to

assure that the optimal solution to (4) is a Pareto optimal solution to the
original problem (1) for any reference point. In practice, solving problem (4)
means to project the reference point onto the PF in the projection direction
determined by the inverse of the weights considered, that is, ( 1

µ1
, . . . , 1

µk
).

In GWASF-GA, the nadir and the utopian point are simultaneously used
as reference points to formulate the scalarized subproblems according to (4).
Furthermore, these subproblems are generated using a predefined set with Nµ

weight vectors, verifying that the vectors formed by their inverse components
(their projection directions) are as uniformly distributed as possible. A half
of the weight vectors are used to build subproblems with the nadir point, and
the other half are used with the utopian point. Owing to this, the weight
vectors are key parameters in GWASF-GA since they set the search directions
for new non-dominated solutions in the objective space, either from the nadir
or from the utopian point.

To select the best individuals, at each generation of GWASF-GA, the
population of parents and offspring is divided into several fronts. This front
classification is done according to the values that each individual takes on the
ASF given in (3), for each one of the weight vectors, and using the nadir or
the utopian. Because of this, each individual in the population produced at
each generation is associated either with the nadir or with the utopian point,
and with a weight vector. Finally, those individuals in the lowest level fronts
are selected for the next generation. To some extent, these solutions can be
considered as the best individuals at the current generation for minimizing
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the ASF (3) with respect to the Nµ weight vectors, using the utopian or the
nadir point. Besides, in practice, we can say that the PF is approximated
by projecting the nadir and the utopian points simultaneously, taking into
account the set of projection directions (or search directions) defined by the
set of weight vectors.

3. Adaptive Global WASF-GA (A-GWASF-GA)

In this section, we first motivates in Section 3.1 the performance
improvement we propose for GWASF-GA. Later, Section 3.2 presents some
theoretical results about the adaptation of weight vectors suggested. Finally,
the new algorithm A-GWASF-GA is described in details in Section 3.3.

3.1. Motivation
The performance of GWASF-GA mainly relies on two facts. First, it

uses both the nadir and the utopian points simultaneously to formulate
the subproblems, enabling to better approximate the PF than when using
just one of them (or just the ideal point). Second, as stated in [36], the
set of weight vectors considered must hold that the projection directions
they determine in the objective space (i.e. the vectors formed by their
inverse components) are uniformly distributed, instead of imposing that the
original weight vectors themselves are well-distributed. The benefits of this
feature of GWASF-GA are supported by the mathematical properties of the
Wierzbicki’s ASF given in (3), which is the Tchebychev metric with the
augmentation term.3 To clarify this second property of GWASF-GA, let us
consider a two-objective minimization problem where the PF is defined by
{(z, 1−z) | z ∈ [0, 1]} and whose utopian and nadir points are (0, 0) and (1, 1),
respectively, as shown in Figure 1. Let us also consider e.g. 14 weight vectors
divided into two subsets: W ?? = {(µ1

1, µ
1
2) , (µ3

1, µ
3
2) , . . . , (µ13

1 , µ
13
2 )} to be used

with the utopian point, and W nad = {(µ2
1, µ

2
2) , (µ4

1, µ
4
2) , . . . , (µ14

1 , µ
14
2 )} to be

used with the nadir point. Thanks to the properties of the ASF (3), in
practice, for each

(
µj1, µ

j
2

)
∈ W ??, the utopian point is projected onto the

PF using the projection direction defined by the vector
(

1

µj1
, 1

µj2

)
along the

generations of GWASF-GA. Similarly, for any
(
µj1, µ

j
2

)
∈ W nad, the nadir

point is progressively projected onto the PF using the projection direction

3For more details about the properties of the ASF proposed in [37], see [38, 39].
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(
−1

µj1
, −1

µj2

)
. These projection directions are also depicted in Figure 1. Thus,

if the projection directions defined by the weight vectors used are widely-
distributed, it is likely that the solutions generated are evenly distributed
along the PF, as said in [36]. 

znad 

z** 

Figure 1: Projection directions from znad and z?? in GWASF-GA.

From an operational point of view, in GWASF-GA, the same importance
is given to the projection from the utopian point as to that from the nadir
point given that, as said, a half of the weight vectors are used with the
utopian point and the other half with the nadir point at each generation.
However, a key issue affecting the performance of the algorithm is the use of
a pre-fixed set of weight vectors. In GWASF-GA, the set of weight vectors
are pre-generated and are not updated along the whole algorithm procedure.
Thus, in certain problems, when classifying the solutions into several fronts
according to the ASF values in the subproblems, a single non-dominated
solution (or very close ones) may be shared by several subproblems due to the
uniformly spread of the projection directions. For example, this may occur
if the PF is discontinuous and several projection directions are directing the
search into a gap among several disconnected regions where there are no
Pareto optimal solutions to approximate, resulting in a waste of effort. This
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fact does not contribute to the convergence of the algorithm and produces a
lack of the diversity among the solutions generated.

According to this, it seems appropriate to dynamically adjust the
predefined set of weight vectors as the population evolves towards the PF,
so that the search directions for new non-dominated solutions better adapt
to the shape of the PF to enhance the performance of GWASF-GA. Then,
using some of the suggestions in [31], the idea behind A-GWASF-GA is to
dynamically change some of the weight vectors as the algorithm converges.
To achieve this, after some generations have been performed, we re-calculate
the weight vectors according to the solutions generated. These individuals
have survived along the generations and, therefore, they can be assumed to
be the best solutions found so far to approximate the PF until the procedure
has been stopped. Based on them, some weight vectors providing solutions in
overcrowded areas (i.e. subsets of the current population with a high density
of solutions) are replaced by new weight vectors directing the search towards
areas with less solutions. This adjustment of the weight vectors is supported
by the mathematical properties of ASF used [37, 38] and by the theoretical
results presented in Section 3.2.

Note that the fact of considering both the utopian and nadir points, in
addition to pushing the search for new non-dominated solutions towards areas
with few solutions (by means of the adjustment of the weight vectors), may
enable A-GWASF-GA to better adapt the convergence and diversity to the
shape of the PF. As explained hereafter, as the adjustment is dynamically
performed, a higher number of weight vectors may be assigned to the utopian
point to re-orientate some projection directions towards parts of the PF with
a convex shape (if any). At the same time, more weight vectors may be used
with the nadir point to better cover those parts of the PF which are concave.
With this procedure, the approximation found by A-GWASF-GA is luckily to
be improved, specially in problems with complex shapes (with concave and
convex parts, discontinuous, degenerate ones, etc.). Technical parameters,
such as when the adjustment starts, the number of weight vectors to be
changed, the number of adjustments to be carried out, and how the weight
vectors are re-calculated, will be described in Section 3.3.

3.2. Theoretical results
Let us see two theorems supporting the benefits of the adjustment of the

weight vectors carried out in A-GWASF-GA.
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For any feasible solution x ∈ S, we can built two weigh vectors, denoted
by µU = (µU1 , . . . , µ

U
k )T and µN = (µN1 , . . . , µ

N
k )T , as follows:

µUi = 1
fi(x)−z??i

, for each i = 1, . . . , k. (5)

µNi = 1
znadi −fi(x)

, for each i = 1, . . . , k. (6)

Since z?? strictly dominates f(x), for any x ∈ S, it is assured that µUi > 0,
for every i = 1, . . . , k. Similarly, since znad is strictly dominated by f(x),
for any x ∈ S, it is also verified that µNi > 0, for every i = 1, . . . , k.
Note that, in many EMO algorithms (as in GWASF-GA), the nadir point is
estimated using the maximum objective function values achieved among all
the solutions found, which are later slightly modified with a small positive
value. Thus, the objective vector of any feasible solution generated is
guaranteed to strictly dominate znad, enabling us to assure that µNi > 0,
for every i = 1, . . . , k.

The following results show that, if the solution x considered for generating
the weight vector µU (respectively, µN) is weakly Pareto optimal, then it is an
optimal solution to (4) using µU as the weight vector and z?? as the reference
point (respectively, using µN and znad). And, in case x is not weakly Pareto
optimal, it is assured that the objective vector of any optimal solution to (4)
strictly dominates or ε-dominates f(x).

