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Conversely, when there are enough invertible elements in ®,
we will show that if a nilpotent element a can be completed
to an slp-triple, then all powers a* are von Neumann regular.
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The study of gradings in associative and different nonassociative structures has been
of great interest in the last decades (see for example [4], [3], [2], [5], [1] or [24]). We
highlight the works of Patera, Zassenhaus, Havli¢ek and Pelantova ([17], [12] and [13])
who, between 1989 and 2000, performed a systematic study of fine gradings on the finite-
dimensional complex simple Lie algebras. We also remark Elduque’s and Kochetov’s 2013
monograph devoted to gradings in Lie algebras [7]; this book contains a compilation of the
results about classifications of gradings by arbitrary groups on simple Lie algebras over
algebraically closed fields and unifies the terminology about gradings that had appeared
before in the literature.

An important tool in the study of gradings on Lie algebras is the embedding of the Lie
algebra under consideration into an associative algebra, and the study of the classification
problem in the context of associative algebras (maybe with involution). In this line,
Rodrigo-Escudero considered gradings by an abelian group on an associative algebra
such that the algebra is graded-simple and satisfies the descending chain condition on
graded left ideals, and gave necessary and sufficient conditions for the grading to be fine,
see [18]; these results where used as a tool by Elduque, Kochetov and Rodrigo-Escudero
to classify fine gradings on all real forms of classical simple Lie algebras up to equivalence,
see [8].

In 1997 O. Smirnov showed in [22] that in any unital simple associative algebra R
with a finite Z-grading there exists a maximal complete system of orthogonal idem-
potents & = {eg,e1,...,e,} that induces the grading, i.e., if R = @,__, Ry then
each R, = Zi_j:k eiRe;. More generally, if the hypothesis of being unital is re-
moved, the grading is induced by a maximal complete orthogonal system of modules
H ={H, = R,R_,R,—p, | p =0,...,n}. In a subsequent paper [23], the same au-
thor studied a *-version of these results for associative algebras with involution *, and
applied them to give a more precise description of associative gradings appearing in
E. Zelmanov’s classification of simple Lie algebras with a finite Z-grading [25].

Later on, in 2006 Siles Molina revisited Smirnov’s results in [20] and showed that every
finite Z-grading of a simple non-necessarily unital associative algebra R comes from a
Peirce decomposition induced by a complete system of orthogonal idempotents lying in
the maximal left quotient algebra of R.

In this paper we will show that as soon as an associative algebra R over a ring
of scalars ® (® is a commutative unital ring) contains a nilpotent element whose last
nonzero power is von Neumann regular, there exists a complete system of idempotents in
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the unitization R' of R, and R is graded with respect to it. We remark that our results
work for general associative algebras without any regularity condition.

Another way of getting a grading in an associative algebra R is the existence of an
slo-triple (e, h, f) such that e is nilpotent. In his work of 1958, N. Jacobson showed that
when a nilpotent element e can be completed to an sly-triple (e, h, f) and there exist
enough invertible elements in ®, the map ad, : R — R given by ady(z) := hx — xh for
every x € R is semisimple and the decomposition of R into the eigenspaces of ady, is an
associative grading of R, see [14, Lemma 1] and 2.11.

We will prove that the condition of having a nilpotent element with von Neumann
regular last nonzero power implies the existence of an sly-triple of R with semisimple
adjoint map adp, and that the grading of R with respect to the complete system of
orthogonal idempotents is a refinement of the grading induced by the eigenspaces of
ady,. Conversely, if a nilpotent element a can be completed to an sly-triple, we will show
that a* is von Neumann regular for every k when there are enough invertible elements
in ®.

Similar techniques involving gradings induced by complete sets of orthogonal idempo-
tents, sly-triples and von Neumann regularity were used by O. Smirnov in [21] to show
that the standard conjecture of Lefschetz stating that the adjoint of the Lefschetz oper-
ator is induced by an algebraic correspondence follows from Grothendieck’s conjecture
about the equality of the numerical and homological equivalences.

2. Preliminaries

2.1. Throughout this paper we will deal with non-necessarily unital associative algebras
R over a ring of scalars ®. R! will denote the unitization of R, i.e., R! = R + ®1.

An element e € R is an idempotent if e2 = e, and two idempotents e, f € R are
orthogonal if ef = fe = 0.

Recall that an element a € R is von Neumann regular if there exists b € R such that
aba = a. We say that a nilpotent element a € R is last-regular if its last nonzero power
is von Neumann regular; more precisely, a € R is nilpotent last-regular of index ¢ + 1
if a is nilpotent of index t + 1 and a’ is von Neumann regular in R. Given a nilpotent
last-regular element a € R of index ¢+ 1, there exists b € R such that a’ba® = af, ba’b = b
and ba*b = 0 for every k = 0,...,t — 1 (by abuse of notation ba’h means b?), see [11,
Lemma 2.4]. The element b is called a Rus-inverse of a.

Let R be an associative algebra with involution * over a ring of scalars ® with % € .
Given an element 0 # a € H(R, ) U Skew(R, ) we define the parity of a, denoted by
lal, as

o= [0 e HER
Y71, ifa e Skew(R, #).
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In the following lemma we will show that when a is a symmetric or skew-symmetric
nilpotent last-regular element of index ¢+ 1, a Rus-inverse of a can be chosen so that its
parity coincides with that of a'.

