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Abstract

We characterize some weighted one-dimensional Poincaré inequalities on Banach
function spaces, generalizing in this way Chua and Wheeden’s theorem in the case
p <gq. As particular cases, we get the characterizations of some weighted Orlicz-
Poincaré inequalities and Poincaré inequalities in variable Lebesgue spaces. We also
get a new result on weighted weak-type inequalities of this kind.
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1 Introduction
Let —oo<a<b<oo and let u be a finite positive Borel measure on [a, b]. S.-K.
Chua and R. Wheeden characterized in [5] the pairs of positive weights w, v on [a, b]

such that for all absolutely continuous functions f'on [a, b] and some constant C > 0
independent of f'the weighted one-dimensional Poincaré inequality

Hf N u[al, b] /abfd#

1
holds, where 1 <p,g<oo and ||g| () = (f: \g|pv)p. Their results are the next ones.

SN oy (1.1)
Li(w)
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Theorem A [5] Let —oco<a<b<oo and let u be a finite positive Borel measure on
[a,b]. Let v,w be two positive measurable functions on [a,b]. Then, inequality (1.1)
holds for 1 <p <g<oo if and only if

b % X / ! l%
Ci(p,q) = g@w</iw> (/ MmyVV“P@ﬁ@> <oo

= s (') ([ wsarria) <o

Moreover, the best constant C in (1.1) satisfies

max{Cl(p, Q)7 Cz(Pa‘])} <C< Cl(p,Q) + CZ(p7 q)
:u[a’b} o 'u[a’b]

and

K(p,q),

1
_/

1
where K(q,p) = (1 —|—§)q(1 +%>p forp>1and K(g,1) = 1.

Theorem B [5] In the conditions of Theorem A, inequality (1.1) holds for g<p if
and only if

1
¥

Ci(pra) = ( / b (/ bw)g( / xma,yr”v‘P’@)dy);'u[a,x}p’vlp’ <x>dx) <o0

and
i 1
b X 5 b , , 7 , , r
Calp.q) = ( L) ([ s o) o' <x>dx> <sx,
where 1 = é - %. Moreover, the best constant C in (1.1) satisfies

Cl(paq) +C2(P7Q) L, \d
Cc< a b g ()7

These results show that there is a close relationship between one-dimensional
Poincaré inequalities with weights and weighted Hardy inequalities, since the
conditions Cj(p,q) <oo and C,(p,q) <oo characterize the pairs of weights (v, w)
such that the Hardy-type operators 7, and 7}, defined by

X b
o = [ dadfd and 160 = [ bl

are bounded from L”(v) to L?(w), respectively (see [4] and [15] for the case p < g and
[12] for g <p).
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Very recently, Korobenko, Milshstein and Yong have studied in [10] the weighted
inequality

< Cl Nips (1.2)

L2 (w)

b |

where @ is a submultiplicative Young function such that <D(t1% ) is convex and L?(w)
is the weighted Orlicz space whose norm is defined by

sy =t {0 [ " o (P w1},

Specifically, they have given, when p > 1, necessary conditions on the weights for
(1.2) to hold and different sufficient conditions, which turn to be necessary and
sufficient when ®(¢) = ¢ with p <gq. In this way, they get a result that generalizes
Theorem A. The main obstacle to achieving the necessary and sufficient conditions
on the weights so that inequality (1.2) holds is the fact that, to the best of our
knowledge, the boundedness of the Hardy-type operators 7, and 7); from LF(v) to

L®(w) has not yet been characterized. However, there is another possibility, which is
to consider the weight as a multiplier in the Orlicz space, instead of as a measure.
This is common when working with function spaces other than L” spaces (see, for
instance, [1, 7, 11]). If we use this approach to the problem, we have the advantage
that the inequalities with weights for the operators 7}, and 7} are already charac-
terized (see [3, 11]).