Theorem 1. Given a feasible solution x ∈ S, then, either x is an optimal
solution to problem (4) considering q = z?? and the weight vector µU defined
by (5), or the objective vector of any optimal solution to problem (4) with
these parameters strictly dominates or ε-dominates f(x), for some ε > 0.

Proof. See Appendix.

Corollary 1. If x ∈ S is a weakly Pareto optimal solution, then x is an
optimal solution to problem (4) considering q = z?? and using the weight
vector µU defined by (5).

Proof. See Appendix.

Theorem 2. Given a feasible solution x ∈ S, then, either x is an optimal
solution to problem (4) considering q = znad and the weight vector µN defined
by (6), or the objective vector of any optimal solution to problem (4) with
these parameters strictly dominates or ε-dominates f(x), for some ε > 0.
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Proof. See Appendix.

Corollary 2. If x ∈ S is a weakly Pareto optimal solution, then x is an
optimal solution to problem (4) considering q = znad and using the weight
vector µN defined by (6).

Proof. See Appendix.

Based on these theoretical results, any solution generated by A-GWASF-
GA enables us to calculate two weight vectors (µN and µU) that, in practice,
can be used to project either the utopian or the nadir point towards the PF,
in a direction directly pointing to the solution considered (in the objective
space). This enables the convergence process to push the search for new non-
dominated solutions to the region where the solution considered lies. This is
so because, either in the case µN is used or if µU is considered, the solution
used to build them is the optimal solution to (4), or its objective vector is
strictly dominated (or ε-dominated) by the objective vector of any optimal
solution to (4), i.e. there is a feasible solution which improves all its objective
values (or which improves all of them with a threshold ε). Thus, regions of
the PF which are poorly approximated can be better covered by re-defining
some of the subproblems in A-GWASF-GA with these new weight vectors
(which re-direct the search towards them), using the utopian or the nadir
point (depending on how the solutions considered for calculating the new
weight vectors have been selected, as described later). Besides, solutions
which are not yet enough closed to the PF can be improved and brought
closer to the PF based on these theoretical results.

3.3. Description of A-GWASF-GA
Initially, the first generations of A-GWASF-GA are performed as in the

original GWASF-GA [36], using Nµ weight vectors generated as indicated
in [36] (pp. 321-323), which produce evenly scattered projection directions
in the objective space. Let us denote by W = {µ1, . . . , µNµ} this set of
weight vectors. If NGT is the total number of generations, let us consider
that NGp denotes the number of generations initially performed. Actually,
NGp can be defined as a percentage of NGT , that is, NGp = p ·NGT where
0 < p < 1. The purpose of executing these NGp generations is to produce
an initial approximation of the PF. The solutions obtained at the generation
NGp may not have converged closely enough to the PF, but their distribution
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helps us to have an initial insight of the true PF. Besides, regions of the PF
that are complicated to converge to may still have not been well-covered
at this generation. Thus, NGp cannot be too small in order not to stop the
algorithm too prematurely, neither too large so that there are still generations
to improve the search directions before the process finalizes.

Along these NGp generations of A-GWASF-GA, the front classification
of the individuals is done according to their ASF values considering a half of
the Nµ weight vectors (the odd ordered ones) for the utopian point and the
other half (the even ordered ones) for the nadir point. That is, if W ?? refers
to the set of weight vectors used with the utopian point andW nad is the set of
weight vectors considered for the nadir point, we haveW ?? = {µ1, µ3, µ5, . . . }
and W nad = {µ2, µ4, µ6, . . . }.

Once the first NGp generations are carried out, the adjustment of the
weight vectors will be started in A-GWASF-GA. Let Na be the number of
weight vectors to be re-calculated (Na < Nµ/2) and NGa = (1 − p) · NGT

the number of generations that are left for the dynamical adjustment (i.e.
NGp + NGa = NGT ). In the next NGa generations, we perform na
adjustments of the weight vectors (with na ∈ {1, . . . , NGa}). This implies
that the weight vectors are adjusted each E(NGa/na) generations, starting
at generation NGp (where E(·) denotes the integer part of a number). That
is, if NGr

a denotes the generation at which the r-th adjustment is done
(r = 1, . . . , na), we have NGr

a = NGp + (r − 1) · E(NGa/na). For each
r = 1, . . . , na, let us denote by P r the population generated at generation
NGr

a, and byW ??
r andW nad

r the sets of weight vectors for the utopian and the
nadir points obtained at the r-th adjustment. Note that the r-th adjustment
of the weight vectors is done as explained hereafter once the generation NGr

a

has concluded and before running the generation NGr
a + 1.

Firstly, at the r-th adjustment, we identify the weight vectors to be
replaced as indicated in Algorithm 1, by selecting the Na solutions in P r

with the lowest scattering level calculated according to (2). These solutions
are referred to as {x̄1, . . . , x̄Na}. For each j = 1, . . . , Na, we can assume that
there are close enough individuals in P r around each x̄j (in the objective
space). This means that the area of the PF where these solutions lye have
been covered enough at generation NGr

a in comparison to other regions. As
previously said, in A-GWASF-GA, each solution is associated with a weight
vector, as well as with the nadir or with the utopian point. Then, we can
consider that the weight vector corresponding to each x̄j is directing the
search towards an overcrowded area of the PF, where other weight vectors are
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also orientating the search towards (those of the solutions around x̄j). In view
of this, the Na weight vectors corresponding to the solutions {x̄1, . . . , x̄Na}
are the candidates to be replaced by new ones. Thus, they are removed
(either from W ??

r or from W nad
r ) and only Nµ − Na weight vectors are left

from the original ones.

Algorithm 1 Weight vectors’ removal
Require: The population P r produced at generation NGra, the sets of weight vectors W ?? and Wnad,

and the number of weight vectors to be removed Na.
Ensure: The sets W ??

r and Wnad
r .

1: Initialize W ??
r = W ?? and Wnad

r = Wnad.
2: Define A = P r as an auxiliary set.
3: For every x ∈ A, calculate the scattering level s(x) according to (2).
4: for j = 1, . . . , Na do
5: Let x̄j be the solution from A with the lowest value of s(x).
6: Identify the weight vector µ̄j ∈

{
W ?? ∪Wnad

}
associated to x̄j .

7: If µ̄j ∈W ??, remove it from W ??
r , else (i.e. µ̄j ∈Wnad) remove it from Wnad

r .
8: Remove x̄j from A.
9: end for

Secondly, to generate the new Na weight vectors as described in
Algorithm 2, we identify the Na solutions in P r with the highest scattering
level obtained according to (2), referred to as {x̂1, . . . , x̂Na}. The objective
vectors of these solutions enable the search to be focused on parts that have
not been well-covered by the population P r. To this, for every j = 1, . . . , Na,
a new weight vector µ̂j = (µ̂j1, . . . , µ̂

j
k) is calculated: (a) if the solution x̂j

has been obtained in the front classification process as one minimizing the
ASF with the utopian point, then µ̂j = µU following equation (5) using
x = x̂j; (b) in case x̂j has been obtained with the nadir point, then µ̂j = µN

following equation (6) using x = x̂j. OnceW ??
r andW nad

r are determined, the
sets of weight vectors W ?? and W nad are updated accordingly and the next
generations are run using them, until the next weight vectors’ adjustment
needs to be carried out at generation NGr+1

a .
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Algorithm 2 Calculation of new weight vectors
Require: The population P r produced at generation NGra, the set of weight vectors W ??

r and Wnad
r

retrieved by Algorithm 1, and the number of weight vectors Na to be adapted.
Ensure: The updated set of weight vectors W ?? and Wnad.
1: Define A = P r as an auxiliary set.
2: For every x ∈ A, calculate the scattering level s(x) according to (2).
3: for j = 1, . . . , Na do
4: Let x̂j be the solution from A with the highest value of s(x).
5: Calculate the new weight vector µ̂j as follows:

(a) If x̂j has been obtained in the front classification using z??, then use x̂j to calculate µU
following equation (5). Set µ̂j = µU and update W ??

r = W ??
r ∪ {µ̂j}.

(b) If x̂j has been obtained in the front classification using znad, then use x̂j to calculate µN
following equation (6). Set µ̂j = µN and update Wnad

r = Wnad
r ∪ {µ̂j}.

