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Gaussian periods in cyclotomic fields and relative
traces as generators of intermediate subfields
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Abstract We study relative traces to provide primitive elements for all the
subfields of any cyclotomic field. We also build a primitive element for a cyclo-
tomic extension such that every intermediate field is generated by its relative
trace.
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1 Introduction

In section VII of his Disquisitiones [6] Gauss defined the concept of cyclotomic
periods to prove the constructibility by straightedge and compass of regular
p-sided polygons for certain odd primes p. Given the p-th root of unity &, =
e?™/P_an integer \ relatively prime to p and a divisor f of p — 1, an f-period

is
(f)=> ¢

acH

where H is the unique subgroup of Zj of order f. In the terminology of modern
Galois theory, every f-period is a primitive element of the subfield of Q(¢,)
fixed by H and it can be expressed as a relative trace:

(fa )‘) = Tg(f:))fl (@i\)
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where Q(&,)H denotes the subfield of Q(¢,) fixed by H. While these facts are
well-known (see for example [2] for more details), their generalization to any
cyclotomic field Q(&,,), providing a primitive element for each subfield, is not
common knowledge and references for the subject have been difficult to find.

The related question most generally tackled has been that of deciding for

what subgroups H of Z the corresponding trace Tg((é")),{ (&) does not vanish.

Weber [12] gave a complete solution when n is a prime power. Fuchs [5] solved
that question for general n and cyclic subgroups. In [3] Diamond, Gerth and
Vaaler proved the general result:

Let H be a subgroup of Z}. Then Tg((g))H (&) # 0 if and only if no non

trivial element of H is congruent to 1 modulo r, where r denotes the
product of the distinct prime factors of n or twice, according as 8 { n
or 8| n.

It can also be proved that the nonvanishing trace has degree |Z /H| over Q
(see [4], Theorem 6), which implies that it is a primitive element of the subfield
of Q(&,) fixed by H. In the present paper we also consider the subgroups H
of Z} for which the trace vanishes and prove that a primitive element for

Q&) s Tg(f:)),, (&mH), where my is determined from H. Indeed, Q(&7#)

is the smallest cyclotomic field containing Q(&, ). From the analysis made in
the development of the previous questions, we construct, in a natural way, a
primitive element 6,, of Q(&,) whose relative traces generate every subfield.
This element turns out to be similar to Leopoldt’s Basiszahl [9,10] for Q(&,),
which gives a normal basis for Q(&,) over Q. Whereas our result could be
obtained as a consequence of Leopoldt’s work, the proof given here is direct,
using basically the elementary properties of cyclotomic fields, the Fundamental
Theorem of Galois theory and the transitivity of the field trace.

2 Subfields of a cyclotomic field

Let n be a positive integer. We consider the n-th primitive root of unity &, =
27

e and the n-th cyclotomic extension Q(&,) over Q. It is well-known that
the Galois group of Q(&,,) over Q is isomorphic to

Z,={m:1<m<n,(n,m)=1}

Indeed, if m € Z, the corresponding automorphism of Q(&,,) sends &, to £
From now on we will identify the Galois group with Z.

Our first aim is to explicitly associate, to every subgroup H of Z;, a prim-
itive element of Q(&,)" over Q. For it, we will consider the structure of the
subgroups of Z}, particularly those which are associated to the cyclotomic
subfields by the Galois correspondence. We shall see that Q(&,) is generated
over Q by the relative trace of a power of £,, and the exponent depends on
the smallest cyclotomic field containing Q(&,, ), which is determined from H.



Gaussian periods in cyclotomic fields and relative traces generating subfields 3

When n = p?, with p an odd prime, Z is cyclic and it has exactly one
subgroup of order d for every divisor d of p(n) = (p — 1)p*~ L. If n = 2%, Z3.
is cyclic only when a = 1,2; in the remaining cases, Z3. is isomorphic to the
direct product Cy X Cya-2 (see [11] for the details), where Cy and Cya-2 are
the cyclic groups of orders 2 and 292, respectively.

For a general n = p{*...p;*, with p,...,p; distinct primes, we can use
the Chinese Remainder Theorem to identify Z; with

Zray X Lray X -+ X LFa,
Py Py Py
by the canonical isomorphism given by

¢(U) = ((J'l,...,O'l)7

where o; = 0 mod p{" for every i =1,... L.

2.1 Odd prime powers

Throughout this section we assume that p is an odd prime and n = p®.

