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Abstract We study relative traces to provide primitive elements for all the
subfields of any cyclotomic field. We also build a primitive element for a cyclo-
tomic extension such that every intermediate field is generated by its relative
trace.
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1 Introduction

In section VII of his Disquisitiones [6] Gauss defined the concept of cyclotomic
periods to prove the constructibility by straightedge and compass of regular
p-sided polygons for certain odd primes p. Given the p-th root of unity ξp =
e2πi/p, an integer λ relatively prime to p and a divisor f of p− 1, an f -period
is

(f, λ) =
∑
a∈H

ξaλp

where H is the unique subgroup of Z∗p of order f. In the terminology of modern
Galois theory, every f -period is a primitive element of the subfield of Q(ξp)
fixed by H and it can be expressed as a relative trace:

(f, λ) = T
Q(ξp)

Q(ξp)H
(ξλp )
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where Q(ξp)
H denotes the subfield of Q(ξp) fixed by H. While these facts are

well-known (see for example [2] for more details), their generalization to any
cyclotomic field Q(ξn), providing a primitive element for each subfield, is not
common knowledge and references for the subject have been difficult to find.

The related question most generally tackled has been that of deciding for

what subgroups H of Z∗n the corresponding trace T
Q(ξn)

Q(ξn)H
(ξn) does not vanish.

Weber [12] gave a complete solution when n is a prime power. Fuchs [5] solved
that question for general n and cyclic subgroups. In [3] Diamond, Gerth and
Vaaler proved the general result:

Let H be a subgroup of Z∗n. Then T
Q(ξn)

Q(ξn)H
(ξn) 6= 0 if and only if no non

trivial element of H is congruent to 1 modulo r, where r denotes the
product of the distinct prime factors of n or twice, according as 8 - n
or 8 | n.

It can also be proved that the nonvanishing trace has degree |Z∗n/H| over Q
(see [4], Theorem 6), which implies that it is a primitive element of the subfield
of Q(ξn) fixed by H. In the present paper we also consider the subgroups H
of Z∗n for which the trace vanishes and prove that a primitive element for

Q(ξn)H is T
Q(ξn)

Q(ξn)H
(ξmHn ), where mH is determined from H. Indeed, Q(ξmHn )

is the smallest cyclotomic field containing Q(ξn)H . From the analysis made in
the development of the previous questions, we construct, in a natural way, a
primitive element θn of Q(ξn) whose relative traces generate every subfield.
This element turns out to be similar to Leopoldt’s Basiszahl [9,10] for Q(ξn),
which gives a normal basis for Q(ξn) over Q. Whereas our result could be
obtained as a consequence of Leopoldt’s work, the proof given here is direct,
using basically the elementary properties of cyclotomic fields, the Fundamental
Theorem of Galois theory and the transitivity of the field trace.

2 Subfields of a cyclotomic field

Let n be a positive integer. We consider the n-th primitive root of unity ξn =
e

2πi
n and the n-th cyclotomic extension Q(ξn) over Q. It is well-known that

the Galois group of Q(ξn) over Q is isomorphic to

Z∗n = {m : 1 ≤ m ≤ n, (n,m) = 1}.

Indeed, if m ∈ Z∗n, the corresponding automorphism of Q(ξn) sends ξn to ξmn .
From now on we will identify the Galois group with Z∗n.

Our first aim is to explicitly associate, to every subgroup H of Z∗n, a prim-
itive element of Q(ξn)H over Q. For it, we will consider the structure of the
subgroups of Z∗n, particularly those which are associated to the cyclotomic
subfields by the Galois correspondence. We shall see that Q(ξn)H is generated
over Q by the relative trace of a power of ξn, and the exponent depends on
the smallest cyclotomic field containing Q(ξn)H , which is determined from H.
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When n = pa, with p an odd prime, Z∗n is cyclic and it has exactly one
subgroup of order d for every divisor d of ϕ(n) = (p − 1)pa−1. If n = 2a, Z∗2a
is cyclic only when a = 1, 2; in the remaining cases, Z∗2a is isomorphic to the
direct product C2 × C2a−2 (see [11] for the details), where C2 and C2a−2 are
the cyclic groups of orders 2 and 2a−2, respectively.