Lemma 2.2. Let R be an associative algebra with involution x over a ring of scalars @,
1€ ®. Let a € H(R, %) USkew (R, *) be a nilpotent last-reqular element of index t + 1.
Then

(i) if at € H(R,*), we can construct a Rus-inverse of a in H(R,*),
(ii) if a* € Skew(R,*), we can construct a Rus-inverse of a in Skew (R, *).
t =

If b is a Rus-inverse of a and |a |b], the element b will be called a x-Rus-inverse of a.

Proof. When a € H(R,*) is a nilpotent last-regular element, the construction of a
symmetric Rus-inverse of a was done in [9, Lemma 3.2]. The same argument can be
adapted when a € Skew(R, x) and a' € Skew(R, *) U H(R, x) and we include it here for
the sake of completeness.

Let a € Skew(R, ) and suppose that a® € Skew(R,*) (respectively, a® € H(R,x)).

¢ is von Neumann regular there exists ¢ € R such that aca® = a*. Moreover, since

€ ® we can decompose ¢ as ¢ = (¢ — ¢*) + 1(c + ¢*), and therefore a' = a’ca’ =

a'(c—c*)a’+ 3a'(c+c*)a’ and we can replace ¢ by 4 (c—c*) € Skew(R, *) (respectively,

y 3(c+ c*) € H(R, *)) and assume without loss of generality that a’,c € Skew(R, x)
t

Since a
1

[opE NN

¢ we have

—~

respectively, that at,c € H(R, x)). Now, if we consider d = ca

da'd=d and a'da’ = a'.
From now on, the construction of a Rus-inverse follows as in [9, Lemma 3.2]; since it is
quite tricky, we include it here for the sake of completeness.

The proof will follow by descending induction from ¢ to 1: Define uy = 1 — %adat’1
and by = wduj = (1 — $ada’1)d(1 — $a'~'da). Then

1 1
e a'bia’ =a'(1 - §adat_1)d(1 — Eat_lda)at =a'dat = d',
t Lo L t Lo i L
o bia'by = (1— iada )d(1 — 24 da)a'(1 — iada )d(1 — 3@ da)
Lo i1yt L Lo i Ly
= (]. — §ada )da d(]. - 50/ da) = (1 — §ada )d(l — §a da) — bt7

1 1
e bya'"thy = upd(1 — Eatflda)atfl(l — §adat71)du,’f

1 1
= wpda’du} — §utdatdat_1duf — Eutdat_ldatdu: =0.
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Let us suppose that there exists b; 11 such that
a'biia’ =a', bia'biyy =bip1, and biiiatbiy =0, fors=i,...,t—1.
Let us construct b; such that
albat = at, bja’b; =b;, and bja®h; =0, fors=i—1,...,t—1.
Define u; = 1 — $a"~""'b; 110’ and b; = w;b;1u;. Then for any s =i,...,t —1

1 , . 1 . )
P atbiat _ at(l _ §at71+1bi+1azfl)bi+l(1 _ aa“lbiﬂat*”l)at _ ath_lat _ at,

1. . 1 ) .
(] biatbi = U,in_l(l - Eaz_le_lat—H_l)at(l — iat_Hlelal_l)leuf
t
= Uibi10 b 1u] = uibiu; = by,

1. . 1 , .
[ biasbi = uib”l(l — 5041_1b7;+1at_2+1)a8(1 — Eat_z+1bi+1az_1)bi+1uf

1 . .
* —1 t—i+1 *
= uinlastlui — iuibiﬂa’ bi+1a ot +Sbi+1ui

t—i+14 i—1 *
— fuibiHa ¢ Sbi+1a’ bl‘+1ui

2

1 . L
—|——uibi+1a’ 1bi+1a2t 2’L+2+Sb

i—1
1 iv1a’ bipuf =0,

; 1, ; - 1, . .
o bia' by = uibiq (1 — iaklbiﬂat*”l)a“l(l - §atﬂ+1bi+1a“1)bi+1u;‘

i— 1 i— 1 —1 i— *
:uibi+1(az 1—§a 1bi+1at)(1—§at +lbi+1a 1)bi+1ui

) 1 , 1 ;
—1 —1 t t -1
= uibiﬂa’ biHuf - §uibi+1a’ bi+1a bi+1u;k — §uibi+1a bi+1al bi+1’uf =0.

The element by satisfies the claim. O

2.3. Let us recall the notion of local algebra of an associative algebra at an element u
(see [10]): let R be an associative algebra over a ring of scalars ® and let u € R. The
®-module uRu with product given by

UTU *y, UYU = UTUYU

is again an associative algebra, denoted by R, and called the local algebra of R at w.
If R has an involution * and v € H(R,*) U Skew(R, *), the map * : R, — R, given by
(uzu)* = (=1)!*luz*u is an involution on R,.

When e is an idempotent of R, the local algebra R, of R at e coincides with the corner
eRe.
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In the following proposition we recall that any nilpotent last-regular element a in an
associative algebra R gives rise to a family of matrix units and that certain subalgebra
of R is isomorphic to a matrix algebra over a local algebra of R at some element, [11,
Theorem 2.6] (the construction of the same family of matrix units associated to a nilpo-
tent element with some extra conditions was done by J. Levitzki in [16, Theorem 2.1]);
these results can be extended to associative algebras with involution.

Proposition 2.4. Let R be an associative algebra over a ring of scalars ®. Let a € R be a
nilpotent last-reqular element of index t + 1 and let b be a Rus-inverse of a. Then

(1) {e;j = ai_lbat+1_j}§j1=1 is a family of matriz units, i.e., ejjep = 0jpey (where
0 denotes the Kronecker delta). If we denote e; = e;;, then e;a = ae;—1 for i =
%t 1.