Given 0 <t < a — 1, we denote
Hy={1+ip*':1<i<p'},
the unique subgroup of Z} of order p*. It is clear that

Q&)™ = Q) 0<t<a—1,
are the cyclotomic subfields of Q(&,,).

Since T, &f"fm (&) = 0, because of the transitivity of the trace we have that

T(g((g"))f, (&,) = 0 for every subgroup H of Z} such that p divides |H|. Indeed,

given a proper subgroup H of Z}, p divides |H| if and only if Tg((g")),{ (&) =0.
Moreover:

Proposition 1 Let H be a proper subgroup of Z,. Then Tg((gn))}, (&) generates

Q&) over Q if and only if p does not divide |H|.

A first proof of this result can be found in [5]. Another elementary proof,
in a more general case, is given in [4]. Since we are interested in these traces as
primitive elements of the intermediate fields, we will complete the preceding
result by giving generators of Q(&,) over Q when p divides |H]| :

Proposition 2 Let H be a subgroup of Z and let m,s be non-negative in-

tegers such that |H| = mp® with (m,p) = 1. Then Q(£2") is the smallest

cyclotomic field containing Q(£,)* and Tg(f")),, (€") is a primitive element of

Q(&)" over Q.
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Proof: Since H is a subgroup of H, the Fundamental Theorem of Galois
Theory asserts that Q(&,)" is the subfield of Q(&,)+ fixed by H/H,. Since

Q&)™ = Q(&r), we can write Q(&,)7 = Q(&2)H/H: and denoting by
H\\H; a set of representatives of the cosets of Hy in H we have

¢ )H(E'Zs) = Z o(er) = Z o < Z g;ps> _

occ€H oc€H\\H, TEH

»°
Z o (ngﬁpas)ps) =p° Z r'T @((5 ))H/Hs (fp)

oc€H\\H; \i=1 oc€H\\H,
By Proposition 1, Tg((fp e, (€P") generates Q(&P)H/Hs over Q, since p
does not divide |H/H| = "

2.2 Powers of 2

The following result describes the subgroups of Z3. and give explicit primi-
tive elements for the corresponding intermediate fields of Q(&,,) over Q, with
n = 2% Since the cases a = 1,2 are trivial, we will consider a > 3.

Proposition 3 Assume a > 3 and let s < a — 1 be a positive integer. Then
Zsa has exactly 3 subgroups of order 2°, which are:

Hop = {£(1+a207°H) 11 <i <2071}
Hgp={1+i207%:1<i<2°}
Hez={(-1)"(1+i207%): 1 <i<2%}

Proof: It is easy to check that H, 1, Hs o and H, 3 are groups with 2° elements.
The result follows from the structure of Z3. as a direct product isomorphic to
CQ X 02(1—2. |

When a = 2, it will be convenient to denote H; 5 = Zj.

Proposition 4 Let a > 3 and let s < a — 1 be a positive integer. Then

(i) TQ(§" (€2k> {0 if k<s

Q(&n) o2 25¢2° if k> s.
o Q(ER) ok 0 if k<s—1
() Toerymen (&0 ) = {25008(27T/2a kY if k>s— 1.
0 if k<s—1

(iii) T&f” L€ = {i2ssin(2r/207k) if k=s—1
2% cos(2m/2%7K) if k>s—1.

Proof: Part (i) is a simple exercise. Parts (i7) and (i) follow from (i) using
that Hs_; 2 is contained in H,; and H, 3 and the transitivity of the trace. m
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We can give now generators for Q(&,) =1, Q(&,) 52 y Q(&,)Hes :

Theorem 1 Leta >3 and let s < a—1 be a positive integer. Then Q(&,)s
s generated over Q by
Tg((fn))zfs,l (€27") = 2° cos(2m/2075F1) if j = 1.
Q(g;) 25\ 0s¢25 g
T%((Z”))HSQ (€n ) =2 577« Zf] =2.
n 25=1y .55 . a—s+1 f 7 —=
T, (€77) = i2*sin2m /20 ) if j = 3.

Moreover, in every case, the trace of smaller powers of &, is not a primitive
element of the corresponding subfield.

Proof: The theorem follows from Proposition 4, considering the degrees over
Q of cos(27/2475F1) and isin(27 /20 75H1):

The degrees of cos(27r/2%~5T1) and sin(27/2%~5t1) are both 2¢75~1 (see [1]
or [8]). Observe that isin(27/275%1) is fixed by Hy 3. However, since 4 does
not divide 1 + 52" ", i & Q(&,) 3. Therefore,

Qisin(2r/2°~*) € Q(i,sin(2r/2°~+)) = Q(i,isin(2m/2°~*))

and isin(27/2%75t1) has degree 27571 over Q. "

Notice that Q(£2) = Q(&,)"=2 is a cyclotomic subfield, whereas Q(fisil)
is the smallest cyclotomic field containing Q(&, )"t and Q(&,,)H=3.