For a general n = pa11 . . . pa`` , with p1, . . . , pl distinct primes, we can use
the Chinese Remainder Theorem to identify Z∗n with

Z∗
p
a1
1
× Z∗

p
a2
2
× · · · × Z∗

p
a`
`

by the canonical isomorphism given by

φ(σ) = (σ1, . . . , σl),

where σi ≡ σ mod paii for every i = 1, . . . , `.

2.1 Odd prime powers

Throughout this section we assume that p is an odd prime and n = pa.

Given 0 ≤ t ≤ a− 1, we denote

Ht = {1 + ipa−t : 1 ≤ i ≤ pt},

the unique subgroup of Z∗n of order pt. It is clear that

Q(ξn)Ht = Q(ξp
t

n ), 0 ≤ t ≤ a− 1,

are the cyclotomic subfields of Q(ξn).

Since T
Q(ξn)

Q(ξn)Ht
(ξn) = 0, because of the transitivity of the trace we have that

T
Q(ξn)

Q(ξn)H
(ξn) = 0 for every subgroup H of Z∗n such that p divides |H|. Indeed,

given a proper subgroup H of Z∗n, p divides |H| if and only if T
Q(ξn)

Q(ξn)H
(ξn) = 0.

Moreover:

Proposition 1 Let H be a proper subgroup of Z∗n. Then T
Q(ξn)

Q(ξn)H
(ξn) generates

Q(ξn)H over Q if and only if p does not divide |H|.

A first proof of this result can be found in [5]. Another elementary proof,
in a more general case, is given in [4]. Since we are interested in these traces as
primitive elements of the intermediate fields, we will complete the preceding
result by giving generators of Q(ξn)H over Q when p divides |H| :

Proposition 2 Let H be a subgroup of Z∗n and let m, s be non-negative in-
tegers such that |H| = mps with (m, p) = 1. Then Q(ξp

s

n ) is the smallest

cyclotomic field containing Q(ξn)H and T
Q(ξn)

Q(ξn)H
(ξp

s

n ) is a primitive element of

Q(ξn)H over Q.
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Proof: Since Hs is a subgroup of H, the Fundamental Theorem of Galois
Theory asserts that Q(ξn)H is the subfield of Q(ξn)Hs fixed by H/Hs. Since
Q(ξn)Hs = Q(ξp

s

n ), we can write Q(ξn)H = Q(ξp
s

n )H/Hs and denoting by
H\\Hs a set of representatives of the cosets of Hs in H we have

T
Q(ξn)

Q(ξn)H
(ξp

s

n ) =
∑
σ∈H

σ(ξp
s

n ) =
∑

σ∈H\\Hs

σ

(∑
τ∈Hs

ξτp
s

n

)
=

∑
σ∈H\\Hs

σ

(
ps∑
i=1

ξ(1+ip
a−s)ps

n

)
= ps

∑
σ∈H\\Hs

σ(ξp
s

n ) = psT
Q(ξp

s

n )

Q(ξp
s
n )H/Hs

(ξp
s

n ).

By Proposition 1, T
Q(ξp

s

n )

Q(ξp
s
n )H/Hs

(ξp
s

n ) generates Q(ξp
s

n )H/Hs over Q, since p

does not divide |H/Hs| = m.

2.2 Powers of 2

The following result describes the subgroups of Z∗2a and give explicit primi-
tive elements for the corresponding intermediate fields of Q(ξn) over Q, with
n = 2a. Since the cases a = 1, 2 are trivial, we will consider a ≥ 3.

Proposition 3 Assume a ≥ 3 and let s < a − 1 be a positive integer. Then
Z∗2a has exactly 3 subgroups of order 2s, which are:

Hs,1 = {±(1 + i2a−s+1) : 1 ≤ i ≤ 2s−1}
Hs,2 = {1 + i2a−s : 1 ≤ i ≤ 2s}
Hs,3 = {(−1)i(1 + i2a−s) : 1 ≤ i ≤ 2s}

Proof: It is easy to check that Hs,1, Hs,2 and Hs,3 are groups with 2s elements.
The result follows from the structure of Z∗2a as a direct product isomorphic to
C2 × C2a−2 .

