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Earlier ellipse fitting methods often consider the algebraic and geometric forms of the ellipse. The work
presented here makes use of an ensemble to provide better results. The method proposes a new ellipse
parametrization based on the coordinates of both foci, and the distance between them and each point
of the ellipse where the Euclidean norm is applied. Besides, a certain number of subsets are uniformly
drawn without replacement from the overall training set which allows estimating the center of the distri-
bution robustly by employing the L1 median of each estimated focus. An additional postprocessing stage
is proposed to filter out the effect of bad fits. In order to evaluate the performance of this method, four
different error measures were considered. Results show that our proposal outperforms all its competi-
tors, especially when higher levels of outliers are presented. Several synthetic and real data tests were
developed and confirmed such finding.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Curve fitting is the process of specifying a model based on a
particular curve, such as a circle, ellipse or parabola that provides
a good fit to a set of points [1-4]. Fitting has become an impor-
tant research topic in the last years in many areas of science and
technology. Also, this process is the first step for a large number
of applications, for example, engineering applications that may in-
clude trend analysis, extrapolation or interpolation between data
points.

Borges [5] presents a geometric fitting method based on least
squares. This method is used to analyze rocks’ properties and other
materials. Mitchell and den Berg [6] use ellipse fitting to analyze
electron diffraction in order to obtain different patterns from poly-
crystalline materials. And Liao et al. [7] use a method based on de-
tection techniques and ellipse fitting for cell image segmentation.

In this work, a new method to fit an ellipse to a set of input
points is presented. Our approach introduces ensemble methods
into the curve fitting research field, which has not been previously
proposed in the literature. This methodology differs from our pre-
vious works for other conic curves [4].
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Our proposal is motivated by the observation that several alter-
native solutions can be obtained from the same base algorithm by
slightly changing the set of input points. Therefore, an enhanced
fit can be computed by robustly combining those different solu-
tions, so that grossly erroneous fits have a small effect on the final
solution. In order to attain such a goal, a parametrization of the el-
lipse is proposed which is amenable to the robust averaging of the
combined solutions. The median is employed to carry out such av-
eraging. The rationale behind this is that the median is resilient to
outliers, so that some completely wrong solutions do not ruin the
overall estimation. The research gap to be addressed here is how
accurate ensemble averaging of ellipse fits can be, as compared to
the individual fits by classic algorithms which do not consider en-
sembles. Given the previous successes of ensemble methods when
applied to other research fields, and the lack of ensemble propos-
als for ellipse fitting, the significance of our investigation is guar-
anteed. The validity of our proposal is assessed by quantitative and
qualitative studies of its performance, as compared to state of the
art ellipse fitting algorithms.

The structure of the paper is: Section 2 presents state-of-art
techniques related to ellipse fitting and ensembles. Section 3 de-
scribes the theory and the proposed algorithm and after, the re-
sults and discussion of the experiments are presented in Section 4.
At the end, Section 5 reports the conclusions and possible further
works.

Please cite this article as: K. Thurnhofer-Hemsi, E. Lopez-Rubio and E.B. Blazquez-Parra et al., Ellipse fitting by spatial averaging of
random ensembles, Pattern Recognition, https://doi.org/10.1016/j.patcog.2020.107406
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2. Background
2.1. Fitting ellipse in literature

Fitting methods can be divided into algebraic and geometric fit-
ting [8,9]. Thus, in an algebraic fitting, the curve is given by an
implicit equation of a conic.

Ax?> + Bxy +Cy* + Dx+Ey+F =0 (1)

Only if B2 — 4AC < 0 then this equation defines an ellipse. If the
value of a point (x, y) is replaced in the equation, the value ob-
tained in the implicit equation is called an algebraic distance. Also,
the solution is not always an ellipse in spite of the algorithms be-
ing efficient. On the other hand, geometric fitting tries to minimize
the geometric distance, i.e. Ahn et al. [10] who minimize the sum
of the orthogonal distances.

Many researchers have tried to obtain accurate and robust
methods. They approximate the geometric distance by a function
of the ellipse parameters. Yu et al. [11] have determined a geo-
metric objective function considering that the sum of the distances
from a point to the foci is constant. On the other hand, Kanatani
and Rangarajan [12] have presented an algebraic method using the
ellipse implicit equation with a stipulated constraint. This gives
rise to an accurate algebraic solution by full error analysis. How-
ever, parabolas and hyperbolas are described by the general equa-
tion of the conic as a solution and the sensitivity to outliers. Liang
et al. [13] used the alternating direction method of multipliers on
an adaptation of direct least square fitting using the I,-norm with
p<2.

Ten fundamental methods used in this paper are presented be-
low. First, Taubin’s method [14] is a nonlinear least squares prob-
lem that consists in a non-iterative curve fitting method. It is based
on implicit representation to a dataset minimizing the approach
mean square distance where statistical properties of noise are not
considered. Second, Szpak’s method [15] introduces an ellipse es-
timation procedure which endorses an optimization of the Samp-
son distance reached for a particular alternative of the Levenber-
Marquardt algorithm. Third, Fitzgibbon's method [9,11] is an alge-
braic method that minimizes the algebraic distance. This method
fits an ellipse including ellipticity constraint into the normaliza-
tion factor. Fourth, Mufioz’s method [1] is a robust multicriteria al-
gorithm based on the mean absolute error. Fifth, Halir & Flusser’s
method [16] presents an approach based on a least squares mini-
mization. This method is non-iterative and stable from a numerical
point of view. It is simple and efficient even in the presence of a
large amount of noisy data, hence recommended for an initial ro-
bust ellipse estimation. Sixth, Rosin’s method [17] is an accurate
and robust method based on least median of squares. The median
of intrinsic parameters of the supposed ellipse is used to reckon
the geometric parameters of the ellipse. Seventh, Prasad’s method
[18] proposes an efficient least squares ellipse fitting method with-
out any constrained optimization that is stable under high levels of
noise. Eighth, Kéning’s method [19] proposes a geometric fitting to
an ellipse minimizing measured and fitted signal values’ distance.
This method supplies model parameters’ best linear unbiased es-
timators and includes the statistical uncertainties. Ninth, Liang’s
method [20] proposes a linear combination of a subset of few data
points to construct the ellipse parameters. Also, it employs the ab-
solute residuals to reduce the contribution of extreme data points
and binds the position error of data points to be robust against
the worst case. Finally, Sobhani et al. [21] propose a method based
on algebraic distance minimization which uses the robust Huber’s
function. Their algorithm detects inliers that can determine the el-
lipse parameters.

