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A weighted weak-type multilinear gradient inequality

VicTor GARCiA GARCIA AND PEDRO ORTEGA SALVADOR

Abstract. We characterize the weights w, v1,v2, . . . , U, for which the weak-
type multilinear gradient inequality
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holds for all fi, fa,..., fm € C&°(R") in the case = -+ - 4.4 -
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1. Introduction and results. Hardy’s inequality in R" is a fundamental result
in mathematical analysis, with many applications (see the monographs [2,4]).
It asserts that if p > 1, p # n, then
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/|Vf(a:)|pdx (1.1)
B

for all f € C°(R™\ {0}).
Tt is also possible to prove the next inequality, which is stronger than (1.1)
in the case p < n (see [2]):if p > 1 and f € C°(R™), then

/|f(x)|”dx < (%)p/hn-Vf(m)V’dx. (1.2)

R R

Sinnamon studied in [5] the weighted counterpart of inequality (1.2). Specif-
ically, by means of the methods of the theory of weighted Hardy inequalities,
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he characterized the nonnegative measurable functions v,w on R™ such that
the gradient inequality

[lr@Pue@ds < [1o-9f@)Poad (13)
R R
holds for each f € C2°(R™) with a positive constant C' independent of f. His
result is the next one.

Theorem 1.1 ([5]). Let 1 < p < 0o and let v, w be nonnegative locally integrable
functions on R™ with v # 0. Then inequality (1.3) holds for all f € C°(R™)
if and only if
1 % o3} ﬁ
n—1 1-p' yn(1-p) dt
sup w(tx)t" " dt v(te) 7Pt " < 00,

zER™
1

where p’ stands for the conjugate exponent of p.

More recently, Ortega [3] applied some results on weighted bilinear Hardy
inequalities (see [1]) in order to characterize the weights w, v1, v2 such that the
inequality

1

» 2
[1nge) <cTI| [ 1o Voo (1.4)
R™ i=1 Rn
holds for all fi, fo € C°(R™) with a constant C' > 0 independent of f; and
f2, where % = p% + p%. The result is the following one.

Theorem 1.2 ([3]). Let p,p1,p2 > 1 with p% + p% = %. Let w, vy, vy be nonneg-
ative locally integrable functions defined on R™ with vi,ve # 0. Let Vi(t,z) =
vi(tx)l’p;t"(lfpi) for i = 1,2. Inequality (1.4) then holds for all fi,fo €
CP(R™) with a positive constant C independent of fi and fo if and only if
the following conditions hold:
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(ii)

. :
dt
sup /Vg(t,x)—
rER® t
1
1 z 2 0 = %
dt\ " d
X / /w(t:v)t"fldt /Vl(t,x)? Vi(z,x)— - < 00.
z
0 0 z

In this paper, our purpose will be to characterize the weights w, vy, vs, ...,
U, for which the multilinear weak-type gradient inequality

11+ <CI[llz- Vi@, ., (1.5)
=1 lp,oomw i=1
holds for all f1, fa,..., fm € C°(R™) in the case 5 ——1— -+ —1—— where
for a measurable function g on R™,
1
191lp, 001w = sup A w
A>0

{zeR™:|g(x)|>A}

lgllpse = / lglPv

R™

and

In order to characterize inequality (1.5), we will need the next theorem.

Theorem 1.3. Let p,pl,pg,...,pm e Rwith0 < p < 00, p1,p2,--.,Pm =
1, and 1 = ,f + p% + -+ p— Let w,vy,vg,...,v,, be positive measurable
functwns on R" Then, there exists a positive constant C' such that the weighted

multilinear weak-type inequality

H/fi(fx)dt <c]Ts
i:ll i=1

p,o05w

Pi Vi (16)

holds for all functions fi, fo,..., fm, with f; € LPi(v;) if and only if

1 —1 —(n—1)

g (s)vi(sz)
s)vi(sx) v s~ v
B = ess sup /w(sx)s”flds H X(1,00) 15 < o0.
wern \J Pl s
P

Furthermore, the best constant C' in inequality (1.6) satisfies C' = B.