6: Remove x̂j from A.
7: end for
8: Update W ?? = W ??

r and Wnad = Wnad
r .

Figure 2 graphically shows how Algorithms 1 and 2 would perform for
a two-objective minimization problem with a discontinuous PF. The black
points represent the individuals generated when the weight vectors are
adjusted in A-GWASF-GA. As shown, two projection directions (highlighted
as bold arrows) defined by two of the weight vectors used are pointing towards
an overcrowded area. Then, based on Algorithm 1, their corresponding
weight vectors would be selected and, according to Algorithm 2, they would
be replaced by new ones whose projection directions (represented with dashed
arrows) direct the search to other areas which are not so well-covered.

Note that, to classify the individuals into different fronts after each
adjustment is done, each new weight vector µ̂j is considered to select
individuals with the lowest ASF values either with the utopian point (case (a)
in Algorithm 2) or with the nadir point (case (b) in Algorithm 2), depending
on the way the solution x̂j has been previously selected. Thus, due to the
formulas (5) and (6), each individual x̂j (lying in a not-well approximated
region) is used to calculate a new µ̂j, taking into account whether this solution
has been elicited in A-GWASF-GA using the utopian or the nadir point.
Based on the Theorems 1 and 2, when using the utopian point, µ̂j determines
a projection direction towards the PF which directly points to f(x̂j) from z??.
But if the nadir point has been employed, the projection direction set by µ̂j
is orientated to f(x̂j) from znad. In this way, the region of the PF where
each f(x̂j) lies may be better covered in subsequent generations than before,
since a new weight vector is directing the search directly towards it, from the
utopian or from the nadir point, assuring that the best one of them is used.
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Figure 2: Weight vectors’ removal and calculation of new weight vectors in A-GWASF-GA.

After the first adjustment in A-GWASF-GA, observe that the number
of weight vectors used for the utopian point is no longer equal to that for
the nadir point, so as in the original GWASF-GA. In case the PF is convex,
it is likely that the process automatically assigns a larger amount of weight
vectors to the nadir point, giving more importance to the projection from it.
But if it is concave, more new weight vectors may be likely to be associated
with the utopian point, meaning that its projection is more suitable.

To summarize, a general description of A-GWASF-GA is given in
Algorithm 3, and every basic generation is described in Algorithm 4. In these
two algorithms, the following notation is followed: at each generation h, P h

is the population of N individuals, Qh is the population of the N offspring
produced, Zh is the combined population (of size 2N), and F h

n represents the
n-th front. Besides, we denote by #(A) the number of elements in a set A.

4. Computational experiments

In this section, we demonstrate the effectiveness of A-GWASF-GA
through computational experiments. We compare A-GWASF-GA with five
of the most representative EMO algorithms, two of them based on reference
directions, for solving novel challenging many-objective optimization bench-
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Algorithm 3 A-GWASF-GA
Require: The total number of generations (NGT ), the population size (N), the number of weight vectors

(Nµ), the number of adjustments to be performed (na), the percentage of generations before the first
adjustment is applied (p), the number of weight vectors to be adjusted (Na).

Ensure: An approximation of the the PF, Pfinal.
1: Set NGp = p ·NGT and NGa = (1− p) ·NGT .
2: Generate Nµ weight vectors following [36] and initialize W ?? and Wnad with the odd ordered and the

even ordered weight vectors, respectively.
3: Initialize h = 1 and randomly create an initial population P 1 of N individuals.
4: for i = 1, . . . , k do
5: z?i = minx∈P1 fi(x) and znadi = maxx∈P1 fi(x).
6: z??i = z?i − ε and znadi = znadi + ε.
7: end for
8: r = 1.
9: while h ≤ NGT do
10: if h ≥ NGp and h = NGp + (r − 1) · E(NGa/na) then
11: Run Algorithm 1 to generate the sets W ??

r and Wnad
r once Na weight vectors are deleted from

W ?? and Wnad using the population Ph.
12: Run Algorithm 2 to update W ?? and Wnad, using the sets W ??

r and Wnad
r and the population

Ph to generate Na new weight vectors.
13: r = r + 1.
14: end if
15: Execute a new generation h following Algorithm 4 to obtain Ph+1, using the population Ph and

the sets of weight vectors W ?? and Wnad.
16: h = h+ 1.
17: end while
18: Pfinal = Fh−1

1 .

mark problems and also well-known multiobjective optimization benchmark
problems.

4.1. Experimental Design
For the comparison, the EMO algorithms considered are RVEA [32],

NSGA-III [16] and three variants of MOEA/D: MOEA/D-DE [20],
MOEA/D-DE-AWA4, and MOEA/DD [25]. We choose these algorithms
because they have shown good results in test problems with complicated
Pareto sets, but also in many-objective optimization problems.

In our empirical study, we use a family of 10 novel many and
multiobjective bound constrained benchmark problems proposed in [40], that
is, we consider the problems named as MaOP1-MaOP10 with n = 20 and
n = 50 decision variables and 3, 5, 8, and 10 objective functions. We also
use the well-known DTLZ [41] and WFG [42] benchmark problems with 3, 5,

4MOEA/D-DE-AWA is similar to MOEA/D-AWA [31] but using differential evolution
(DE) as offspring reproducing mechanism.
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Algorithm 4 Basic generation of A-GWASF-GA
Require: The population size N , the sets W ??

r and Wnad
r and the population Ph at generation h.

Ensure: The population Ph+1 for the generation h+ 1.
1: Apply the selection, crossover and mutation operators to Ph and create a population Qh of N new

individuals.
2: Set Zh = Ph ∪Qh.
3: for i = 1, . . . , k do
4: If there is x ∈ Qh with fi(x) < z?i , update z

?
i = fi(x). Subsequently, update z??i = z?i − ε.

5: If h > 0, for every i = 1, . . . , k, if there is x ∈ Qh with fi(x) > znadi , update znadi = fi(x) + ε.
6: end for
7: For every x ∈ Zh and j ∈W ??, compute s(z??, f(x), µj) as in (3).
8: For every x ∈ Zh and j ∈Wnad, compute s(znad, f(x), µj) as in (3).
9: n = 1.
10: while Zh 6= ∅ do
11: Fhn = ∅.
12: for j ∈W ∗∗ do
13: Find xnj ∈ Zh such that s(z??, f(xnj ), µj) = min

x∈Zh
s(z??, f(x), µj).

14: Update Fhn = Fhn ∪ {xnj } and remove xnj from Zh.
15: end for
16: for j ∈Wnad do
17: Find xnj ∈ Zh such that s(znad, f(xnj ), µj) = min

x∈Zh
s(znad, f(x), µj).

18: Update Fhn = Fhn ∪ {xnj } and remove xnj from Zh.
19: end for
20: n = n+ 1.
21: end while
22: Ph+1 = ∅ and m = 1.
23: while #(Ph+1 ∪ Fhm) ≤ N do
24: Ph+1 = Ph+1 ∪ Fhm.
25: m = m+ 1.
26: end while
27: Let m′ be the value of m for which #(Ph+1 ∪ Fh

m′ ) > N . Consider the set V =

{s(z??, f(xm
′

i ), µi), s(znad, f(xm
′

j ), µj)}i∈W∗∗, j∈Wnad formed by the ASF values attained by the
individuals in Fh

m′ . Until #(Ph+1) = N , insert into Ph+1 the individuals of Fh
m′ reaching the

lowest values in V .

8, and 10 objective functions. We consider the DTLZ1, DTLZ2-DTLZ4,
and DTLZ7 problems with k + 4, k + 9, and k + 19 decision variables
(where k is the number of objective functions), respectively. For the WFG
problems, we set the position- and distance-related parameters to k − 1 and
10, respectively. Thus, we consider 34 problems with 3, 5, 8, and 10 objective
functions (34 · 4 = 136 different problems, in total). MaOP, DTLZ, and
WFG problems have been chosen because they take into account challenging
difficulties in multiobjective optimization, such as objective scalability, multi-
modality, complicated Pareto sets, disconnectedness, degeneracy, and bias.