2.2. Ensemble methods

In literature, some methods to solve problems by ensembles
of solutions have been described. However, most of them are ap-
plied to classification issues [22,23]. The accuracy of the ensembie
is linked to the performance of each of the base algorithms used
as well as the variety of their results. Choosing between more ex-
act but less varied based learners and vice versa can actually be a
rightful definition of distinct ensemble methods. In general, better
outcomes are obtained since the process of blending and averaging
makes the variance of the ensemble model decrease. The output of
an ensemble depend on the individual achievement and the inde-
pendence of the effect of each learner, i.e. high diversity and low
error [24]. A common procedure to generate diversity is the use
of different data subsets to train each base algorithm of the en-
semble. In order to bring about different training data sets, some
approaches such as random methods [24-27] and rotating (rota-
tion forest) [28]| are employed. Regarding the most well-known
and useful ensemble methods are bagging, AdaBoost and Logit-
Boost [29]. Bagging (bootstrap aggregating) ensemble method was
introduced in the mid-"90s by Breiman [30]. He uses a bootstrap
sampling technique, guaranteeing improvements in terms of accu-
racy as it reduces the classification error variance. The second pro-
cedure is the AdaBoost method, the most extensively used boosting
algorithm published by Freund and Schapire [31]. It entails the im-
plementation of an adaptive re-sampling method with improved
predictive behavior since it reduces both bias and variance [32].
The third kind is the LogitBoost, a boosting method presented by
Friedman et al. [33], the idea of which is the bias and variance
reduction [34]. LogitBoost process is considered as an expansion
of the AdaBoost method [35,36]. Lopes [37] proposes a bootstrap
process to estimate this variance for bagging, random forests and
related algorithms in the context of classification.

Notwithstanding the above, Rosin [38] uses a method that
stores five-point ellipse fits as an ensemble and then determines
the fit using medians. The Rosin’s method advantages comprehend
the high amount of outliers permitted without requiring any ran-
dom parameters and its reliability owing to the lack of problems
with convergence as in others least-squares based methods.

Rosin uses the natural parametrization of the ellipse, based on
the center coordinates, the length of the major and minor axes and
the orientation. This means that with every five points subset an
ellipse is fitted. When the outcome curve does not match an el-
lipse, the five-point subset is discarded. Taking all combinations
of five points leads to an undesirable situation due to the great
number of ellipses generated even if a small number of points are
present. To accelerate this process, only a random sample of the
original set of points that have not been employed yet is regarded.
By doing this, each point of the initial data set is ensured to be
included in one of the 5-tuple fits.

3. The SAREfit method

In this section our ellipse fitting method is detailed.
Section 3.1 introduces our proposal, while Section 3.2 is de-
voted to the study of its robustness against outliers.

3.1. The algorithm

Let us consider an ellipse fitting algorithm ¢ that, given an in-
put set of points T of size N, T = {x; e R* :i e {1,..., N} produces
an output ellipse fit:

@ RN RS

o) =¥ @)
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where ¥ € R is a suitable parametric representation of the fitted
ellipse which is obtained as the output of the algorithm. Now, if
the overall training set S contains more than N samples, we may
consider the 5-dimensional probability distribution of ¥ when T is
randomly drawn from S with replacement. Such multivariate dis-
tribution on R is expected to be unimodal, where the center of
the distribution is close to the true ellipse that is to be estimated.
In other words, the samples of ¥ are expected to cluster around
the point in R> which represents the true ellipse under the con-
sidered ellipse parametrization. The less biased the algorithm, the
closer the center of the distribution to the true ellipse. Depend-
ing on the proportion of outliers in S, some of the realizations of
¥ are noisy, i.e. some ellipse fits are bad estimates of the true el-
lipse. In order to overcome this difficulty, we propose to employ
robust estimators of the center of the probability distribution of .
This robust estimation depends on the nature of the
parametrization of the ellipse to be considered. As noted in
[38], the algebraic parametrization of the ellipse is not adequate
for accumulation of multiple fits. In this work, an alternative
parametrization of the ellipse is proposed for this purpose:

¥ = (a1, 02, B1, Ba. v) = (Y1, V2, Y3, Ya, ¥rs) (3)

where (a7, o;) are the coordinates of the first focus of the ellipse,
(B1, B2) are the coordinates of the second focus, and y is the sum
of the distances from each point of the ellipse to (o1, ;) and (B,
B-). This way, the ellipse is defined as the set of points X € R2
which satisfy the following equation:

Il (@1, 02) =X|| + [[(Br, 2) =X = ¥ (4)

where | - || stands for the Euclidean norm. It must be highlighted
that (3) represents an ellipse if and only if the following condition
holds:

[ (ee1, 02) = (B1, B2) Il < ¥ (5)

i.e. the focal distance is smaller than the sum of distances param-
eter.

Let us consider K random realizations of the probability distri-
bution of ¥, which are associated to K subsets of size N uniformly
drawn without replacement from S, Q = {¢;: j e {1,.... K}}. The
fact that («q, ay) and (81, B3) are points on the plane suggests a
robust procedure to estimate the center of the distribution of .
The robust estimates of the coordinates of the two foci are com-
puted as follows:

RPN 13 CRSEI RS IG
() = i SN po -] O

that is, (&, @) is the spatial L1 median of the first estimated foci

(Wia. Vi), while (By.Bs)
timated foci (3, ¥;4). The robustness of the estimation comes
from the fact that the sum of Euclidean distances is considered in
(6) and (7), rather than the sum of the squares of the Euclidean
distances. The latter choice would have led us to the mean of the
sets of estimated foci, and the mean is known to be non robust
[39].