One of our purposes is to characterize the weights for the inequality

Hf ;ﬂ/f“

1l e = inf{K> 0: /ubq)(W)dtél}.

Really, we will work in a much more general setting, since we will characterize the
good weights for the inequality

1 h
‘V‘Mmmlﬁw

to hold, where (X, Y) is a pair of Banach function spaces. The pairs (X, ¥) we work
with satisfy a suitable condition so that if X = L7 and Y = L9, then the condition
holds for p <gq. In this way, we will get a generalization of Theorem A. In the
weighted spaces X, and Y,,, the weights act as multipliers, i. e., X, = {f : fy € X}
and ||f'|ly = |lfv|ly. All this will be done in section 2, where, as a consequence of our
general result, we will also characterize some weighted one-dimensional Poincaré
inequalities in variable Lebesgue spaces.

<l My (1.3)

to hold, where

(1.4)

Y,
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Our second objective is to characterize some weighted weak-type Poincaré
inequalities and study their relationship with inequality (1.1). By a weak-type
Poincaré inequality we mean an inequality of the form

<l Ny (1.5)

L3> (w)

170~ [

) is defined by

[ —— i( / W) -
>0 {x€la,bl:lg(x)| > 1}

Comparing our result in inequality (1.5) with Theorems A and B, we will see that
(1.5) and (1.1) are equivalent if p < g, but it does not hold in the case ¢ <p. This will
be done in Sect. 3.

where || - [| 75,

2 Weighted Poincaré inequalities in Banach function spaces

In order to state and prove our results, let us recall some concepts from the theory of
Banach function spaces (see [2] for the basic definitions). Let X be a Banach function
space on [a, b] and let £ be a Banach sequence space. We will say that X is /-concave
if there exists d; > 0 such that for every sequence of pairwise disjoint intervals {/; }
with [a, b] = Uy and all f € X the inequality

Z exllf 1,

k

x|[ <dillflly (2.1)

14

holds, where e;, stands for the sequence whose terms are all null except the one in
position k& which is 1. In the same way, a Banach function space Y is said to be /-
convex if there exists d, > 0 such that for all sequences of pairwise disjoint intervals
{I+} with [a,b] = Ul and all g € Y the inequality

ZengX]k”Y
3

holds. It is well known that Yis ¢-convex if and only if ¥’ is ¢'-concave with the same
constant, where Y’ and ¢ stand for the associate spaces of Y and ¢, respectively.
Given a Banach function space X on [a, b], its associate space X’ consists of the
measurable functions g such that ||g||» < oo, where

lelly <da (2.2)

¢

b
lelly = sup{ [ lirexiii< 1}.

We will say that a pair (X, Y¥) of Banach function spaces on [a, b] satisfies a
Berezhnoi /-condition (see [3, 11]) if there exists a Banach sequence space £ such
that X is /-concave and Y is ¢-convex. Observe that (L7, L9) verify an ¢-condition if
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p < q. For these pairs of Banach function spaces, Berezhnoi characterized the weights
w, v such that the Hardy-type operators T, and T}, defined by

X b
Tof(x) = / gOfd and  Tif(x) = / g () (1)de

are bounded from X, to Y,,. The result is the next one.

Theorem C [3, 11] Let ¢ be a Banach sequence space and let X and Y be Banach
function spaces on [a,b] such that (X,Y) satisfies the {-condition. Let w,v and g be
positive measurable functions on [a,b].

(i) The operator T, is bounded from X, to Y,, if and only if

Bi=sup llzmopilyllzng Iy <oo.

a< X

(ii)  The operator 7, is bounded from X, to Y, if and only if

B, = sup ”X[a.x]W”YHX[x,b]gv_l||X’<OO'
a<x<b

Moreover, the norms of the operators 7, and 7, s satisfy By < ||Tg|| Xy, <4didyB,
and B, <||T 2 I x,—y, <4d1dyB,, tespectively.

By means of these results, we can state and prove the next theorem, which extends
Theorem A to the setting of Banach function spaces.