Taking into account that k denotes the number of objectives, the
population size N has been set to 100 · k and the maximum number of
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evaluations to 50, 000 · k (termination criterion). In A-GWASF-GA and
NSGA-III, we use the SBX crossover operator [43] with a distribution index
ηc = 30 and a probability Pc = 0.9. For these two algorithms, the polynomial
mutation operator [43] is used with a distribution index ηm = 20 and a
probability Pm = 1/n, where n is the number of variables. In A-GWASF-GA,
we consider na = 6 and p = 0.8, and we set Na to N

4
,N

4
,N
20
, and N

10
for

3, 5, 8, and 10 objective function problems, respectively. In RVEA, we
set the parameters α = 2 (which is the rate of change of the penalty
function internally used in this method) and fr = 0.1 (which is the frequency
to employ the reference vector adaptation), as suggested by the authors.
For MOEA/D-DE, MOEA/D-DE-AWA, and MOEA/DD, the size of the
neighborhood is set to 0.1 · N and the probability of choosing the mate
subproblem from their neighborhood is set as 0.9. The crossover ratio and
the scale factor are set to 0.5 for the DE operator. In addition, according to
[31], MOEA/D-DE-AWA has been configured as follows: 80% of computing
resources are devoted to MOEA/D-DE while the remaining 20% are assigned
to the adaptive weight vector adjustment; the rate update weight is set to 0.05
and the maximal number of subproblem adjusted is set to 0.05·N . To perform
a fair comparison, A-GWASF-GA, MOEA/D-DE, MOEA/D-DE-AWA, and
MOEA/DD use initially the same set of weight vectors.

We execute 30 independent runs for each algorithm and each test problem.
A-GWASF-GA, MOEA/D-DE-AWA, and the test problems have been
implemented in Java using the jMetal framework [44], where implementations
of the other algorithms are available.5 jMetal is an object-oriented Java-
based framework for multiobjective optimization using metaheuristics. We
conduct our experiments in a cluster of 21 computers offering a total of 172
cores and 190 GB of memory. The cluster is managed by HTCondor, a
specialized workload management system for compute-intensive jobs.6 We
use HTCondor because it provides a job queuing mechanism, scheduling
policy, and resource management that allow users to submit parallel jobs
to HTCondor.

5Given that RVEA is not included in jMetal, the experiments for this algorithm have
been run in PlatEMO [45].

6https://research.cs.wisc.edu/htcondor/index.html
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4.2. Data Analysis
To evaluate the performance of the algorithms, we use the Inverted

Generational Distance (IGD) [46] and the Hypervolume (HV) indicator [47].
IGD provides combined information about convergence and diversity of

the solutions obtained by each algorithm. This metric is widely used to
evaluate the approximated solution sets for both MOPs and MaOPs and it
is defined as:

IGD(Spf , R) =
1

|Spf |
∑
y∈Spf

dist(y,R),

where Spf is the approximation of the PF found by an algorithm for a given
problem, R is a reference set of points uniformly distributed over the PF in
the objective space, and dist(y,R) = minz∈R‖y − z‖2. The lower the IGD
value is, the better the algorithm performs.

The HV metric measures the volume of the objective space which is
dominated by the solutions in a population P and is bounded by a reference
point dominated by all the Pareto-optimal objective vectors. The larger the
HV value, the better the quality of P for approximating the true PF. The
hypervolume is calculated by specifying the reference point such as e.g. the
nadir point. To obtain the HV, we use the WFG calculation method of the
exact hypervolume value suggested in [48] for all test problems with 3, 5,
and 8 objective functions. Note that due to the computational cost needed
to calculate this indicator, we exclude from the study the HV metric for
ten-objective problems.

For the computation of the IGD and HV metrics a representative set of
the true PF is required. For the DTLZ and WFG problems, we generate
them using an open-source tool.7 For the MaOP benchmark problems we
use the approximations of the PF available on the Internet.8

In order to check whether the IGD and the HV achieved by
A-GWASF-GA are significantly different to that of the others algorithms,
we apply a Wilcoxon rank-sum test [49]. For each problem, the null hy-
pothesis is that the distribution of the IGD average values (respectively, of
the HV average values) in the 30 runs differ by a location shift of α. We
consider the difference by a location shift of α. We consider the difference

7https://research.cs.wisc.edu/htcondor/index.html
8http://web.mysites.ntu.edu.sg/epnsugan/PublicSite/Shared%20Documents/SWEVO-

SI-MOEA-2018/POF.zip.
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to be significant if the obtained p-value is lower than α = 0.05. To compute
the Wilcoxon rank-sum test, we use the wilcox.test function from the R
software.9

4.3. Results
We have run experimental tests to compare the performance of

A-GWASF-GA with the original GWASF-GA, although we have not included
the results obtained here to reduce the paper length. All the results are
available upon request to the authors. According to our experiments,
A-GWASF-GA and GWASF-GA generate similar results for three-objective
problems (their means are not statistically different). However, in problems
with five-, eight-, and ten-objectives, A-GWASF-GA performs significantly
better or equal than GWASF-GA in most of the cases.

Hereafter, we include tables that show, for each algorithm and each
problem, the IGD and HV mean and standard deviation values over the 30
independent runs. For the MaOP problems, these tables contain the results
for both 20 and 50 decision variables (n = 20 and n = 50, respectively). For
each test problem, the algorithm that has obtained the best mean value of
each metric is highlighted in dark gray color and, similarly, the algorithm with
the second best mean value is highlighted in light gray color. We also indicate
in the same tables the number of problems for which each of the metrics (IGD
or HV) mean value achieved by A-GWASF-GA is significantly better than
(N), equal to (�), or worse than (O) the metric mean value obtained by each
of the algorithms under comparison with a level of significance α = 0.05.

Next, we analyze the computational results for the MaOP problems [40]
in Section 4.3.1 and we show the results for the problems of the DTLZ [41]
and the WFG [42] families in Subsection 4.3.2.

4.3.1. MaOP test problems
Tables 1 and 2 depict the IGD metric values obtained for the MaOP

problems using n = 20 and n = 50, respectively.
According to them, A-GWASF-GA performs better than RVEA in most

of the cases regarding the IGD metric, since A-GWASF-GA wins RVEA
in, at least, 7 of the 10 problems (indicated as 7/10 in what follows) with
five, eight, and ten objectives for both n = 20 and n = 50. However, for

9https://stat.ethz.ch/R-manual/R-devel/library/stats/html/wilcox.test.
html
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Table 1: IGD mean and standard deviation in 30 independent runs for the MaOP problems
with n = 20.
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Table 2: IGD mean and standard deviation in 30 independent runs for the MaOP problems
with n = 50.
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n = 20, A-GWASF-GA performs worse than RVEA in the majority of the
three-objective problems, although this is not the case for n = 50.

In comparison to NSGA-III, A-GWASF-GA shows a statistically better
performance regarding the IGD metric. Observe that it wins NSGA-III in,
at least, 7/10 problems for both n = 20 and n = 50, regardless the number
of objective functions.

With respect to MOEA/D-DE, MOEA/DD, and MOEA/D-DE-AWA,
these algorithms provide significantly better results than A-GWASF-GA
in most of the three-objective problems for n = 20 and n = 50.
For the five-objective problems, A-GWASF-GA performs very similar to
MOEA/D-DE and MOEA/D-DE-AWA, but it does better than MOEA/DD.
In the problems with the highest numbers of objectives, A-GWASF-GA
shows a significant improvement over MOEA/D-DE, MOEA/DD, and
MOEA/D-DE-AWA. To be more precise, for the eight-objective problems,
A-GWASF-GA is better than MOEA/D-DE in 9/10 (when n = 20) and
8/10 (when n = 50) problems, it performs better than MOEA/DD in
8/10 (when n = 20) and 9/10 (when n = 50) problems, and it improves
MOEA/D-DE-AWA in 7/10 problems (for both n = 20 and n = 50).
Regarding the ten-objective problems, A-GWASF-GA wins in 9/10 (for both
n = 20 and n = 50) problems against MOEA/D-DE, in 7/10 (when n = 20)
and 9/10 (when n = 50) problems with respect to MOEA/DD, and in
9/10 (when n = 20) and 8/10 (when n = 50) problems in comparison to
MOEA/D-DE-AWA.

Next, we analyze the HV mean values obtained for the MaOP problems
with n = 20 and n = 50, which can be seen in Tables 3 and 4, respectively.
As shown, A-GWASF-GA gets better results than RVEA in the majority
of the problems for both n = 20 and n = 50, regardless the number of
objectives. Note that it performs statistically better than RVEA in, at least,
8/10 problems (when n = 20) and 9/10 problems (when n = 50) for all
dimensions.

