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A weighted weak-type multilinear gradient inequality

V́ıctor Garćıa Garćıa and Pedro Ortega Salvador

Abstract.We characterize the weights w, v1, v2, . . . , vm for which the weak-
type multilinear gradient inequality
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m∏

i=1

fi
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∥
∥
p,∞;w

≤ C
m∏

i=1

‖x · ∇fi(x)‖pi,vi

holds for all f1, f2, . . . , fm ∈ C∞
c (Rn) in the case 1

p
= 1

p1
+ 1

p2
+ · · ·+ 1

pm
.
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1. Introduction and results. Hardy’s inequality in R
n is a fundamental result

in mathematical analysis, with many applications (see the monographs [2,4]).
It asserts that if p ≥ 1, p �= n, then

∫

Rn

|f(x)|p
|x|p dx ≤

∣
∣
∣
∣

p

n − p

∣
∣
∣
∣

p ∫

Rn

|∇f(x)|pdx (1.1)

for all f ∈ C∞
c (Rn \ {0}).

It is also possible to prove the next inequality, which is stronger than (1.1)
in the case p < n (see [2]): if p ≥ 1 and f ∈ C∞

c (Rn), then
∫

Rn

|f(x)|pdx ≤
( p

n

)p
∫

Rn

|x · ∇f(x)|pdx. (1.2)

Sinnamon studied in [5] the weighted counterpart of inequality (1.2). Specif-
ically, by means of the methods of the theory of weighted Hardy inequalities,
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he characterized the nonnegative measurable functions v, w on R
n such that

the gradient inequality
∫

Rn

|f(x)|pw(x)dx ≤ C

∫

Rn

|x · ∇f(x)|pv(x)dx (1.3)

holds for each f ∈ C∞
c (Rn) with a positive constant C independent of f . His

result is the next one.

Theorem 1.1 ([5]). Let 1 < p < ∞ and let v, w be nonnegative locally integrable
functions on R

n with v �= 0. Then inequality (1.3) holds for all f ∈ C∞
c (Rn)

if and only if

sup
x∈Rn

⎛

⎝

1∫

0

w(tx)tn−1dt

⎞

⎠

1
p

⎛

⎝

∞∫

1

v(tx)1−p′
tn(1−p′) dt

t

⎞

⎠

1
p′

< ∞,

where p′ stands for the conjugate exponent of p.

More recently, Ortega [3] applied some results on weighted bilinear Hardy
inequalities (see [1]) in order to characterize the weights w, v1, v2 such that the
inequality

⎛

⎝

∫

Rn

|f1f2|pw
⎞

⎠

1
p

≤ C

2∏

i=1

⎛

⎝

∫

Rn

|x · ∇fi(x)|pivi(x)dx

⎞

⎠

1
pi

(1.4)

holds for all f1, f2 ∈ C∞
c (Rn) with a constant C > 0 independent of f1 and

f2, where 1
p = 1

p1
+ 1

p2
. The result is the following one.

Theorem 1.2 ([3]). Let p, p1, p2 > 1 with 1
p1

+ 1
p2

= 1
p . Let w, v1, v2 be nonneg-

ative locally integrable functions defined on R
n with v1, v2 �= 0. Let Vi(t, x) =

vi(tx)1−p′
itn(1−p′

i) for i = 1, 2. Inequality (1.4) then holds for all f1, f2 ∈
C∞

c (Rn) with a positive constant C independent of f1 and f2 if and only if
the following conditions hold:
(i)

sup
x∈Rn

⎛

⎝

1∫

0

w(tx)tn−1dt

⎞

⎠

1
p

2∏

i=1

⎛

⎝

∞∫

1

Vi(t, x)
dt

t

⎞

⎠

1
p′

i

< ∞,

(ii)

sup
x∈Rn

⎛

⎝

∞∫

1

V1(t, x)
dt

t

⎞

⎠

1
p′
1

×

⎛

⎜
⎝

1∫

0

⎛

⎝

z∫

0

w(tx)tn−1dt

⎞

⎠

p1
p

⎛

⎝

∞∫

z

V2(t, x)
dt

t

⎞

⎠

p1
p′

V2(z, x)
dz

z

⎞

⎟
⎠

1
p1

< ∞,
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(iii)

sup
x∈Rn

⎛

⎝

∞∫

1

V2(t, x)
dt

t

⎞

⎠

1
p′
2

×

⎛

⎜
⎝

1∫

0

⎛

⎝

z∫

0

w(tx)tn−1dt

⎞

⎠

p2
p

⎛

⎝

∞∫

z

V1(t, x)
dt

t

⎞

⎠

p2
p′

V1(z, x)
dz

z

⎞

⎟
⎠

1
p2

< ∞.