Theorem 1 Let —co <a<b<oo and let (X,Y) be a pair of Banach function spaces
on [a,b] which satisfies an {-condition. Let w,v be positive measurable functions on
[a,b] and let i be a finite positive Borel measure on [a,b]. Then inequality (1.4) holds
for all absolutely continuous functions f on [a,b] with a constant C > 0 independent

of fif and only if

Pr=sup [ xppwlyllxamsla, v |y <oo (2.3)
a<x<b
and
Py= sup ||7axWI| gyl DIV | < 00 (2.4)

Moreover, the best constant C in inequality (1.4) satisfies
max {P1 Pz} 4d]d2(P]+Pz)
dad - =C= =g

Proof Assume that (1.4) holds. Let g be a nonnegative function on [a, b] such that
gv € X and f € [a,b]. Let, for each n € N, g, be the function defined on [a, b] by
gn(x) = min{g(x),n}. Then g, is integrable on [a, b] and {g,} " g. Let f, be the
function defined by f,(x f an(t Xla /3] t)dt. The function f, is absolutely
continuous and satisfies f; (x ( ) = gu(x) X[a,m( x). Then, by identity (1.9) in [5],
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1

a2 () / ule, B )

1 b
‘ﬁz - H[a7b]/a /ndﬂ

Y, - Iu[ )

> ([ vt igerts - [ e bv,xz)dz)

= MHXW] (x) /X pla, 11 (t) 110, (1)dt )

i
N u[al, b] (/ ”[a’t}g”(’)d‘)”X[/f,h]wﬂy-

Wlx, = llgnia

Yy

Y,

On the other hand,
< lignvllx-

Therefore, by (1.4),

B
ﬁ (/ M[a,t]gn(t)dt) 75 wlly < Cllgavllx- (2.5)

Letting » tend to infinity in (2.5), we get

(L i 8OO y
wa, b] (/a wla, tlv"(¢) ||gvH dt>|,{/gb] Iy <C.

Since the inequality above holds for all g, by the definition of the norm in the
associate space we have

1 —
wa, b] e, v gl g apwlly < C,

which shows (2.3) and P; < Cula, b]. In a similar way, we get P, < Cula, b].
The sufficiency of the conditions follows immediately from the fact that, by
Theorem C, P; <oo and P, < oo characterize the Hardy inequalities

x b
| e eerie| <Kilally, and | [ e <Kol
respectively. Indeed,
1 1 X b
= | i = e - [ b e §
< | [viaarea] + | [ nree
ﬂ[‘hb} a Y, ,u[a, Y,
BE P
pla, b] '
This proves (1.4) and shows that the best constant C in (1.4) satisfies
C < MBPLR) O
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As we mentioned in the introduction, as a particular case of the previous theorem
we get the characterization of the Orlicz-Poincaré inequality (1.3), where @ satisfies
that h(t) = CD(tzlJ) is convex. This property guarantees that the space L® is p-convex
(i. e. #P-convex) with constant 1 (see [9], Theorem 5.1]). Then, (L7, L®) satisfies the
#P-condition and, by Theorem 1, the next result follows immediately.

Corollary 1 Let —oco<a<b< oo and let i be a finite positive measure on [a,b]. Let
v,w be positive measurable functions on [a,b]. Let p>1 and let ® be a Young

function such that (D(té) is convex. Then, inequality (1.3) holds for all absolutely
continuous functions fon [a,b] with a constant C > 0 independent of f'if and only if

1
x v
0r= s gl [ sl ) <oc

a<x<bh

and

b , , rd
0= sup oo ([ sles?v 7 0t <o
<x<b ' x

a

4(0,+0,)
b

Furthermore, the best constant C satisfies % <C< =0y

Observe that, unlike [10], we do not assume that the function @ is submulti-
plicative. Therefore, our theorem is different from that in [10], and it is not easy to
compare them, but both generalize Theorem A. However, if ®@ is submultiplicative,
then we can see that ||f]| o, <|If1lzo(w)» so that the sufficient conditions given in
[10] for (1.2) to hold are aléo sufficient for (1.3) to hold with the weights v and
®~! o w. In the same way, our conditions for (1.3) to hold with the weights v and
®~! o w are necessary for (1.2).

