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ABSTRACT. In this paper we show that evolution algebras over any given field
k are universally finite. In other words, given any finite group G, there exist
infinitely many regular evolution algebras X such that Aut(X) = G. The proof
is built upon the construction of a covariant faithful functor from the category
of finite simple (non oriented) graphs to the category of (finite dimensional)
regular evolution algebras. Finally, we show that any constant finite algebraic
affine group scheme G over k is isomorphic to the algebraic affine group scheme
of automorphisms of a regular evolution algebra.

1. INTRODUCTION

Given a category C, we say that C is finitely universal [I, Section 4.1] if every
finite group can be represented as the full automorphism group of an object in C,
that is, if given G a finite group, there exists X € Obj(C) such that Aut¢(X) = G.

Deciding whether a given category is finitely universal is a hard problem. From
the celebrated result of Frucht [14], who considered finite graphs, to the recent
results in [9] [10] (resp. [7, [§]), where the homotopy category of spaces (resp. the
category of differential graded algebras) is considered, mathematicians have been
addressing the identification of finitely universal categories for almost a century.
The reader is encouraged to consult [I6, Introduction] for a (non exhaustive) ac-
count of milestones in this question.

In this manuscript we consider the property of being finitely universal for evolu-
tion algebras over an arbitrary field k (see Section [2] for precise definitions). Evo-
lution algebras are, non necessarily associative, commutative algebras that were
originally introduced by Tian [20] (see also [2I]) as a mathematical model of self-
reproduction in non-Mendelian genetics. Despite of the lack of nice structural
properties, for example they are not power associative nor closed under subalge-
bras, evolution algebras have been a very active research topic the last decade (see
[4, 22, 5l 18] and the references provided there).

Within this context, our main result is:
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Theorem 1.1. Let & be the category of evolution algebras over the field k, and
G be a finite group. Then there are infinitely many non isomorphic X € Obj(&)
such that

(1) X% = X, that is, X is regular, and

(2) Autg,(X) = G.

In particular the category E is finitely universal.

Proof. Given a finite group G, there exist infinitely many connected simple graphs
G such that Autgrapns(G) = G [14] (see also [II] and [19]). Therefore, according
to Theorem there are infinitely many regular evolution algebras X := X(G) €
Obj(&) such that Autg, (X) = Autgrepns(G) = G. O

Since the automorphism group of a regular evolution algebra is always finite, [12]
Theorem 4.8], we obtain the following:

Corollary 1.2. Let G be an abstract group. Then G is finite if and only if there
exists a regular evolution algebra X such that Autg, (X) = G.

Given a field k, let Alg, denote the category of unital commutative, associative
k-algebras. Following [13], any evolution algebra X over k defines an algebraic
affine group scheme over k (see [23] or [I7, Chapter VI])

Autg, (X): Algy ~ Groups

that takes any R € Obj(Alg,) to Autr(Xr), the group of R-algebra automorphisms
of Xp = X ®x R. Within this framework, we prove:

Theorem 1.3. Given any field k, and any constant finite algebraic affine group
scheme G over k, there are infinitely many non isomorphic X € Obj(&) such that
the group scheme Autg, (X) is isomorphic to G.

Proof. Let G = G(k). Then there exist infinitely many connected simple non
oriented graphs G such that Autgrepns(G) = G [11, 14]. For any such graph G,
let X = X(G) € Obj(&) be the evolution algebra with natural basis B given in
Definition According to [I3, Theorem 3.2] there exists an exact sequence of
algebraic affine group schemes

1 — Diag(T") — Autg, (X) — Aut(T)

where I' = I'(X, B) is the oriented graph attached to the evolution algebra X
relative to the natural basis B, Deﬁnition Diag(T") is the diagonal group scheme
of " [13], Definition 2.1], and Aut(T") is the constant group scheme given by the group
of oriented graph automorphisms of I'.

Since the structure constants wy; equal 1 for every b; € B, then the oriented graph
I" has a loop at every vertex, and therefore no sources, which implies Diag(I") = 1
[13, Corollary 2.8]. Hence Autg, (X) < Aut(T).

An easy calculation shows that Aut(T") = Autgapns(G) while the functor X' (1) ®x
R implies that Autg,epns(G) < Autg, (X)(R) for every R € Obj(Algy). Therefore
the group scheme Autg, (X) is isomorphic to the constant group scheme given by
Autgraphs(G), that is, to G. O

Translating Gordeev-Popov’s work [I5] to the language of algebraic affine group
schemes, Theorem may be seen as a strengthening of [I5] Corollary 2], and it
is natural to consider the following question (compare to [I5l Theorem 1] and the
results in [13]):
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Question 1.4. Let k be a field, and G be an algebraic affine group scheme over
k. Does there exist an evolution algebra defined over k, X, such that the algebraic
affine group scheme Autg, (X) is isomorphic to G?