2.3 General case

Let n = p{*...py* with py < pa < --- < p; prime numbers, a; > 1 for every
i=1,...,L

If n is odd, then Q(&,) = Q(&2,,). Then, in order to study the subfields of
the n-th cyclotomic field, we will always consider n even (and thus p; = 2).
When n is even, the roots of unity in Q(§,) are precisely the n-th roots of
unity, i.e., the set {¢! : 1 <t < n} and the cyclotomic subfields of Q(¢,) are
those of the form Q(&]*) with m a divisor of n.

Remark 1 Let m,m’ be divisors of n, with m < m’. Since the k-th cyclotomic
fields, for k even, are all distinct, we have that Q(§7) = Q(£7) if and only if
- is odd and m' = 2m. Thus m divides n/2. Indeed

{Q(&)) : m divides n/2}
is the set of cyclotomic subfields of Q(&,).

Next, we describe explicitly the subgroups of Z;, associated with the cy-
clotomic subfields of Q(&,) :
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Proposition 5 Let m divide n/2, with m = p?lpl; .. .plge, b; > 0 for every

i=1,...,L. Then the cyclotomic field Q(&") is the subfield of Q(&,,) fized by
Sm = Sm1 X Sm2 X -+ X Sy ¢ where

Sml _ {Hb1,2 if0<b1

<1>i4fby=0
and, fori>1,
the unique subgroup of Z*a, of order p?i if b; < a;
Sm i = * Pi .
’ Z @i Zf bz = a;.
P
Moreover,

SMZ{UEZ;:UElmOdE}.
m

Proof: It is easy to check that Q(¢7) and Q(&,,)°™ have the same degree over
Q. Therefore, to prove that they are equal, it is enough to show that £ is
fixed by S,. If 0 € S, then

o(§) =&r < &M =¢" < ndivides (0 — 1)m <
& o =1modp? % forevery i =1,...,0 &

& 0; =1 mod p;“_bf‘ for every i = 1,...,/.

When a; = b; or b; = 0, this is trivial. When 7 # 1 and b; < a;, Sy, ; is the
set of elements in Z;gi which are 1 mod p‘i“_b'i. As for i =1, when a1 < 2 it is

trivial; otherwise S'mil = Hj, 2 and the result holds by Proposition 3. n

Let us define
r— 2p1...p¢ifa1>2
S lpr..peifar <2

and denote S = Sa. By Proposition 5,
S={0€Z:0=1modr}.

If H is a subgroup of Z}, we denote by my the order of HN.S, i.e. the number
of elements of H which are congruent to 1 mod r.

The number my plays an important role in the determination of a primi-
tive element of Q(&,)? over Q, since Q(£™#) is the smallest cyclotomic field
containing Q(&,)¥ :

Lemma 1 Let H be a subgroup of Z;,. Then
HNS =S, and Q&™) = Q€)M

Moreover, Q(£m#) is the smallest cyclotomic field containing Q(&,).
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Proof: By Proposition 5,
S = Sn/r,l X Sn/r,Q X X Sn/r,é

where

g B Ha1—2,2 if a > 2
n/r1 Z*a, ifa; <2
Py
and, for i > 2, S,,/,.; is the unique subgroup of Z;?i of order p?i—l.

Therefore |S| = n/r and my divides n/r. Now
SmH = SmH,l X SmH’Q X -+ X SmH,é

where Sy, .1 is a subgroup of /1 and, for i > 2, Sy, ; is the unique
subgroup of Z*al of order pl with b; < a; — 1. This implies that myg = |Sm,,|
and therefore, to prove that H NS = S,,,,, it is enough to show that H NS C
Sy

Let 0 = (01,...,0¢) € HNS. Since the order of o divides myg and o; €
Sn/”, the order of o; € L* o divides (mmu, |Sn/ril) = [Smy il for every i =

., 4. Then, 0; € Sy i for every ¢ and o € Sp,,, -
The rest of the statement follows by Proposition 5. m

Again, the relative trace of &, is different from zero precisely when Q(&,,)
is the smallest cyclotomic field containing Q(&,,)#

Proposition 6 Let H be a subgroup of Z;,.
Q(En
T, w(&n) £ 0 if and only if myg = 1.