The estimate y of the sum of distances parameter can also be
robustly computed by the univariate median:

while is the L1 median of the second es-

K
1 =argryrl€imp§|1/—wj.s| (8)

where |-| stands for the absolute value of a real number.

As done in (6) and (7), the selection of a robust estimator en-
sures that a small quantity of bad fits ¥; does not affect the esti-
mation too severely. A tentative estimation can be built by joining
the results of (6), (7) and (8):

'}Z (OA[LOA[LBLBZJA/) (9)

An additional postprocessing stage is proposed in order to filter
out the deleterious effect of the bad fits. First of all, the Euclidean
distance in the natural parameter space is computed between the
tentative estimation and the fits:

d=|¥-v;) (10)
where j € {1, ..., K}. Then the g-th quantile @ of the distances d; is
computed:

P(d <w)=q (11)

where qe(0, 1) is a tunable parameter. After that, the final estima-
tion is obtained as a robust estimate based on the best fits accord-
ing to the distance d:

(@1, @) = arg no}zl?ewz Z |1 02) = (V1. ¥32) | (12)

(Br.Ba) = g, HglgleRz Z (B, B2) = (Vi3 Vi) | (13)

y—argmmZ|y W15| (14)
dj<p

¥ = (.0, 51 B 7) (15)

The proposed algorithm reads as follows:

1. For values of j between 1 and K, repeat steps 2 and 3.

2. Draw uniformly at random a subset T of the training set S, with
replacement.

3. Run the base ellipse fitting algorithm ¢ with input T to obtain
the output ellipse fit ¥;.

4. Apply Egs. (6)-(8) to obtain the tentative estimation 1/7 =
(@182 31.52.7)-

5. Compute the distances in the parameter space by (10) for all
the fits.

6. Apply Egs. (12)-(14
(&1, 2. B1. Ba. 7)-

7. 1f 1} corresponds to an ellipse as described by (5), then return
¥ and halt. Otherwise, run a backup ellipse fitting algorithm
with input S, then return the obtained output and halt.

) to obtain the final estimation V¥ =

The backup procedure of step 7 is included because sometimes
the tentative estimation does not describe an ellipse. This might
happen when the training set S does not correspond to an ellipse,
or when the individual fits ¥; have a poor quality. It is worth not-
ing that circles, as a special case of ellipses, can be detected equally
well as non circular ellipses. For a circle we have that the two foci
(aeq, arp) and (B1, B,) are the same. This means that the estimated
foci of the base ellipse fits (¥, ¥2) and (3, ¥j4) concentrate
around the center of the circle. Consequently the final estimations
of both foci (@.d,) and (B;.B;) are close to the center of the
circle, which is the correct solution. Fig. 1 depicts an example of
circle fitting. It can be observed that both estimated foci coincide
up to a distance around 102,

3.2. Robustness analysis
In order to assess the robustness of the SAREfit algorithm

against outliers, a formal analysis of the expected number of ‘bad’
ellipses generated in step 3 of the algorithm is carried out in this

Please cite this article as: K. Thurnhofer-Hemsi, E. Lopez-Rubio and E.B. Blazquez-Parra et al., Ellipse fitting by spatial averaging of
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12+ The baseline algorithm will produce a bad output ellipse when-
ever the number of outlying samples in its input subset T is be-
117 tween £N and N. Next, the probability of having between £N and
N outlying (bad) samples in a subset T of size N of the training
L set S can be estimated computing the sum of the probabilities of
achieving between £N and N successes with the above binomial
>09 7 o probability distribution:

08f P(EN <B<N)=P(B=§N) (17)
07t For €N <N, upper bounds for the lower tail of the distribution
) function can be derived. Equivalently, the upper tail bound is de-

rived directly from the Chernoff bound [40]:

0.6 0.8 1

Fig. 1. Example of the SAREfit execution with a perfect circle (degenerate case).

subsection. This study is done with respect to the fraction of out-
liers in the training dataset and the robustness of the baseline
algorithm. In other words, in this subsection, it is analyzed how
many outlying input points can exist in the training set without
preventing our approach to yield a reasonable output ellipse fit.
Let us remember that the breakdown point of an estimator is the
fraction of outlying input samples that must exist in order to make
the estimator produce a broken estimation, i.e. an estimation with
too large output parameters. On the other hand, the g-th quantile
of a distribution is the value that leaves a fraction g of the samples
below the quantile.

Let us assume that the baseline algorithm has a breakdown
point of £ €[0, 1]. That is, the baseline algorithm fails in the fit of
the ellipse whenever the proportion of outliers in the input data to
the baseline algorithm is higher than &. Also, let ¢ [0, 1] be the
proportion of outlying (bad) samples contained in the training set
S. Thus, the number of outlying (bad) samples B in a subset T with
cardinal N of the training set S follows a binomial distribution:
B~Bi(n=N,p=¢) (16)
where N is the number of samples in a subset T to be provided as
input to the baseline algorithm.

097 /
| /
0.8 ' I

/

0.6
=z
wr
rost——of—f-f- S S f—f
Q
o
0.4 [ £ = 0.2 |
—_—c=03
0.3 £=04
—( =05
0.2 ——(=06
£=07
—(=0.8
0.1 —=09
- --P=05
0 —
0 0.2 0.4 0.6 0.8 1

¢

P(B=&N) <exp(-N-D(§[[£)) if & <& <1 (18)

where D(t||s) denotes the relative entropy between the Bernoulli(t)
and Bernoulli(s) distribution and is obtained as:
1-t

t —
D(t||s) = tlog; +(1—-t)log T

Combining Eqs. (18) and (19), the following bound is derived:

EN (1-6N
P(BZEN)§<g> (1:;) ifr<€&<1

Eq. (20) gives an upper bound of the probability P(B>&N) that
a bad ellipse is produced as the output of an execution of the base-
line algorithm. Step 4 of our proposed algorithm (Section 3.1) em-
ploys medians to obtain the tentative estimation of the ellipse by
computing medians of the parameters of the output ellipses com-
ing from the baseline algorithm. Since the median has a break-
down point of 0.5, in order to avoid that step 4 of the algorithm
generates a bad ellipse, it should be ensured that P(B>&N) <0.5.
From Eq. (20), this can be guaranteed if the following condition
holds:

EN (1-§)N
¢ 1-¢ ,
(5) (1_&_) <05 if¢ <& <1

Therefore, values of ¢ and & which fulfill Eq. (21) should be
employed in order to ensure the quality of the final ellipse fit.