Remark 1.5. Notice that in contrast to [I5, Theorem 1], the algebras in Question
1.4] are not required to be simple since the algebraic affine group scheme G is not
assumed to be finite at k. Indeed, simple evolution algebras are regular [3| Corollary
4.6], and therefore as we have mentioned above, their automorphism groups are
finite.

Acknowledgements. The authors thank the anonymous referee for suggesting the
use of algebraic affine group schemes in our arguments and the present statement
of Question [1.4

2. BASICS ON EVOLUTION ALGEBRAS

In this section we briefly introduce the basics on evolution algebras that we need
in the forthcoming sections. While the standard reference on the subject is [20],
our notation is closer to the more recent work [2].

Given a field k, we say that A is an algebra over k, or a k-algebra, if A is a
k-vector space furnished with an inner product, a k-bilinear map A x A — A. An
algebra morphism is then a linear map which commutes with inner products. The
algebras considered in this manuscript are all finite dimensional vector spaces unless
otherwise is stated.

We now recall the definition of an evolution algebra [20], Definition 1], [2 Defi-
nitions 1.2.1]:

Definition 2.1. An evolution algebra over a field k is a k-algebra X provided with
a basis B = {b; |1 € A} such that b;b; = 0 whenever i # j. Such a basis B is called
a natural basis.

Every k-vector space X gives rise to a degenerated evolution algebra by defining
xy = 0 for every x,y € X. More generally, given a k-vector space X spanned by
a basis B = {b; |i € A}, an evolution algebra with natural basis B is completely
determined by just giving the linear expression of b7 := b;b; € X for every i € A.
This motivates the following definition [2, Definitions 1.2.1]:

Definition 2.2. Let X be an evolution algebra, and fix a natural basis B in X. The
scalars wy; € k such that bf = b;b; = ZkeA wiibk are called the structure constants
of X relative to B, and the matrix Mp := (wg;) is said to be the structure matric
of X relative to B.

Notice that given an evolution algebra X, with natural basis B, the column
vectors of M span X2, the algebra generated by twofold products of elements in
X. Therefore, if X = X2, then Mp must be of maximal rank, that is, Mp must be
a regular matrix (see also [12] Remark 4.2]). This justifies the following definition:

Definition 2.3. We say that an evolution algebra X is regular if and only if
X = X2, or equivalently, if and only if for any natural basis B, the structure
matrix Mp is a regular matrix.

The following result shows that regular evolution algebras have essentially just
one natural basis, which plays a key role in our arguments.
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Proposition 2.4. ([I2, Theorem 4.4], [0, Proposition 1)) Let X be a reqular evolu-
tion algebra over k provided with a natural basis B = {b; |i € A}. Given any other
natural basis B = {b;|i € A}, there exists a permutation o € Perm(A), and scalars
Ni € k such that b; = N\iby sy

Every finite dimensional evolution algebra has attached a directed graph [20,
Definition 15], [I2, Definition 2.2]:

Definition 2.5. Let X be a finite dimensional evolution algebra over k provided
with a natural basis B = {b1,...,b,}, and structure matrix Mp = (w;;). The
directed graph I'(X,B) = (V, E) with V = {1,...,n} and E = {(i,j) € V. x V :
wi;j # 0} is called the oriented graph attached to the evolution algebra X relative
to the natural basis B.

Notice that assigning to an evolution algebra X with natural basis B the directed
graph I'(X, B) is not functorial. The isomorphism type of I'(X, B) depends on the
choice of the natural basis [I2, Example 2.4], and not every algebra morphism can
be described in terms of a directed graph morphism.

3. FROM SIMPLE GRAPHS TO EVOLUTION ALGEBRAS

In this section we show that simple (non oriented) graphs give rise to evolution
algebras in a functorial way.

Let Graphs denote the category of finite simple graphs. Objects in Graphs are
pairs G = (V, E) where V is a finite set, the set of vertices of G, and E is a set
of unordered pairs of different vertices (subsets of V' of cardinality 2), so we shall
frequently denote elements e € F as e = {v,w} C V. Notice that by definition, two
vertices in a simple graph can be connected by at most one edge, and loops are not
allowed.

Given two simple graphs G; = (Vi, E;), i« = 1,2, a graph morphism f: G; —
Go is a set morphism f: V4 — V5 such that if e = {v,w} € FEj, then f(e) =
{f(v), f(w)} € Es.

Our main result in this section is the following:

Theorem 3.1. Given any field k, there exists a covariant faithful functor
X: Graphs ~ &

such that for every G € Graphs the following hold:
(1) X(G)? = X(G), that is, X(G) is regular, and
(2) Autgk (X(g)) = Autgmphs(g).