In this paper, our purpose will be to characterize the weights w, v1, v2, . . . ,
vm for which the multilinear weak-type gradient inequality

∥
∥
∥
∥
∥

m∏

i=1

fi

∥
∥
∥
∥
∥

p,∞;w

≤ C

m∏

i=1

‖x · ∇fi(x)‖pi,vi
(1.5)

holds for all f1, f2, . . . , fm ∈ C∞
c (Rn) in the case 1

p = 1
p1

+ 1
p2

+ · · ·+ 1
pm

, where
for a measurable function g on R

n,

‖g‖p,∞;w = sup
λ>0

λ

⎛

⎜
⎝

∫

{x∈Rn:|g(x)|>λ}

w

⎞

⎟
⎠

1
p

and

‖g‖p;v =

⎛

⎝

∫

Rn

|g|pv
⎞

⎠

1
p

.

In order to characterize inequality (1.5), we will need the next theorem.

Theorem 1.3. Let p, p1, p2, . . . , pm ∈ R with 0 < p < ∞, p1, p2, . . . , pm ≥
1, and 1

p = 1
p1

+ 1
p2

+ · · · + 1
pm

. Let w, v1, v2, . . . , vm be positive measurable
functions on R

n. Then, there exists a positive constant C such that the weighted
multilinear weak-type inequality

∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

1

fi(tx)
t

dt

∥
∥
∥
∥
∥
∥

p,∞;w

≤ C

m∏

i=1

‖fi‖pi,vi
(1.6)

holds for all functions f1, f2, . . . , fm, with fi ∈ Lpi(vi) if and only if

B = ess sup
x∈Rn

⎛

⎝

1∫

0

w(sx)sn−1ds

⎞

⎠

1
p

m∏

i=1

∥
∥
∥
∥
∥
∥

χ(1,∞)(s)vi(sx)
−1
pi s

−(n−1)
pi

s

∥
∥
∥
∥
∥
∥

p′
i

< ∞.

Furthermore, the best constant C in inequality (1.6) satisfies C = B.

The connection between inequalities (1.6) and (1.5) is established in the
next result.
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Theorem 1.4. Let p, p1, p2, . . . pm ∈ R with 0 < p < ∞, p1, p2, . . . , pm ≥ 1,
and 1

p = 1
p1

+ 1
p2

+ · · · + 1
pm

. Let w, v1, v2, . . . , vm be positive locally integrable
functions on R

n and C > 0. The following statements are equivalent:
(i) Inequality (1.6) holds with constant C for all f1, f2, . . . , fm with fi ∈

Lpi(vi).
(ii) Inequality (1.6) holds with constant C for all f1, f2, . . . , fm ∈ C∞

c (Rn).
(iii) Inequality (1.5) holds with constant C for all f1, f2, . . . , fm ∈ C∞

c (Rn).

In this way, we immediately get the result which characterizes (1.5). It
reads as follows.

Corollary 1.5. Let p, p1, p2, . . . pm ∈ R with 0 < p < ∞, p1, p2, . . . , pm ≥ 1,
and 1

p = 1
p1

+ 1
p2

+ · · · + 1
pm

. Let w, v1, v2, . . . , vm be positive locally integrable
functions on R

n. Then, there exists C > 0 such that (1.5) holds for every
f1, f2, . . . fm ∈ C∞

c (Rn) if and only if B < ∞. Moreover, the best constant C
in inequality (1.5) satisfies C = B.

As far as we know, this result is new, even in the linear case. It is worth
noting that for m = 1 the weak and strong-type gradient inequalities are
equivalent (see Theorem 1.1), whereas it does not hold for m > 1 (see Theorem
1.2). This observation applies in the linear case even when p = 1 since, although
Sinnamon’s statement of Theorem 1.1 only includes the case p > 1, the theorem
actually also holds for p = 1.