(2) The idempotent e = ;:} e; satisfies ea = ae = Z§=1 €i+1,; and the subalgebra eRe
is isomorphic to Myy1(Re,,) for anyi,j € {1,...,t +1}.

(3) (ea)t = er11,1 = a'ba’ = a.

Moreover, if R has an involution *, 3 € ®, a € H(R,*) U Skew(R,*) and b is a *-

Rus inverse of a, then for any r,s such that e,s € H(R,*) U Skew(R,*) (for instance

eir1,1 = a'), eRe and Myi1(R.,,) are x-isomorphic under the map

t+1
U : Mii1(Re,.) — eRe defined by \II(Z zi; Eij) = Z CirTijCs;
ij ij=1

where each x;; = ersTijers € Re, ., and where the involution x in Mii1(Re,.) is given
by

A* = CTrA™C for any A € M1 (R.,.)

for C = ZE:(—I)““'ELHQ,Z- and A" = > i@ Eji for every A = 37 aiE;; €
Mt+1(Re7-s)'

The idempotent e will be called Rus-idempotent (respectively, x-Rus-idempotent) as-
sociated to a and its Rus-inverse b (respectively, to a and its *-Rus-inverse b).

Proof. Items (1), (3) and (2) in the particular case of the corner e;; Rej; were shown in
[11, Theorem 2.6]. Notice that the corner eq;Rej1, the local algebra R,
algebras R.,; at each of the matrix units e;; are all isomorphic (under the isomorphism
@ Re,; — er1Reqr given by o(ej;jwe;;) = ereseijresjejier), so (2) holds in general.
Suppose that R is an associative algebra with involution *, let a € H(R,x*) U

and the local

€11

Skew(R, ), let b be a *-Rus inverse of a and let us compute e;;:

e If a € Skew(R,%), ef; = (=1)"Jei12_jiro—: indeed, ef; = (a'"'ba't177)* =

(—1)tHgtim i blgitl=ipgi=1 = (_1)t+i=itble, oy 5o where |b] = 0 if b €
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H(R,«) and |[b] = 1 if b € Skew(R,*). Since b € H(R,*) when t is even and
b € Skew(R, ) when ¢ is odd, we conclude that e = (_1)i7‘jet+27]’,t+272’.
o Iface H(R, *) then 62} = €442 j t+2—i-

Summarizing, if a € H(R,*) U Skew(R, %) then e}; = (—1)0=lele, 15 ;100 ;.

Let e,s be a symmetric or skew-symmetric matrix unit (in particular, r+s = t+2 and
(—=1)(r=9)lal = (—1)lers]) and consider the local algebra R, of R at e,s. Since {eij}ffglzl
is a family of matrix units, the map

(ersters)Eij — eir(ersters)es; € eRe

defines a *-isomorphism between M;1(R.,_ ) and eRe. Moreover, since

€rs

Eir(Erslers esj - eg ersx erse
( ( ) ) ¥
)S ] i 7)‘0"6 2—j,t+2 5(67‘51. 6T5)6t+3,r’t+3 7

i+ *
1 (s=gti= T)‘a‘et+2 jr(ersx ers)es,t+27i

(=
(=1)
(1) EDlele, s (—1)Eele, e, )es 1o
(-1)

i—
1 @ jl Iet+2 ]r(ersxers) €s Jd+2—1

we have that
U(((ersmers)Eij)*) = U((=1) "l (e, me,) Briojaya—i)
so the involution in My41(R,, ) is given by
A = LA
where C = ZEI}(—l)“a'Ei,Hg,i and

tr— Za;‘jEji for every A= ZaijEij S Mt+1(Rem)~ O

ij ij

Remark 2.5. The *x-isomorphism described in Proposition 2.4 has already appeared in
[6, 3.1] in a particular situation. In that case ¢ was even and eRe was shown to be
+-isomorphic to My11(S5) where § = err2 Reryz (when tis even, ey € H(R, %)).

2.6. Suppose that a € R is nilpotent of index ¢ + 1 and all the powers a*, k < t, are von
Neumann regular. By [11, 2.10] there exists a family of nonzero orthogonal idempotents
{e®™}m™ that commute with @ and such that a = " ea and the elements eVa
are nilpotent last-regular of decreasing indices t; + 1, t; = ¢t > to > .-+ > t,,, each
eWq e e Re@ and e® is a Rus-idempotent for e®aq.
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2.7. Let G be a group. A G-grading on R is a family I' = { R, }4cc of ®-modules, called
homogeneous components, such that R = @geG Ry and RyRy C Ry for all g,¢" € G.
We denote by T' : R = @ gec Iy and call (R,T) a G-graded algebra. The support,
denoted Supp T, is the set {g € G | Ry # {0}}. We say that a grading is finite if it
has finite support. The most frequently encountered gradings are finite gradings by the
group Z, and will be called finite Z-gradings. Any group homomorphism o« : G — H
sec Itg we define
the H-graded algebra R where R is the same ®-algebra but equipped with the H-grading
R = @,y R), where R, = @georl(h) R,. If the G-grading on R is denoted by T, we
will write ®I" for the corresponding H-grading on R. A G-grading I : R = ®g€G R, is
said to be a refinement of an H-grading IV : R = @, . R}, (or I a coarsening of T') if,

gives a functor from G-graded algebras to H-graded ones: for R = €p

for any g € G, there exists h € H such that R, C Rj,. If the inclusion is proper for at
least one g € Supp T, the refinement (or the coarsening) is called proper. For example,
if  : G — H is a group homomorphism, then I is a coarsening of I', which is proper
if and only if « is not injective on the support of I'.

