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Novel Results for the k—u Extreme Fading Distribution:
Generation of White Samples and Capacity Analysis

F. J. Lopez-Martinez, L. Moreno-Pozas, and E. Martos-Naya

Abstract—We provide new analytical results for the x—u ex-
treme (k—u-E) fading distribution, which is useful to model prop-
agation conditions more severe than Rayleigh fading. First, we
calculate a closed-form expression for the cumulative distribution
function in terms of the first-order Marcum Q-function, which
allows us to accurately generate k—u-E distributed random vari-
ables using the inversion method. Then, we investigate the ergodic
capacity in this scenario. Strikingly, we observe that the capacity
in the high-SNR regime scales differently than in all conventional
fading models.

Index Terms—Capacity, channel simulation, fading channels.

I. INTRODUCTION

HE characterization of fading in the presence of severe

propagation conditions through new channel models has
raised the interest of many authors [1]-[5]. These extreme
propagation conditions may occur in different scenarios such as
indoor propagation, enclosed environments, vehicle-to-vehicle
communications or in the context of wireless sensor networks
[4], and in general refer to fading conditions worse than
Rayleigh. One of such models is the k—u extreme (k—u-E)
distribution [5] as a limiting case of the general and popular
k—u fading model [2]. This model has been validated through
field measurement campaigns in different indoor environments
[5], and has found application in diverse scenarios [6]—[8].

The statistical characterization of the k—u-E fading distribu-
tion poses some open challenges. For instance, the cdf of this
fading model is given in terms of the zero-th order Marcum
QOp-function, i.e. Qo(:, ). Since the implementation of the
Marcum Q,-function is often restricted to positive integer val-
ues of n (e.g. Matlab), the computation of the cdf is not straight-
forward. This lack of tractability also has an impact on the
complexity associated with the generation of x—u-E samples
for channel simulation purposes.

Another open problem is related to how much information
can be transmitted in the very severe fading conditions modeled
by this distribution. Recent results have shown that the loss in
ergodic capacity for most popular fading models is constant in
the high-SNR regime, compared to the AWGN case [9]-[11].
However, to the best of our knowledge the capacity limits of
the k—u-E fading channel are largely unknown. In this paper,
we aim to shed new light on these issues.
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There are several contributions in our work: Although a closed-
form expression for the k—u-E cdf is available, we here derive
an alternative closed-form expression for this cdf in terms of
the first-order Marcum Q-function. Besides allowing for an
easy computation with readily available mathematical software
packages, an additional advantage of the new cdf expression
is that it can be easily inverted [12], [13]; hence, it enables the
generation of k—u-E variates using the inversion method, which
is reportedly more efficient that the rejection method [14].

We also investigate the ergodic capacity of x—u-E fading
channels. In general, the ergodic capacity in fading channels
other than Rayleigh and Nakagami-m is given in terms of
Meijer G-functions [15], [16] or generalized hypergeometric
functions [17]. However, in the high signal-to-noise ratio (SNR)
regime [9], [18] the ergodic capacity is known to behave as
C ~ log, y — b, where y is the average SNR and b is a constant
value independent of y that only depends on the fading distribu-
tion. Since b = 0 in the absence of fading (i.e. AWGN channel),
this parameter b is usually regarded as the capacity loss due
to fading. This capacity loss has been computed for most
popular fading models such [9]-[11], thus enabling a better
understanding on how fading severity translates into a capacity
loss. We will analyze the ergodic capacity in k—u-E fading
channels for the first time in the literature. We show that in
the high-SNR regime, the capacity scales as C &~ a - logay — b
with a < 1; interestingly, this result cannot be obtained by
specializing the results in [11] to the x—u-E regime. Thus,
the unique characteristics of this fading distribution to model
severe propagation conditions are translated into capacity in a
different way than for other fading models such as Rayleigh,
Rice, Nakagami-m, Hoyt, Weibull, n—u, x—u or Two-Wave
with diffuse power, for which a = 1.

II. THE x—u-E CUMULATIVE DISTRIBUTION FUNCTION

The xk—u-E distribution was originally introduced in
Yacoub’s reference paper [2], and later formalized in [5], where
an in-depth statistical characterization assessed by field mea-
surement was presented. Let us begin by considering a k—u
distributed random variable R with rms value given by Q =
E{R?}. The pdf for the normalized random variable p = R/ 2
is given as in [2] by

n+1
2u(l+x) 2

K 2 exp(kp)

p* exp (—p(1 + 1) p%)

x I—12upvk (1 +k)), (1)

where I,(-) is the modified Bessel function of the first kind
and order «. The cdf for the normalized random variable p is
therefore expressed as

Fr(p) =1- 0, (V21 V20 +01) p 20, @
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where Q,(-, -) is the generalized Marcum Q-function of order
n [19]. Letting k — oo and u — 0 while keeping the product
k- u =2 m constant, a k—u-E distributed random variable
is obtained.! By doing so, the cdf of the normalized random
variable p is then given in [5, eq. 7] as

Fp(p) = 1 — Qo(2v/m, 2p/m); p = 0. 3

While given in compact form, (3) has some problems from a
practical perspective. Since the computation of the Marcum Q-
function for values of n other than positive integers is usually
not supported by conventional mathematical packages (e.g.
Matlab), the evaluation of the k—u-E cdf is more complicated
than its general counterpart (2). As pointed out in [5], this also
complicates the generation of k—u-E random variates, as well
as further manipulations required to derive other statistics of
interest. For these reasons, an alternative expression for the cdf
in terms of an infinite series was also given in [5, eq. 10].