Concerning NSGA-III, A-GWASF-GA also obtains significantly better
results for every k = 3, 5, 8 and both n = 20 and n = 50. Actually, it wins
in, at least, 7/10 problems in all the cases, except for the three-objective
problems with n = 50, when it only wins to NSGA-III in 5/10 problems.

With respect to MOEA/D-DE, MOEA/DD, and MOEA/D-DE-AWA,
A-GWASF-GA provides statistically better HV values than these algorithms
for both n = 20 and n = 50 and nearly all the numbers of objectives. Only in
the problems with three objectives MOEA/D-DE improves A-GWASF-GA in
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Table 3: HV mean and standard deviation in 30 independent runs for the MaOP problems
with n = 20.

k
P
ro

b
.

A
-G

W
A

S
F
-G

A
R
V

E
A

N
S
G

A
-I

II
M

O
E
A

/D
-D

E
M

O
E
A

/D
D

M
O

E
A

/D
-D

E
-A

W
A

3

M
aO

P
1

0
.7
7
3
5
5
9
0
.0

0
1
5
5
4

0
.7
3
7
7
5
2
0
.0

1
1
3
6
9
+

0
.7
6
4
2
1
3
0
.0

0
4
3
1
9
+

0
.7
5
6
8
8
5
0
.0

0
6
4
0
8
+

0
.7
3
1
5
4
3
0
.0

0
4
6
8
9
+

0
.7
5
9
0
9
4
0
.0

0
5
3
8
4
+

M
aO

P
2

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

0
.9
9
9
9
9
6
0
.0

0
0
0
0
4
+

0
.9
9
9
9
9
9
0
.0

0
0
0
0
2
+

0
.9
9
9
9
8
8
0
.0

0
0
0
1
8
+

0
.9
9
9
9
9
6
0
.0

0
0
0
0
3
+

0
.9
9
9
9
8
5
0
.0

0
0
0
1
5
+

M
aO

P
3

0
.9
9
7
8
1
5
0
.0

0
0
9
3
9

0
.9
7
8
3
2
5
0
.0

0
2
5
8
6
+

0
.9
9
3
9
2
5
0
.0

0
1
6
8
5
+

0
.9
9
9
9
9
9
0
.0

0
0
0
0
1
−

0
.9
4
9
6
1
2
0
.0

0
3
9
9
8
+

0
.9
9
9
9
7
7
0
.0

0
0
0
2
8
−

M
aO

P
4

1
.0
0
0
0
0
0
0
.0

0
0
0
0
1

0
.9
9
9
9
0
9
0
.0

0
0
1
4
1
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

0
.9
9
9
9
9
9
0
.0

0
0
0
0
5
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

M
aO

P
5

0
.9
9
9
9
9
7
0
.0

0
0
0
0
3

0
.9
9
7
6
0
6
0
.0

0
1
8
7
5
+

0
.9
9
9
9
9
7
0
.0

0
0
0
0
2

=
0
.9
9
9
6
9
7
0
.0

0
0
4
1
3
+

0
.9
9
9
9
1
6
0
.0

0
0
0
6
5
+

0
.9
9
9
8
3
1
0
.0

0
0
1
7
4
+

M
aO

P
6

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

0
.9
9
9
9
7
9
0
.0

0
0
0
4
1
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

0
.9
9
9
9
9
9
0
.0

0
0
0
0
1
+

0
.9
9
9
9
9
6
0
.0

0
0
0
0
2
+

0
.9
9
9
9
8
4
0
.0

0
0
0
1
8
+

M
aO

P
7

0
.9
9
9
9
1
3
0
.0

0
0
0
7
7

0
.9
9
9
7
2
1
0
.0

0
0
2
3
2
+

0
.9
9
9
3
8
2
0
.0

0
0
3
1
1
+

0
.9
9
9
9
9
3
0
.0

0
0
0
0
5
−

0
.9
9
9
6
2
3
0
.0

0
0
3
1
2
+

0
.9
9
9
9
8
9
0
.0

0
0
0
0
4
−

M
aO

P
8

0
.9
9
9
8
0
6
0
.0

0
0
0
8
5

0
.9
9
9
7
0
1
0
.0

0
0
2
2
3

=
0
.9
9
9
0
3
1
0
.0

0
0
3
5
6
+

0
.9
9
9
9
3
5
0
.0

0
0
0
1
9
−

0
.9
9
9
6
0
8
0
.0

0
0
2
5
4
+

0
.9
9
9
9
3
5
0
.0

0
0
0
1
8
−

M
aO

P
9

0
.9
9
9
7
7
5
0
.0

0
0
1
7
3

0
.9
9
9
7
6
9
0
.0

0
0
0
7
8

=
0
.9
9
8
9
3
7
0
.0

0
0
5
6
1
+

0
.9
9
9
8
4
9
0
.0

0
0
2
3
6
−

0
.9
9
9
3
1
4
0
.0

0
0
3
8
9
+

0
.9
9
9
9
7
6
0
.0

0
0
1
0
4
−

M
aO

P
10

0
.9
9
9
9
3
3
0
.0

0
0
0
7
6

0
.9
9
9
8
8
1
0
.0

0
0
1
7
4
+

0
.9
9
9
3
6
8
0
.0

0
0
3
3
2
+

0
.9
9
9
9
0
4
0
.0

0
0
1
8
3

=
0
.9
9
9
7
0
5
0
.0

0
0
2
5
4
+

0
.9
9
9
9
5
8
0
.0

0
0
1
2
7
−

N
�

O
N
9
�

1
O
0

N
7
�

2
O
1

N
9
�

1
O
0

N
1
0
�

0
O
0

N
8
�

2
O
0

5

M
aO

P
1

0
.3
9
5
7
4
2
0
.0

0
1
0
2
1

0
.2
5
5
5
5
7
0
.0

2
6
6
1
6
+

0
.3
6
7
4
8
4
0
.0

0
4
5
7
1
+

0
.3
3
9
9
9
9
0
.0

0
2
3
6
7
+

0
.1
9
9
0
7
0
0
.0

0
7
7
6
3
+

0
.3
3
4
7
2
6
0
.0

0
6
0
4
5
+

M
aO

P
2

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

0
.9
9
9
9
2
6
0
.0

0
0
0
9
3
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

0
.9
9
8
8
9
0
0
.0

0
0
3
5
4
+

0
.9
9
3
4
8
2
0
.0

0
2
4
6
0
+

0
.9
9
9
9
9
6
0
.0

0
0
0
0
2
+

M
aO

P
3

0
.9
9
9
9
9
8
0
.0

0
0
0
0
1

0
.9
9
9
5
3
7
0
.0

0
0
0
5
6
+

0
.9
6
7
1
3
7
0
.0

0
3
4
0
3
+

0
.9
9
9
9
8
9
0
.0

0
0
0
1
5
+

0
.9
9
7
8
9
4
0
.0

0
0
3
8
3
+

0
.9
9
9
9
6
3
0
.0

0
0
0
5
6
+

M
aO

P
4

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

1
.0
0
0
0
0
0
0
.0

0
0
0
0
1
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

0
.9
9
9
9
8
2
0
.0

0
0
0
4
3
−

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

0
.9
9
9
9
9
9
0
.0

0
0
0
0
1
+

M
aO

P
5

0
.9
9
5
0
7
0
0
.0

0
1
6
9
9

0
.9
9
2
1
4
0
0
.0

1
0
7
0
3

=
0
.9
9
6
9
5
7
0
.0

0
0
0
2
4
−

0
.9
9
3
6
4
3
0
.0

0
0
6
4
5

=
0
.9
8
0
9
4
4
0
.0

0
7
8
3
6
+

0
.9
9
4
4
0
0
0
.0

0
0
6
7
7

=
M

aO
P
6

0
.9
9
9
5
8
9
0
.0

0
0
0
7
8

0
.9
9
4
1
5
4
0
.0

0
4
9
0
0
+

0
.9
9
9
4
3
0
0
.0

0
0
0
6
2
+

0
.9
9
7
2
5
8
0
.0

0
0
0
7
9
+

0
.9
9
0
0
5
7
0
.0

0
2
3
8
7
+

0
.9
9
8
6
4
4
0
.0

0
0
8
1
3
+

M
aO

P
7

0
.9
5
9
2
9
1
0
.0

0
3