The condition B < ∞ is easily verifiable for power weights. In this case,
we get the next result.

Corollary 1.6. Let p, p1, p2, . . . pm ∈ R with 0 < p < ∞, p1, p2, . . . , pm ≥ 1, and
1
p = 1

p1
+ 1

p2
+ · · ·+ 1

pm
. If w(x) = |x|α and vi = |x|βi with α, β1, . . . , βm > −n,

then inequality (1.5) holds if and only if
∑m

i=1
α−βi

pi
= 0. Moreover, the best

constant for (1.5) is

B =
(

1
n + α

) 1
p ∏

i∈S

(
pi − 1
βi + n

) 1
p′

i

,

where S = {i : pi > 1}.
Observe that inequality (1.5) holds without weights and Corollary 1.6 shows

that in such case the best constant is

B =
(

1
n

) 1
p ∏

i∈S

(
pi − 1

n

) 1
p′

i

,

which is the value of B when w = v1 = v2 = · · · = vm = 1. In particular, for
m = 1 and without weights, we get the sharp inequalities

‖f‖p,∞ ≤ (p − 1)
1
p′

n
‖x · ∇f(x)‖p

if p > 1, and

‖f‖1,∞ ≤ 1
n

‖x · ∇f(x)‖1.
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2. Proof of Theorem 1.3. In order to prove Theorem 1.3, we will need the
following lemma.

Lemma 2.1. Let p, p1, p2, . . . , pm ∈ R with 0 < p < ∞ and p1, p2, . . . , pm ≥
1. Let w, v1, v2, . . . , vm be positive measurable functions on (0,∞). Then the
weighted multilinear weak-type inequality

∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

x

fi(t)
t

dt

∥
∥
∥
∥
∥
∥

p,∞;w

≤ C
m∏

i=1

‖fi‖pi,vi
(2.1)

holds if and only if

A = sup
b>0

⎛

⎝

b∫

0

w

⎞

⎠

1
p

m∏

i=1

∥
∥
∥
∥
∥

χ(b,∞)(t)vi(t)
−1
pi

t

∥
∥
∥
∥
∥

p′
i

< ∞.

Furthermore, the best constant in (2.1) is C = A.

Proof. Let us suppose first that A < ∞. Let f1, f2, . . . , fm be positive functions
on (0,∞) and let λ > 0. The function h(x) =

∏m
i=1

∫ ∞
x

fi(t)
t dt decreases, which

implies that

Oλ =

⎧

⎨

⎩
x ∈ (0,∞) :

m∏

i=1

∞∫

x

fi(t)
t

dt > λ

⎫

⎬

⎭
= (0, b),

with λ =
∏m

i=1

∫ ∞
b

fi(t)
t dt. Then, applying Hölder’s inequality and taking into

account the definition of A, we get

∫

Oλ

w =

b∫

0

w =

⎛

⎝

b∫

0

w

⎞

⎠
1
λp

m∏

i=1

⎛

⎝

∞∫

b

fi(t)
t

dt

⎞

⎠

p

≤ 1
λp

⎛

⎝

b∫

0

w

⎞

⎠

m∏

i=1

⎛

⎝

∞∫

b

fpi

i vi

⎞

⎠

p
pi

∥
∥
∥
∥
∥

χ(b,∞)(t)vi(t)
−1
pi

t

∥
∥
∥
∥
∥

p

p′
i

≤ Ap

λp

m∏

i=1

⎛

⎝

∞∫

b

fpi

i vi

⎞

⎠

p
pi

≤ Ap

λp

m∏

i=1

‖fi‖p
pi,vi

,

which proves (2.1) and shows that the best constant C in (2.1) satisfies C ≤ A.
Conversely, assume that (2.1) holds. Let b > 0 and define the function

fi(t) = χ(b,∞)(t)
vi(t)