In Fig. 2 the representation of Eq. (20) is depicted for a vari-
ety of values of { and & between 0 and 1. When ¢ is increased,

(19)

(20)

(21)

P(B>=¢ N)

13

Fig. 2. Graphical analysis of the robustness of SAREfit method. Values of ¢ and & are sampled in the interval (0,1) and Eq. (20) is evaluated. Horizontal dashed black line

represents the breakdown point of the median.
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i.e. there are more outliers in the dataset, the baseline algorithm
tolerates a higher proportion of bad samples before reaching the
breakdown point of 0.5. Likewise, the second graphic shows that if
the tolerance of the baseline algorithm to cope with many outly-
ing points is good enough, then the whole dataset S may contain a
larger number of outliers while our proposal still works fine since
there are more values of ¢ below P = .5.

4. Experimental results

A set of experiments were designed in order to assess the ro-
bustness of our method. First, the evaluation metrics are described
in Section 4.1 and the parameter optimization procedure is sum-
marized in Section 4.2. The results on synthetic and real data sam-
ples are discussed in Sections 4.3-4.6. Finally, the problem of mul-
tiple ellipse fitting is discussed in Section 4.7.

4.1. Evaluation method

The proposed method, named as SAREfit!, was compared with
other state-of art algorithms for ellipse fitting, i.e. Mufioz [1],
Taubin [14], Szpak [15], Fitzgibbon [9], Halir&Flusser [16], Rosin
[17], Prasad [18], Kéning [19], Liang [20] and Sobhani [21] meth-
ods. Default parameter values were used for all the methods, with
the exception of Liang and Sobhani where their sparsity parame-
ter A was tuned for our experiments because their proposed value
does not fit with our experimental setup. A = 0.2 was chosen for
both methods.

We have considered the use of performance profiles [41] with
the intention of condensing the results of numerous tests. The aim
of this representation is to build a probability cumulative distribu-
tion that measures the performance of each method. Thus, the best
method will be the one with the nearest probability curve to the
left-upper corner of the figure axes. A detailed description of this
representation can be found in the literature.

Four different error measures were considered in order to as-
sess the robustness of our method compared with the competitors:

1. Natural error: the natural parametrization (3) of the fitted el-
lipse is computed and then it is compared with the true values
as

> W i
S92

i=1

NaturalError = (22)

2. Algebraic error: the algebraic parametrization of the ellipse is
considered, & = (A, B,C, D, E, F) associated to the general equa-
tion of a conic section. The true and predicted parameters are
normalized and the error is computed as

i\ 2

(& &
AlgebraicError = —=— - 2
21 I 1181

3. Geometric errors: given the geometric parametrization ¢ =
(x.y.a,b,0), where ¢ = (x,y) € R? is the center of the ellipse,
a is the half length of the major axis, b is the half length of the
minor axis, a>b >0, and 6 €[0, ] is the angle of tilt, we com-
puted the errors of the center, angle, major and minor semiaxes
and area of the ellipse:

(23)

ec=lle~ll ca=la-al. ¢=|b-b|. ex=|a-A|. & =6 -7
(24)

1 The source code and demo of the proposed approach will be published in case
of acceptance.

4, Root Mean Squared Orthogonal (RMSO) error: a set of M points
belonging to the true ellipse are projected to the estimated el-
lipse in order to compute their orthogonal distances o; [42].
Then, the root mean squared error of those measures is calcu-
lated as:

RMSOError = (25)

The use of more than one performance measure of different na-
ture is a good way to assess the quality of a new methodology.
Depending on the application for which the fitting method will be
used, the principal error measure should be different. Our algo-
rithm is based on the natural parametrization, so the natural error
is a bit more biased because most of the competitors use the alge-
braic or geometric parametrization. Nevertheless, when the aim of
the fit is to obtain a good precision on the focal points, this error
has to be the reference. On the other hand, algebraic and geomet-
ric errors are correlated, and it is for interest when we want to
achieve a correct orientation and center of the ellipse, for exam-
ple. Finally, the RMSO error is a general measure that can be used
to compare different methods irrespective of their fitting criterion
and the quality of the fitted ellipses [43]. In order to overcome
problems with algebraic errors, we can make use of the RMSO er-
ror which is not associated with any parametrization, is invariant
to transformations in Euclidean space and has less high curvature
bias. It is also suitable when the true ellipse is not provided al-
though might be affected by the presence of outliers.

All experiments were carried out on a 64-bit PC, with an In-
tel Core i7-4790, 3.6GHz CPU, 32 GB RAM and standard hardware.
Matlab R2018b was used to implement the proposed method as
well as to perform the comparisons with the competing methods,
with no use of GPU resources.

4.2. Parameter fitting

SAREfit model is based on an ellipse fitting algorithm ¢ and
a backup algorithm too, as described in the previous section. Due
to its extreme simplicity, Halir&Flusser’s method was chosen to be
this algorithm ¢, and Fitzgibbon to be the backup method. Both of
them with their default parameters. Nevertheless, SAREfit includes
its own parameters that need to be fitted:

» Subsampling factor (s7): is the proportion of the input samples
considered in the fitting procedure. size of the set S creates the
input set T, as it is described in Section 3.

Ensemble size (K): the number of distributions created from the
whole samples, i.e., the number of ellipses fitted by the algo-
rithm using different training sets.

Quantile (q): the g-th quantile value used to filter the fits ac-
cording to the natural error.

In Table 1 both the set of tested parameters and those found
to be the best ones are summarized according to the natural, al-
gebraic and RMSO errors. All the possible combinations of param-
eters were run in order to find a global minimum. 100 different
initializations were executed incorporating between 5% and 20% of

Table 1

Parameters tested for the SAREfit algorithm and the optimal results according
to the Natural, Algebraic and RMSO errors. The selected parameters are in
bold.

Parameter  Tested values Nat. Er.  Alg.Er. ~ RMSO Er.