Moreover, if my = 1 then Tgé"),{(ﬁn) is a primitive element of Q(&,)H
over Q.

A proof of the first part can be found in [3], whereas the second part of the
proposition is proven in [7]. Both proofs use characters. An elementary proof
of the whole statement is given in [4].

When mpg > 1, we can use the structure of H NS to determine a primitive
element of Q(&,) over Q:

Theorem 2 If H is a subgroup of Z},, then Tg((g")H(me) is a primitive ele-
ment of Q(&,)H over Q.
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Proof: By the Fundamental Theorem of Galois Theory, H/HNS is a subgroup
of Z¥ /HN S, the Galois group of Q(&,)7™S over Q. By Lemma 1, Q(&,)7M5 =
(@(5;””) Since my,/gns = 1, by Proposition 6 we have that

)ms

mpy
TQ(£ ") = Tg((g Vi (gmm)

Q(gmH)H/HﬂS (5

is a primitive element of Q(¢7#)H/HNS = Q(¢,)H over Q.
Notice that

156 = Tgienn (Taeums(€0)

and, since £™# € Q(&,)MS, we have that

TSE (€ = [H 0S|I, (g,

which is a primitive element of Q(&, )" over Q. "

3 A primitive element whose relative trace generates every
intermediate field

Throughout this section we will consider that n > 1 is any natural number
which is either odd or divisible by 4.

We want to construct a primitive element in Q(&,) whose relative trace
generates every intermediate subfield. For it, regarding the previous section,
we make the following consideration: for every subgroup H < Z», my is a

divisor of n such that Tgé") o (Em1) generates Q(&,) over Q. Moreover, for

every t dividing my, the relative trace of £ vanishes. Therefore it seems
natural to think at the following element

0, = Zﬁﬁ, where n’ =

{ n if n odd
k|n’

n/2 if 4 |n.
as a candidate to fulfill our requirement.

Lemma 2 Let p,d € N such that d | n and p is a prime dividing d. Let

0=> & and 0 = ¢k

k|d k|d
plk

Let H be a subgroup of Z and 7 € Z}. If T (Tg((f:)),, (9)) = TQ@:)H (9), then
Q(&n Q(&n)
™ (T5E () = T5E @),
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Proof: Let n = p%q with (p,q) = 1, let A, B be integers such that Ag+Bp =1
and a = £, Then

0=0 + va(quJer)k -9+ ng’pkak_
k|d k|d
ptk ptk

Let 0,7 € Z; and let k € N such that p t k. We shall write ok = Corp + Doy
and Tok = C! ,p+ D!, with 0 < Doy, D!, < p.

Q(&n) — 7Q(&n)
1 7 (TSEa (8)) = TSEn)4 (6) then

M+ Z Z(gfpokankpang _ gprokaC;kpaD;k) =0,

ocH k|d
ptk
where M = Tg((g:)),, @) —r (Tg((i’));, 0 )) . Therefore « is a root of
F(z) =M+ Y Y (eProkaCorgPor — ¢PrrobqCaralon) (1)
o€H kld
ptk

a polynomial in Q(&2)[x] whose degree is smaller than p.

The degree of o over Q(£P) is equal to [Q(&,) : Q(€P)]. When p? divides n,
this degree is p and then F(z) is the zero polynomial, so that, in particular,
its independent coefficient M is zero and then

Q) (g _ 7QEn) (1
T (TQ(in)H(e )) = Tye,yn (0)-

When p? does not divide n, then « is a primitive p-th root of unity and its
degree over Q(&P) is p — 1, so that

n
Fx)=MQ+z+a°+--+aP ). (2)

Evaluating = 1 in (2), we get F(1) = pM. Doing it in (1) we obtain

F(1) = M+ B (T&) (0) = 7 (TS0 (8)) ) = M + B(M),
considering B as an element in the Galois group of Q(&2) over Q. Thus

(p—1)M = B(M).
Since M and B(M) are conjugate roots over Q, they have the same norm and
(p— 1)[@(62):(@]]\[8(551)(]\4) _ Ng(fﬁ)(M).

This is only possible when M = 0, since p = 2 implies p?|n. Thus

Q(&n) / _ Q(fn) /
T (TQ(in)H(e )) = Tye,yn (0)-
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Now we can prove that the relative trace of 6,, generates every intermediate
field of Q(&,) over Q :

Theorem 3 If H is a subgroup of Z,, then Tg((g"))H (6r) is a primitive element
of Q&) over Q.

