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Abstract
We characterize some weighted one-dimensional Poincaré inequalities on Banach
function spaces, generalizing in this way Chua and Wheeden’s theorem in the case
p� q. As particular cases, we get the characterizations of some weighted Orlicz-
Poincaré inequalities and Poincaré inequalities in variable Lebesgue spaces. We also
get a new result on weighted weak-type inequalities of this kind.
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1 Introduction

Let �1\a\b\1 and let l be a finite positive Borel measure on [a, b]. S.-K.
Chua and R. Wheeden characterized in [5] the pairs of positive weights w, v on [a, b]
such that for all absolutely continuous functions f on [a, b] and some constant C[ 0
independent of f the weighted one-dimensional Poincaré inequality

f � 1

l½a; b�
Z b

a
fdl

����
����
LqðwÞ

�Ckf 0kLpðvÞ ð1:1Þ

holds, where 1� p; q\1 and kgkLpðvÞ ¼
R b
a jgjpv

� �1
p
. Their results are the next ones.
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Theorem A [5] Let �1\a\b\1 and let l be a finite positive Borel measure on
[a,b]. Let v,w be two positive measurable functions on [a,b]. Then, inequality (1.1)
holds for 1� p� q\1 if and only if

C1ðp; qÞ ¼ sup
a� x� b

Z b

x
w

� �1
q
Z x

a
l½a; y�p0v1�p0 ðyÞdy

� � 1
p0
\1

and

C2ðp; qÞ ¼ sup
a� x� b

Z x

a
w

� �1
q
Z b

x
l½y; b�p0v1�p0 ðyÞdy

� � 1
p0

\1:

Moreover, the best constant C in (1.1) satisfies

maxfC1ðp; qÞ;C2ðp; qÞg
l½a; b� �C� C1ðp; qÞ þ C2ðp; qÞ

l½a; b� Kðp; qÞ;

where Kðq; pÞ ¼ 1þ q
p0

� �1
q
1þ p0

q

� � 1
p0
for p[ 1 and Kðq; 1Þ ¼ 1.

Theorem B [5] In the conditions of Theorem A, inequality (1.1) holds for q\p if
and only if

C1ðp; qÞ ¼
Z b

a

Z b

x
w

� �r
q
Z x

a
l½a; y�p0v1�p0 ðyÞdy

� � r
q0
l½a; x�p0v1�p0 ðxÞdx

 !1
r

\1

and

C2ðp; qÞ ¼
Z b

a

Z x

a
w

� �r
q
Z b

x
l½y; b�p0v1�p0 ðyÞdy

� � r
q0

l½x; b�p0v1�p0 ðxÞdx
 !1

r

\1;

where 1
r ¼ 1

q � 1
p. Moreover, the best constant C in (1.1) satisfies

C� C1ðp; qÞ þ C2ðp; qÞ
l½a; b� q

1
qðp0Þ 1

q0 :

These results show that there is a close relationship between one-dimensional
Poincaré inequalities with weights and weighted Hardy inequalities, since the
conditions C1ðp; qÞ\1 and C2ðp; qÞ\1 characterize the pairs of weights (v, w)
such that the Hardy-type operators Tl and T�

l , defined by

Tlf ðxÞ ¼
Z x

a
l½a; t�f ðtÞdt and T�

l f ðxÞ ¼
Z b

x
l½t; b�f ðtÞdt

are bounded from LpðvÞ to LqðwÞ, respectively (see [4] and [15] for the case p� q and
[12] for q\p).
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Very recently, Korobenko, Milshstein and Yong have studied in [10] the weighted
inequality

f � 1

l½a; b�
Z b

a
fdl

����
����
LUðwÞ

�Ckf 0kLpðvÞ; ð1:2Þ

where U is a submultiplicative Young function such that Uðt1pÞ is convex and LUðwÞ
is the weighted Orlicz space whose norm is defined by

kf kLUðwÞ ¼ inf K[ 0 :

Z b

a
U

jf ðtÞj
K

� �
wðtÞdt� 1

� �
:

