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Abstract

We prove weighted strong inequalities for the multilinear potential operator
74 and its commutator, where the kernel ¢ satisfies certain growth condition.
For these operators we also obtain Fefferman-Stein type inequalities and Coifman
type estimates. On the other hand we prove weighted weak type inequalities for
the multilinear maximal operator M, p associated to a essentially nondecreasing
function ¢ and to a submultiplicative Young function B. This result allows us to
obtain a weighted weak type inequality for the operator 7

1 Introduction

In [Pe], C. Pérez proved weighted norm inequalities for general potential operators.
For a given nonnegative locally integrable function ® defined in R", the potential operator

Ts is defined by

(L) Tof(@) = [ 0w -y)iw)dy

In a previous article E. Sawyer and R. Wheeden obtained Fefferman-Phong type condi-
tions on the weights and proved weighted boundedness results for the fractional integral
operator I, between Lebesgue spaces (see [SW]). Motivated by this paper, Pérez con-
sidered weaker norms than those involved in the Fefferman-Phong type conditions in
[SW] and obtained weighted boundedness results for the potential operator T, where
the kernel ® satisfies certain growth condition. These norms are defined in terms of
certain mapping properties of appropriate maximal operators associated to each norm.
In the same article, the author considered the corresponding problem for the maximal
operator related to the potential operator Ty defined by

M f(x) = sup% /Q )] dy.
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where [(Q) is the sidelength of ) and
(1.2) d(t) :/ O(z)dz.
|z[<t

Other authors also proved weighted norm inequalities involving the potential operator
defined in (1.1).

In [CUMP] the authors proved a Coifman type inequality by using extrapolation
arguments. More precisely, they showed that if w is a weight in the A, class, the LP(w)
norm of T}, is bounded by the L?(w) norm of Mg. They also obtained the corresponding
result in the context of Lorentz spaces.

On the other hand, in [LQY] and [L1] the authors obtained weighted L? inequalities
of Fefferman-Stein type for Ty and for the higher order commutators associated to this
operator, respectively whenever 1 < p < co. These estimates involve pairs of weights of
the form (w, Mw), where M are suitable maximal operators.

Two weighted norm inequalities in the spirit of those in [Pe] were proved in [L2] for
the higher order commutators associated to 7.

In [PW] and [LYY], weighted inequalities like the ones described above were proved
in the general setting of the spaces of homogeneous type.

Motivated by the work in [LOPTT], K. Moen [M] considered the multilinear fractional
integral. For 0 < a < mn and the collection f: (f1,- .., fm) of m functions on R™ this
operator is defined by

. 1 = .
Zof(z) = /( o > ymn—a E filyi) dy.

m
i=1 |z — yil

For this operator, Moen obtained two weighted LP — L7 estimates and a Coifman type
inequality, generalizing to the multilineal context the results given in [Pe] and [CUMP].
As a consequence of the two weighted inequalities, he obtained a generalized version of
the well known characterization proved in [MW]. He also obtained weighted weak and
strong inequalities for the multi(sub)linear fractional maximal operator.

A weighted weak type inequality for Z, and the control of the LP(w) norm of Z, by
the LP(Mw) norm of the multi(sub)linear fractional maximal operator, where M is the
Hardy-Littlewood maximal operator, were obtained in [P]. In this article the author
also obtained weighted inequalities for multi(sub)linear fractional maximal operators
associated to Young functions.

On the other hand, weighted strong boundedness and weighted endpoint estimates
for the multilinear commutator of Z,, were proved in [CX]. The authors also studied the
multilinear fractional integral with homogeneous kernels.

In this paper we shall consider the multilinear potential operator defined as

(1.3 R I ) | AL

i=1



where ¢ is a nonnegative function defined on (R™)™. We shall also deal with the com-
mutator associated to this operator, given by

(1.4) Ty, (F)(2) = Z T, (@),

where

Ty;.0() () = 0j(2)T(f)(x) = T(fr, -+, b3 f5,- -+ fn)(2).

The aim of this paper is to prove weighted strong and weak type inequalities for these
multilinear operators like the ones described above. As in the case m = 1 we assume that
the function ¢ satisfies a growth condition. More precisely, we say that a non-negative
locally integrable function ¢ defined in (R")™ satisfies a ®-condition or that ¢ € D if
there exist two positive constants ¢ and € such that the inequality

. ¢ Lo
w0 < g [ ol

1176A(2k,170) (Qk,é,e)
holds for every k € Z, where

(L5) Ao = (7= ym): 81—t <Y |wil <5(1+)2t), t>0.

i=1

Although the basic example of operators of this type is provided by the multilinear
fractional integral operator defined by the kernel ¢(wy, ..., wy,) = O, lw|)* ™™, for
0 < a < nm, another important example is the multilinear Bessel potential. For a > 0
the kernel of this operator is given by

o (=) le)? dt
Go(z1, ..., Zm) = Conm / e_te—+t(a—nm)/2?,
0

where the constant C, . = W If E: (&1, ,&m), & € R™, it is easy to see

that the Fourier transform of the kernel GG, valuated in E is given by
o~ 9 = —a/2
Ga(€) = (1+4n%€])
As in the case m =1 (see [G, 418]), we can prove that if « is a positive number and

T = (x1,...,xy) with z; € R" then G,(Z) > 0 for every & € (R™)™. Moreover, there
exist positive constants C' and ¢ that only depend on «, n and m such that

and



where H, is a function that satisfies

| Z|o7m™ + 1 4 o |2 F2) for 0 < o < mm,

H,(T) = 10gﬁ+1+0(|f|2) if & = nm,
1+ o(|z|*—"™™) if a > nm,

as |Z] — 0. As in the linear case, G,, satisfies condition D.