A complete finite family of orthogonal idempotents in R' is a finite family & =
{€0, ..., en} of elements of R such that e;e; = d;;€;, 4,5 =0,...,n, (where § denotes the
Kronecker delta) and such that Z?:o e; = 1. Notice that every complete finite family of
orthogonal idempotents £ in R' induces a finite Z-grading I's on R whose homogeneous
€Z'R€j, k= 0, iL ey +n.

submodules are given by Ry = Ziﬂ.:k

2.8. Let R be an associative algebra over a ring of scalars ®. An sly-triple (é, A, f) of R
consists on three elements é, h, f € R such that

~ A

&, fl=h, [h,é]=2¢ and [h,f]=—2f

where [x,y] := 2y — yx for every x,y € R. Given x € R', the map ad, : R — R is given
by ad,(y) = [z,y], y € R. We say that é € R can be completed to an sly-triple if there
exists f € R such that (é, h, f) is an sly-triple (recall that h= [é, f])

In Lie theory, slo-triples are usually denoted with the letters e, h and f. We have
denoted the elements of an sly-triple by é, h and f to avoid confusions with the notation
of idempotents in the previous results, which naturally arises from the usual notation

e;; of matrix units and the usual ring theory notation of idempotents with the letters e
and f.

Lemma 2.9. Let R be an associative algebra over ®. Let F = {f; | i € A C Z} be a
complete finite family of orthogonal idempotents in R' and let h = dienlifi € R'. Then
ady : R = R is semisimple and induces a ®-grading 'y, on R given by the eigenspaces
of ad, : R — R, which is a coarsening of the finite Z-grading ' 7 induced by F under
the natural homomorphism ¢ : 7. — ®.

Proof. We can easily show that every homogeneous submodule of the Z-grading induced
by the family F is contained in an eigenspace of adj. Indeed, for every x € R
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adp(fizfe) = hfizfe — fizfh = O_if) fixfn — (> if:)

ieA ieA
=jfixfr — kfjxfi = (5 — k) fjxfr,

so fjRfi is contained in the eigenspace of adj, associated to the eigenvalue j — k. O

Lemma 2.10. Let R be an associative algebra over ® and suppose that (2t)! is invertible
in ®. Let {ex, | k = —t,...,t} and {fr | k = —t,...,t} be two families of orthogonal
idempotents and suppose that ZZ:_t kep = Ziz_t kfi. Then fi = e for every k # 0.

Proof. Multiply ZZ:_t ke, = Ziz_t kfi on the left by e;, so ie; = Y, ke; fr. Then
multiply on the right by fs: ie; fs = se;fs, i.e., (i — s)e;fs = 0. If i # s then e;fs = 0
because i — s is invertible in ®. Hence ie; = ), ke; fi, = ie; f;, and when ¢ # 0 this means
that €; = €lfl

Multiplying ZZ:_t ke = Zzz_t kfr on the right by e; we get ie; = Zzz_tkfkei,
and multiplying on the left by fs, ifse; = sfse;. As before, if i # s, fse; = 0, so
ie; = if;e;, i.e., e; = f;e; when i # 0.

Exchanging the roles of e; and f; in the argument above we get f; = e; f; = fie;. Thus
e; = fi, forevery i £20. 0O

2.11. When (¢ + 1)! is invertible in ®, N. Jacobson showed in [14, Lemma 1] that if a
nilpotent element é € R of index t + 1 can be completed to an sly-triple (é, h, f), then h
satisfies the polynomial

If (2t)! is invertible in @, for every i,j € {—t,...,0,...,t}, i # j, the monomials X — ¢
and X — j are coprime. Let us define q;(X) := f(X)/(X — k), k =0,%1,...,+¢t. Then
there exist r1,(X) € ®[X], k = 0,41,...,4t, such that 5 __, 7x(X)qe(X) = 1 (recall
that if a(X) is coprime to b(X) and to ¢(X), then a(X) is coprime to b(X)c(X)). Let

F = {fk = Tk(?l)qk(i?,) | k=—t,... ,t},

which is a complete finite family of orthogonal idempotents in R'. Since (h—k)qx(h) = 0,
hfr = kfy, so h = B(Z};:_t fx) = ZZ:—t kfr. By Lemma 2.9, the map ad;, : R — R
is semisimple and the ®-grading I'; on R given by the eigenspaces of ad; : R —+ R is a
coarsening (under the natural homomorphism) of the Z-grading I' # induced by F on R.

3. Main

3.1. Let a € R be a nilpotent last-regular element of index t+1, and let b be a Rus-inverse
of a. Consider the family of matrix units (defined in Proposition 2.4(1))
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{eij p— z 1bat+1 ]}t,]_

associated to a and b. Denote e; :== e, i =1,...,t+ 1. Let e = e; + --- + €441 be the
Rus-idempotent associated to a and its Rus-inverse b. For convenience, let us rename the
idempotents ey, ..., e;41 and consider the following family of orthogonal idempotents:

Fea = {f_t+2(i_1) =e |i=1, .t + 1y ={ft, fota, ., fio2, fe} (3.1)

If F., is not a complete family of orthogonal idempotents in R' we complete this family
defining a new fy as follows: If ¢ is even, replace fo by fo+ (1 —e) and if ¢ is odd, define
fo as (1 —e). Let us denote by F.o this complete family of orthogonal idempotents in
R':

]:ea—]:eau{fo—l_e} iftiSOdd;

Foa = {f=tt2(i-1) € Fea | 1 # +1}U{fo=1 —e+er+1} otherwise. (3'2)

Proposition 3.2. Let R be an associative algebra over ® and let a € R be a nilpotent
last-regular element of index t + 1. Let e be a Rus-idempotent associated to a and its
Rus-inverse b, and let F.o, be the finite family of idempotents given in 3.1. Then ea
can be completed to an sly-triple (ea,h, f) of R with h = S kfj where the fi.s are the
idempotents of Feq (and also of ﬁea).