When a = 2, it will be convenient to denote H1,2 = Z∗4.

Proposition 4 Let a ≥ 3 and let s < a− 1 be a positive integer. Then

(i) T
Q(ξn)

Q(ξn)
Hs,2

(ξ2
k

n ) =

{
0 if k < s

2sξ2
k

n if k ≥ s.

(ii) T
Q(ξn)

Q(ξn)
Hs,1

(ξ2
k

n ) =

{
0 if k < s− 1
2s cos(2π/2a−k) if k ≥ s− 1.

(iii) T
Q(ξn)

Q(ξn)
Hs,3

(ξ2
k

n ) =


0 if k < s− 1
i2s sin(2π/2a−k) if k = s− 1
2s cos(2π/2a−k) if k > s− 1.

Proof: Part (i) is a simple exercise. Parts (ii) and (iii) follow from (i) using
that Hs−1,2 is contained in Hs,1 and Hs,3 and the transitivity of the trace.
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We can give now generators for Q(ξn)Hs,1 ,Q(ξn)Hs,2 y Q(ξn)Hs,3 :

Theorem 1 Let a ≥ 3 and let s < a− 1 be a positive integer. Then Q(ξn)Hs,j

is generated over Q by

T
Q(ξn)

Q(ξn)
Hs,1

(ξ2
s−1

n ) = 2s cos(2π/2a−s+1) if j = 1.

T
Q(ξn)

Q(ξn)
Hs,2

(ξ2
s

n ) = 2sξ2
s

n if j = 2.

T
Q(ξn)

Q(ξn)
Hs,3

(ξ2
s−1

n ) = i2s sin(2π/2a−s+1) if j = 3.

Moreover, in every case, the trace of smaller powers of ξn is not a primitive
element of the corresponding subfield.

Proof: The theorem follows from Proposition 4, considering the degrees over
Q of cos(2π/2a−s+1) and i sin(2π/2a−s+1):

The degrees of cos(2π/2a−s+1) and sin(2π/2a−s+1) are both 2a−s−1 (see [1]
or [8]). Observe that i sin(2π/2a−s+1) is fixed by Hs,3. However, since 4 does

not divide 1 + 52
a−s−2

, i 6∈ Q(ξn)Hs,3 . Therefore,

Q(i sin(2π/2a−s+1) ( Q(i, sin(2π/2a−s+1)) = Q(i, i sin(2π/2a−s+1))

and i sin(2π/2a−s+1) has degree 2a−s−1 over Q.

Notice that Q(ξ2
s

n ) = Q(ξn)Hs,2 is a cyclotomic subfield, whereas Q(ξ2
s−1

n )
is the smallest cyclotomic field containing Q(ξn)Hs,1 and Q(ξn)Hs,3 .

2.3 General case

Let n = pa11 . . . pa`` with p1 < p2 < · · · < pl prime numbers, ai ≥ 1 for every
i = 1, . . . , `.

If n is odd, then Q(ξn) = Q(ξ2n). Then, in order to study the subfields of
the n-th cyclotomic field, we will always consider n even (and thus p1 = 2).
When n is even, the roots of unity in Q(ξn) are precisely the n-th roots of
unity, i.e., the set {ξtn : 1 ≤ t ≤ n} and the cyclotomic subfields of Q(ξn) are
those of the form Q(ξmn ) with m a divisor of n.

Remark 1 Let m,m′ be divisors of n, with m < m′. Since the k-th cyclotomic
fields, for k even, are all distinct, we have that Q(ξmn ) = Q(ξm

′

n ) if and only if
n
m′ is odd and m′ = 2m. Thus m divides n/2. Indeed

{Q(ξmn ) : m divides n/2}

is the set of cyclotomic subfields of Q(ξn).