In the setting of the spaces of homogeneous type, D. Maldonado, K. Moen and V.
Naibo [MMN] defined the multilinear version of the potential type operators studied
in [PW]. They proved two weighted strong inequalities like the ones in [PW] for the
case m = 1. Observe that in the euclidean context and whenever K(z,y) = ¢(x — y),
the growth condition in [MMN] is more restrictive than the condition ©. It is easy
to check that condition ® is satisfied by any radial increasing or decreasing function,
and functions ¢ essentially constants on annuli. Since we also work with commutator
operators, our results are not included in the results in [MMN].

2 Preliminaries

Let X be a Banach function space over R™ with respect to the Lebesgue measure.
Examples of these spaces are given by the Lebesgue LP spaces, Lorentz spaces, Orlicz
spaces and so on. Given any measurable function f € X and a cube () C R", we define
the X average of f over () to be

1Fllx.@ = ll9ue) (Fxe)llx,

where 0, f(z) = f(ax) for a > 0 and x4 denotes the characteristic function of the set A.
In particular, when X = L®, the Orlicz space associated to a Young function B,

1
Iflva = 1limg =it {a>0: o [ 5 (L) ay <

Particularly, when X = L", » > 1, we have that

1 1/r
1o = 17]lera = (@ /Q |f(y)|7”) .

Given a Banach function space X there exists an associated Banach function space
X' for which the generalized Holder’s inequality,

[ @@l ds <171l

holds. Notice that if we apply the above inequality to dyq)(fxe) and dy)(9xq) We get
that

f9llerq < Iflxellgllx -



On the other hand, when we deal with Orlicz spaces a further generalization of Holder’s
inequality that will be useful later is the following: If A, B and C are Young functions
and
AT B Ht) <CH1)
then
1f9llre.q < 2l fllLaqllgllirs.q

when C(t) = t, the function B is called the complementary function of A.
In general, if C and C; are Young functions such that

[[et=co

then
m m
IT] fillzeo < CTT il i g -
i=1 i=1

For more information about Orlicz spaces see [O].

We shall say that the function ¢ : (0,00) — (0,00) is essentially nondecreasing if
there exists a positive constant p such that, if ¢ < s then p(t) < pp(s). We shall
also suppose that lim;_, ., @ = 0. Let Xy,...,X,, be m Banach function spaces and

—

X = (X1,...,X;n). If ¢is a essentially nondecreasing function, the multilinear maximal
operator /\/lw ¢ associated to ¢ and X is defined by

M, ¢ flw) = Sup e(1QN [T Iillxa-

i=1

If X = (X,...,X) we simply write M, x and M, x if m = 1. If ¢ =1 we write Mg,
Myx or My respectively. When X is an Orlicz space L?, sometimes we shall denote
with || - |[g the norm || - |[;5 and with M,z the operator M,, ;5. In particular, when
B(t) = t?(1 +1log™ ), for any o > 0 and p > 1, we shall use the notation || - || zr(log 12,0
and M, 1r(10g 1)o to denote the corresponding norm and maximal operator.

Associated to the kernel ¢ we denote @y, 0 < 6 < 1, to be the positive function
defined for ¢ > 0 by

1/0

(2.1) Dy(t) = Z (/,4(2—'/,6,6) ¢(¥) dgj)e

vEZ, v>logy /ot

For p(t) = ®4(tY/") the corresponding multilinear maximal operator M., x will be
denoted by Mg, x.

Let 1 < p1,...,pm < oo such that 1/p = > 1/p; and suppose that My, : LFi —
LP:. From the fact that My f () <[IX, Mx, fi(z) and applying Hélder’s inequality we
obtain that

Mg LP(R") x -+ - x LP"(R") — LP(R").
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When we deal with the commutator defined in (1.4) we suppose that the vector of
symbols b= (by,...,bp) € BMO™ and we omit this hypothesis. Moreover, we denote
[6]]« = SUPi<j<m ||bJ||*

If A(t) =€"—1, let || - ||exp @ denote the average || - |[z4 . By the John Niremberg
inequality we get that ||b — bg||expr.0 < C||b||« for any BMO function b. In the proof of
the results we shall use frecuently the following inequality

1
@/\b = bollf| < Cllb = bollesp Lol fl|aog y.@ < CHbIL S| 2aog ).

which can be proved by Hélder inequality.