Proof. Let b be a Rus-inverse associated to the nilpotent last-regular element a. Let
{esj := ai_lba“‘l_j}f;l:l be the family of matrix units associated to the nilpotent last-
regular element a and its Rus-inverse b defined in Proposition 2.4(1), and let e; := e;;,
t=1,...,t 4+ 1. Define e = Zfﬂ e; (the Rus-idempotent associated to a and b) and

¢
Zz (t+1—1d)eiit1, (3.3)
i=1
and let us see that h := [ea, f] satisfies [h, ea] = 2ea and [h, f] = —2f. Firstly, let us
compute h in terms matrix units:
¢ ¢
hfea ZthrlfzeH_l Zthrlfz
i=1 i=1
t41 t
=Z(i—1)(t—|—2—z Zzt—l—l—z
=2 =1 (34)

t
=—tey+ Y ((i—1)(t+2—i) —i(t+1—1i))e; +tes
=2
t+1

t
=—tey+ Y (2 —t—2e; +tepr =y (—t+2(i—1))e;

=2 =1
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In particular, since Fe, is just a translation in the indices of the elements e; (see equation
(3.1)), we get that h = kaefea kfi. This sum also holds taking the idempotents fj in
ﬁea because the completion of the family F., to ﬁw only affects the idempotent fy,
which is multiplied by the coefficient 0 in the expression of h as a sum of idempotents.

Moreover,
t+1 t
[hoea] =Y (—t+2(i—1))es i1 — 3 (—t+2(i—1))ei1,
i=2 i=1
t t
=Y (—t+20)eirri— Y (—t+2(i—1))eirr
i=1 i=1
t
= ZQeHM = 2ea.
i=1
Similarly,
t t
[, f1 = (=t +2(0 = )it + 1 —i)eiips — D _i(t+1—i)(—t + 2i)ei i
i=1 i=1

t
=2 it +1—i)e; i1 = —2f,

i=1

A A

i.e., (ea,h, f) is an slo-triple of R. O
Remark 3.3. The family F., induces the following finite Z-grading in R

ey : R=R 01 @ - ORyD--- D Rot (3.5)
where each Ry := ), ek fiRf;. With respect to this grading

ea € Ry, (1 —e)a € Ry and a' € Ry,

because, by Proposition 2.4,

t

t
o ca=) eif1i= foip2i€itrifrsa6-1) € Ra,
i=1

i—1
o (1—-e)a= fo(1—e)afo € Ro,
o a' =ei111 = frery1,1f—t € Ros.

This grading (R, T.,) will be called the finite Z-grading of R induced by the nilpotent
last-regular element a and its Rus-inverse b.
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If R has an involution * and a € Skew(R,x) U H(R,*) we will assume that 3 € ®
and that b is a *-Rus-inverse of a. Then f} = f_; for every i, the idempotent e is
symmetric, Feq is a x-complete family of orthogonal idempotents in R! and the above
grading (R, T¢,) is compatible with the involution (for each k, R; C Ry).

Example 3.4. Suppose that a is a nilpotent last-regular element of index 3. This means
that a® = 0 and a? is von Neumann regular. Let b be a Rus-inverse of a. In this case
e1 = ba?, e; = aba and e = a?b. Let e = €1 + ey + e3. Then

ﬁea = {f—2 =e1, fo=e2,fo= 63}, and
Foa = {f-2, fo=1—e+ea, fa}

is a complete system of orthogonal idempotents in R' and induces the grading
ey  R=R_4®&R_2®Ry® Ry Ry

with Ry, = >, . fiRfj, k= 0,42, +4. Clearly, ea € Ry, a> € Ry and (1 — e)a € Ry,
More generally, if we have a nilpotent last-regular element of odd index ¢ + 1, we get
a grading ', on R from R_o; to Roy with

Sup I = {£2i | i =0,...,t}

by Proposition 2.4(2) because the subalgebra e Re has nonzero elements in each submod-
ule of Ryo;, 1 =0,...,t.

Example 3.5. Suppose that a is a nilpotent last-regular element of index 4. This means
that a* = 0 and @® is von Neumann regular. Let b be a Rus-inverse of a. In this case
e1 = ba3, es = aba?, e3 = a’ba and e4 = a3b. Let e = e; + e + e3 + e4. Then

Fea ={f-3=e1,f-1 =e2, [1 =e3, f3 =e4}, and
]:-ea = {f737f717f0 =1 — €, f17f3}

is a complete system of orthogonal idempotents in R! and induces the grading
I''a : R=R ¢6PR_4PR 3PR PR 1 PRySRLPRyPR3sP R4 Rgs

with Ry = Ez;j:k: fiRf;, k = 0,£1,£2, 43, +4, £6. Notice that Rs and R_5 do not
appear in this grading. Clearly, ea € Ra, a® € Rg and (1 — e)a € Ry.