Next, we describe explicitly the subgroups of Z∗n associated with the cy-
clotomic subfields of Q(ξn) :
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Proposition 5 Let m divide n/2, with m = pb11 p
b2
2 . . . pb`` , bi ≥ 0 for every

i = 1, . . . , `. Then the cyclotomic field Q(ξmn ) is the subfield of Q(ξn) fixed by
Sm = Sm,1 × Sm,2 × · · · × Sm,` where

Sm,1 =

{
Hb1,2 if 0 < b1
< 1 > if b1 = 0

and, for i > 1,

Sm,i =

{
the unique subgroup of Z∗

p
ai
i

of order pbii if bi < ai

Z∗
p
ai
i

if bi = ai.

Moreover,

Sm =
{
σ ∈ Z∗n : σ ≡ 1 mod

n

m

}
.

Proof: It is easy to check that Q(ξmn ) and Q(ξn)Sm have the same degree over
Q. Therefore, to prove that they are equal, it is enough to show that ξmn is
fixed by Sm. If σ ∈ Sm, then

σ(ξmn ) = ξmn ⇔ ξσmn = ξmn ⇔ n divides (σ − 1)m⇔

⇔ σ ≡ 1 mod pai−bii for every i = 1, . . . , `⇔

⇔ σi ≡ 1 mod pai−bii for every i = 1, . . . , `.

When ai = bi or bi = 0, this is trivial. When i 6= 1 and bi < ai, Sm,i is the

set of elements in Z∗
p
ai
i

which are 1 mod pai−bii . As for i = 1, when a1 ≤ 2 it is

trivial; otherwise Sm,1 = Hb1,2 and the result holds by Proposition 3.

Let us define

r =

{
2p1 . . . p` if a1 > 2
p1 . . . p` if a1 ≤ 2

and denote S = Sn
r
. By Proposition 5,

S = {σ ∈ Z∗n : σ ≡ 1 mod r}.

If H is a subgroup of Z∗n, we denote by mH the order of H ∩S, i.e. the number
of elements of H which are congruent to 1 mod r.

The number mH plays an important role in the determination of a primi-
tive element of Q(ξn)H over Q, since Q(ξmHn ) is the smallest cyclotomic field
containing Q(ξn)H :

Lemma 1 Let H be a subgroup of Z∗n. Then

H ∩ S = SmH and Q(ξmHn ) = Q(ξn)H∩S .

Moreover, Q(ξmHn ) is the smallest cyclotomic field containing Q(ξn)H .
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Proof: By Proposition 5,

S = Sn/r,1 × Sn/r,2 × · · · × Sn/r,`

where

Sn/r,1 =

{
Ha1−2,2 if a1 > 2
Z∗
p
a1
1

if a1 ≤ 2

and, for i ≥ 2, Sn/r,i is the unique subgroup of Z∗
p
ai
i

of order pai−1i .

Therefore |S| = n/r and mH divides n/r. Now

SmH = SmH ,1 × SmH ,2 × · · · × SmH ,`

where SmH ,1 is a subgroup of Sn/r,1 and, for i ≥ 2, SmH ,i is the unique

subgroup of Z∗
p
ai
i

of order pbii with bi ≤ ai − 1. This implies that mH = |SmH |
and therefore, to prove that H ∩S = SmH , it is enough to show that H ∩S ⊆
SmH :

Let σ = (σ1, . . . , σ`) ∈ H ∩ S. Since the order of σ divides mH and σi ∈
Sn/r,i, the order of σi ∈ Z∗

p
a1
i

divides (mH , |Sn/r,i|) = |SmH ,i| for every i =

1, . . . , `. Then, σi ∈ SmH ,i for every i and σ ∈ SmH .
The rest of the statement follows by Proposition 5.

Again, the relative trace of ξn is different from zero precisely when Q(ξn)
is the smallest cyclotomic field containing Q(ξn)H :

Proposition 6 Let H be a subgroup of Z∗n.

T
Q(ξn)

Q(ξn)H
(ξn) 6= 0 if and only if mH = 1.