In this paper we shall use the following properties of the weights. We say that a
weight w satisfies a Reverse Holder’s inequality with exponent s > 1, or equivalently, we
say that w € RH(s), if there exists a positive constant C' such that

(@) <o afe)

for all cube ). We say that w € RH, if there exists a positive constant C' such that the

inequality
S (x) < ¢ /
wpw(x) < — [ w
reQ Ql Jg
holds for every () C R™.

In all the results of this paper we shall use the following notation: with 7 6 We shall
denote the operator 7, when ¢ = 0 and the commutator 7; s When £ =1. We also use

C, to denote a constant that depend on the norm ||b||, if £ = 1.
Sometimes we shall only estimate the term ’Z;);_ s 10 the definition of the commutator

given in (1.4) since the final estimate goes straightforward.

3 Statement of the main results

3.1 Strong type results

In the next theorem we give Fefferman-Phong type conditions on the weights in order
to obtain the boundedness of the operator 7, and its commutator between weighted
Lebesgue spaces.

For 1 <4,j5 <m, d;; will be 1 if ¢ = j and will be 0 if ¢ # j. If u,vy,...,v,, are
weights we write (u,v) = (u,v1,...,v,). Let Y;; and ffm, 1,7 = 1,....,m be Banach
function spaces. We denote Y and Y the matrix whose components are Y;; and Y;
respectively.

(3.1) Theorem: Let ¢ € {0,1} be given. Let 1 < py,...,pm < oo, with 1/p =
Yo 1/pi, let ¢ be an exponent satisfying 1/m < p < q < oo and let ¢ € ©. For



ke{0,1}, k < ¢ andi,j € {1,---,m}, let X*, Xk, Y;k] and Y”c be Banach function
spaces such that
/9l Lgos ye.@ < 211fx+ 019l 5k o

||fg||L(10gL)k5ng— QHgHYk Q

for every cube Q. If f/]k = (f/lj, . ,Yn’fw) denotes the j-th column in Y* suppose that
for every k € {0,1}, k </,

Mg, : PR x - x L7 (B") — LV(R").

For the weights (u, ¥) let us write

(3.2) W(8,7,X,Y) = max sup De(1(Q)) |Q|a1r Hule/v HHU

1<j<m
Suppose that one of the following two conditions holds

i)g>1, Mg, : LY(R") — L7 (R"™), for every k € {0,1}, k < ¢, and (u, ¥) are weights
that satisfy

(3.3) max{W(1,1, X Y%, ¢ W(1,1,X° YY)} < 00
ii) ¢ <1 and (u, ¥) are weights that satisfy
(3.4) max{W(q, ¢, L(log L)*, Y%), ¢ W(q,1,L, YY"} < 0o

Then there exists a constant Cy such that the inequality

(35) ([ 7ol >)1/ <czH( [ sy )/

holds for every f € LPr(vf') x - oo x LPm(vPm),

Notice that, in the case ¢ > 1, the factor involving the function ¢ in the conditions
on the weights is given by ®1(I(Q)). Also notice that ®,(t) is equivalent to ¢(5(1 + €)t),
where ¢ and e are the constant in condition ® and ¢ is the function defined in (1.2).
Then, when ¢ > 1 we get the corresponding conditions on the weights that the ones
previously obtained in the linear cases or for the multilinear fractional integral. On the
other hand, when the function ¢ is any radial increasing or decreasing function, or ¢ is
essentially constant on annuli, then the function ®4(t), 0 < 6 < 1, is equivalent to the
function ¢(5(1 4 €)t). In particular, when ¢(7) = (321, |y:])* ™ we recover the results
in [M] for the case £ = 0.

In the following remarks we give some examples of Banach function spaces that can
be used in conditions (3.3) and (3.4).



(3.6) Remark: When we consider the operator 7 (¢ = 0), we get the theorem above for
XY= L% and YZOJ = L"Pi for every j = 1, ..., m and for some r > 1 (with X° = L) and
)71% = L(’"pé)/). Using Orlicz spaces we get a better result. In fact, applying the examples
of Young functions give in [CUP] (see page 828) we can take X" = L4(log L)9~1*% and
Y0 = LPi(log L)Pi~'*%, for every j = 1,...,m and for some § > 0.

(3.7) Remark: When ¢ = 1, that is, when we consider the operator 7; 4 We get the

theorem above with X° = Li(log L)' | X! = Li(log L)?1~1+9, Y0 = LPi(log L)Pi—1+9
for every j =1,...,m, Y;lj = LPi(log L)Pi~'*9 for i # j and Y;lj = L (log L)2p9_1+5. The
case m = 1 of Theorem 3.1 improves the results in [L2].

As a consequence of Theorem 3.1 we obtain the following Fefferman-Stein type results.