More generally, if we have a nilpotent last-regular element of even index ¢ + 1, we get
a grading I'., on R from R_o; to Ry with

Sup Tee, C{£2i|i=0,...,¢}U{xj|j=1,...,t},
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and also {£2i | ¢ = 0,...,t} C Sup I, by Proposition 2.4(2) because the subalgebra
eRe has nonzero elements in each submodule of Ryo;, 1 =0,...,¢.

3.6. Let a be a nilpotent element of index ¢ + 1 such that a* is regular for every k €
{1,...,t}. By 2.6 there exists a family of nonzero orthogonal idempotents {e(?)}7, that
commute with a and such that a = 3" | e a and the elements e(?a are nilpotent last-
regular of decreasing indices t; + 1, t; =t >ty > --- > t,,,. For each e®a, let us denote
by ]:e(fg)a the non-necessarily complete family of idempotents given in 3.1.

Let us consider the following family of idempotents

m
Fo = {f] = Z fj(l) | j = —t,...,t where f]@ c }:E(i,,.))a and f;i) =0 if |j| > tL} (36)
=1

If this family F, is not complete in R!, let us complete it by defining a new f as follows:

If fo € F, we replace fo by fo+ (1 —e® — ... —el™) and if fy ¢ F, (this happens if
all t}s are odd) we define fo :=1—e(}) —... — (™) Let us denote by F, this complete

family of orthogonal idempotents, i.e.,

Fo=FaU{fo:=1—¢}, if fo ¢ Fa:

ﬁa:{fJEFa|j:_t77t7j7é0}u{f0+1_6}7 lffOEFa (37)

where ¢ := D) 4 ... 4 (M),

Proposition 3.7. Let R be an associative algebra over ® and let a € R be a nilpotent
element of index t + 1 such that all the powers a*, k = 1,...,t, are von Neumann
regular. Then the element a can be completed to an sly-triple (a, h, f) with h = 201
where the fis are the idempotents of the family F, (and also of the family Fa).

Proof. Let us suppose that a* is von Neumann regular for every k = 1,...,t. By 2.6
there exists a family {e(Y}7, of nonzero orthogonal idempotents that commute with a
and such that a = Z:L ea, and every e("q is a nilpotent last-regular element of index
ti+ 1 witht =¢t; > ty--- > t,,. For each ¢, by Proposition 3.2 there exist h(® and f(i)
such that each e a is part of an sly-triple (e(a, A, f@). If we define h = Y7 h(®
and f = S F® we have that (a, h, f) is an sly-triple of R.

Moreover, by Proposition 3.2, each R = Zf@e}'(f?) jfj@, SO
J () g

Sooan =3

i=1 =1 e @) fi€Fa

e(iq

i‘)
"
NE

This sum also holds taking the idempotents fj in F, because the completion of the
family F, to F, only affects the idempotent fy, which is multiplied by the coefficient 0
in the expression of h as a sum of idempotents. O
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Remark 3.8. The family F, induces the following finite Z-grading on R:
I'niR=R 51®- - ®Ry® - D Rot (3.8)
where each Ry := Ziﬂ.:k fiRf;. With respect to this grading I',,
a € Ry and a® € Ro.

If R has an involution * and a € Skew(R, x) U H (R, *) we will assume that 3 € ® and
that the Rus-inverses by, ..., b; associated to e(Ma, ..., e(™q are *-Rus-inverses. Then
J; = f-; for every j, the idempotents e are all symmetric, F, is a *-complete family
of orthogonal idempotents in R!, and the above grading I, in R is compatible with the
involution (for each k, Ry C Ry).

Remark 3.9. In 3.3 and 3.8 we have built complete finite families of orthogonal idem-
potents in R' and the finite Z-gradings I'., and I';, induced by them on R. We have
also built the sly-triples (éa, h, f) (Proposition 3.2) and (@, h, f) (Proposition 3.7) where
h has a precise form. Lemma 2.9 can be applied to compare the Z-grading I'., (Re-
mark 3.3) with the ®-grading T'j, of the sly-triple (éa, h, f) of Proposition 3.2; similarly,
it can be applied to compare the Z-grading ', (Remark 3.8) with the ®-grading I'y, of
the sly-triple (@, h, f) of Proposition 3.7.

In the rest of the section we will prove the converse of Proposition 3.7. Let us begin
with a technical result.

Lemma 3.10. Let R be an associative algebra over a ring of scalars ® and let G be a
group. Suppose that R is graded by G and let a € Ry be a homogeneous nilpotent last-
reqular element of index t + 1. Then we can take a homogeneous Rus-inverse b of a in
Ry—«. In particular, the associated Rus-idempotent e = Zfii a’~tba't1=% belongs to R,
where u € G denotes the identity of the group G.

Proof. The construction of a homogeneous Rus-inverse of a follows [11, Lemma 2.4] but

t

takes into account that R has a G-grading and that a € R,: Since a' is von Neumann

regular there exists b € R such that a’ba’ = a'. By grading, a’ € R, implies that b can
be taken in R,-:. Clearly b’ = ba'b € R, satisfies

atb'al = a balt =10

We use a recursive argument: by decreasing induction on s =t — 1,...,0 suppose that
there exists b € -+ such that for every k =s+1,...,t — 1 we have that

atba' = a', ba'b=>b and ba*b=0.
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Denote d := 1 — a’~*ba® € R and define ¢ := db € R. Then ¢ = b — ( = bba )b € Ryt
because a'~*ba® € R,, and satisfies a¥c = a¥b, k = s+ 1,...,t, since a’*! =0, and

e alcal = alba' = o,

o calc = calb = dba’b = db = ¢,
e ca¥c = cabb = dba*b = 0, and
e ca’c = ca®(1 —a'"*ba*)b = ca®*b — ca®a'"*ba’b

= dba®b — dba'ba’b = 0
The result follows by recursion. 0O

Theorem 3.11. Let R be an associative algebra over a ring of scalars ® with (3t)! invertible
in ® and let a € R be a nilpotent element of index t + 1. If a can be completed to an
sly-triple (a, B, f) of R, then a* is von Neumann reqular for every k < t.