In the rest of the section, we focus on variable Lebesgue spaces L), If p :
[a,b] — [1,00) is Lebesgue measurable, 7 is defined as the set of all measurable
functions [ :[a,b] — R satisfying that there exists />0 such that

b p)
/ <@> dx<oo. With this definition, Z”() is a vector space on which a
A
a

norm is defined as follows:

1l = inf{K -0 /;(@)pmdxg 1}.

In this way, the normed space (Z”"), || - ||,,)) is a Banach function space. It is also
well known that if 1<p_<p, <oo, where p_ =inf{p(x):x € [a,b]} and
P+ = sup{p(x) : x € [a, b]}, then the associate space of /(") is L7, with p'(x) given

by ﬁ + ﬁ = 1. For a detailed study of variable Lebesgue spaces, see [6].

In order to prove our result, we will need the following lemma. For a proof, see
[6], Proposition 2.21 and Corollary 2.23].
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Lemma 1 Let p: [a,b] — [1,00) such that p, <oo and Q C [a,b].
O If  p(Q)=sup{px):x€Q}, p_(Q)=inf{p(x):xecQ} and
I/ xall o <1, then

Q)
rall < [ P < rzalf,
@) IF [/l =1, then [7|f ()™

Our result on weighted one-dimensional Poincaré inequalities on variable
Lebesgue spaces reads as follows.

Corollary 2 Let —oco <a<b< oo and let u be a finite positive measure on [a,b]. Let
v,w be positive measurable functions on [a,b]. Let p,q : [a,b] — [1,00) satisfying
that there exists r > 1 such that p(x) <r <q(x) for all x € [a,b], p_ > 1 and g, <oc.
Then there exists C > 0 such that

1 b
Hf_ﬂ[aab]/a fan|,

holds for all absolutely continuous functions f on [a,b] if and only if

< (2:6)

Vi= sup [zpeswlloo |z rla, vl o <oo 2.7)
a<x<b
and

Vo= sup | 2aawlleo o pials B || oy <. (2.8)
a<x<bh

Moreover, the best constant C in inequality (2.6) satisfies ma’;g/‘b’]VZ} <Cc< 4(;1/[';[]/2).

Proof Let us prove that the pair (L7, L10)) satisfies the #"-condition. Let us see first
that Z70) is ¢"-concave with constant 1. Let {I;} be a sequence of pairwise disjoint
intervals with [a,b] = Uli, f € IP*) and for each &, let p* = sup{p(x) : x € I;}.

Then, by Lemma 1 we have
() <ol ) <L)
(LG ) -

In the same way, we can prove that L) is ¢"-convex. Then the result follows
immediately from Theorem 1. O

fX1k
1l e

fX[k
Nl o
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3 Weighted weak-type Poincaré inequalities

In order to characterize the good weights for the weak-type inequality (1.5) to hold
we need the next result on weighted weak-type inequalities for the operators 7, and
T, defined previously. We state it as a lemma and include its proof for completeness.

We assume that the function g is bounded, since later g(¢) = pla, t] or g(¢) = ult, b).
Similar, more general results can be found, for example, in [8, 13, 14].

Lemma 2 Let —co<a<b<oo and 1<p,gq<oco. Let g be a nonnegative,
measurable, and bounded function on [a,b] and let w,v be positive measurable
functions on [a,b].