(3.8) Corollary: Let 1 < py,...,pm < oo with 1/p = > 1/p;, £ € {0,1} and let
peD.

i) If p> 1, for each 0 < § < 1 there exists a constant Cys such that

1/p m
(/ |Tge7¢f|p H?i1uf/pi> < CeH </ Ifi|piM<1>’1’,L(logL)P(1+£)—1+5(ui))
R~ i1 \JR~

ii) If p < 1 and ¢ = 0, there exists a constant C, such that

1/pi

1/pi

1/p m
( 75 f17 H%Uﬁ-’/m) <]l ( |f¢|piM<1>§,L(ui)>
Rn 1 \JRrr

iii) If p <1 and ¢ =1 there exists a constant C; such that

- / . l/p m l/pi
(/ ‘Tg,qsf’p H?;luf pl) <y H ( ‘fi‘piM®£7L1/P(ui>> .
Re i=1 \/R"

(3.9) Remark: If we take m =1, { =0 and 6 = [p| + 1 — p in the estimate in 4) of the
Corollary above we recover a result obtained in [LQY]. On the other hand, by taking
m=1,¢=1and § = [2p] + 1 — 2p, the estimate in ¢) improves the result given in [L.1]
for the first order commutator.

In the following result we obtain Coifman type inequalities for the multilinear poten-
tial operators and its commutators.

(3.10) Theorem: Let ¢ € D, ¢ € {0,1} and w € Aw. Then, for every f = (f1,..., fm)
with f; bounded with compact support, we get the following inequalities.

i)If0 < p<1and/l=0, there exists a constant C, such that
Tf@Pw)de < G [ Mo, o f@) ula)do
Rn n

8



i) If0<p<1,¢{=1andwe RH(1/p), there exists a constant Cy such that

—

/ |Tg7¢f_)(x)|pw(x) dx < OZ/ (Mo, Liiog 1) f (2)]P w(z) d.
R” R

iii) If p > 1, there exists a constant C; such that

—

[T T@P w) e <G | Mo pui TP i)

For ¢ = 0, the result above was proved in [M] for the case of the multilinear fractional
integral. On the other hand, when m = 1 an analogous result was obtained in [LYY] on
spaces of homogeneous type.

The following theorem contains other weighted inequalities for the operators Tj p
that we shall use in the next section to prove weak type inequalities.

(3.11) Theorem: Let ¢ € ®, ¢ € {0,1}, and u a weight.

i) If 0 < p < 1, there exists a constant C, such that

—

‘7'5£,¢f($)‘pu(37) dx < Ce/ [(Ma, Lgog e f(2)] M 0g yeu(x) d.
Rn R

ii) If p > 1, there exists a constant C; such that

/ [T o f (@) ulx) do < C; / [(Ma, Log 1yt ()] Mg 1yirsmu() da.
Rn

n

(3.12) Remark: For m = 1 and p > 1 the result above was proved in [Pel] for the
fractional integral operator I,,.

3.2 Weak type results

The following theorem is a weighted endpoint estimate for the multilinear maximal
operator M, 3.

(3.13) Theorem: Let ¢ be a essencially nondecreasing function, B a submultiplicative

—f—
Young function, B" =Bo---0B, ¢ =B o™ and u = [[", u Y™ Then

'le

—

1
ililgmu ({xER”:M%Bf(x)>)\m <CH/ B™ (| fi|) My, u;.

Particularly, if 0 < a < nm and ¢(t) = t*, the result above was proved in [P]. On
the other hand, when o(t) = 1 and B(t) = t(1 + log" ¢) an analogous result was proved
n [PPTT]. Similar estimates for several maximal operators can be found in [LOPTT)]
in the multilineal context, and, for example, in [F'S], [Pe3| in the case m = 1.

The next “control type” result follows by applying similar techniques to those in [P]
for the case of multilinear fractional operators.



(3.14) Theorem: Let ¢ € ©, ¢ € {0,1}, oy, 61 > 0 and let u be a weight. Then there
exists a constant C, such that

” qﬁfHLl/moo(u) < CgHqu L(logL)[f”Ll/moo L(l gL)g_,.(;Zu)‘

As an easy consequence of Theorem 3.14, Theorem 3.13 applied to the case B(t) = t,
and the inequality Mj,og )5 (1) < T [Mpgog £)s (4s)] 1/m e obtain the following result
for the multilinear potential operator.

(3.15) Corollary: Let ¢ € ®,06 >0 and let u =[]~ u /™ Then

=1 'L
1T lssomior < CTL [ My, (Mg (00,
i=1 Y R”

The case m = 1 of theorem above was proved in [CPSS] for ¢(t) = t*™ and in [P]
for m > 1 and ¢(t) = t*~"".
4 Proofs of strong type results

We begin this section proving the following lemma based in the discretization method
developed in [Pe| (see [M] for the case of the multilinear fractional integral).