1−p′
i

tp′
i−1 for i ∈ {1, 2, . . . ,m} such that pi > 1. If pi = 1, let

ai > ess inft∈(b,∞) tvi(t), Mai
= {t ∈ (b,∞) : tvi(t) < ai}, which has positive

measure, and fi(t) = tχMai
(t). Then, if ε > 1 and x ∈ (0, b), we have that

m∏

i=1

∞∫

x

fi(t)
t

dt =

⎛

⎝
∏

pi>1

∞∫

b

vi(t)1−p′
i

tp
′
i

dt

⎞

⎠

(
∏

pi=1

|Mai
|
)

> λ0,
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where λ0 = 1
ε

(
∏

pi>1

∫ ∞
b

vi(t)
1−p′

i

tp′
i

dt

)(
∏

pi=1 |Mai
|
)

. This implies that

(0, b) ⊂
⎧

⎨

⎩
x ∈ (0,∞) :

m∏

i=1

∞∫

x

fi(t)
t

dt > λ0

⎫

⎬

⎭
.

Now, by the weak-type inequality,

⎛

⎝

b∫

0

w

⎞

⎠

1
p

≤ C

λ0

∏

pi>1

⎛

⎝

∞∫

b

vi(t)1−p′
i

tp
′
i

dt

⎞

⎠

1
pi

(
∏

pi=1

ai|Mai
|
)

,

or equivalently,

⎛

⎝

b∫

0

w

⎞

⎠

1
p

∏

pi>1

⎛

⎝

∞∫

b

vi(t)1−p′
i

tp
′
i

dt

⎞

⎠

1
p′

i

≤ Cε
∏

pi=1

ai.

Finally, letting ai tend to ess inft∈(b,∞) tvi(t) and ε to 1, we get A ≤ C. �

Let us already prove Theorem 1.3. Let us see first that B < ∞ is sufficient
for (1.6) to hold. Let λ > 0 and let f1, f2, . . . , fm be positive functions on R

n.
Changing the variable to polar coordinates, we have

∫

{x∈Rn:
∏m

i=1

∫ ∞
1 fi(sx) ds

s >λ}

w

=
∫

Sn−1

∫

{t∈(0,∞):
∏m

i=1

∫ ∞
1 fi(stα) ds

s >λ}

w(tα)tn−1dtdα

=
∫

Sn−1

∫

{t∈(0,∞):
∏m

i=1

∫ ∞
t

fi(sα) ds
s >λ}

w(tα)tn−1dtdα.

Observe that B = ess supα∈Sn−1 Aα, where

Aα = sup
b>0

⎛

⎝

b∫

0

w(tα)tn−1dt

⎞

⎠

1
p

m∏

i=1

∥
∥
∥
∥
∥
∥

χ(b,∞)(t)vi(tα)
−1
pi t

−(n−1)
pi

t

∥
∥
∥
∥
∥
∥

p′
i

.

Then, by the lemma, for almost all α ∈ Sn−1, we get the inequality
∫

{t∈(0,∞):
∏m

i=1

∫ ∞
t

fi(zα) dz
z >λ}

w(tα)tn−1dt

≤ Bp

λp

m∏

i=1

⎛

⎝

∞∫

0

fpi

i (tα)vi(tα)tn−1dt

⎞

⎠

p
pi

. (2.2)
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Integrating (2.2) on Sn−1 and applying Hölder’s inequality, we have
∫

{x∈Rn:
∏m

i=1

∫ ∞
1 fi(sx) ds

s >λ}

w

≤ Bp

λp

∫

Sn−1

m∏

i=1

⎛

⎝

∞∫

0

fpi

i (tα)vi(tα)tn−1dt

⎞

⎠

p
pi

dα

≤ Bp

λp

m∏

i=1

⎛

⎝

∫

Sn−1

∞∫

0

fpi

i (tα)vi(tα)tn−1dtdα

⎞

⎠

p
pi

≤ Bp

λp

m∏

i=1

‖fi‖p
pi,vi

,

which is inequality (1.6). This shows that the best constant C satisfies C ≤ B.
Now, let us prove the necessity of the condition. Assume that the weak-type

inequality (1.6) holds. If we rewrite (1.6) in polar coordinates, we have that
∫

Sn−1

∫

{t∈(0,∞):
∏m

i=1

∫ ∞
t

fi(sα) ds
s >λ}

w(tα)tn−1dtdα

≤ Cp

λp

m∏

i=1

⎛

⎝

∫

Sn−1

∞∫

0

fi(tα)pivi(tα)tn−1dtdα

⎞

⎠

p
pi

.