Proof. Suppose that (a, h, f) is an sly-triple (recall h= [a, f] =af — fa). We will show
that a is nilpotent last regular of index t + 1. To do so, let us first prove by induction
that for every k € {1,2,...,t} we have that

afffat = k' h(h —1)--- (h—k+1)a.
Indeed,
e afal = hat,
e afafa’ = afha = af[h,a'] + afa’h = 2afat + hath = 2ha' + h[a*, h] + ha*
= 2ha' — 2ha + h2a® = h%at,

o o’ f?a’ = a(af) fa' = ala, fIfa’ + afafa’ = [a,[a, f]lfa’ + [a, flafa’
+afafat = —2afa’ + h%at + h%at = —2hat + 2h%at = 2h(h — 1)a’,

k—1
. [a,fk] = fi [a, A]fkflfi (because ad, acts as a derivation on fk),
=0
k—1 k—1
o > [ f o, fll =) la* A
i=0 i=0
k—1
=S (=2(k —i—1))a"f*  (because ad; acts as a derivation),
i=0

k— k—1
° akfafka —a f[a,fk}at _ akf' - f-i[aqf-}fkflfiat _ Z[akf-iJrl’ [a7f-]]f-k717iat

=0

[y

<
I
<
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k—1 k—1
+ Z[a, fla® frat = Z(—Z(k —i—1))a"fFal + kha" f*a!
i=0 i=0

= —k(k — 1)a* ffat + kha® fFat.
If we suppose that a* fa! = k! h(h —1)--- (h — k + 1)a’, then:

ak+1fk+1at _ ak(af)fkat
= d*la, f]f*a’ + a* faf*a’ = [a*,[a, f]] *a’ + [a, fla* Fa' + a* faf*a’
= —2ka” f*¥al + ha® fFat — k(k — 1)a” f*al + kha f*a!
= —k(k+ 1)a" fFa' + (k + 1)ha* f¥a’ = (k4 1)(h — k)d" f*a!
= (k+D)h(h—1)--(h—k+1)(h — k)a.

In particular, if we define the polynomial ¢(X) = H:;é(X — 1) € ®[X], we have that

1 A Ao a N N
Eatft t=hh—-1)---(h—(t—1))a" = q(h)a".

Since for any polynomial ¢(X) € ®[X] we have that ¢(h)a* = a*o(h + 2k) for every
ke N (see [14, §2.(3)]), we get that g(h)al = alq(h + 2t).

On the other hand, by 2.11, h satisfies the polynomial p(X) = Hz.:ft(X — 7).

In general, given three polynomials a(X),b(X) and ¢(X) € ®[X] such that \ja(X) +
u1b(X) =1 and A2a(X) + poc(X) = 1 for some Ay, Ag, pi1, 2 € ®[X], then

1= /\1/\2a(X)2 + Aluga(X)c(X) + u1)\gb(X)a(X) + Mlugb(X)C(X)
= (AM1A2a(X) + A p2c(X) + p1Aeb(X)) a(X) + papz b(X)c(X),

i.e., a(X) and b(X)e(X) satisfy a Bezout-like identity in ®[X].
Since (3t)! is invertible in ®, for every i,j € {—2t,...,0,...,t}, i # j, the monomials
. . . . . . . 1 . 1 . _
X —iand X — j satisfy a Bezout-like identity: ;= (X — i) + ;=5(X —j) =1 € ¢[X].
Thus the polynomials ¢(X + 2t) and p(X) satisfy a Bezout-like identity, and there exist
r(X),s(X) € ®[X] such that r(X)g(X 42t) +s(X)p(X) = 1. Since r(h —2t)a’ = a'r(h),

%Mﬂmﬁfmmhzgdﬂfmm:q@m%@)
= alq(h+2t)r(h) = a*(q(h + 2t)r(h) + s(h)p(h))

ftr(h —2t)
!

t

=a', ie., a'( Ja' = a'.

Therefore, a® is a von Neumann regular element of R and a is nilpotent last-regular of
index t + 1.
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By 2.11, adj, : R — R is semisimple and R has a finite ®-grading with respect to the
eigenspaces of ad;,. In particular, a € Ry and h e R(p). By Lemma 3.10 there exists
a Rus inverse b € R(_gy of a and e = Efii a''ba't~" € R(p). Since ea € eRe =
M1 (ep, Reg,) for any fixed ko € {1,...,t+ 1} we get that every power (ea)*
Neumann regular in eRe for each k € N.