Specifically, they have given, when p[ 1, necessary conditions on the weights for
(1.2) to hold and different sufficient conditions, which turn to be necessary and
sufficient when UðtÞ ¼ tq with p� q. In this way, they get a result that generalizes
Theorem A. The main obstacle to achieving the necessary and sufficient conditions
on the weights so that inequality (1.2) holds is the fact that, to the best of our
knowledge, the boundedness of the Hardy-type operators Tl and T �

l from LpðvÞ to
LUðwÞ has not yet been characterized. However, there is another possibility, which is
to consider the weight as a multiplier in the Orlicz space, instead of as a measure.
This is common when working with function spaces other than Lp spaces (see, for
instance, [1, 7, 11]). If we use this approach to the problem, we have the advantage
that the inequalities with weights for the operators Tl and T�

l are already charac-

terized (see [3, 11]).
One of our purposes is to characterize the weights for the inequality

f � 1

l½a; b�
Z b

a
fdl

����
����
LUw

�Ckf 0kLpðvÞ; ð1:3Þ

to hold, where

kf kLUw ¼ inf K[ 0 :

Z b

a
U

jf ðtÞjwðtÞ
K

� �
dt� 1

� �
:

Really, we will work in a much more general setting, since we will characterize the
good weights for the inequality

f � 1

l½a; b�
Z b

a
fdl

����
����
Yw

�Ckf 0kXv
ð1:4Þ

to hold, where (X, Y) is a pair of Banach function spaces. The pairs (X, Y) we work
with satisfy a suitable condition so that if X ¼ Lp and Y ¼ Lq, then the condition
holds for p� q. In this way, we will get a generalization of Theorem A. In the
weighted spaces Xv and Yw, the weights act as multipliers, i. e., Xv ¼ ff : fv 2 Xg
and kf kXv

¼ kfvkX . All this will be done in section 2, where, as a consequence of our
general result, we will also characterize some weighted one-dimensional Poincaré
inequalities in variable Lebesgue spaces.
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Our second objective is to characterize some weighted weak-type Poincaré
inequalities and study their relationship with inequality (1.1). By a weak-type
Poincaré inequality we mean an inequality of the form

f ðxÞ � 1

l½a; b�
Z b

a
fdl

����
����
Lq;1ðwÞ

�Ckf 0kLpðvÞ; ð1:5Þ

where k � kLq;1ðwÞ is defined by

kgkLq;1ðwÞ ¼ sup
k[ 0

k
Z
fx2½a;b�:jgðxÞj[ kg

w

 !1
q

:

Comparing our result in inequality (1.5) with Theorems A and B, we will see that
(1.5) and (1.1) are equivalent if p� q, but it does not hold in the case q\p. This will
be done in Sect. 3.

2 Weighted Poincaré inequalities in Banach function spaces

In order to state and prove our results, let us recall some concepts from the theory of
Banach function spaces (see [2] for the basic definitions). Let X be a Banach function
space on [a, b] and let ‘ be a Banach sequence space. We will say that X is ‘-concave
if there exists d1 [ 0 such that for every sequence of pairwise disjoint intervals fIkg
with ½a; b� ¼ [kIk and all f 2 X the inequality

X
k

ekkf vIkkX
�����

�����
‘

� d1kf kX ð2:1Þ

holds, where ek stands for the sequence whose terms are all null except the one in
position k which is 1. In the same way, a Banach function space Y is said to be ‘-
convex if there exists d2 [ 0 such that for all sequences of pairwise disjoint intervals
fIkg with ½a; b� ¼ [kIk and all g 2 Y the inequality

kgkY � d2
X
k

ekkgvIkkY
�����

�����
‘

ð2:2Þ

holds. It is well known that Y is ‘-convex if and only if Y 0 is ‘0-concave with the same
constant, where Y 0 and ‘0 stand for the associate spaces of Y and ‘, respectively.
Given a Banach function space X on [a, b], its associate space X 0 consists of the
measurable functions g such that kgkX 0\1, where

kgkX 0 ¼ sup

Z b

a
jfgj : f 2 X ; kf k� 1

� �
:

We will say that a pair (X, Y) of Banach function spaces on [a, b] satisfies a
Berezhnoi ‘-condition (see [3, 11]) if there exists a Banach sequence space ‘ such
that X is ‘-concave and Y is ‘-convex. Observe that ðLp; LqÞ verify an ‘-condition if
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p� q. For these pairs of Banach function spaces, Berezhnoi characterized the weights
w, v such that the Hardy-type operators Tg and T�

g , defined by

Tgf ðxÞ ¼
Z x

a
gðtÞf ðtÞdt and T�

g f ðxÞ ¼
Z b

x
gðtÞf ðtÞdt

are bounded from Xv to Yw. The result is the next one.

Theorem C [3, 11] Let ‘ be a Banach sequence space and let X and Y be Banach
function spaces on [a,b] such that (X,Y) satisfies the ‘-condition. Let w,v and g be
positive measurable functions on [a,b].