The connection between inequalities (1.6) and (1.5) is established in the
next result.
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Theorem 1.4. Let p,p1,p2,...pm € R with 0 < p < o0, p1,P2,..,Pm > 1,
and % = p% + p% 4+ -+ ﬁ, Let w,v1,vs,...,0, be positive locally integrable
functions on R™ and C > 0. The following statements are equivalent:
(i) Inequality (1.6) holds with constant C for all fi, fo,..., fm with f; €
LPi (’Ul) .
(ii) Inequality (1.6) holds with constant C for all f1, fo,..., fm € C(R™).
(i11) Inequality (1.5) holds with constant C for all f1, fa,..., fm € CZ(R™).

In this way, we immediately get the result which characterizes (1.5). It
reads as follows.

Corollary 1.5. Let p,p1,p2,...Ppm € R with 0 < p < 00, p1,p2,...,Pm > 1,
and % = p% + p% 4+ p%n. Let w,v1,v9,...,v, be positive locally integrable
functions on R™. Then, there exists C > 0 such that (1.5) holds for every
fisfoy oo fm € C°(R™) if and only if B < co. Moreover, the best constant C
in inequality (1.5) satisfies C = B.

As far as we know, this result is new, even in the linear case. It is worth
noting that for m = 1 the weak and strong-type gradient inequalities are
equivalent (see Theorem 1.1), whereas it does not hold for m > 1 (see Theorem
1.2). This observation applies in the linear case even when p = 1 since, although
Sinnamon’s statement of Theorem 1.1 only includes the case p > 1, the theorem
actually also holds for p = 1.

The condition B < oo is easily verifiable for power weights. In this case,
we get the next result.

Corollary 1.6. Letp,p1,p2,...pm € Rwith0 < p < o0, p1,p2,---,0m > 1, and

% = p%+]%2+'..+1%' Ifw(z) = |z|* and v; = |z|% with o, By, ..., Bm > —n,
then inequality (1.5) holds if and only if Y -, 0;51 = 0. Moreover, the best

constant for (1.5) is

1 \7 =1\ #
B= I1(2 o
nta) lcg\Bitn

where S = {i : p; > 1}.

Observe that inequality (1.5) holds without weights and Corollary 1.6 shows
that in such case the best constant is

1 % pi—l i
B=|(-
G )"
€S

which is the value of B when w = vy = v = --- = v,,, = 1. In particular, for
m = 1 and without weights, we get the sharp inequalities
1
(-1
1fllpoo < TWU V@)
if p> 1, and

I£lh00 < iz V(@)
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2. Proof of Theorem 1.3. In order to prove Theorem 1.3, we will need the
following lemma.

Lemma 2.1. Let p,p1,p2,...,pm € R with 0 < p < o0 and p1,p2,...,Pm =
1. Let w,vy,va,. ..,y be positive measurable functions on (0,00). Then the
weighted multilinear weak-type inequality

[T /2% <clis
=17 i=1

p,o05w

pisvi (2.1)

holds if and only if

b

o
A = sup /w H
4 i=1

—1

00 t itTi
Xoso QU@ ||
b>0 t

’

P

Furthermore, the best constant in (2.1) is C' = A.

Proof. Let us suppose first that A < co. Let f1, fa, ..., fm be positive functions
on (0,00) and let A > 0. The function h(z) =[], [.° fit(t)dt decreases, which
implies that

_ [ A0 _
Oy = :UE(O,oo).ilj[l/ ot >\ 6 = (0,0),

with A = []%, boo LM gy Then, applying Holder’s inequality and taking into
account the deﬁnltlon of A, we get

b b (oS)
B - 1 5 fi(t)
fo= Jo () T (T
Os 0 0 =1\

b —1 P
1 " X(b,00) (t)vi(t) i°
Pi s
<l fo)10 /fvz B —
0 =1 P;
e (TN v
SV EC S (T
i=1 b i=1

which proves (2.1) and shows that the best constant C' in (2.1) satisfies C' < A.
Conversely, assume that (2.1) holds. Let b > 0 and define the function