(4.1) Lemma: Let f;, i =1,...,m, be positive functions with compact support, let u
be a weight and ¢ € ©. Let £ € {0,1},0 < ¢ <1 and, for j € {1,...,m} let b; be a BMO
function. Then there exist a constant Cy, two family of dyadic cubes {Qg,n}knﬁz and

{Q1.,}kmez and two family of pairwise disjoint subsets {Ef,} and {E} }, E), C @),
and E,Zm C Qim with
Qial < CIEL,l and Q| < ClE],|

for some positive constant C' and for every k, n, such that

[ TPl < 32 Qg 7050, H\Ilel o L)

+£CZZ® ‘u||L3QJ HHleq IOgL)ZJ 3Q] |E |

Proof. Proceeding as in the proof of Proposition 3.4 in [CUMP])we can assume that the
weight u has compact support. For each ¢ > 0 we set @(t) = supge A1) o(y), where

10



A5, is the set defined in (1.5). Then, if t —y= (r —y1,...,T — Ym), We get

Tl < [ )bt ﬁ
< ;d)@”‘l) /z . |z_yil<2y\ f[
=¥ > 5 ("Y) vot) /W b)) TT 005
(4.2)
< 2o (") b~ el IT [ 5w
+ 6%&(@) AL (/ filys dyz>

(/ 10;(y;) — (b))el fj(yj)dy])-

From the above estimate, using the generalized Holder inequality and the estimate ||(b—
bQ)!|eapriza o < C1|b[|¢ that holds for any BMO function b, we get

[ maon] < 6 () ([ 1 watrar) e TT
A (L (o)

QeD i
< onbjuiqzcz( ) 1] o 0130 T 5
QeD =1
D\’ e
TS ( a3 TTIAIL g
QeD =1
_ Lq Q) mg+1
=l Y 6 (MDY g ol HuleLgQ
QeD
O\’ .
w ot X 6 (U2 ol "“Hlllelq .

QeD

Notice that, since ¢ < 1 in the last line of the inequalities above we have used that

u|z.q < [lull7 -
From the results in [M] we get the following Calderén-Zygmund decomposition. For

h=(hi,... hp) let
Msph(z) = sup H|IhHL3Q

$6QE'D

11



and .

Dy = {x € R": Msph(x) > a*}
with a > 6"||M_y]||, where ||M_y]|| is the constant from the L' x --- x L' — LY/m>
inequality for My. It was proved in [M] that there exists a family @, of maximal,
disjoint and dyadic cubes such that D, = UneZ Qr,n, and

m
¥ < T hillLsq., <2"a".
i=1

Moreover, if Ey, = Qiy \ Di+1 then {Ej ,}r., is a disjoint family of sets that satisfies
|Qk.n| < C|Eg,|, for some positive constant C.

Observe that the cubes @, and the sets Ej, depend on the function h. We shall
apply the above results to two different functions. In one case we shall use h = f and
in this case we shall denote with ng and E,gm the corresponding cubes and sets. In

the other case we shall apply the above decomposition with h = (W, ..., hl,), where
= fi if i # j and b} = u. In this second case we shall denote with @y , and Ej , the
corresponding cubes and sets. On the other hand, let

Fl={QeD:d" <][lIMllLsq <"}

i=1
and let F? be the above set with f; instead of h?. Then
K Q m
JREAGTRERD WD (T 3Q™ | zqeg yenc
R keZ QeF?
Q m
+€ngak+l)q 5 |3Q‘ q+1HfjH%(logL),3Q
kEZ Qe]_—]
< AL a Y S (T o ey
- 2 (Og ) 7Q
keZ N QEFNQCQY,
HO a3 o (M) e g,
9 i llL1/agog £),3Q
keZ n QG]‘—J QCan

It is easy to prove (see for example [L.2]) that for any dyadic cube Qo with [(Qg) = 27%°
and any Young function v, there exists a positive constant C' such that

Z 13Q[ |[fllzv 30 < C13Qo| | f]le 30,-
{QCQo,l(Q)=2""}
On the other hand, since ¢ € D,

Sy < X (f

v>1g v>1g (277 1.5,)

= Oy (I(Q))"

o) dﬁ)

12



From the results above we get that there exists C' > 0 such that

/1 q _
> (") e e = 3 e

{Q:QcQo}

V>
X Z 13QIIf v 50
{QCQo,l(Q)=2""}
< CO(1(Q0))3Qol || f1| v 30,

where C' depends on 0, € in condition ©. Using the inequality above with (t) =

t(1+log™ )% and o (t) = t'/9(1 + log™ t) we get
L [P < 3 Ul 7050, Hlllel o ||

+€CK Z (I) HUHL 3Q] H Hfi”i(logL)éivj,?)Qi 77|FJ;,77|‘
-1 )

Proof of theorem 3.1: Let us first consider the case ¢ > 1. It is enough to prove that, for

every j =1,...,m,

[ Ty H@lutalsta) do < Calaly Tl
i=1

for all g € LY (R™), with g > 0, and for all positive function f; bounded with compact
support. From Lemma 4.1 with ¢ = 1, the generalized Holder’s inequality and condition

(3.3) we have that
| Tpaflus < 3 S o, anzumo N

+0Cy Z Py (3I( i,n))||ug| |L,3Qim H ||fi||L(10gL)5i,j 3Q1, |Ei,n|

kmn
< C’zZHgHXeng HHfZUzHYO 3Q0 ’Eknyl/p+1/q
k.
+€CeZ||9|’X03QJ HHflvzHyl 30l |E,Jm|1/p+1/q
km

13



By Hoélder’s inequality and the fact that p < g we obtain that

1/q

- ’%ﬁg&ﬂuy < G (kz Hg‘&eﬁQ%n‘Eg,n‘) (Z |, n|q/pH HfleHYO 30 >
m »

e (Zuguxw M|> (Zw rq/pHwazuylj,wim)

1/q' m 1/p

Cy (/H[Mfd(g)]q) (Z L] 11 Hfi%’”%gj,w%)
1/q

v ([ [MX()(g)]q’) (Z 5L, H 1l oo )

o ) ([ ] )
vice ([ o <g>q’)w ([ [mat]) "

where f?} = (fiv1, ..., fmUm). Then by the hypotheses on the boundedness properties of
Mz, and Mz, k € {0,1}, k < ¢, we conclude the proof of the case ¢ > 1.