(i) The operator Tg is bounded from Xv to Yw if and only if

B1 ¼ sup
a� x� b

kv½x;b�wkYkv½a;x�gv�1kX 0\1:

(ii) The operator T�
g is bounded from Xv to Yw if and only if

B2 ¼ sup
a� x� b

kv½a;x�wkYkv½x;b�gv�1kX 0\1:

Moreover, the norms of the operators Tg and T�
g satisfy B1 �kTgkXv!Yw

� 4d1d2B1

and B2 �kT�
g kXv!Yw

� 4d1d2B2, respectively.

By means of these results, we can state and prove the next theorem, which extends
Theorem A to the setting of Banach function spaces.

Theorem 1 Let �1\a\b\1 and let (X,Y) be a pair of Banach function spaces
on [a,b] which satisfies an ‘-condition. Let w,v be positive measurable functions on
[a,b] and let l be a finite positive Borel measure on [a,b]. Then inequality (1.4) holds
for all absolutely continuous functions f on [a,b] with a constant C[ 0 independent
of f if and only if

P1 ¼ sup
a� x� b

kv½x;b�wkYkv½a;x�l½a; ��v�1kX 0\1 ð2:3Þ

and

P2 ¼ sup
a� x� b

kv½a;x�wkYkv½x;b�l½�; b�v�1kX 0\1: ð2:4Þ

Moreover, the best constant C in inequality (1.4) satisfies
max fP1;P2g

l½a;b� �C� 4d1d2ðP1þP2Þ
l½a;b� .

Proof Assume that (1.4) holds. Let g be a nonnegative function on [a, b] such that
gv 2 X and b 2 ½a; b�. Let, for each n 2 N, gn be the function defined on [a, b] by
gnðxÞ ¼ minfgðxÞ; ng. Then gn is integrable on [a, b] and fgng % g. Let fn be the
function defined by fnðxÞ ¼

R x
a gnðtÞv½a;b�ðtÞdt. The function fn is absolutely

continuous and satisfies f 0nðxÞ ¼ gnðxÞv½a;b�ðxÞ. Then, by identity (1.9) in [5],
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fn � 1

l½a; b�
Z b

a
fndl

����
����
Yw

¼ 1

l½a; b�
Z x

a
l½a; z�f 0nðzÞdz�

Z b

x
l½z; b�f 0nðzÞdz

����
����
Yw

� 1

l½a; b� v½b;b�ðxÞ
Z x

a
l½a; z�f 0nðzÞdz�

Z b

x
l½z; b�f 0nðzÞdz

� �����
����
Yw

¼ 1

l½a; b� v½b;b�ðxÞ
Z x

a
l½a; t�gnðtÞv½a;b�ðtÞdt

����
����
Yw

¼ 1

l½a; b�
Z b

a
l½a; t�gnðtÞdt

� �
kv½b;b�wkY :

On the other hand,

kf 0nkXv
¼ kgnv½a;b�kXv

�kgnvkX :
Therefore, by (1.4),

1

l½a; b�
Z b

a
l½a; t�gnðtÞdt

� �
kv½b;b�wkY �CkgnvkX : ð2:5Þ

Letting n tend to infinity in (2.5), we get

1

l½a; b�
Z b

a
l½a; t�v�1ðtÞ gðtÞvðtÞkgvkX

dt

� �
kv½b;b�wkY �C:

Since the inequality above holds for all g, by the definition of the norm in the
associate space we have

1

l½a; b� kl½a; ��v
�1v½a;b�kX 0 kv½b;b�wkY �C;

which shows (2.3) and P1 �Cl½a; b�. In a similar way, we get P2 �Cl½a; b�.
The sufficiency of the conditions follows immediately from the fact that, by

Theorem C, P1\1 and P2\1 characterize the Hardy inequalitiesZ x

a
l½a; z�gðzÞdz

����
����
Yw

�K1kgkXv
and

Z b

x
l½z; b�gðzÞdz

����
����
Yw

�K2kgkXv
;