For convenience of the reader, the proof of Theorem [3.1] has been split in several
lemmas. Henceforth, k is a fixed field.
We first define the functor X on objects:

Definition 3.2. Given a simple graph G = (V, E), we define X(G) to be the
evolution algebra over k, with natural basis B = {b, : v € V} U {b : ¢ € E} and
multiplication given by

o b2=10, forallveV.

e D2=be+ Y . byforaleckE.

We now prove that X actually gives rise to regular evolution algebras.
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Lemma 3.3. For any simple graph G, the evolution algebra X (G) is regular.

Proof. Let Mp be the structure matrix of X'(G) relative to the natural basis B given
in Definition [3.2] Then Mp is upper triangular, and every input on the diagonal is
equal to 1. Therefore det(Mp) = 1 and Mp is regular, hence so is X(G). O

We now define the functor X on morphisms:
Definition 3.4. Given a graph morphism f: G; — Ga where G; = (V;, E;), i = 1,2,
define X'(f): X(G1) — X(G2) to be the algebra morphism given by X'(f)(by) = by
and X(f)(be) = bf(e)~
Remark 3.5. The map X(f) above is a well defined algebra morphism. Indeed,

if f is a graph morphism, f maps vertices to vertices, and edges to edges while
preserving adjacency. Therefore for any vertex v € Vq, f(v) € V5 and

X(f)(bu)? = by = bsw) = X(£)(bo),
while for any edge e = {v,w} € En, f(e) = {f(v), f(w)} € E5 and
X(f)(be)? = b0y = bp(ey + b(w) + brw) = X () (be + by + bw) = X(f)(b2).
Finally, it is straightforward to check that X(f) = X(g) if and only if f = g, and
X(f)oX(g) = X(fog)
The functor X is also faithful on objects.

Lemma 3.6. Let G, = (V;, E;), i = 1,2, be simple graphs. Then X(G1) = X(Gs) if
and only if G1 = Gs.

Proof. If G1 = Gs, functoriality provides the algebra isomorphism X (G;) = X (G2).

Assume now that ¥: X(G1) = X(Gs) is an isomorphism of regular evolution
algebras. Let B; be the natural basis of X(G;), i = 1,2, given in Definition
Then t(B;) is a natural basis of X'(Gz), and according to Proposition there
exist scalars A, A. € k, for v € V] and e € Ej, such that A\,¢)(by), Act0(be) € Bo.
Moreover, the number of non trivial structure constants must be preserved for each
element in the basis, hence for v € Vi and e € E; there exist o(v) € V, and
7(e) € By such that Aytp(by) = by(y) and Aetp(be) = br(c).

Comparing

Vo) = bo(v): and
(Atb(b0))* = N2p(b,)? = X0 (52) = A2t (b) = Ao (Aot b))
= Ao (v
we obtain that A\, = 1 for all v € V;.
Now, if e = {v,w} € Fy and 7(e) = {0, w} € E5, comparing
b7 (o) = br(e) + bs + by, and

2
(Aeth(be))” = N2 (b2) = AZtb(be + by + bu) = AZ((be) + % (by) + W (bu))
= Aebre) + A2 (bo(o) + bo(w))
we get that A = 1 and 7(e) = {o(v),o(w)}.
In other words, the set morphism o: V4, — V5, which has to be bijective since

1 is an isomorphism, maps edges in F; to edges in Fs. That is 0: G; = Gs and
moreover ¥ = X(o) as in Definition O
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Finally, we check that X is full on the automorphism group of any object in the
image. The proof follows similar arguments to those in the previous one:

Lemma 3.7. Given a simple graph G = (V, E), and g € Autg, (X(g)), there exists
f € Autgrapns(G) such that g = X(f).

Proof. Let g € Aute, (X(G)). Recall that X(G) is regular, and therefore B, the
natural basis of X(G) given in Definition is unique up to permutation and
scalar multiplication by Proposition Since g(B) is another natural basis of
X(G), and g has to preserve the structure constants, then g(b,) = A(v)by(,), and
g(be) = A(e)by(e) for some permutations o € Perm(V), and 7 € Perm(E), and
scalars A\(v), A(e) € k.

Comparing

9(b7) = g(by) = A(v)bo(v), and
(g(b”))2 = ()‘(U)bff'(v))2 = )‘(U)2ba(v)7

we obtain A(v)? = \(v) and therefore \(v) = 1.
If e = {v,w} € E, and 7(e) = {0, w}, comparing

g(b2) = g(be + by + bw) = A(€)br(e) + AV)bo(v) + ANW)by (), and
2
(g(be)) = ()‘(e)b‘l'('t)))2 = )‘(e)Q(bT(e) + by + bw)7

we obtain A(e)? = A(e), thus A(e) = 1, and 7(e) = {o(v),0(w)}. Therefore o
is a permutation of the vertices of G that maps edges to edges. In other words,
0 € Autgrepns(G) and g = X (o) as in Definition O
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