Moreover, if mH = 1 then T
Q(ξn)

Q(ξn)H
(ξn) is a primitive element of Q(ξn)H

over Q.

A proof of the first part can be found in [3], whereas the second part of the
proposition is proven in [7]. Both proofs use characters. An elementary proof
of the whole statement is given in [4].

When mH > 1, we can use the structure of H ∩S to determine a primitive
element of Q(ξn)H over Q:

Theorem 2 If H is a subgroup of Z∗n, then T
Q(ξn)

Q(ξn)H
(ξmHn ) is a primitive ele-

ment of Q(ξn)H over Q.
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Proof: By the Fundamental Theorem of Galois Theory, H/H∩S is a subgroup
of Z∗n/H∩S, the Galois group of Q(ξn)H∩S over Q. By Lemma 1, Q(ξn)H∩S =
Q(ξmHn ). Since mH/H∩S = 1, by Proposition 6 we have that

T
Q(ξ

mH
n )

Q(ξ
mH
n )H/H∩S

(ξmHn ) = T
Q(ξn)

H∩S

Q(ξn)H
(ξmHn )

is a primitive element of Q(ξmHn )H/H∩S = Q(ξn)H over Q.
Notice that

T
Q(ξn)

Q(ξn)H
(ξmHn ) = T

Q(ξn)
H∩S

Q(ξn)H

(
T

Q(ξn)

Q(ξn)H∩S
(ξmHn )

)
and, since ξmHn ∈ Q(ξn)H∩S , we have that

T
Q(ξn)

Q(ξn)H
(ξmHn ) = |H ∩ S|TQ(ξn)

H∩S

Q(ξn)H
(ξmHn ),

which is a primitive element of Q(ξn)H over Q.

3 A primitive element whose relative trace generates every
intermediate field

Throughout this section we will consider that n > 1 is any natural number
which is either odd or divisible by 4.

We want to construct a primitive element in Q(ξn) whose relative trace
generates every intermediate subfield. For it, regarding the previous section,
we make the following consideration: for every subgroup H ≤ Z∗n, mH is a

divisor of n such that T
Q(ξn)

Q(ξn)H
(ξmHn ) generates Q(ξn)H over Q. Moreover, for

every t dividing mH , the relative trace of ξtn vanishes. Therefore it seems
natural to think at the following element

θn =
∑
k|n′

ξkn, where n′ =

{
n if n odd
n/2 if 4 | n.

as a candidate to fulfill our requirement.

Lemma 2 Let p, d ∈ N such that d | n and p is a prime dividing d. Let

θ =
∑
k|d

ξkn and θ′ =
∑
k|d
p|k

ξkn.

Let H be a subgroup of Z∗n and τ ∈ Z∗n. If τ
(
T

Q(ξn)

Q(ξn)H
(θ)
)

= T
Q(ξn)

Q(ξn)H
(θ), then

τ
(
T

Q(ξn)

Q(ξn)H
(θ′)
)

= T
Q(ξn)

Q(ξn)H
(θ′).
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Proof: Let n = paq with (p, q) = 1, let A,B be integers such that Aq+Bp = 1
and α = ξAqn . Then

θ = θ′ +
∑
k|d
p-k

ξ(Aq+Bp)kn = θ′ +
∑
k|d
p-k

ξBpkn αk.

Let σ, τ ∈ Z∗n and let k ∈ N such that p - k. We shall write σk = Cσkp+Dσk

and τσk = C ′σkp+D′σk with 0 < Dσk, D
′
σk < p.