(1) Then there exists a positive constant C such that inequality

| Tgf”moc(w) < Clf M) (3.1)

holds for all nonnegative functions f on [a,b] if and only if

w= s ([ ([ =

(ii)) Then there exists a positive constant C such that inequality

| 7], SCW s (32)

holds for all nonnegative functions f on [a,b] if and only if

X é b , , ﬁ
Ar = sup (/ w) (/ g”vlp> <00.
a<x<b a X

Moreover, the best constants for (3.1) and (3.2) are 4, and A4g, respectively.

Proof We will only prove (i), since the proof of (ii) is similar. Assume first that
Ap<oo. Let fbe a nonnegative function and A > 0. Since the function fung is

nondecreasing, O; = {x € [a,b] : [ gf > 1} = (c,b], where ¢ verifies [ gf = .
Then, by Holder’s inequality,

Lo=i () o ([ ([ [ e[ ).

which gives (3.1) and shows that the best constant is less than A;.
Conversely, if (3.1) holds, ¢ € [a,b] and fo = Yyiefu e > l}gp/_lv“ﬁ/, then

f;’l € LP(V),f;fV = gﬁ% {ﬂ} / X[a,c]gprilvlipla and

@ Springer



P. Ortega, C. Ramirez

/ang,;

<

b é c c c
([ ) [ = st [ et =zen [ e
c a a a Lo (w)
¢ 1 c 1
» »
§C</ fnpv> :C</ gﬁ7> )
a a

L3> (w)

which implies

([ () =

Letting n tend to co, by monotone convergence we have

b % c &
(L) (L) =e

and taking supremum on ¢ € [a, b] we obtain 4, < C. O

Our result on weighted weak-type one-dimensional Poincaré inequalities reads as
follows.

Theorem 2 Let 1 <p,q<oo and let v,w be positive measurable functions on [a,b].
Then, inequality (1.5) holds for all absolutely continuous functions f on [a,b] with a
constant C > 0 independent of f if and only if

b é X / / %
Py = sup (/ W> (/ wla, yf v (y)dy)[ <00 (33)
a<x<b\Jx a

and
X 1 b %
Pr = sup (/ W),,(/ Uy, b]p/v“”'(y)dy)' <o (3.4)
a<x<b\Ja :
Moreover, the best constant C in (1.5) satisfies
u[al—,b}maX{PLaPR} <Cc< ﬁ(PL + Pp).

Proof Let fbe absolutely continuous on [a, b]. Then, following [5],

flx) — ﬁ / ’ fdp = ﬁ { / " e, 2f (2)dz — / ' ulz, b]f’(z)dz} . (3.5)

Then
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Hf ab]/f"

where [ = Hf; H[a,zlf/(z)dznmm

2

<
Loy H[a; D]

(I + 1),

(w)
Lemma 2, conditions (3.3) and (3.4) imply

b ; b ;
I1<Pp (/ [f’|pvdu> and I <Pp (/ [f'pvd,u> ,

respectively, and then we get (1.5) with constant [a 7 (Pr + Pg).

and Il = H f: wz, b)f’ (z)dzHLqm(W). Applying

Let us now prove the necessity of the conditions. Let f € [a,b] and, for each
natural n, let (v' %), (x) = min{v(x)' 7, n}. Let us define

fiw = [ a0 ), (00 (1)

Observe  that f is  absolutely  continuous on [a, b] and
fx) = ,u[a,x]p/*l(v“p/)n(x)x[a_ﬁ] (x). Then f/(x) = 0 for x > f. Let us estimate the
left-hand side of (1.5) for fi. By (3.5), we have

T

:u[al’b] / wla,Z)f!(2)dz — / LT
> g | [ e - [ "l o
) a 1 ; Lo (w)
) [ e -

Then (1.5) yields

M[al, ) </a[j M[a,z]p/(vlP’)n(z)dz)#(/ﬁb w>% <,

which, letting n tend to oo, implies ([ 7 < C. For condition (3.4), we work in the

same way with the function f(x f wt, b” Yot ) () 7150 (2)dlt,  getting
e < C-
O
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