We now show that a simple and more tractable expression
for the k—u-E cdf can be easily derived. Admitting that the
definition of the Marcum Q,-function is valid for all n € Z, we
can use [20, eq. 9] Q,(a,b) = 1 — Q1_,(b, a) to express

Fp(p) = Q12p/m, 2/m)u(p), 4)

where u(-) denotes the Heaviside step function. Even though
the derivation of (4) is remarkably simple, this expression for
the k—u-E cdf is new to the best of our knowledge, and can
be easily evaluated. Besides, it also admits further integrations
using known integral results for Qi (-, -) function. The x—u-E
pdf can be directly obtained by differentiating (4) as

an(zpf’zﬁ )u(p)+Q1(0,2ﬂ)dl;(;). )

fr(p) =

Using the known expressions for the partial derivatives
of the first-order Marcum Q-function [21] and knowing that
01(0,2/m) = e~ the original pdf given in [5, eq. 6] is
obtained by direct differentiation of the cdf, as

fo(p) = 4ml\ (dmp)e™ 2"+ L o =2m5 0y (6)

where §(-) denotes the Dirac impulse function.

An additional benefit from this new expression is the fact that
simple asymptotic approximations for the cdf can be derived
when p — 00. By successively using the equivalence given in
[22, eq. 6], the asymptotic relationship between the generalized
Marcum Q-function and the Gaussian Q-function given in
[23, p. 100], and the asymptotic relationship for the modified
Bessel function of the first kind and the Gaussian Q-function
given in [24, eq. 28], we obtain the following asymptotically
exact approximations for the cdf:

Fp(p)p—oo ® 1= p~ 120 (24/m)p — 1) (7)
~ : Amo=1? - (g)

1= 2p — )2 pm

1 As discussed in [5], this corresponds to the case of having very strong line-
of-sight components, but scarce multipaths. The parameter m is related to the
variance of p as m~! = var{ pz}, and has a similar interpretation to the fading
severity parameter of the Nakagami-m fading model.
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Fig. 1. Empirical (markers) vs analytical (lines) cdf of the k—u-E distribution.

III. GENERATION OF k—u-E SAMPLES

The generation of k—u variates for channel simulation pur-
poses is usually performed by using the rejection method [14],
[25]. While this approach is reportedly less efficient than the
inversion method, the latter is usually infeasible when the target
cdf cannot be easily inverted. Fortunately, for the specific case
of the kx—u-E distribution we have just shown that its cdf is
given in terms of the first-order Marcum Q-function, for which
inversion algorithms are readily available [12], [13]. Hence, we
will use an inversion-based algorithm for generating a set z of
k—u-E white samples, which is now described:

(1) Define distribution parameter m
(2) Generate set r of uniformly distributed samples ¢/[0,1]
forall the »; € r do
if 7; < e=2™ then
| Zi = 0;
else
| zi =/ Q7 1(r;,2m)/2m [13];
end
end

In this algorithm, we used [13] to invert the function
O(x, b) = Q1(v/2x, ~/2b), which can be accurately computed
through iterative methods with fast convergence due to its
monotonicity and convexity. In Fig. 1, the empirical cdfs ob-
tained by generating 220 samples are compared to the analytical
k—p-E cdf, for different values of m.

IV. ERGODIC CAPACITY IN k—u-E FADING

The ergodic (or average) capacity in k—u fading channels
was investigated in [16], where an exact expression for this
metric was obtained in terms of an infinite summation of Meijer
G-functions. Letting x — oo and 4 — 0 while keeping« - u =
2 min [16, eq. 6] allows for evaluating the capacity, but it fails
to provide a first intuition of how capacity behaves in this type
of fading due to its complicated form.

In order to shed some light on this issue, we here perform an
asymptotic analysis of the ergodic capacity. Firstly, we focus on
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the low-SNR regime, for which the capacity is known to behave
as [26,eq. 12] Cy; | ~ log, e - E{y}. This yields

Cyiy ~loge-y, C)
which is independent of m, and more interestingly, coincides
with the low-SNR capacity in the AWGN case.