St {0.1,...,1} (step 0.05) 0.15 0.15 0.70
{15,..,150} (step 15) 90 90 15

q {0,0.05,0.1,...,1} (step 10)  0.10 0.10 0
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Fig. 3. Parameter optimization based on the average along 100 executions. Left: 4D representation of the Natural error obtained in the simulations (the darkest the better).
Right: Algebraic errors varying the subsampling factor and the ensemble size, and fixing q¢ = 0.10.

outliers randomly, and the average errors were calculated to have
a precise estimation. ¢ = 0 means that the best ellipse based on
the error with respect to the tentative estimation 1/} is chosen.
The best configuration was exactly the same for two types of er-
rors. st = 0.15 indicates that 15% of the input points are enough
to achieve good results. This can be interpreted as a way to re-
move outlier points from the training dataset. K =90 fits seems
to be enough to achieve stability across different initializations. Fi-
nally, the post-selection of the best 10% of ellipses with respect
to the first estimation assures improvement of the outcome. These
estimated parameters were used for both synthetic and real ex-
periments. Fig. 3 depicts the detailed results of the optimization.
The cube represents all possible combinations of the parameters,
whose outcomes are plotted following the color bar. The best re-
sults are achieved for small values of Subsampling factors, which
confirms our supposition about the good performance with the
presence of outliers. The right side image represents one slice of
the cube (g = 0.10), so the tendency of the other two parameters
can be determined. We can observe a clear minimum at sy = 0.15
and a stabilization of the error when the number of fits is in-
creased.

4.3. Synthetic data

The first experiments deal with artificial datasets generated as
follows:

1. Firstly, the center, the major and minor axes of a ellipse
are chosen at random uniformly: x, y~U(0, 1), a~U(0.2, 1),
b~U(0.1, 1). The major and minor axes have different ranges
to avoid degenerated ellipses. The tilt angle is also chosen uni-
formly 6 ~ U(F. Z).

2. Secondly, N = 50 sample points are generated on the canonical
coordinate system: (acos¢, bsing) € R2, where ¢ ~ U(¢s, ¢e),
¢s, pe ~U(—m, ), and satisfying that ¢ — ¢s > 1 in order to
avoid the prediction of degenerated ellipses caused by datasets
with small curvature. The random choice of the starting and
ending angles combined with this constraint allows having dif-
ferent levels of occlusion in the training points of the ellipse.

3. Finally, 1% of normally distributed Gaussian noise is added and
a specific percentage of the points are modified to convert them
to outliers.

4. In addition to this, 1000 test points on the true ellipse are gen-
erated to carry out the computation of the RMSO error.

Fig. 4 presents four examples of synthetic ellipses whose train-
ing samples contain 5%, 10%, 15% and 20% of anomalous points re-
spectively. Fig. 4a shows almost a degenerated ellipse, and most of
the competing methods failed in the fit. Mufioz, Halir&Flusser and
Szpak methods achieved to output an ellipse, but SAREfit was the
only one able to produce an ellipse with very similar characteris-
tics to the ground truth, with only a small displacement. Second
and third examples (Figs. 4b-4 c) also have a high level of occlu-
sion (around 50%), and the number of outliers was increased. In
both cases, all methods had a better outcome, although most of
them were affected by the presence of outliers. Again, the most
accurate prediction was the one generated by SAREfit, followed by
Rosin and Mufioz methods. At last, an example with 20% of outliers
and less occlusion is shown in Fig. 4d. All the algorithms approxi-
mately fitted the ellipse with the exception of Liang algorithm, and
our proposal is the only method which completely overwrites the
edge of the ellipse.

Next, batches of 1000 different random initializations and with
random occlusion were run varying the percentage of outliers
between batches, and the results are summarized in Fig. 5 us-
ing the performance profiles described before. Note that the best
method is the one that first reaches probability 1. Fig. 5a-f con-
tains the outcomes of 5% and 10% of outliers. There are six meth-
ods that never attain to solve all the possible configurations posed
in the batch: Taubin, Rosin, Prasad, Koning, Liang, and Sobhani.
This means that they are very unstable if the input samples do not
have a refined shape of an ellipse. There is more variability with
the rest of the methods depending on the metric. In terms of Nat-
ural and Algebraic error, SAREfit is clearly the best method, solv-
ing always all the fits with less error than the competitors. More-
over, our proposal is also good using the RMSO measure as the
hard training datasets (t > 2) are solved with less error, i.e. when
the quantity of outliers is incremented, the results were more ro-
bust in favor of SAREfit. Mufioz and Szpak algorithms also perform
well for the Natural and RMSO errors. Fig. 5g-1 show the results of
15% and 20% of anomalous points. Here, Rosin method improved
its results reaching almost 90% of the ellipse fits. On the other
side, the positive differences observed with respect to Mufioz and
Szpak methods is incremented and the gap based on RMSO er-
ror is clearly reduced. The case of Liang and Sobhani methods is
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Fig. 4. Graphical comparison using synthetic data generation. Four different initializations and their solutions are shown. The black points are the training samples and the
true ellipse is plotted as a thick solid curve, while the fitted ellipses are shown as a narrow solid curve.

very particular because one expects a better performance. How-
ever, these methods model the sparsity of the samples and they
work well under controlled situations, such as the absence of oc-
clusion and large numbers of samples. Unlike SAREfit, this makes
both methods inappropriate for extreme configurations. Neverthe-
less, when the number of outliers is fixed and there is no occlusion
(see Subsection 4.5) they improve although they are also affected
by eccentricity.

Fig. 6 sums up the geometric errors for 10% of outliers. The
mean and median values in the box plots are shown as a gray cir-
cle and a line, respectively. A small pattern can be found in each
feature with respect to our proposal: SAREfit has located its aver-
age and median below the ones obtained by the competing meth-
ods, although there is a bit more dispersion across the fits. This
means that most of the input samples are fitted better, although
sometimes the differences are larger. The worse method is Szpak,
showing a great dispersion caused by the generation of incorrect
ellipses. SAREfit and Mufioz methods are the best ones focusing on
the center, area and angle, followed by Fitzgibbon. Kéning method
stands out for its nice performance in center, semiaxes, and area
but it has problems to fit adequately the angle of the ellipse, which
might be caused by the outliers. Liang and Sobhani methods yield
adequate values for the center and area, but the size and orienta-
tion of the fitted ellipse are imprecise, affecting all error measures.