respectively. Indeed,

f � 1

l½a; b�
Z b

a
fdl

����
����
Yw

¼ 1

l½a; b�
Z x

a
l½a; z�f 0ðzÞdz�

Z b

x
l½z; b�f 0ðzÞdz

����
����
Yw

� 1

l½a; b�
Z x

a
l½a; z�f 0ðzÞdz

����
����
Yw

þ 1

l½a; b�
Z b

x
l½z; b�f 0ðzÞdz

����
����
Yw

� 4d1d2ðP1 þ P2Þ
l½a; b� kf 0kXv

This proves (1.4) and shows that the best constant C in (1.4) satisfies

C� 4d1d2ðP1þP2Þ
l½a;b� . h
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As we mentioned in the introduction, as a particular case of the previous theorem
we get the characterization of the Orlicz-Poincaré inequality (1.3), where U satisfies

that hðtÞ ¼ Uðt1pÞ is convex. This property guarantees that the space LU is p-convex
(i. e. ‘p-convex) with constant 1 (see [9], Theorem 5.1]). Then, ðLp; LUÞ satisfies the
‘p-condition and, by Theorem 1, the next result follows immediately.

Corollary 1 Let �1\a\b\1 and let l be a finite positive measure on [a,b]. Let
v,w be positive measurable functions on [a,b]. Let p� 1 and let U be a Young

function such that Uðt1pÞ is convex. Then, inequality (1.3) holds for all absolutely
continuous functions f on [a,b] with a constant C[ 0 independent of f if and only if

O1 ¼ sup
a� x� b

kv½x;b�wkLU
Z x

a
l½a; t�p0v1�p0 ðtÞdt

� � 1
p0
\1

and

O2 ¼ sup
a� x� b

kv½a;x�wkLU
Z b

x
l½t; b�p0v1�p0 ðtÞdt

� � 1
p0

\1:

Furthermore, the best constant C satisfies maxfO1;O2g
l½a;b� �C� 4ðO1þO2Þ

l½a;b� .

Observe that, unlike [10], we do not assume that the function U is submulti-
plicative. Therefore, our theorem is different from that in [10], and it is not easy to
compare them, but both generalize Theorem A. However, if U is submultiplicative,
then we can see that kf kLU

U�1�w
�kf kLUðwÞ, so that the sufficient conditions given in

[10] for (1.2) to hold are also sufficient for (1.3) to hold with the weights v and
U�1 � w. In the same way, our conditions for (1.3) to hold with the weights v and
U�1 � w are necessary for (1.2).

In the rest of the section, we focus on variable Lebesgue spaces Lpð�Þ. If p :

½a; b� ! ½1;1Þ is Lebesgue measurable, Lpð�Þ is defined as the set of all measurable
functions f : ½a; b� ! R satisfying that there exists k[ 0 such thatZ b

a

jf ðxÞj
k

� �pðxÞ
dx\1. With this definition, Lpð�Þ is a vector space on which a

norm is defined as follows:

kf kLpð�Þ ¼ inf K[ 0 :

Z b

a

jf ðxÞj
K

� �pðxÞ
dx� 1

( )
:

In this way, the normed space ðLpð�Þ; k � kLpð�Þ Þ is a Banach function space. It is also
well known that if 1\p� � pþ\1, where p� ¼ inffpðxÞ : x 2 ½a; b�g and
pþ ¼ supfpðxÞ : x 2 ½a; b�g, then the associate space of Lpð�Þ is Lp

0ð�Þ, with p0ðxÞ given
by 1

pðxÞ þ 1
p0ðxÞ ¼ 1. For a detailed study of variable Lebesgue spaces, see [6].

In order to prove our result, we will need the following lemma. For a proof, see
[6], Proposition 2.21 and Corollary 2.23].
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Lemma 1 Let p : ½a; b� ! ½1;1Þ such that pþ\1 and X 	 ½a; b�.
(i) If pþðXÞ ¼ supfpðxÞ : x 2 Xg, p�ðXÞ ¼ inffpðxÞ : x 2 Xg and

kf vXkLpð�Þ � 1, then

kf vXkpþðXÞLpð�Þ �
Z
X
jf ðxÞjpðxÞdx�kf vXkp�ðXÞLpð�Þ :

(ii) If kf kLpð�Þ ¼ 1, then
R b
a jf ðxÞjpðxÞ ¼ 1.

Our result on weighted one-dimensional Poincaré inequalities on variable
Lebesgue spaces reads as follows.