The asymptotic capacity analysis in the high-SNR regime
following the approach introduced in [9]. Specifically, the er-
godic capacity in this situation is approximated by [9, eq. 8]

0
Cyrr X logy e ﬁE[)’n]lk=O' (10)

Therefore, the capacity analysis in the high-SNR regime re-
quires for the calculation of the SNR moments of the x—u-E

distribution. The instantaneous SNR y at the receiver under
k—u-E fading has the following pdf [8, eq. 22]:

) = 2 mma+hy, <4m\ﬁ ) L s, an
Y N2 v 2Jyy 7

where 7 = E[y] is the average SNR. Hence, the & moment of
y can be calculated as

k
E[y*] = (2V G TR k0. 2m), (1)
m
— Gy (k)
G (k)

where I'(-) is the Gamma function and 1 F; (-, -, -) is the regular-
ized confluent hypergeometric function [27]. We have defined
G1(k) and G2 (k) in (12) for convenience of calculation. Specif-
ically, we use these definitions to express

d 0 d
WCE[V"] lk=0= ﬁGl (k) [k=0G2(0)+G1(0) ﬁGz(k) lk=0. (13)

The first term in (13) is given by
d _ _
S G10lk=0G2(0) = (1 e M) (logy — log2m),  (14)

where log denotes the natural logarithm, and we used
limg_o Ga(k) = 1 — e~ 2", Noting that G1(0) = 1, the calcu-
lation of the second term in (13) is

0 a _
v & = Ga ()= = e*”"ﬁ{r(km (k, 0,2m)} k=0, (15)

where the notation v, was used for the sake of compactness.
Expressing 1 F in series form, we have

_ N (k) )T N (k) (2m)"
ik 0.2m) =) m S =Dy 19
n=0 n=1

where (k), denotes the Pochhammer symbol. We also used
the fact that the first term in the summation equals zero
as I'(n)|,—o — oo. Furthermore, since I"(k) - (k), = I"'(k + n),
we obtain

e¢]

I'(k)1Fy(k,0,2m) = Z

n=1

'tk +n) C2m)"

I'(n) n! 17
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Fig. 2. Ergodic capacity of the x—u-E fading channel. AWGN (m — oo) and
Nakagami-m cases included as references. Exact results obtained using [16],
asymptotic results given by (9) and (20).

Hence, the derivative in (15) is given by

T——— Z W (n)

n=1

(18)

@cm)"
n

where W(-) is the Digamma function. Using the simplified
expression of W (n) for n € N given by ¥ (n) = Z?Z_ll % — Ve
in [28, eq. 6.3.2], where v, is the Euler-Mascheroni constant,

and after some algebra, we obtain
v =log2m— E;j(—2m) + efzm(Zye + log2m— E;(2m)), (19)

where E;(-) is the Exponential Integral function [28, eq. 5.1.2].
Thus, combining (12)—(19) yields

Cyry ®a-log,y — b, (20)
where a = 1 — ¢~ and
p = € Em) + E(—2m) — 27" (ye +log2m)

log(2)

One important observation must be made here: the slope of
the capacity as a function of the average SNR y is lower than
the unity for finite m, i.e. a < 1; Ym < oo. This behavior is
unique, compared to existing results in the literature for the
ergodic capacity in fading channels [9]-[11], [18], [29], for
which a = 1 regardless of the parameters of each fading model.
Specifically, the recent analysis in [11] studies the asymptotic
capacity in the high-SNR regime under n—u and k—u fading,
which include the popular Nakagami-m, Hoyt, Rayleigh and
Rician models as particular cases. However, the effect on
capacity here observed cannot be deduced by specializing the
results in [11] to the k—u-E regime.

A direct implication of this result is that the parameter b
cannot be regarded as the asymptotic capacity loss with respect
to the AWGN case. In other words, the asymptotic capacity loss
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Fig. 3. Capacity loss in «k—u-E fading given by (22) as a function of m, for
different values of y. Nakagami-m case ACI};I%kT = log; e(logm — W(m)) given

in [9].

for the k—u-E fading channels is not independent of y; instead,
it can be expressed as

K—pu—E __

CAWGN _ oo = e 2 log, 7 +b.

ACj00 & 700 (22)
The ergodic capacity is evaluated in Fig. 2 for different values
of m. The result for the Nakagami-m fading channel [9] is
included as a reference, since its m parameter has a similar in-
terpretation. We observed that reducing m dramatically changes
the slope of capacity in k—u-E fading. Hence, the capacity loss
compared to the AWGN and Nakagami-m cases grows with
y more pronouncedly as m is decreased. Conversely, as m is
increased the severity of fading is reduced, and the capacity loss
is practically negligible.

In Fig. 3, the asymptotic capacity loss in (22) is represented
as a function of m. When m takes low values, we see that
ACj_ o depends on y in k—u-E fading, due to a < 1. Con-
versely, as m increases then the capacity loss is mainly due
to (21), and tends to behave similarly to the capacity loss in
Nakagami-m fading, which is always independent of .

V. CONCLUSION

We provided new insights for the k—u-E fading distribution.
Our new cdf expression is easy to evaluate, and allows for
efficiently generating x—u-E distributed white samples. Our
analysis reveals that the blockage events inherent to the k—u-E
fading channel affect the scaling laws of capacity in the high-
SNR regime, whereas no differences are observed with the
AWGN case in the low-SNR regime.
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