The outcomes for 20% of outliers are presented in Fig. 7, where
the differences between methods are more obvious. Fitzgibbon,
Halir&Fluser, and SAREfit returned the lowest errors, especially for
the center, major semiaxis, and area. Mufioz still worked fine in
terms of angle and minor semiaxis but its median and mean value
are larger for the other features, which are in consonance with the
gap found in the performance profiles. Prasad method has the third
best results focusing on angle orientation and minor semiaxis, but
this is not enough to obtain a good fit, as it is observed with the
other metrics. Liang and Sobhani methods are still behind most
of the methods although their error range is small, which shows
some level of stability. The main problem of most methods is the
orientation of the fitted ellipse, which causes major differences in
terms of performance.

In addition to the previous tests, an analysis of the upper limit
of outliers was carried out to check how the competing methods
deal with anomalous samples. Therefore, a collection of 1000 runs
without occlusion was executed for different percentages of out-
liers, ranging from 0% to 50%. Note that higher values of outliers
might be considered as extreme noise level that modifies the orig-
inal elliptical shape of the data points. In the first three plots of

Table 2

CPU times and complexity comparison of the methods using synthetic data. Mean,
median, standard deviation and interquartile range computed among 1000 runs.

Method CPU time (s) Complexity

Mean Median  Std IQR
SAREfit 0.0116  0.0108 0.0019  0.0018 O(KN +NlogN)
Mufioz 0.0066  0.0060 0.0017  0.0006  O(NlogN)
Fitzgibbon 0.0002  0.0002 0.0001  0.0001  O(N)
Taubin 0.0002  0.0002 0.0002  0.0000  O(6N +72) ~ O(N)
Halir&Flusser ~ 0.0001  0.0001 0.0001  0.0000  O(N)
Rosin 0.0002  0.0001 0.0002  0.0000  O(N)
Szpak 0.0189  0.0123 0.0231  0.0107  O(200N)~ O(N)
Prasad 0.0001  0.0001 0.0002  0.0000  O(30N)~ O(N)
Koning 0.0073  0.0070 0.0023  0.0010  O(N?)
Liang 0.3901  0.3839 0.0306  0.0223  O((2N+1)35 +N?)
Sobhani 0.0026  0.0024 0.0005  0.0003  O(N?)

Fig. 8, the median errors obtained for each measure are shown.
It is worth noting that the higher level of outliers the more wrong
fits are obtained by most of the methods, as shown in the last plot.
These bad outputs were discarded in the computation of the me-
dian, making smoother the error curves from 30% onwards. Only
SAREfit, Mufioz, Fitzgibbon and Halir&Flusser methods do not fail
in the fit, which makes them very stable algorithms. Algebraic
measure reveals that Taubin, Fitzgibbon, Sobhani and Liang meth-
ods are completely unstable. The break point of most of the algo-
rithms is placed at 10% of outliers.

4.4. Computational efficiency

The performance of each method in terms of computation time
was first analyzed. The mean, median, standard deviation and in-
terquartile range values of 1000 runs are presented in Table 2. In
general terms, fitting an ellipse does not take a long time. Most
of the methods compute a fit in less than one millisecond, with
the exception of Szpak, Mufioz, Kéning, Liang, and SAREfit. Liang
and Szpak methods are the slowest ones, while their irregular per-
formance does not justify this computational need. Taking into ac-
count that SAREfit employs Halir&Flusser method as a baseline car-
rying out 90 executions, 0.0116 seconds for the whole procedure
is an acceptable execution time for any ellipse fitting method, be-
ing adequate for its use in real-time applications. Moreover, it has
to be noted that the presence of a cache may improve the per-
formance of the algorithm, by making the execution of the loops
faster.
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550 From a theoretical point of view, SAREfit requires O(K) iterations the last term comes from the computation of the spatial median. 555
551 of its main loop, where the computational complexity of each it- Compared with the competitors (see Table 2), our proposal has an 556
552 eration is the one of the baseline algorithm, which is linear with acceptable complexity. The most recent works are highly depen- 557
553 respect to the number of input samples [16], O(N). Therefore, the dent from the number of points, O(N?) and above, being O(NlogN) 558
554 complexity of our proposed algorithm is O(KN + NlogN), where more efficient than them with higher quality performance. 559
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Fig. 7. Major and minor axes, center, angle and area box plots comparisons. Geometric errors are analyzed with 20% of outliers. X axis shows the factor of the best possible
ratio in a logarithmic scale and Y axis represents the probability cumulative distribution.

0%, 25%, 50% and 75% of occlusion was executed and error mea-
surements were computed. The procedure was as it follows: start-
ing angle of the generated ellipse is selected from ¢s ~ U (-, 7).
Then, the ending angle is computed as ¢, = ¢s + occl - 2, where
occl represents the occlusion level in the range [0,1]. The fraction

4.5. Occlusion analysis
This Subsection intends to evaluate in detail the performance

of each method with the presence of low, medium and high lev-
els of occlusion. For this purpose, again a batch of 1000 runs with
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Fig. 8. Evolution of the performance of the methods varying the level of outliers (0-50%). Median values of the algebraic, natural and RMSO errors over 1000 runs are

represented. Las t figure counts the number of not successful fits.

of outliers was chosen at random from the uniform distribution
between 0% and 20%.

Fig. 9 presents the performance profiles of the Natural, Alge-
braic and RMSO errors The general tendency is the more occlusion
is present in the training samples, the less is the quality of the fit
for all methods. Nevertheless, in most cases, SAREfit method yields
the best result. When the shape of the ellipse is complete or only
a quarter is missing, our proposal is significantly better in terms of
Algebraic and RMSO errors. Here, Liang and Sobhani methods per-
form much better. There are around 40% of ellipses that are fitted
better than most of the methods, as the RMSO and Natural errors
demonstrate. The comparisons with the Natural error are stretcher
when the level of occlusion was increased. For 50% of occlusion,
Szpak method become competitive for the natural error, and with
Mufioz algorithm, the 1000 runs (probability 1) are solved with al-
most the same error as the obtained by SAREfit. When the tests
are carried out with 75% of occlusion, Mufioz method is the best
for the Algebraic error followed by our proposal, but being Szpak
the second best in terms of orthogonal error and the first method
for the Natural error.