Corollary 2 Let �1\a\b\1 and let l be a finite positive measure on [a,b]. Let
v,w be positive measurable functions on [a,b]. Let p; q : ½a; b� ! ½1;1Þ satisfying
that there exists r� 1 such that pðxÞ� r� qðxÞ for all x 2 ½a; b�, p� [ 1 and qþ\1.
Then there exists C[ 0 such that

f � 1

l½a; b�
Z b

a
fdl

����
����
Lqð�Þw

�Ckf 0k
Lpð�Þv

ð2:6Þ

holds for all absolutely continuous functions f on [a,b] if and only if

V1 ¼ sup
a� x� b

kv½x;b�wkLqð�Þ kv½a;x�l½a; ��v�1kLp0 ð�Þ\1 ð2:7Þ

and

V2 ¼ sup
a� x� b

kv½a;x�wkLqð�Þkv½x;b�l½�; b�v�1kLp0 ð�Þ\1: ð2:8Þ

Moreover, the best constant C in inequality (2.6) satisfies max fV1;V2g
l½a;b� �C� 4ðV1þV2Þ

l½a;b� .

Proof Let us prove that the pair ðLpð�Þ; Lqð�ÞÞ satisfies the ‘r-condition. Let us see first
that Lpð�Þ is ‘r-concave with constant 1. Let fIkg be a sequence of pairwise disjoint
intervals with ½a; b� ¼ [kIk , f 2 Lpð�Þ and for each k, let pkþ ¼ supfpðxÞ : x 2 Ikg.
Then, by Lemma 1 we have

X
k

f vIk
kf kLpð�Þ

����
����
r

Lpð�Þ

 !1
r

�
X
k

f vIk
kf kLpð�Þ

����
����
pkþ

Lpð�Þ

 !1
r

�
X
k

Z
Ik

jf ðxÞj
kf kLpð�Þ

� �pðxÞ
dx

 !1
r

¼
Z b

a

jf ðxÞj
kf kLpð�Þ

� �pðxÞ
dx

 !1
r

¼ 1:

In the same way, we can prove that Lqð�Þ is ‘r-convex. Then the result follows
immediately from Theorem 1. h
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3 Weighted weak-type Poincaré inequalities

In order to characterize the good weights for the weak-type inequality (1.5) to hold
we need the next result on weighted weak-type inequalities for the operators Tg and
T�
g defined previously. We state it as a lemma and include its proof for completeness.

We assume that the function g is bounded, since later gðtÞ ¼ l½a; t� or gðtÞ ¼ l½t; b�.
Similar, more general results can be found, for example, in [8, 13, 14].

Lemma 2 Let �1\a\b\1 and 1� p; q\1. Let g be a nonnegative,
measurable, and bounded function on [a,b] and let w,v be positive measurable
functions on [a,b].

(i) Then there exists a positive constant C such that inequality

Tgf
�� ��

Lq;1ðwÞ �Ckf kLpðvÞ ð3:1Þ
holds for all nonnegative functions f on [a,b] if and only if

AL ¼ sup
a� x� b

Z b

x
w

� �1
q
Z x

a
gp

0
v1�p0

� � 1
p0
\1:

(ii) Then there exists a positive constant C such that inequality

T�
g f

��� ���
Lq;1ðwÞ

�Ckf kLpðvÞ ð3:2Þ

holds for all nonnegative functions f on [a,b] if and only if

AR ¼ sup
a� x� b

Z x

a
w

� �1
q
Z b

x
gp

0
v1�p0

� � 1
p0

\1:

Moreover, the best constants for (3.1) and (3.2) are AL and AR, respectively.

Proof We will only prove (i), since the proof of (ii) is similar. Assume first that
AL\1. Let f be a nonnegative function and k[ 0. Since the function

R x
a gf is

nondecreasing, Ok ¼ fx 2 ½a; b� : R xa gf [ kg ¼ ðc; b�, where c verifies
R c
a gf ¼ k.

Then, by Hölder’s inequality,

Z
Ok

w ¼ 1

kq

Z c

a
gf

� �qZ b

c
w� 1

kq

Z c

a
f pv

� �q
p
Z c

a
gp

0
v1�p0

� � q
p0
Z b

c
w� Aq

L

kq

Z b

a
f pv

� �q
p

;

which gives (3.1) and shows that the best constant is less than AL.
Conversely, if (3.1) holds, c 2 ½a; b� and fn ¼ vft2½a;c�:vðtÞ[ 1

ngg
p0�1v1�p0 , then

fn 2 LpðvÞ, f pn v ¼ gfn, ffng % v½a;c�gp
0�1v1�p0 , and
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Z b

c
w

� �1
q
Z c

a
gfn ¼ kv½c;b�kLq;1ðwÞ

Z c

a
gfn ¼ v½c;b�

Z c

a
gfn

����
����
Lq;1ðwÞ

�
Z x

a
gfn

����
����
Lq;1ðwÞ

�C

Z c

a
f pn v

� �1
p

¼ C

Z c

a
gfn

� �1
p

;

which implies

Z b

c
w

� �1
q
Z c

a
gfn

� � 1
p0
�C:

Letting n tend to 1, by monotone convergence we have

Z b

c
w

� �1
q
Z c

a
gp

0
v1�p0

� � 1
p0
�C;

and taking supremum on c 2 ½a; b� we obtain AL �C. h

Our result on weighted weak-type one-dimensional Poincaré inequalities reads as
follows.