The element (1—e)a is nilpotent of index t2+1 < t+1 by 2.6. Let a’ = (1—e)a(l—e) €

Ry, B = (1 —e)h(1 —e) € Ry and f" = (1 —e)f(1—e) € R(_y). Then (a’,}/, ) is an
sly triple:

is von

=
—~
—
I
)
~—
S
—~
—_
[
9
=
—~
—_
I
9]
~
|
[\
Q\

—_
|
)
=
~—~
—
|
)
-~
>
—~
—_
|
)
=
—
—_
|
)
S~—"
Il
|
[\
~»
\

With the same argument as above we can show that (1 — e)a is nilpotent last-regular of
index ty 4+ 1 and there exists an idempotent e?), e@e = 0 = ee(?, such that e@a =
ae® € e@Re® = M, (S) for certain corner S of R, and therefore each power of
e®a is von Neumann regular in e®) Re(® . Repeating this process we can find a family of
orthogonal idempotents e = e, e ... e(™ such that a = eMa+ePa+--- +e™q
where the e(¥a’s are nilpotent of decreasing indices t; + 1 and all the powers of each
e(Da are von Neumann regular in the subalgebra e Re(®). In particular, all the powers
a® of a are von Neumann regular in R. O

In the hypothesis of the last theorem we have two complete families of idempotents:
the one arising from the sly-triple (see 2.11) and the one arising from a and all its regular
powers (see 3.6). By Lemma 2.10 they coincide.

The following corollary is a generalized version of the well-known Jacobson-Movoroz
lemma, which has appeared in the literature with different restrictive hypothesis such
as finite-dimension, zero characteristic or index of ad-nilpotence less than or equal to
three (see for example [19, Lemma V.8.2]). Jacobson’s original proof [15, pag. 99], which
refers to an argument of Morozov, holds in a more general context. We combine here
Jacobson’s original argument, replacing the hypothesis of finite-dimensionality by the
ad-nilpotence of the element € and relate the torsion of the ring of scalars ® with the
index of ad-nilpotence of e.

First, we need a technical lemma.

Lemma 3.12. Let R be an associative algebra over a ring of scalars ®. Let € € R be a
nilpotent element of index t + 1 and suppose that (2t 4+ 1)! is invertible in ®. If (é, h, f)
is an sly-triple, then fi+1 =0.



E. Garcia et al. / Linear Algebra and its Applications 656 (2023) 92—-111 109

Proof. Let (&, ﬁ, f) be an slo-triple. As we have shown in 2.11, there exists a complete
family of idempotents F = {fy, := rx(h)qr(h) | k = —t,...,t} in R* that induces a finite
Z-grading Iz on R with support from —2t to 2t.

The invertibility of (2¢ 4+ 1)! in ® assures that f € R_, in this Z-grading: Indeed,
since S fx = 1 then f = ( kfk)f(zk x) = 2u feffi. On the other hand, from
h = 22:4 kfy and [h, f] = bf — fh = —2f we get

k=—t k=—t
[}Alvf} = Z Tfrf_ Z Sffs = _2Zfrffs-

Multiplying on the left by f; and on the right by f; (i,7 € {0,£1,...,£t}) we get
ifif ;= ififf; = (= )i = 2L .
If 0 # i — j + 2 we have that fiffj = 0 because ¢ — j + 2 is invertible in ®, and therefore

f= Z fz'fij @ fiRf; = R_s.

i—j=—2 i—j=—2
In particular (f)t! =0. O

Corollary 3.13. Let L be a Lie algebra over a ring of scalars ® and let é € L with
(adg)!™ = 0. Suppose that (t + 1)! is invertible in ® and there exists = € L such that
[[é,2],€] = 2é. Then there exists f € L such that (é, h, f) is an sla-triple of L. Moreover,
if (2t +1)! ds invertible in @, (ad;)"*! = 0.

Proof. Let h = [é, z]. In the first part of this proof we will reproduce Jacobson’s argument
of [15, pag. 99] and show that there exists f € L with [é,f] = h, [h,é] = 2¢ and
[h, f] = —Qf: Let us work in the associative algebra End L, and let us denote by capital
letters the adjoint maps of elements of L: E := adg, H := ady and Z := ad,. Then

[E,Z] = [ad¢, ad.] = adj¢,,) = H and
[H, E] = [ad[éﬁz},adé] = ad[[é’z]’é] =2F.

For every i € N
(B, Z] =i(H — (i —1)id)E*. (%)

Indeed,
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[E',Z]=E"'E,Z|+ E"?E,ZJE+-- -+ [E,Z|E"*
=F"'H+E"?HE+.---+ HE"!
=iHE™" —2((i— 1)+ (i —2)+ -+ 1)E!
=i(H — (i —1)id)E*!
because E¥H = HE* —2kE* for each k = 1, ...,i—1. Define the family of ®-submodules
S; = Ker ENEYL), i = 0,...,t + 1. From the formula (x) we get that (H — (i —

1)id)(S;—1) C S; if i is invertible in ®: if b = E*~1(a) € Ker E then (H — (i — 1)id)(b) €
Ker E and

i(H — (i —1)id)(b) = i(H — (i — 1)id)E*"!(a) = [E", Z](a) = E'Z(a) € E*(L).
Thus
(H —tid)...(H —id)H(Ker E) C (H — tid)...(H —id)(S)
[GEEENE (H—tld)(st) C St+1 =0

because Ey = Ker E and E*T! = 0. Up to this point we have only needed the invertibility
of (t+ 1)! in ®. In particular, the map H : Ker E — Ker E has eigenvalues in the set
{0,1,...,t} and therefore the map H + 2id : Ker E — Ker E is a $-module automor-
phism. Take any v € Ker E such that (H +2id)(v) = (H +2id)(z) and define f = z —v.
Then [é, f] = h and [h f] —2f

Let us denote F := adf, so (E, H, F) is an sla-triple of the associative algebra End L
and B! = 0. By 3.12, since (2t + 1)! is invertible in ®, F**! =0. O

Remark 3.14. In the particular case t + 1 = 3 we recover the well-known result of
Seligman [19, Lemma V.8.2], which requires 2, 3, Leco.
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