Proof: Let n = Tg((g")),{ (0r). We will prove that if 7 € Z} and n = 7(n) then

T € H, which implies that n generates Q(&,)" over Q.
Let p be any prime divisor of n/. Taking d = n/ in Lemma 2,0 = 0,, and §' =
Op/p- If 1= 7(n), by Lemma 2,
Q(&n) _ 7Q(&n)
™ (T3 (0)) = T5Eu (62).

Since = € Q(&F) = Q(&,)5" for a certain subgroup S, of Z?, we have that,
on one hand,

Q(¢n) _ I <H S > Lo
TQ(ETL)<Hvsp> (9%) o |H| T@(én)H(G%)

and, on the other hand,

Tg((g:))<11,sp> (9%) = [Q(ﬁn) : Q(ﬁg)] Tg((gél))<11,sp>/sp (92)

p

Therefore

Tg((g:))l_l (9%) = |H ﬂ Sp| Tg((géL))<H,Sp>/SP (0%)

and
Q(en Q(en
! (T@gﬁ))“sw/sﬁ (9%)) = Tatchy<msrs, (02)
We have shown that, for every prime p dividing n’ and 7 € Z%,
() =n=r (T8 (03)) = To) (62).  (3)

Q(EZ)<H’S”>/SP P Q(£§)<H,SP>/SP
Now we can use induction on n to prove that
TeZ,,tTn)=n=1€H:

We know that the result is true when n = 4 or n is an odd prime. Let n be
neither prime nor 4 and assume the result is true for every natural number
smaller than n which is either odd or a multiple of 4. If p is a prime factor of
n' such that n/p is either odd or a multiple of 4, then by (3) and by induction
hypothesis, 7 €< H, S, >, since Q(¢2)<H:%>/% = Q(¢,,)<H-5r>.

Then, if k& divides n’ and there exists a prime p such that p divides k and
n/p is either odd or divisible by 4, we have that

T (€8) € QE) N Q& = Q)< 57>

and therefore 7 fixes T&%:;H (€F).
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Thus if n is odd or 8 divides n, then 7 fixes

Qen) Qen)
= Toern | D6 | = Toperyn ().
kln
k|7£1

If n = 4¢ with ¢ odd, then 7 fixes

_ Tg((gn))H Z grli T(S(gn)H (fn) + Tg((gn))H (52)
k|n’
k;é‘l,Q

Applying Lemma 2 to d = 2, we conclude that 7 fixes TQ(s" w(€2).
Therefore 7 fixes TQ(f") () for every k dividing n’. In particular, if n

is even 7 fixes T&f")H(gk) for K = my and, by Theorem 2, 7 € H. If n is
1—-n

odd, then Q(&,) = Q(&2,) and &, = —&,? is a conjugate of —¢&, over Q.
We can consider then myg, which divides n = n’ and we have that 7 fixes

T (€53). By Theorem 2, 7 € H. )

Let 7, be the product of the distinct prime divisors of n and let now
n' =n/r,. If we redefine
k
=26

k|n’

the previous theorem is still right. Indeed, the proof can be simplified taking
into account that p | n’ implies p? | n. In this case, 6, = &, when n is
squarefree.

This last element turns out to be similar to Leopoldt’s Basiszahl (see [9,10])
when, in Lettl’s notation, K = Q). In this case, 6, = T as defined in [9].

In general, Lettl defines a generator T for any absolute abelian number
field K of conductor n :

Q(&a)
T= Z TKﬁ(&(fd
deD

where D is the set of positive integers d such that d | n, d is multiple of every
odd prime divisor of n and d # 2 mod 4.

Since T gives a normal basis for K over Q, it is easy to check that its relative
traces must generate the corresponding intermediate subfields in our case K =
Q(0,,). Our result, however, intends to generalize the idea of cyclotomic periods
using elementary concepts of Galois theory.
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Example 1 Consider the 48-th cyclotomic field and H the subgroup of Zjg
generated by 7.

The relative trace over Q(&48)T of the element 0,45 in Theorem 3 is
s a2+ e+ &G — s+ & 2605+ Lus — 2
with minimal polynomial
28 + 827 + 3225 + 20025 + 13622 + 484823 + 909622 + 9824z + 6748.

If we use instead the expression 0,, given after the proof of Theorem 3, we
have

a8+ 268 + s + & + &us

with minimal polynomial
2® — 87 +402° — 722° + 1542 — 11227 + 242* 4 962 + 28.
Finally, the Lettl’s element is
T =265, + &y + & — 2
and its minimal polynomial is

2% + 827 + 3825 + 1242° + 3462t + 79223 + 138622 + 16202 + 873.
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