(2.3)

Let A ⊂ Sn−1 with α(A) > 0 and fi(tα) = χA(α)hi(t), where h1, h2, . . . , hm

are nonnegative measurable functions on (0,∞). Applying inequality (2.3) to
these functions fi, we have

∫

A

∫

{t∈(0,∞):
∏m

i=1

∫ ∞
t

hi(s)
ds
s >λ}

w(tα)tn−1dtdα

≤ Cp

λp

m∏

i=1

⎛

⎝

∫

A

∞∫

0

hi(t)pivi(tα)tn−1dtdα

⎞

⎠

p
pi

.

Since 1
p = 1

p1
+ · · · + 1

pm
, by differentiation, the inequality above implies that

∫

{t∈(0,∞):
∏m

i=1

∫ ∞
t

hi(s)
ds
s >λ}

w(tα)tn−1dt

≤ Cp

λp

m∏

i=1

⎛

⎝

∞∫

0

hi(t)pivi(tα)tn−1dt

⎞

⎠

p
pi
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for almost every α ∈ Sn−1, where the constant C is independent of α, h1,
h2, . . . , hm. Applying the lemma, we have that

ess sup
α∈Sn−1

sup
b>0

⎛

⎝

b∫

0

w(tα)tn−1dt

⎞

⎠

1
p

m∏

i=1

∥
∥
∥
∥
∥
∥

χ(b,∞)(t)vi(tα)
−1
pi t

−(n−1)
pi

t

∥
∥
∥
∥
∥
∥

p′
i

≤ C,

which is equivalent to B ≤ C.

3. Proof of Theorem 1.4. It is clear that (ii) follows from (i) since C∞
c (Rn) ⊂

Lpi(vi) because the functions vi are locally integrable. Let us prove now
that (ii) implies (i). Let f1, f2, . . . , fm be simple, nonnegative functions with
bounded supports. Let R > 0 be such that supp(fi) ⊂ B(0, R) for all i. Then,
by standard arguments, for each i ∈ {1, 2, . . . ,m}, there exists a sequence
{gi

k} ⊂ C∞
c (Rn) and Mi > 0 such that gi

k ≥ 0, max{fi(x), gi
k(x)} ≤ Mi for all

x and all k, supp(gi
k) ⊂ B(0, 2R), and {gi

k} converges to fi almost everywhere
and in Lpi(Rn). By (ii), we have

∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

1

gi
k(tx)

t
dt

∥
∥
∥
∥
∥
∥

p,∞;w

≤ C

m∏

i=1

‖gi
k‖pi,vi

(3.1)

and by the dominated convergence theorem,

lim
k→∞

m∏

i=1

‖gi
k‖pi,vi

=
m∏

i=1

‖fi‖pi,vi
. (3.2)

On the other hand, for each i, the sequence
{∫ ∞

1
gi

k(tx)
t dt

}

converges to the

function
∫ ∞
1

fi(tx)
t dt in Lpi(Rn). Indeed, by the Minkowski integral inequality,

∥
∥
∥
∥
∥
∥

∞∫

1

gi
k(tx)

t
dt −

∞∫

1

fi(tx)
t

dt

∥
∥
∥
∥
∥
∥

pi

=

∥
∥
∥
∥
∥
∥

∞∫

1

gi
k(tx) − fi(tx)

t
dt

∥
∥
∥
∥
∥
∥

pi

≤
∞∫

1

1
t
‖gi

k(tx) − fi(tx)‖pi
dt =

pi

n
‖gi

k − fi‖pi
→ 0.