Suppose now that 1/m < p < ¢ < 1. From Lemma 4.1, by the generalized Holder’s
inequality, condition (3.4) and the fact that p < ¢ we obtain that

1 Ha s 1/q
(/R [!7& () (@) u(x )] dx) Cy (ZHHfivl.Hqﬁ?j’S%O|Ego’q/p>

km =1

1/q
+0C, ( E | | ||fzvz|| sl |EIJ€’17|‘1/P>
37

km i=1

1/q

1/q

IN

1/p

IN

IA

and from the hypotheses on the boundedness of the multilinear maximal operator M, ,
k€ {0,1}, k < ¢, we finally get the theorem. [ ’

Proof of Corollary 3.8: For the case p > 1 and ¢ = 0, the proof follows from Theorem
3.1 and Remark 3.6 by taking p = ¢, X° = LP(log L)?~'*9 for some 0 < § < 1, Y;OJ any
Orlicz space such that the maximal operator associated to the space YO is bounded from

LPiinto L7, i =1,...,m, u = I u)"" and v; = [Map 1 (10g 1yr-1+5 (s )]1/”1 In fact, we

14



use the generalized Holder’s inequality with C(t) = tP(1+log™ t)P~1 and C;(t) = P (1 +
logt t)P~1+% 1 < i < m to estimate ||u||xo and the inequality Map 1(10g Lyp-1+5 (i) () >
D1 (1(Q))P|wil | Laog Lyr-1+5 ¢, for all x € Q, to estimate ||Ui_1||3/7;0]_. In a similar way we can
prove the result for p <1 and ¢ = 0. 7

For the case p > 1 and ¢ = 1, as in the previous case, the proof follows from Theorem
3.1 and Remark 3.7 by taking p = ¢, YO and Y1 be any Orlicz spaces such that the

maximal operators associated to the spaces Yo and Y1 are bounded from LP¢ into LPi,
i=1,...,m, XO= LP(log L)P71+ X' = Lp(log L)%~ e and the weights u = Hz’;lug/p’
and v; = [Mq;.P Lilog Ly2—1+5 (u;)] /7. For the case p <1 and £ =1 take u = H?;lu;/pi and
Vi = [Mqvg,Ll/p(logL) (ug) /P,

Proof of theorem 3.10 : We start proving the case p < 1. By taking ¢ = p and u = w'/?
in Lemma 4.1 we obtain

| e < a3 ol kumwwylpmuwhw%

_’_ECEZ@ ||w1/p||L3Q] H||f1||p lOgL)ZJ 3Q] |Ei,r]|

Since w € Ay then w satisfies the reverse Holder’s condition RH (s) for some s > 1.
Then, from the fact that ||.|[Log ). < ||-||lzs,@ for any s > 1, the condition RH(s) and
the condition RH(1/p) for the case £ = 1, we get that

JRRG) ru s G mnmmmonmmmwwa

+€C€Z¢) ||U)||LBQ?J H ||f1||p logL 8.4 3QJ |E]‘1,77|

Since w € Ay and |Qg| < C|Ej,,| we obtain that w(Qg,) < Cw(Ey,), so that
@WAHw<@Z@QMIHMmM@M
+40z;<1>p(l( ?;,n>)p11||fi||’;10gL73Qimw(Ei,n)
. i
CZZ / W, fPute) do
+ecgz / (M, 110g1.f (@)w(z)]P da

IN

—

Ce /R" (M, Liiog Lyt f (2)]Pw(z) da.

IN
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The case p > 1 follows from the case p = 1 by applying the extrapolation theorem in
[CUMP]. O

We shall use the next two results to prove Theorem 3.11. The first one is a corollary
of Lemma 4.1 and the second one was proved in [CN].

(4.3) Corollary: Let ¢ € © and let v be a weight satisfying the RH, condition. If u
is a weight, then there exists a positive constant C, such that

[T @l ewyde < €[ Moo Migogpn(o) ot de

—

+0Cy | Mo, progrf(x) Mu(x)v(x) d.

Rn

Proof: Since v € RH, then v € Ay,. Thus, if |Q| < C|E] then v(Q) < Cv(FE). From
Lemma 4.1 with ¢ = 1 we have that

|’Z;,§_7¢(f)|uv < CKZ(I) an ||U||LlogL)43Q0 H||fz||L3QO SSPU|E1“;|
=1 "3

"
‘MCZZ‘I) Hu||L3Q7 HHfZHLlogL %.3,3Q1 Sc;lpv |5, al
ki
< ngq) an |U||LlogL)43Q0 H||fz||L3QO U(EM)
i=1
—|—€ng® |u||L3Qy HHszL1ogL %.3,3Q], U<Ekn)
< ng Mc1>1 L(f) M 0g 1ye (1) v

(4.4) Lemma: Let g be a function such that M(g) is finite a.e. and o > 0. Then
M(g)™™ € RH.