Ji(t) = X(b,o0)(t )Ul() - for i € {1,2,...,m} such that p; > 1. If p; = 1, let
a; > essinfye(p o0) tvz( ), My, ={t € (b,oo) s tvi(t) < a;}, which has positive
measure, and f;(t) = txar,, (t). Then, if ¢ > 1 and x € (0,b), we have that

/ o (H IMail) > Ao,

pi=1

m

}j[l]oﬁit)dt:

pi>17)
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where A\ = 2 (Hp1>1 > Uz(tt)p dt) (Hpizl |Ma|) This implies that

0,0 c {ze (O,oo):ﬁ/fit(t)dt>/\o
i:lm

Now, by the weak-type inequality,

or equivalently,

8
=

l 1
’Uz 1 p7 "
/ / o < Ce H a;.

0 pi>1 \} pi=1
Finally, letting a; tend to essinf,c(j o) tvi(t) and € to 1, we get A < C. O

Let us already prove Theorem 1.3. Let us see first that B < oo is sufficient
for (1.6) to hold. Let A > 0 and let fi, fa,..., fm be positive functions on R™.
Changing the variable to polar coordinates, we have

{meR™: [, [° fi(sz) L >N}

— / / w(ta)t" tdtda

Sl {te(0,00): 172y [ fi(sta) 42 >N}

- / / w(ta)t™ tdtda.

S {te(0,00) Ty [ filsa) 2 >A}
Observe that B = esssup,cgn-1 A, Where

1
b P -1 —(n—1)

o) (B)vi(tar) vt »i
Ay = sup /wtat” Lat H X (b,00) (1)i (t¥)

b>0 . t
> 0 1=1 ;Df;

Then, by the lemma, for almost all & € S~ !, we get the inequality

w(ta)t" dt
{t€(0,00):TT1L, [° filza) 2 >2}
P

< /\—:ﬁ /ff"(ta)vi(ta)t"_ldt . (2.2)

=1\

Sy
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Integrating (2.2) on S"~! and applying Hélder’s inequality, we have

{weR™:ITL, [7° fi(sz) L >A)

g /H /f’” te) v (L)t Ldt da

Snlll
P

o0 Pi

%ﬁ //ffi(ta)vi(ta)t"‘ldtda

i=1

IN

Sn—1 0

BP
= )\71—[||fi b
i=1

Pi,Vi?

which is inequality (1.6). This shows that the best constant C satisfies C' < B.
Now, let us prove the necessity of the condition. Assume that the weak-type
inequality (1.6) holds. If we rewrite (1.6) in polar coordinates, we have that

/ / w(ta)t" tdtda

S {te(0,00): T [ fi(sa) L >A}

< )\p / / fi(ta)Piv;(ta)t" tdtda
=1

Sn—1 0

E (2.3)

Pq

Let A C S" ! with a(A) > 0 and f;(ta) = xa(a)h;(t), where hy, ha, ... hy
are nonnegative measurable functions on (0, 00). Applying inequality (2.3) to
these functions f;, we have

/ / w(ta)t" tdtda

A {10,000 I, [ ha(s) 2>}

iy n—1
_)\p //h t)Piv; (ta)t" ~  dtda

Since % =L 4.4 pi, by differentiation, the inequality above implies that

Ps

w(ta)t" Ldt
{te(0,00):ITi2, [ hi(s) %2 ds 52}
CP T
<= / hi(t)Piv(ta)t™ Ldt
0

=\
i=1
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for almost every a € S™~!, where the constant C is independent of «,hy,
ha,...,hpy. Applying the lemma, we have that

1
b P -1 —(n—1)

O t)v;(ta) Pi t ™ wi
ess sup sup /w(toz)t"_ldt H X(e.oo) (t)vite) <C,
aESn—1b>0 3

i=1
0 P!

which is equivalent to B < C.