6
0
9

0
.9
4
8
6
1
8
0
.0

1
5
0
5
0
+

0
.8
9
6
8
2
4
0
.0

3
7
8
5
0
+

0
.9
5
8
4
3
4
0
.0

0
3
7
0
5

=
0
.8
9
4
5
6
5
0
.0

2
2
1
6
9
+

0
.9
5
3
2
5
5
0
.0

1
9
3
7
3

=
M

aO
P
8

0
.9
9
0
7
1
3
0
.0

0
6
3
6
7

0
.9
9
2
0
5
6
0
.0

0
7
6
0
2

=
0
.9
7
3
3
6
3
0
.0

1
1
3
8
6
+

0
.9
9
1
7
4
2
0
.0

0
2
8
8
4
+

0
.9
7
3
7
2
6
0
.0

0
9
1
5
4
+

0
.9
9
5
1
8
9
0
.0

0
0
3
9
0

=
M

aO
P
9

0
.9
4
0
8
8
7
0
.0

0
0
6
6
6

0
.9
3
4
6
9
4
0
.0

0
6
3
0
6
+

0
.9
2
2
5
7
4
0
.0

2
0
7
7
8
+

0
.9
3
5
4
5
7
0
.0

1
3
0
5
1
+

0
.8
5
0
8
4
7
0
.0

3
2
3
1
1
+

0
.9
4
0
1
7
3
0
.0

0
0
6
4
4
+

M
aO

P
10

0
.6
5
1
2
7
9
0
.0

0
1
3
8
2

0
.6
1
6
0
9
3
0
.0

0
3
4
6
1
+

0
.6
2
0
4
5
3
0
.0

2
6
3
9
8
+

0
.6
3
6
2
9
6
0
.0

0
3
0
4
5
+

0
.5
6
2
4
8
2
0
.0

2
1
4
1
6
+

0
.6
3
8
3
0
4
0
.0

0
3
6
1
0
+

N
�

O
N
8
�

2
O
0

N
8
�

0
O
2

N
8
�

2
O
0

N
1
0
�

0
O
0

N
7
�

3
O
0

8

M
aO

P
1

0
.0
6
1
4
8
2
0
.0

0
0
4
1
0

0
.0
2
0
0
8
3
0
.0

0
2
0
8
2
+

0
.0
5
3
0
9
1
0
.0

0
1
7
8
2
+

0
.0
4
7
2
5
0
0
.0

0
0
6
3
4
+

0
.0
0
8
3
2
9
0
.0

0
0
9
0
8
+

0
.0
2
9
2
4
0
0
.0

0
1
2
1
4
+

M
aO

P
2

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

0
.9
9
9
9
1
8
0
.0

0
0
0
6
0
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
1

=
0
.9
9
9
8
4
1
0
.0

0
0
0
7
4
+

0
.9
9
7
8
3
2
0
.0

0
1
2
0
7
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

M
aO

P
3

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
+

0
.9
8
7
6
4
8
0
.0

0
1
3
8
5
+

0
.9
9
9
4
2
7
0
.0

0
0
6
5
4
+

0
.9
9
9
6
2
9
0
.0

0
0
2
3
3
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

=
M

aO
P
4

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0

0
.9
9
9
9
9
9
0
.0

0
0
0
0
1
+

1
.0
0
0
0
0
0
0
.0

0
0
0
0
0
−

0
.9
9
9
5
5
2
0
.0

0
0
1
1
9
+

0
.9
9
9
7
9
4
0
.0

0
0
0
8
6
+

0
.9
9
9
8
7
9
0
.0

0
0
0
6
4
+

M
aO

P
5

0
.9
8
8
9
6
2
0
.0

0
6
5
5
6

0
.9
9
2
9
4
5
0
.0

1
4
4
8
9

=
0
.9
9
5
9
8
0
0
.0

0
0
1
9
1

=
0
.9
8
9
4
2
7
0
.0

0
0
0
2
5

=
0
.9
8
0
3
5
9
0
.0

0
8
6
2
0
+

0
.9
8
9
8
5
4
0
.0

0
0
3
6
1

=
M

aO
P
6

0
.9
9
9
4
3
6
0
.0

0
0
0
0
7

0
.9
8
9
9
7
5
0
.0

1
0
4
5
3
+

0
.9
9
8
6
6
3
0
.0

0
0
6
9
0
+

0
.9
9
5
8
6
9
0
.0

0
0
0
5
5
+

0
.9
7
4
2
5
8
0
.0

0
3
8
9
2
+

0
.9
9
9
0
7
9
0
.0

0
0
1
6
1
+

M
aO

P
7

0
.5
4
2
9
8
9
0
.0

0
2
3
4
2

0
.4
2
5
2
1
5
0
.0

4
7
6
0
8
+

0
.0
8
4
5
0
7
0
.0

0
9
9
5
6
+

0
.5
2
8
3
0
5
0
.0

0
4
3
0
1
+

0
.4
9
5
5
1
9
0
.0

0
5
0
0
9
+

0
.5
3
1
0
9
4
0
.0

0
7
0
4
9
+

M
aO

P
8

0
.4
8
4
9
4
8
0
.0

0
1
0
1
2

0
.3
5
6
6
3
8
0
.0

3
1
6
8
2
+

0
.1
4
0
1
1
3
0
.0

0
8
6
6
0
+

0
.4
6
9
7
4
4
0
.0

0
1
1
9
7
+

0
.4
2
3
8
5
3
0
.0

0
6
8
4
3
+

0
.4
6
3
2
9
7
0
.0

0
6
7
8
6
+

M
aO

P
9

0
.5
4
2
8
4
2
0
.0

0
2
8
0
2

0
.2
3
6
4
1
1
0
.0

4
8
1
9
7
+

0
.0
4
3
9
6
9
0
.0

0
8
9
5
8
+

0
.5
1
5
6
5
8
0
.0

0
3
3
1
5
+

0
.4
3
3
7
9
5
0
.0

0
6
6
7
2
+

0
.5
0
4
2
6
3
0
.0

0
6
1
5
3
+

M
aO

P
10

0
.5
9
1
5
1
5
0
.0

0
3
6
6
2

0
.2
6
2
0
9
8
0
.0

8
0
6
9
8
+

0
.0
4
9
3
1
1
0
.0

1
2
0
0
4
+

0
.5
7
0
4
7
7
0
.0

0
2
5
1
2
+

0
.5
1
6
3
7
7
0
.0

0
8
7
3
8
+

0
.5
4
5
4
8
0
0
.0

1
3
1
1
9
+

N
�

O
N
9
�

1
O
0

N
7
�

2
O
1

N
9
�

1
O
0

N
1
0
�

0
O
0

N
8
�

2
O
0

25



Table 4: HV mean and standard deviation in 30 independent runs for the MaOP problems
with n = 50.
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a higher number of cases when n = 50 (5/10 problems). Observe that there
are many cases in which A-GWASF-GA performs statistically better than
these three algorithms in 10/10 problems, e.g. in the five-objective problems
with n = 50. This shows the promising results that can be generated with
A-GWASF-GA.

4.3.2. DTLZ and WFG test problems
Table 5 contains the comparison of A-GWASF-GA against the other

algorithms for the DTLZ and WFG problems regarding the IGD metric.
As shown, RVEA gets significantly better results than A-GWASF-GA in all
dimensions. On the other hand, NSGA-III performs significantly better than
A-GWASF-GA in the three-, five- and eight-objective problems. However,
both algorithms perform similarly for the ten-objective problems.

With respect to MOEA/D-DE, A-GWASF-GA achieves better results in
all the problems, regardless the number of objectives. Regarding MOEA/DD,
A-GWASF-GA achieves a better performance for the three- and ten-objective
problems, but this does not happen for the cases with five and eight
objectives. In comparison to MOEA/D-DE-AWA, A-GWASF-GA retrieves
better IGD mean values for the eight- and ten-objective problems.