Then, for each i, there exists a subsequence, which we also call {gi
k}, such

that

lim
k→∞

∞∫

1

gi
k(tx)

t
dt =

∞∫

1

fi(tx)
t

dt

for almost all x. This clearly implies that

lim
k→∞

m∏

i=1

∞∫

1

gi
k(tx)

t
dt =

m∏

i=1

∞∫

1

fi(tx)
t

dt a.e.
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Let λ > 0, Oλ = {x ∈ R
n :

∏m
i=1

∫ ∞
1

fi(tx)
t dt > λ}, and Ok

λ = {x ∈ R
n :

∏m
i=1

∫ ∞
1

gi
k(tx)

t dt > λ}. Then χOλ
(x) ≤ lim inf

k→∞
χOk

λ
(x) for almost all x and

Fatou’s lemma gives
∫

Oλ

w =
∫

Rn

χOλ
w ≤ lim inf

k→∞

∫

Rn

χOk
λ
w = lim inf

k→∞

∫

Ok
λ

w,

which, by definition of ‖ · ‖p,∞;w, yields
∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

1

fi(tx)
t

dt

∥
∥
∥
∥
∥
∥

p,∞;w

≤ lim inf
k→∞

∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

1

gi
k(tx)

t
dt

∥
∥
∥
∥
∥
∥

p,∞;w

. (3.3)

Now, by (3.3), (3.1), and (3.2), we get
∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

1

fi(tx)
t

dt

∥
∥
∥
∥
∥
∥

p,∞;w

≤ C

m∏

i=1

‖fi‖pi,vi
.

Finally, let f1, f2, . . . , fm be nonnegative functions with fi ∈ Lpi(vi) for all
i. For each i, there exists an increasing sequence {f i

k} of simple, nonnegative
functions with bounded supports that converges pointwise to fi. Then, the
inequality

∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

1

f i
k(tx)

t
dt

∥
∥
∥
∥
∥
∥

p,∞;w

≤ C

m∏

i=1

‖f i
k‖pi,vi

holds for all k and letting k tend to ∞, we get (i) by monotone convergence.
The equivalence between (ii) and (iii) is essentially proved in [5]. We include

it for completeness. Assume that (ii) holds and let g1, g2, . . . , gm ∈ C∞
c (Rn).

Let, for each i, fi(x) = x · ∇gi(x). Then, fi ∈ C∞
c (Rn),

∫ ∞
1

fi(tx)
t dt = −gi(x),

and (ii) gives
∥
∥
∥
∥
∥

m∏

i=1

gi

∥
∥
∥
∥
∥

p,∞;w

≤ C
m∏

i=1

‖x · ∇gi(x)‖pi,vi
.

Conversely, if (iii) holds and f1, f2, . . . , fm ∈ C∞
c (Rn), then the functions

gi(x) =
∫ ∞
1

fi(tx)
t dt satisfy that gi ∈ C∞

c (Rn) and x · ∇gi(x) = −fi(x). There-
fore, by (iii), the inequality

∥
∥
∥
∥
∥
∥

m∏

i=1

∞∫

1

fi(tx)
t

dt

∥
∥
∥
∥
∥
∥

p,∞;w

≤ C
m∏

i=1

‖fi‖pi,vi

holds.
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4. Proof of Corollary 1.6. Let us compute B. On the one hand, for x ∈ R
n,

⎛

⎝

1∫

0

w(sx)sn−1ds

⎞

⎠

1
p

=

⎛

⎝

1∫

0

|sx|αsn−1ds

⎞

⎠

1
p

= |x|α
p

(
1

n + α

) 1
p

.

On the other hand, if pi > 1,
∥
∥
∥
∥
∥
∥

χ(1,∞)(s)vi(sx)
−1
pi s

−(n−1)
pi

s

∥
∥
∥
∥
∥
∥

p′
i

= |x|
−βi
pi

(
pi − 1
βi + n

) 1
p′

i

and if pi = 1,
∥
∥
∥
∥
∥
∥

χ(1,∞)(s)vi(sx)
−1
pi s

−(n−1)
pi

s

∥
∥
∥
∥
∥
∥

p′
i

= ess sup
s∈(1,∞)

|sx|−βis−n = |x|−βi .

Then,

B = sup
x∈Rn

|x|α
p −∑m

i=1
βi
pi

(
1

n + α

) 1
p ∏

i∈S

(
pi − 1
βi + n

) 1
p′

i

,

which is finite if and only if
∑m

i=1
α−βi

pi
= 0 and, in that case,

B =
(

1
n + α

) 1
p ∏

i∈S

(
pi − 1
βi + n

) 1
p′

i

.
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