Theorem 2 Let 1� p; q\1 and let v,w be positive measurable functions on [a,b].
Then, inequality (1.5) holds for all absolutely continuous functions f on [a,b] with a
constant C[ 0 independent of f if and only if

PL ¼ sup
a� x� b

Z b

x
w

� �1
q
Z x

a
l½a; y�p0v1�p0 ðyÞdy

� � 1
p0
\1 ð3:3Þ

and

PR ¼ sup
a� x� b

Z x

a
w

� �1
q
Z b

x
l½y; b�p0v1�p0 ðyÞdy

� � 1
p0

\1: ð3:4Þ

Moreover, the best constant C in (1.5) satisfies
1

l½a;b�maxfPL;PRg�C� 2
l½a;b� ðPL þ PRÞ.

Proof Let f be absolutely continuous on [a, b]. Then, following [5],

f ðxÞ � 1

l½a; b�
Z b

a
fdl ¼ 1

l½a; b�
Z x

a
l½a; z�f 0ðzÞdz�

Z b

x
l½z; b�f 0ðzÞdz

	 

: ð3:5Þ

Then
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f ðxÞ � 1

l½a; b�
Z b

a
fdl

����
����
Lq;1ðwÞ

� 2

l½a; b� ðI þ IIÞ;

where I ¼ R x
a l½a; z�f 0ðzÞdz

�� ��
Lq;1ðwÞ and II ¼ R b

x l½z; b�f 0ðzÞdz
��� ���

Lq;1ðwÞ
. Applying

Lemma 2, conditions (3.3) and (3.4) imply

I �PL

Z b

a
jf 0jpvdl

� �1
p

and II �PR

Z b

a
jf 0jpvdl

� �1
p

;

respectively, and then we get (1.5) with constant 2
l½a;b� ðPL þ PRÞ.

Let us now prove the necessity of the conditions. Let b 2 ½a; b� and, for each

natural n, let ðv1�p0 ÞnðxÞ ¼ minfvðxÞ1�p0 ; ng. Let us define

f1ðxÞ ¼
Z x

a
l½a; t�p0�1ðv1�p0 ÞnðtÞv½a;b�ðtÞdt:

Observe that f1 is absolutely continuous on [a, b] and

f 01ðxÞ ¼ l½a; x�p0�1ðv1�p0 ÞnðxÞv½a;b�ðxÞ. Then f 01ðxÞ ¼ 0 for x[ b. Let us estimate the

left-hand side of (1.5) for f1. By (3.5), we have

f1ðxÞ � 1

l½a; b�
Z b

a
f1dl

����
����
Lq;1ðwÞ

¼ 1

l½a; b�
Z x

a
l½a; z�f 01ðzÞdz�

Z b

x
l½z; b�f 01ðzÞdz

����
����
Lq;1ðwÞ

� 1

l½a; b� v½b;b�ðxÞ
Z x

a
l½a; z�f 01ðzÞdz�

Z b

x
l½z; b�f 01ðzÞdz

	 
����
����
Lq;1ðwÞ

¼ 1

l½a; b� v½b;b�ðxÞ
Z b

a
l½a; z�f 01ðzÞdz

����
����
Lq;1ðwÞ

¼ 1

l½a; b�
Z b

a
l½a; z�p0 ðv1�p0 ÞnðzÞdz

� � Z b

b
w

� �1
q

:

Then (1.5) yields

1

l½a; b�
Z b

a
l½a; z�p0 ðv1�p0 ÞnðzÞdz

� � 1
p0 Z b

b
w

� �1
q

�C;

which, letting n tend to 1, implies PL
lð½a;b�Þ �C. For condition (3.4), we work in the

same way with the function f2ðxÞ ¼
R b
x l½t; b�p

0�1ðv1�p0 ÞnðtÞv½b;b�ðtÞdt, getting
PR

lð½a;b�Þ �C.

h
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