3. Proof of Theorem 1.4. Tt is clear that (ii) follows from (i) since C°(R™) C
LPi(v;) because the functions v; are locally integrable. Let us prove now
that (ii) implies (i). Let f1, fo,..., fm be simple, nonnegative functions with
bounded supports. Let R > 0 be such that supp(f;) C B(0, R) for all i. Then,
by standard arguments, for each i € {1,2,...,m}, there exists a sequence
{gi} C C=(R™) and M; > 0 such that gi > 0, max{f;(z), gj(z)} < M; for all
x and all k, supp(gi) C B(0,2R), and {g.} converges to f; almost everywhere
and in LPi(R™). By (ii), we have

A mo
H/ P < C [Tkl (3.1)
=1 1 S =1
and by the dominated convergence theorem,
m m
klij{.lol_‘lli Hgllﬂ PiVi — ]i! ||fz JORUE (3.2)
= e

On the other hand, for each i, the sequence { fl m) dt} converges to the
function f >/ I(t‘”) dt in LPi(R™). Indeed, by the Minkowski integral inequality,

fg’iim)dt—l/oofz(fx 1/00 gilte) = filt) o,

oo
Diy
Pidt = i”glzc = fi

g/%mwm—ﬂw»

1

Pi Pi

Pi_>0'

Then, for each i, there exists a subsequence, which we also call {g,i}7 such

that
i (o]
im [ S8y / filte)
k—o0 t t
1

1

for almost all . This clearly implies that

o0

g T [ 2511 [
1 - 1

i=1

dt a.e.
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Let A > 0, Oy = {w € R : [[7, [7° L8 q > A}, and Of = {z € R" :

i=1J1

| q’“(m) dt > A}. Then xo, (z) < hkrggf Xox (x) for almost all  and

Fatou’s lemma gives

/wf/x()kw<hm1nf/xokwfhm1nf/
R"L

Ok

which, by definition of || - |, co:w, yields

/ < liminf / 95(12) 4y . (3.3)
17 =17

p,o05w

|\’:]3

p,o05w

Now, by (3.3), (3.1), and (3.2), we get

1/ <c]Tus

i=1

Finally, let f1, fo,..., fm be nonnegative functions with f; € LPi(v;) for all

i. For each 14, there exists an increasing sequence {f;} of simple, nonnegative

functions with bounded supports that converges pointwise to f;. Then, the
inequality

Pi,Vi*

s

p,o0 w

Pivi

H/ ’f(t ) at <cI[Is
=19 i=1
Pp,o0;w

holds for all k£ and letting & tend to oo, we get (i) by monotone convergence.

The equivalence between (ii) and (iii) is essentially proved in [5]. We include
it for completeness. Assume that (ii) holds and let g1, ga,...,gm € C°(R™).
Let, for each i, fi(z) = 2 - Vg;(z). Then, f; € C°(R"), [~ @dt = —g;(x),
and (ii) gives

m

Hgi

i=1

<Clllz- Va(x)

;005w i=1

Piyvi "

Conversely, if (iii) holds and fi, fa,..., fm € C°(R™), then the functions
gi(x) = [° @dt satisfy that g; € C°(R™) and = - Vg;(z) = — fi(z). There-
fore, by (iii), the inequality
1/ < CTT Al
11

i=1

s

p,o05w

holds.
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4. Proof of Corollary 1.6. Let us compute B. On the one hand, for € R™,
1

% 1 % 1 1
/w(sx)s”flds = /|sz|as"71ds = |z|? ( )
n+ o
0

0
On the other hand, if p; > 1,

-1 (-1 N
X(1,00)(8)vi(sw) P s i — ] —0s <pi -1 > v/
s Bi+n
;i
and if p; =1,
(s)vilsz) 7 s~ 7
s)v;(sx)Pi s P
X(1,00) [ —ess sup |$x‘7'6i87n _ ‘x|—ﬁl
S s€(1,00)
;i

Then,

S

a_xm o By 1 % Di — 1 /
B = sup |x|* i=1f’i< ) ( ) ,
which is finite if and only if Y ", O‘P%ﬁ = 0 and, in that case,
1N\ N
» pi — 1\ 7
B = .
() M(E)
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