An example of the outcomes with the presence of occlusion is
depicted in Fig. 10. For 25% the fit of our proposal is almost per-
fect although Mufioz method fails. Also, Szpak method is near to
the true ellipse, shown in yellow. Kéning, Fitzgibbon, Prasad, Liang,
and Sobhani do not fit an ellipse. With 50% of occlusion, the com-
petitors are clearly affected by the presence of outliers. Finally,
with 75% of occlusion, most of the methods go through the ellipse
points but fail in length of the major and minor semiaxes. SAREfit
yields the most similar ellipse to the true one.

4.6. Real data

This subsection presents real examples of four images: two
of them from the Caltech 256 dataset [44], named as Satel-
lite dish (image '169_0015’) with size 448 x 336, and Can (image
’195_0039’) with size 247 x 350, and other two images of wheels
captured by a normal camera, named as Wheel 1 and Wheel 2, with
sizes 2061 x 2891 and 2416 x 2024, respectively. Canny edge detec-
tor algorithm was used to randomly extract a set of 50 points from
each image, using threshold parameter equal to 0.1 for the Satellite
dish, and 0.9 for the other images. Resulting binary images were
refined using the imfill, imclearborder, im2bw and bwperim Matlab
morphological functions with default parameters.

Fig. 11 shows the fits generated by the eleven tested methods.
The Satellite dish (Fig. 11a) contains two extraneous points in the
bottom right part of the image, as well as those located on the
focus of the antenna, provoking that all methods failed in the fit

Table 3

Quantitative comparison of the methods using real data according to the RMSO
error. 1000 test points on the ellipse shape of the object were generated and used
to compute the errors. Those methods which did not fit the ellipse are represented
as a dash. Rank points of each example are shown in brackets, as well as the total
count.

Method Satellite dish Can Wheel 1 Wheel 2 Rank
SAREfit 1.1180 (1) 1.0361 (1) 2.1877 (1) 20712 (1) 4
Mufioz 44465 (4) 11322 (2) 2.1148(2) 26731(2) 10
Fitzgibbon 5.2327 (7) 2.1789 (3) 9.0742 (7) 5.2885(3) 20
Taubin —-(10.5) 24739 (7) 9.3524 (9) 59177 (7) 335
Halir&Flusser 5.2327 (8) 2.1789 (4) 9.0742 (6) 52885 (4) 22
Rosin 5.2089 (6) 2.4510 (6) 9.1103 (8) 5.7541 (5) 25
Szpak 1.8212 (3) 3.0478 (10) 3.3663 (4) 8.9530 (11) 28
Prasad —-(10.5) 2.7081 (9) 9.4619 (10) 6.5871(8) 37.5
Ko6ning 5.1459 (5) 2.6124 (8) 5.4467 (5) 6.9363 (10) 28
Liang 1.3139 (2) 5.0095 (11) 2.3093 (3) 5.9070 (6) 22
Sobhani 5.5837 (9) 23151 (5) 11.2278 (11) 6.6144(9) 34

except SAREfit and Szpak methods. The inferior part of the Szpak
outcome falls outside the border of the satellite dish, being SAREfit
more precise. In the case of the Can (Fig. 11b), there is a group of
points located on the superior part which hampers the fit process-
ing. Mufioz and our method are the only ones that were able to
find the real solution. Finally, Fig. 11c-d are examples with some
outliers outside and inside the ellipse shape respectively. Here, the
predictions are more accurate, although again SAREfit and Mufioz
algorithms achieved the best fit. The fits of the other methods are
varied: Szpak and Liang are precise in the first wheel but not good
in the second, Kéning method has a small deviation, and the rest
of the methods are affected to a greater or lesser extent.

In order to have a quantitative point of view of these fits, we
computed the RMSO error with respect to a set of 1000 points gen-
erated on the shape of the real ellipse. For that purpose, we first
used the Ellipse Labeling Tool? to select five points and we solved
the general equation of an ellipse to assure its precision overlaying
the ellipse on the real image. After that, we were able to generate
any point of this ellipse. Detailed results and a ranking of methods
are shown in Table 3. Results were ordered increasingly and their
position determined the rank value. For all the images our method
is the best and the error values are always very small, indicating
that the fitted ellipse is very close to the real shape. The competing
methods are rather unstable, as can be seen in the error values and
the rank position. With 4 points, SAREfit is the winner, followed by
Mufioz which is also robust achieving 10 points.

2 https://sites.google.com/site/dilipprasad/Source-codes (accessed on June 10,
2019)
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X

(a) 25% occlusion

True ——— SARE(it

Rosin Szpak Prasad

(b) 50% occlusion

e Mufioz —— Fitzgibbon
e KBNiNg =——— Liang2013 ———— Sobhani

X X

(¢) 75% occlusion

Taubin Halir&Flusser

Fig. 10. Example of the outcomes with different levels of occlusion. The black points are the training samples and the true ellipse is plotted as a thick solid curve, while the

fitted ellipses by each method are shown as a narrow solid curve.

(a) Satellite dish (0.021 4 0.032 s)

(c) Wheel 1 (0.543 4+ 0.015 s)

(d) Wheel 2 (0.457 + 0.025 s)

Taubin
Kéning

SAREfit
Rosin

Halir&Flusser
Liang2013

- Mufioz
—— Szpak

Fitzgibbon
Prasad

Sobhani

Fig. 11. Graphical comparison of the performance of the tested methods using real
data. The yellow crosses are the training samples, while the fitted ellipses by each
method are shown as a narrow solid curve. Captions include processing time di-
vided in two terms: the first one represents the image loading and point extrac-
tion, and the second is the SAREfit execution. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)

Finally, in the captions of the images, we have included the
computation time needed to perform the ellipse fitting. These val-
ues are separated into two terms. The first represents the CPU time
necessary to load the image and execute the Canny detection al-
gorithm. This value is highly dependent on the size of the image.
After that, the second term corresponds to the SAREfit execution
time, whose values are quite similar to the CPU time analysis done
before.