If τ
(
T

Q(ξn)

Q(ξn)H
(θ)
)

= T
Q(ξn)

Q(ξn)H
(θ) then

M +
∑
σ∈H

∑
k|d
p-k

(ξBpσkn αCσkpαDσk − ξBpτσkn αC
′
σkpαD

′
σk) = 0,

where M = T
Q(ξn)

Q(ξn)H
(θ′)− τ

(
T

Q(ξn)

Q(ξn)H
(θ′)
)
. Therefore α is a root of

F (x) = M +
∑
σ∈H

∑
k|d
p-k

(ξBpσkn αCσkpxDσk − ξBpτσkn αC
′
σkpxD

′
σk), (1)

a polynomial in Q(ξpn)[x] whose degree is smaller than p.
The degree of α over Q(ξpn) is equal to [Q(ξn) : Q(ξpn)]. When p2 divides n,

this degree is p and then F (x) is the zero polynomial, so that, in particular,
its independent coefficient M is zero and then

τ
(
T

Q(ξn)

Q(ξn)H
(θ′)
)

= T
Q(ξn)

Q(ξn)H
(θ′).

When p2 does not divide n, then α is a primitive p-th root of unity and its
degree over Q(ξpn) is p− 1, so that

F (x) = M(1 + x+ x2 + · · ·+ xp−1). (2)

Evaluating x = 1 in (2), we get F (1) = pM. Doing it in (1) we obtain

F (1) = M +B
(
T

Q(ξn)

Q(ξn)H
(θ′)− τ

(
T

Q(ξn)

Q(ξn)H
(θ′)
))

= M +B(M),

considering B as an element in the Galois group of Q(ξpn) over Q. Thus

(p− 1)M = B(M).

Since M and B(M) are conjugate roots over Q, they have the same norm and

(p− 1)[Q(ξpn):Q]N
Q(ξpn)
Q (M) = N

Q(ξpn)
Q (M).

This is only possible when M = 0, since p = 2 implies p2|n. Thus

τ
(
T

Q(ξn)

Q(ξn)H
(θ′)
)

= T
Q(ξn)

Q(ξn)H
(θ′).
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Now we can prove that the relative trace of θn generates every intermediate
field of Q(ξn) over Q :

Theorem 3 If H is a subgroup of Z∗n, then T
Q(ξn)

Q(ξn)H
(θn) is a primitive element

of Q(ξn)H over Q.

Proof: Let η = T
Q(ξn)

Q(ξn)H
(θn). We will prove that if τ ∈ Z∗n and η = τ(η) then

τ ∈ H, which implies that η generates Q(ξn)H over Q.
Let p be any prime divisor of n′. Taking d = n′ in Lemma 2, θ = θn and θ′ =

θn/p. If η = τ(η), by Lemma 2,

τ
(
T

Q(ξn)

Q(ξn)H
(θn

p
)
)

= T
Q(ξn)

Q(ξn)H
(θn

p
).

Since θn
p
∈ Q(ξpn) = Q(ξn)Sp for a certain subgroup Sp of Z∗n, we have that,

on one hand,

T
Q(ξn)

Q(ξn)
<H,Sp>

(θn
p

) =
| < H,Sp > |

|H|
T

Q(ξn)

Q(ξn)H
(θn

p
)

and, on the other hand,

T
Q(ξn)

Q(ξn)
<H,Sp>

(θn
p

) = [Q(ξn) : Q(ξpn)] T
Q(ξpn)

Q(ξpn)
<H,Sp>/Sp

(θn
p

).

Therefore
T

Q(ξn)

Q(ξn)H
(θn

p
) = |H ∩ Sp| T

Q(ξpn)

Q(ξpn)
<H,Sp>/Sp

(θn
p

)

and
τ
(
T

Q(ξpn)

Q(ξpn)
<H,Sp>/Sp

(θn
p

)
)

= T
Q(ξpn)

Q(ξpn)
<H,Sp>/Sp

(θn
p

).

We have shown that, for every prime p dividing n′ and τ ∈ Z∗n,

τ(η) = η ⇒ τ
(
T

Q(ξpn)

Q(ξpn)
<H,Sp>/Sp

(θn
p

)
)

= T
Q(ξpn)

Q(ξpn)
<H,Sp>/Sp

(θn
p

). (3)

Now we can use induction on n to prove that

τ ∈ Z∗n, τ(η) = η ⇒ τ ∈ H :

We know that the result is true when n = 4 or n is an odd prime. Let n be
neither prime nor 4 and assume the result is true for every natural number
smaller than n which is either odd or a multiple of 4. If p is a prime factor of
n′ such that n/p is either odd or a multiple of 4, then by (3) and by induction
hypothesis, τ ∈< H,Sp >, since Q(ξpn)<H,Sp>/Sp = Q(ξn)<H,Sp>.