Proof of theorem 3.11 :

i) We follow similar arguments to those in [CPSS], (see also [P] for the multilinear case).
We shall use the duality in LP(u) spaces for p < 1: if f >0

190 = in{ [ Fu i gy =13 = [ g d
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for some uy > 0 such that ||u51||Lp/(M) = 1, with p’ = 55 < 0. This follows from the

following reverse Holder’s inequality, which is a consequence of the Holder’s inequality,

(45) /MWZWMWMW@

Given a weight u, we shall use the above results with an absolutely continuous mea-
sure p with density Mg pyeu. In fact, let g be a nonnegative function such that

Hg_1||Lp’(M y = L and

L(log L)t

- > Mpgog yeu
HM<I>1,L(logL)ZfHLP(ML(IOgL)gu) :/MéhL(logL)ef —s

9
Let 0 > 0. By the Lebesgue differentiation theorem we get
ML(log Lyeu
||M<I>1 L(logL)ZfHLp L(logL)[u /M<I>1 L logL)ef T()u

where M;(g) = M(g°)"/?. Then applying Lemma 4.4 and Corollary 4.3 to the weight
Mjs(g)~" and the reverse Holder’s inequality (4.5), we obtain that

(Cy + £Cy)||IM Sl > 0 [ My, f L0z
l 0 ®q,L(log L) Lp(ML(logL)lu) - l Pq,L Mé‘( )
- Mu
+€CE/M<D1,L(logL)Zf M, (g
7oy u(@)
> d
Rn‘ b, ( )‘ M&(g)
> [T o o [1M5(9) ™ 1o -

To finish the proof we shall show that

1Ms(9) ™ Ny 2 9™ o arwy = 1-

Since p’ < 0, this is equivalent to prove that

M;s(9) 7P (z)u(z) do < C’/g_p/(x)Mu(x) dx.

Rn

By choosing § such that 0 < § < %, we have that —p’/§ > 1 and the above inequality
follows from the classical weighted norm inequality of Fefferman-Stein (see [F'S]).

ii) It is enough to prove that

—

. 1/p
- |7%é,¢(f)($)|u($)l/pg($)dx < G (/ [M<1>1,L(logL f(z)]P MLlogL)lp+p (m)dm) ||9||p’

n
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for every function g € L (R"). From Lemma 4.1 we get that

/ [Tt (Hlu?g < Y S UQLNIP9l Laog sy HHfZHLlSQO 1o

k. i=1

+€sz¢ 7ol 501 HHszLlogL 53,300 | Bl

Let ¢y and €; be two positive numbers to be chosen later and consider the Young functions
Ag(t) = t7(1 + log™ t)PTe=D0+e) and Cy(t) = t*' (1 + log™ t)~(*<). Then, it is easy to
check that A; ' (t)C, ' (t) < B, (t), where By(t) = t(1 + log* t)!, and C; € B,. Thus, by
the generalized Holder’s inequality

M 10g £y (u u'Pg) < My, (uP)Me,g = (M u) p Me,g

where Ay (t) = t(1 + log™ t)®+E=10+e)  Then

|7Ze s(DluPg < Co | May 1 fl2) Ma, (u"?) () M, (9)(x) d

]Rn

+0C,y Ma, Liog Lf(f)MAo(Ul/p)@)MCo (9)(x) dx

R

< C M(Ibl,L(logL)Zf_.'MAg(ul/p)[MCOg+MCLg]
Rn
1/p
e ( [ Mo e P 1/1’)]?) gl

1/p
e ( / [Mq)l,L(logL)zf]pM&(u)) gl

Thus, by taking ¢, = M}# we are done. [J

5 Proofs of the weak type results
Proof of theorem 3.13 : Let Q0 = {x € R": /\/l%gj?(x) > A"}, By homogeneity we may

assume that A = 1. Let K be a compact set in €2;. Since K is a compact set and using
Vitali’s covering lemma we obtain a finite family of disjoint cubes {Q;} for which

P(1Q;D) [T fllse, > 1.
i=1

or, equivalently

[T 1e(QD ™ fllsg, > 1

i=1

18



and K C U;3Q);. The proof follows now similar arguments as in the proof of Theorem
4.1 of [PPTT]. We include it for the sake of completeness.

Let g; = ¢(|Q;])Y™ f; and C;* the family of all subset o = {o'(1),...,0(h)} of different
elements from the index {1,...,m} with 1 <h < m . Given ¢ € C}" and a cube Q;, we
say that ¢ € B, if ||go ||, > 1 for k=1,....;h and ||gom||Bo, < 1for k=h+1,....,m.
For o0 € CJ" and @ € B, denote

k
1 = [ 900 ll5.0:
j=1

and I1p = 1. Then II; > 1 for every 1 < k < m and thus

1 <1 = 9o ll5.0: Mk—1 = |9 Li-1l5.0;
or, equivalently

1

(5.1) B (goky Hr-1) > 1.