(a) Original method

(b) SAREfit adapted method

Fig. 12. Graphical comparison of the operation of the multiple ellipse fitting meth-
ods.

4.7. Multiple ellipse fitting

Multiple ellipse fitting is one of the main challenges of this field
that has a variety of applications in biology, medicine, architecture,
etc. Although SAREfit is developed only for single ellipse fitting. In
this subsection, we address the case of multiple fits in the same
cloud point.

For that purpose, a framework rather than design an algorithm
for the problem could be used. Hui Li [45] has recently proposed a
four-step methodology to find all possible ellipses based on three
simple techniques: single ellipse fitting, anomaly detection, and
clustering. Thus, its architecture allows to include any kind of sin-
gle ellipse fitting algorithm. The source code was implemented in
Mathematica and it was kindly provided by the author. Our pro-
posal was connected with his code through MATLink library.>

Fig. 12 presents the results of both the original Li's method
and the adapted one for a specific set of data samples. Both ex-
ecutions detect two ellipses and the final result depends on the
quality of the fitting algorithm. In this example, SAREfit gener-
ates larger ellipses than the original method, which more closely
follow the shape of the point cloud. The case of the Can exam-
ple (Fig. 11b) can be addressed with the same methodology. First,
the point extraction step should preserve points of all the ellipse
shapes present in the image and then this procedure will cluster,
detect and fit the corresponding ellipses.

An advantage of our proposal is that can be easily integrated
into any other kind of method for multiple fits where the ellipse
fitting procedure is a separate component of the whole process.

3 http://matlink.org/

Please cite this article as: K. Thurnhofer-Hemsi, E. Lopez-Rubio and E.B. Blazquez-Parra et al., Ellipse fitting by spatial averaging of
random ensembles, Pattern Recognition, https://doi.org/10.1016/j.patcog.2020.107406

648

649
650
651
652

654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674


http://matlink.org/
https://doi.org/10.1016/j.patcog.2020.107406

675

676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739

JID: PR

[m5G;May 1, 2020;16:49]

14 K. Thurnhofer-Hemsi, E. Lépez-Rubio and E.B. Bldzquez-Parra et al./Pattern Recognition Xxx (XXXx) XXX

5. Conclusions

In this section, we extract some conclusions about the results
of this research. An ensemble method that is based on a natural
parametrization has been proposed for ellipse fitting. It selects the
best fits among a set of fits obtained by random subsampling of
the available training set. The spatial median is used to combine
the best fits into a single ellipse fit which is provided as the output
of the procedure.

Stability across different initializations is found after reaching
90 ellipse fits, of which only the best 10% are selected. This fact
also assures performance improvement. According to the outcomes
of the tests, it is confirmed that the best results are achieved for
small values of subsampling factors, 15% of the input points are
enough, reinforcing the idea of good performance under the pres-
ence of outliers. This is stated after performing experiments with
different levels of outliers and occlusion and comparing the re-
sults for the Natural, Algebraic and RMSO errors, as well as individ-
ual Geometric errors. Although datasets with small curvature were
dismissed to avoid degenerated ellipse as outcomes, the tests per-
formed with an almost degenerated ellipse and 5% of outliers show
that most competing methods failed in the fit, being SAREfit the
only one to achieve an ellipse with similar characteristics to the
true one. Unlike the competing methods, SAREfit solves all the fits
with less error in terms of the Natural, Algebraic and RMSO errors.
There is some variability depending on the metrics considered, but
the combination of the spatial median with the post-processing re-
finement provides more precise natural and algebraic parameters.
Regarding geometric parameters, most of the input sample sets are
better fitted by SAREfit method than its competitors, especially fo-
cusing on the center, area and angle.

As a general conclusion, it can be said that SAREfit method
outperforms the state-of-the-art of ellipse fitting methods, espe-
cially when outliers are present, measured in terms of three ellipse
parametrizations and the closeness to the true ellipse through the
orthogonal distances. Real data tests performed on several natural
images also confirm such a statement. The accuracy of the esti-
mation depends on the number of outliers that are present in the
input set of points. This is determined by the ability of the pro-
cedure which provides the input set to our algorithm to overcome
challenging effects such as illumination conditions and camera lim-
itations. These data acquisition issues are outside the scope of our
work, which deals with ellipse fitting only. A weakness of our pro-
cedure is that it relies on a base method so that gross estimation
errors from the base method can affect the performance of our ap-
proach.

Our work is devoted to fit a single ellipse to a set of input
points. In order to integrate our approach into a multiple ellipse
detection system, a clustering subsystem should be added so as
to provide our method with an input set of points that are ex-
pected to belong to a single ellipse. After our method produces an
estimation of the ellipse parameters, the quality of the fit must be
evaluated by a subsequent ellipse assessment subsystem, in order
to ascertain whether the input set of points should be modified.
This way, the segmentation of the overall set of points into ellipses
would be refined over time. The advantage of integrating our ap-
proach into a multiple ellipse detection system is that its robust-
ness allows obtaining a good fit of an ellipse even if the previous
clustering subsystem wrongly introduces some points belonging to
other ellipses into the input set of points for our algorithm.

Further works include the improvement of the ensemble tech-
nique. At this stage all base ellipse fits are equally likely to get into
the ensemble and they are given the same importance. Therefore,
a possible enhancement of the proposal would be the selection of
promising base fits for their inclusion in the ensemble, and the us-
age of weights to give more importance to those base fits which

are more likely to be accurate. Additional enhancements might be
attained by, using a combination of the error criteria in order to
have a comprehensive evaluation of the base fits and the ensem-
ble fits. Hopefully this would allow solving more difficult scenarios
with high occlusion and higher levels of noise. The integration of
SAREfit into an ellipse detection system would make it suitable to
be applied to several areas of engineering, medicine or astronomy
where multiple ellipses exist in the same dataset so that cluster-
ing of the sample points must be done at the same time that the
individual ellipses are fitted.
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