Then, if k divides n′ and there exists a prime p such that p divides k and
n/p is either odd or divisible by 4, we have that

T
Q(ξn)

Q(ξn)H
(ξkn) ∈ Q(ξpn) ∩Q(ξn)H = Q(ξn)<H,Sp>

and therefore τ fixes T
Q(ξn)

Q(ξn)H
(ξkn).
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Thus if n is odd or 8 divides n, then τ fixes

η − TQ(ξn)

Q(ξn)H

∑
k|n′
k 6=1

ξkn

 = T
Q(ξn)

Q(ξn)H
(ξn).

If n = 4q with q odd, then τ fixes

η − TQ(ξn)

Q(ξn)H

∑
k|n′
k 6=1,2

ξkn

 = T
Q(ξn)

Q(ξn)H
(ξn) + T

Q(ξn)

Q(ξn)H
(ξ2n).

Applying Lemma 2 to d = 2, we conclude that τ fixes T
Q(ξn)

Q(ξn)H
(ξ2n).

Therefore τ fixes T
Q(ξn)

Q(ξn)H
(ξkn) for every k dividing n′. In particular, if n

is even τ fixes T
Q(ξn)

Q(ξn)H
(ξkn) for k = mH and, by Theorem 2, τ ∈ H. If n is

odd, then Q(ξn) = Q(ξ2n) and ξ2n = −ξ
1−n
2

n is a conjugate of −ξn over Q.
We can consider then mH , which divides n = n′ and we have that τ fixes

T
Q(ξ2n)

Q(ξ2n)H
(ξmH2n ). By Theorem 2, τ ∈ H.

Let rn be the product of the distinct prime divisors of n and let now
n′ = n/rn. If we redefine

θn =
∑
k|n′

ξkn,

the previous theorem is still right. Indeed, the proof can be simplified taking
into account that p | n′ implies p2 | n. In this case, θn = ξn when n is
squarefree.

This last element turns out to be similar to Leopoldt’s Basiszahl (see [9,10])
when, in Lettl’s notation, K = Q(n). In this case, θn = T as defined in [9].

In general, Lettl defines a generator T for any absolute abelian number
field K of conductor n :

T =
∑
d∈D

T
Q(ξd)
K∩Q(ξd)

(ξd)

where D is the set of positive integers d such that d | n, d is multiple of every
odd prime divisor of n and d 6≡ 2 mod 4.

Since T gives a normal basis for K over Q, it is easy to check that its relative
traces must generate the corresponding intermediate subfields in our case K =
Q(θn). Our result, however, intends to generalize the idea of cyclotomic periods
using elementary concepts of Galois theory.
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Example 1 Consider the 48-th cyclotomic field and H the subgroup of Z∗48
generated by 7.

The relative trace over Q(ξ48)H of the element θ48 in Theorem 3 is

ξ1448 + ξ1348 − ξ1048 + 2ξ848 + ξ748 + ξ648 − ξ548 + ξ348 + 2ξ248 + ξ48 − 2

with minimal polynomial

x8 + 8x7 + 32x6 + 200x5 + 1362x4 + 4848x3 + 9096x2 + 9824x+ 6748.

If we use instead the expression θn given after the proof of Theorem 3, we
have

ξ1448 + 2ξ848 + ξ748 + ξ248 + ξ48

with minimal polynomial

x8 − 8x7 + 40x6 − 72x5 + 154x4 − 112x3 + 24x2 + 96x+ 28.

Finally, the Lettl’s element is

T = 2ξ424 + ξ224 + ξ24 − 2

and its minimal polynomial is

x8 + 8x7 + 38x6 + 124x5 + 346x4 + 792x3 + 1386x2 + 1620x+ 873.
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