Although the performance of A-GWASF-GA is not as satisfactory for the
DTLZ and WFG problems regarding the IGD metric than for the MaOP
problems, note that it shows better results for the higher dimensions. To be
more specific, for the eight-objective problems, A-GWASF-GA wins in 3/14
with respect RVEA, in 5/14 problems against NSGA-III, in 14/14 problems
in comparison to MOEA/D-DE, in 5/14 problems against MOEA/DD, and
in 7/14 problems with respect to MOEA/D-DE-AWA. For the ten-objective
problems, A-GWASF-GA is better in 2/14 against RVEA, in 7/14 problems
in comparison to NSGA-III, in 14/14 problems against MOEA/D-DE, in
9/14 problems with respect to MOEA/DD, and in 8/10 problems against
MOEA/D-DE-AWA, respectively.

Finally, Table 6 shows the results obtained with respect to the HV
metric for the DTLZ and WFG problems. Note that A-GWASF-GA
is better than RVEA in 12/14 of the three-objective problems and in
8/14 of the eight-objective problems, while RVEA performs better than
A-GWASF-GA in 7/14 of the five-objective problems. In comparison
to NSGA-III, A-GWASF-GA wins in 9/14 problems with five objectives
and 11/14 of the eight-objective problems, but this is not the case for
the three-objective problems, since NSGA-III performs better in 7/14
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Table 5: IGD mean and standard deviation in 30 independent runs for DTLZ and WFG
problems.
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problems. Lately, A-GWASF-GA achieves significantly better results than
MOEA/D-DE, MOEA/DD, and MOEA/D-DE-AWA in nearly all the three-
, five- and eight-objective problems, given that it wins to each of them
in, at least, 12/14 problems at each dimension. Overall, we can say that
A-GWASF-GA seems to achieve promising results, specially as the number of
objective functions increases. In general, A-GWASF-GA has reached better
IGD and HV values than the algorithms considered in the eight- and ten-
objective problems used. Actually, for the MaOP problems, A-GWASF-GA
obtains better results for the numbers of variables considered (n = 20 and
n = 50) and for all objectives (three, five, eight and ten).

In Figures 3, 4, 5 and 6, we show the approximation of the Pareto fronts
generated by the algorithms considered for the three-objective MaOP10 (with
n = 50), WFG3 and WFG6 problems, and for the ten-objective MaOP6
(with n = 20) problem, respectively. Despite the difficulty to obtain a
good approximation of their fronts, we can see that our algorithm performs
well compared to the other algorithms. However, there are cases, like the
WFG6 problem, where the approximations generated by RVEA and NSGAIII
are better distributed than the one generated by A-GWASFGA. As it was
pointed out previously, it should be noted that our algorithm works better
for many objectives (5, 8 and 10) than for three-objective problems.
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Table 6: HV mean and standard deviation in 30 independent runs for the DTLZ and WFG
problems.
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Figure 3: Nondominated solutions generated by the algorithms (in the run associated with
the mean HV values) for the three-objective MaOP10 problem with 50 decision variables.
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Figure 4: Nondominated solutions generated by the algorithms (in the run associated with
the mean HV values) for the three-objective WFG3 problem.
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Figure 5: Nondominated solutions generated by the algorithms (in the run associated with
the mean HV values) for the three-objective WFG6 problem.
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Figure 6: Nondominated solutions generated by the algorithms (in the run associated with
the mean IGD values) for the ten-objective MaOP6 problem with 20 decision variables,
using a logarithmic scale in the y-axes.
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5. Conclusion

In this paper, we have proposed A-GWASF-GA, an enhanced version
of the aggregation-based EMO algorithm GWASF-GA that includes a
weight vectors’ adjustment strategy to handle many-objective optimization
problems.

In A-GWASF-GA (as well as in GWASF-GA), a set of weight vectors
is used to classify the individuals into several fronts at each generation,
considering at the same time the utopian and the nadir points. These weight
vectors determine, in practice, the search directions for new non-dominated
solutions from the utopian and the nadir points. To improve the convergence
and the diversity, a dynamic adjustment of the weight vectors (i.e. of the
search directions) is performed in A-GWASF-GA based on the distribution
of the solutions generated. The regions of the PF that are overcrowded and
these that are poorly approximated (according to the current population) are
identified. The idea is to replace the weight vectors whose search directions
are pointing to the overcrowded regions by new ones that re-direct the search
towards the parts with a lack of solutions. While the algorithm converges,
the weight vector adjustment is performed several times. As a result, the
number of weight vectors assigned to the utopian and to the nadir points
is automatically adjusted in order to better approximate either convex or
concave parts, depending on the complexity of the PF.

According to our knowledge, A-GWASF-GA is the first MOEA that
adapts the weights while it takes into account both the utopian and nadir
points simultaneously, in order to get the highest benefit from the properties
of the ASF proposed by Wierzbicki. Note that this ASF takes positive values
for the utopian point, but it retrieves negative values for the nadir point (since
this point is always achievable). This means that, in practice, adapting the
weights while using both the nadir and the utopian points in A-GWASF-GA
contributes to converge to the PF from two different points progressively
improving, at the same time, the projection directions. We have tested
the performance of A-GWASF-GA against well-known EMO algorithms in
three-, five-, eight-, and ten-objective novel benchmark problems and in
problems belonging to the DTLZ and the WFG families. According to our
experiments, A-GWASF-GA has generated very promising results, specially
as the number of objective functions increases, achieving better IGD and HV
values in comparison to the rest of algorithms in the eight- and ten-objective
problems considered. Thus, the computational experiments have shown that
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our proposal has been able to improve the approximation of the PF in the
highest dimension problems used. This is also supported by the theoretical
results demonstrated here regarding the ASF considered and the new weight
vectors calculated. Based on all of this, this paper helps to cover the existing
demand for EMO algorithms able to handle many-objective optimization
problems.

As future research, we plan to study how the algorithm can take
advantage of using a set of reference points well-distributed in the objective
space, besides using different weight vectors for each of them.
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Appendix

Theorem 1. Given a feasible solution x ∈ S, then, either x is an optimal
solution to problem (4) considering q = z?? and the weight vector µU defined
by (5), or the objective vector of any optimal solution to problem (4) with
these parameters strictly dominates or ε-dominates f(x), for some ε > 0.

Proof. If x is an optimal solution to (4) using z?? as reference point and
µU as weight vector, then the proof is trivial. Let us suppose that x is not
an optimal solution to (4) and let x̄ be an optimal solution to it. Next, let
us prove that either f(x̄) strictly dominates f(x), or there exists a real value
ε > 0 such that f(x̄) strictly ε-dominates f(x).

Since x̄ is an optimal solution to (4), we have:

s(z??, f(x̄), µU) < s(z??, f(x), µU). (7)

Replacing µU by the expression given in (5) and calculating s(z??, f(x), µU),
we have:

s(z??, f(x), µU) = max
i=1,...,k

{
fi(x)− z??i
fi(x)− z??i

}
+ ρ

k∑
i=1

fi(x)− z??i
fi(x)− z??i

=

= max
i=1,...,k

{1}+ ρ
k∑
i=1

1 = 1 + ρ · k,

which, according to (7), implies that:

s(z??, f(x̄), µU) < 1 + ρ · k. (8)

If we now evaluate s(z??, f(x̄), µU) in (8):

s(z??, f(x̄), µU) = max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
+ ρ

k∑
i=1

fi(x̄)− z??i
fi(x)− z??i

< 1 + ρ · k. (9)

In the ASF given in (3), the augmentation term (i.e. ρ term) is added to
assure the Pareto optimality of the solution found [38]. However, this term
can made as small as desired, given that ρ may be set as 0 or as any other
positive real value.