In particular,

(5.2) 1<

B (ga(m) Hmfl) <

1
|QZ’ Qi
Now, by taking into account the equivalence
ol = inf { i+ 5 [ Blal/in |
p>0 1@l Jq
if1<j<m-—h-—1,by (5.1) we get
B/(s) = B(lgotm T 150

, 1
< CP (1 + — B (gcr(m—j) Hmjl))

C , .
< B (otm-) B (i) -
From (5.2), by iterating the inequality above, we obtain
U< O | B (o) 7 [ B (o) B ()
Qil Jo, 1Qil Jo,

m—h—1 1 - i
< C( 1l & / B (go<mj>)>5’ (1)

— i

m —1 1 ' h
: C( o @il /iB]H (9"<mj>)> <H8m_h(Hg¢7(j)”B,Qi)>'

-0 j=1
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since B is submultiplicative. Thus, since i € B,, we have ||go(j|ls,o, > 1 for j = 1,...h,
and it follows that

m—h—1 h 1
. C B (goims) B (g, ) -
o3t ( i, B e )(U ar 5 “))

Now, since for 1 < h < mand 0 < j < m—h—1 we have that B/T1(t) < B™"(t) < B™(t)
and B™~h*L(t) < B™(t). Then

1
1<cT]— [ B
1177, B

MM<Cﬁ<AﬁWwy/

1/m m
<|QJ|>1/m|f@|>) [[( 2 (1Qs] 1/m>/

Qj

or equivalently

Thus, we obtain that

|Q,|<0H</

since B is submultiplicative.
) 1/m
By applying Holder’s inequality we have that “ﬁg‘) < ITZ, <“Z(Q)) . Then from
the above inequalities we obtain that

u(3
w0 < CY St

m 1 1/m / 1/m
CZH(B—% Qu) (B (@) | B (Ifi|)>
1/m
CH(ZBm (e0"") g Qf“/ o 'ﬁ)
1/m
< II(/Q (If:) A@L%)

1/m
BmﬂMO

J

IA

IN

where ¢ = B™ o /™ and the proof concludes. O

In order to prove Theorem 3.14 we need the following lemma.

(5.4) Lemma: Let ¢ > 1, e > 0, By(t) = t(1+log™ t)!, Ay(t) = t(1+log" t)lata-1+¢ and
let w, u be weights. Then there exists a positive constant C' such that the inequality

(5.5) Mgz(f)q,MAz(u)l’q/w < s \f]q/ul’qle

Rn
holds.
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Proof: Let Ay(t) = t9(1 + log 75)5‘1”*1+6 and C(t) = t7(1 4 log™ t)"""a 1) Then, it is
easy to check that A, ' (t)C~1(t -1 (t). Thus, by Holder’s inequality

) <
Mg, (gu''?) < M( )My, (uM?) = Me(g) M, (u)"/1,
Then, since C € By

Mgé(gul/q)qlMAe(u)l_q,w < C Mc(g)q/wgC/ ]g]qle,
Rn

Rn Rn

where the last inequality was proved in [Pe2]. Finally, by taking g = fu~'/? we obtain
(5.5). O

Proof of theorem 3.1/: Let p > 1 to be chosen later. Thus, since L»* and L' are
associated spaces, we have that

1T o FI 1y = W T /1™ ooy = sup [Ty o f1 ™ g

90 g7 1 0y <1 R

By Theorem 3.11 i) we obtain that

—

/ Ty f1 0 gu < Gy / (Ma, 5,f)" "™ Mg, (gu)
Rn n
= CZ/ (M‘Dl Bzf) R

where A, is a Young function to be chosen later. Then, by applying Holder’s inequality
in Lorentz spaces we obtain that

MBE (gu)

- F]1/(pm) A\1/(pm)
T f17gu < (M6 d) “WMW‘ My, (v)

LY (M, ()

Now the argument follows in similar way to that in [CPSS] (see also [P] for the multilinear
fractional integral). If we define S(f) = Aﬁz({ u
S+ LV (u) — LV (Mj, (u)). l

We shall take Ay such that Mp,(u) < My, (u), then S : L>(u) — L>(M4,(u)). Thus,
by the Marcinkiewicz’s interpolation theorem in Lorentz spaces due to Hunt (see [BS]),
it is enough to prove that S : L) (u) — LW+ (M (u)), which is equivalent to prove
the following inequality

(56) /n(MBg (f))(p—i-ﬁ)/(MAZ(U))l—(P-Fe)/ S |f|(p+€)/u1_(p+€),.

RTL

,, the result will be done if we prove that

By choosing A, = t(1 + log" t)®#P=1+(42)¢ ¢ > () the above result holds from Lemma
5.6 with ¢ = p+ € and w = 1. Then, we obtain that

1T ol 3imosy < CN My 50 )| asmoe ar, -

Thus, taking p = 1 + ;j(flw) with 0 < (¢ 4+ 2) < &, we get the theorem, since Ay(t) =
t(1 + log™ t)*+oe.
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