37



If, on the one hand, ρ = 0 (meaning that the ASF (3) matches the
Tchebychev metric), (9) implies that:

max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
< 1 ⇒ fi(x̄)− z??i

fi(x)− z??i
< 1, ∀i = 1, . . . , k, (10)

and thus:

fi(x̄)− z??i < fi(x)− z??i ⇒ fi(x̄) < fi(x), ∀i = 1, . . . , k,

which means that x̄ strictly dominates x.
On the other hand, when ρ > 0, let us assign a value to ρ such that10:

0 < ρ ≤ δ · ε

k ·
(

max
j=1,...,k

{znad
j − z??j }

)2 , (11)

where δ > 0 is a small real value (e.g. δ = 0.001) and ε is the value used to
calculate the utopian point from the ideal point (as indicated in Section 2).
Taking into account (7) and the expression of the ASF (3), we have:

max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
+ ρ

k∑
i=1

fi(x̄)− z??i
fi(x)− z??i

< 1 + ρ
k∑
i=1

fi(x)− z??i
fi(x)− z??i

⇒

⇒ max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
< 1 + ρ

k∑
i=1

fi(x)− fi(x̄)

fi(x)− z??i
. (12)

Given that z??i = z?i − ε and z?i ≤ fi(x) ≤ znad
i , for every i = 1, . . . , k, it is

easy to see that fi(x) − z??i ≥ ε and fi(x) − fi(x̄) ≤ znad
i − z??i , for every

i = 1, . . . , k. Then, from the inequality (12), we have:

max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
< 1 + ρ

k∑
i=1

znad
i − z??i

ε
, ∀i = 1, . . . , k ⇒

max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
< 1 + ρ

k∑
i=1

max
j=1,...,k

{znad
j − z??j }

ε
⇒

10At this point in the demonstration, we are implicitly assuming that this value can be
assigned to ρ at the beginning of the process; in case that z? and/or znad are not known
a priori, estimations of both can be calculated and ρ would be redefined at this moment.
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⇒ max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
< 1 + ρ · k ·

max
j=1,...,k

{znad
j − z??j }

ε
. (13)

Taking into account the upper bound defined for ρ in (11), we obtain from
(21) that:

max
i=1,...,k

{
fi(x̄)− z??i
fi(x)− z??i

}
< 1 +

δ

max
j=1,...,k

{znad
j − z??j }

⇒

⇒ fi(x̄)− z??i
fi(x)− z??i

< 1 +
δ

max
j=1,...,k

{znad
j − z??j }

, ∀i = 1, . . . , k ⇒

⇒ fi(x̄)− z??i < fi(x)− z??i + δ
fi(x)− z??i

max
j=1,...,k

{znad
j − z??j }

, ∀i = 1, . . . , k ⇒

⇒ fi(x̄) < fi(x) + δ
fi(x)− z??i

max
j=1,...,k

{znad
j − z??j }

, ∀i = 1, . . . , k. (14)

Besides, for every i = 1, . . . , k, we have:

fi(x) ≤ znad
i ⇒ fi(x)− z??i ≤ znad

i − z??i ⇒

⇒ fi(x)− z??i ≤ max
j=1,...,k

{znad
j − z??j } ⇒

fi(x)− z??i
max
j=1,...,k

{znad
j − z??j }

≤ 1. (15)

And finally, using (15) in inequality (14), it is followed that:

fi(x̄) < fi(x) + δ, ∀i = 1, . . . , k,

meaning that, if we consider ε = δ, f(x) is strictly ε-dominated by f(x̄).

Corollary 1. If x ∈ S is a weakly Pareto optimal solution, then x is an
optimal solution to problem (4) considering q = z?? and using the weight
vector µU defined by (5).

Proof. This result is trivial from Theorem 1 since, if x is weakly Pareto
optimal, there is no feasible solution whose objective vector strictly dominates
f(x).
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Theorem 2. Given a feasible solution x ∈ S, then, either x is an optimal
solution to problem (4) considering q = znad and the weight vector µN defined
by (6), or the objective vector of any optimal solution to problem (4) with
these parameters strictly dominates or ε-dominates f(x), for some ε > 0.

Proof. If x is an optimal solution to (4) using znad as reference point and
µN as weight vector, then the theorem is hold. Assuming that x is not an
optimal solution to (4), let x̄ be an optimal solution to it. Let us prove that
either f(x̄) strictly dominates f(x), or there exists a real value ε > 0 such
that f(x̄) strictly ε-dominates f(x).

Given that x̄ is an optimal solution to (4), we have:

s(znad, f(x̄), µN) < s(znad, f(x), µN). (16)

Replacing µN by the expression given in (6) and calculating s(znad, f(x), µN),
we have:

s(znad, f(x), µN) = max
i=1,...,k

{
fi(x)− znad

i

znad
i − fi(x)

}
+ ρ

k∑
i=1

fi(x)− znad
i

znad
i − fi(x)

=

= max
i=1,...,k

{−1}+ ρ
k∑
i=1

(−1) = −1− ρ · k,

which, according to (16), means that:

s(znad, f(x̄), µN) < −(1 + ρ · k). (17)

If we now evaluate s(znad, f(x̄), µN) in (17):

s(znad, f(x̄), µN) = max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
+ ρ

k∑
i=1

fi(x̄)− znad
i

znad
i − fi(x)

< −(1+ρ ·k).

(18)
As previously said, the augmentation parameter ρ may be 0 or any other

positive real value. If, on the one hand, ρ = 0 (i.e. the ASF (3) matches the
Tchebychev metric), (18) implies that:

max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
< −1 ⇒ fi(x̄)− znad

i

znad
i − fi(x)

< −1, ∀i = 1, . . . , k, (19)
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and thus:

fi(x̄)− znad
i < fi(x)− znad

i ⇒ fi(x̄) < fi(x), ∀i = 1, . . . , k,

which means that f(x̄) strictly dominates f(x).
On the other hand, in case ρ > 0, let us consider a value for ρ upper

bounded as in (11), using a small real value δ (e.g. δ = 0.001) and the value
ε used to calculate the utopian point from the ideal point. Taking this into
account, and based on (16) and on the expression of the ASF (3), we have:

max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
+ ρ

k∑
i=1

fi(x̄)− znad
i

znad
i − fi(x)

< −1 + ρ
k∑
i=1

fi(x)− znad
i

znad
i − fi(x)

⇒

⇒ max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
< −1+ρ

k∑
i=1

fi(x)− fi(x̄)

znad
i − fi(x)

≤ −1+ρ
k∑
i=1

znad
i − z??i

znad
i − fi(x)

(20)
For every i = 1, . . . , k, it is assured11 that znad

i − fi(x) ≥ ε. Then, from the
inequality (20), we have:

max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
< −1 + ρ

k∑
i=1

znad
i − z??i

ε
, ∀i = 1, . . . , k ⇒

⇒ max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
< −1 + ρ

k∑
i=1

max
j=1,...,k

{znad
j − z??j }

ε
⇒

⇒ max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
< −1 + ρ · k ·

max
j=1,...,k

{znad
j − z??j }

ε
. (21)

Taking into account the upper bound defined for ρ in (11), it is hold from
(21) that:

max
i=1,...,k

{
fi(x̄)− znad

i

znad
i − fi(x)

}
< −1 +

δ

max
j=1,...,k

{znad
j − z??j }

⇒

11Note that, as previously said and as indicated in Algorithm 4 (line 5), the nadir point
components are commonly updated as znadi = fi(x

′)+ε, if there is a new generated solution
x′ with fi(x′) > znadi , which assures that the estimation of znad is always dominated by
any feasible solution obtained.
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⇒ fi(x̄)− znad
i

znad
i − fi(x)

< −1 +
δ

max
j=1,...,k

{znad
j − z??j }

, ∀i = 1, . . . , k ⇒

⇒ fi(x̄)− znad
i < fi(x)− znad

i + δ
znad
i − fi(x)

max
j=1,...,k

{znad
j − z??j }

, ∀i = 1, . . . , k ⇒

⇒ fi(x̄) < fi(x) + δ
znad
i − fi(x)

max
j=1,...,k

{znad
j − z??j }

, ∀i = 1, . . . , k ⇒

⇒ fi(x̄) < fi(x) + δ
znad
i − z??i

max
j=1,...,k

{znad
j − z??j }

≤ fi(x) + δ · 1, ∀i = 1, . . . , k,

⇒ fi(x̄) < fi(x) + δ, ∀i = 1, . . . , k,

meaning that, if we consider ε = δ, f(x) is strictly ε-dominated by f(x̄).

Corollary 2. If x ∈ S is a weakly Pareto optimal solution, then x is an
optimal solution to problem (4) considering q = znad and using the weight
vector µN defined by (6).

Proof. This result is trivial from Theorem 2 since, if x is weakly Pareto
optimal, there is no feasible solution whose objective vector strictly dominates
f(x).
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