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Let F be a finite field of odd characteristic. When |F | ≥ 5, 
we prove that every matrix A admits a decomposition into 
D + M , where D is diagonalizable and M2 = 0. For F =
F3, we show that such a decomposition is possible for non
derogatory matrices of order at least 5, and more generally, 
for matrices whose first invariant factor is not a non-zero 
trace irreducible polynomial of degree 3; we also establish 
that matrices consisting of direct sums of companion matrices, 
all of them associated to the same irreducible polynomial 
of non-zero trace and degree 3 over F3, never admit such a 
decomposition.
These results completely settle the question posed by Breaz 
(2018) [3] asking if it is true that, for big enough positive 
integers n ≥ 3, all matrices A over a field of odd cardinality 
q admit decompositions of the form E +M with Eq = E and 
M2 = 0: specifically, the answer is yes for q ≥ 5, but however 
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there are counterexamples for q = 3 and each order n = 3k, 
whenever k ≥ 1.
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Backgrounds

All matrices considered in the present paper are square in the sense that they have the 
same number of columns and rows; this number is often called the order of the matrix, 
sometimes just known as its size as well. Now, for completeness of the exposition and 
the reader’s convenience, we recollect some fundamental material. A matrix is said to be 
non-derogative (or, in other words, non-derogatory) if its minimal polynomial coincides 
with the characteristic polynomial of the matrix; in such case, the matrix is similar 
to the companion matrix of its characteristic polynomial. A matrix X is said to be 
diagonalizable (or, in other terms, non-defective) if it is similar to a diagonal matrix, i.e., 
there exists an invertible matrix U such that the matrix U−1XU is diagonal. Recall also 
that a nilpotent matrix Y is the one for which Y k = 0 for some integer k > 0. In the 
case where k = 2, such a matrix is just called square-zero for short. Besides, a matrix Z
is called t-potent for some integer t ≥ 2, provided Zt = Z. The case when t = 2, such 
a matrix is just termed idempotent. Obviously, for any non-zero matrix, the notions of 
being nilpotent and potent are independent of each other.

In [4] it is shown that every element in the matrix ring Mn(F) is nil-clean (recall that 
an element is nil-clean if it can be decomposed as the sum of an idempotent and a nilpo
tent) if, and only if, F is the field of two elements (that is, F ∼ = F2). Moreover, the order of 
nilpotency of the nilpotent part in the nil-clean decomposition of each element of Mn(F2)
is always bounded by 4 (for more concrete details, we refer to the works [12,13] and [11]).

On the other hand, a deeper examination of the nil-cleanness of companion matrices 
in the ring Mn(F) is done in [5], where the authors prove that every companion matrix 
in Mn(F) is nil-clean if, and only if, F coincides with its prime subfield Fp and p < n.

Furthermore, in [3] Breaz studies those matrices over finite fields of odd characteristic 
that are a sum of a potent matrix and a nilpotent matrix, proving that each matrix 
over a field of odd cardinality q is a sum of a q-potent matrix and a nilpotent matrix of 
order less than or equal to 3 (see [6] too, as well as [1], [2], [8], [9] and [10] for a more 
detailed information). He also asks in [3, Remark 7] whether for matrices of an enough 
big order over a finite field of odd cardinality q there will always exist a decomposition 
into a q-potent matrix plus a square-zero matrix. Notice that all diagonalizable matrices 
over a finite field of cardinality q are q-potent and, conversely, if Dq = D ∈ Mn(Fq), 
then D is diagonalizable since its minimal polynomial divides the separable polynomial 
xq − x.

In [7] we initiated the study of those matrices which are a sum of a diagonalizable 
matrix and a square-zero matrix. The main two results of [7], which we will considerably 
extend in this article, are the following ones:

http://creativecommons.org/licenses/by/4.0/
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Lemma. [7, Lemma 3.1] Let F be a field, let n ≥ 3 and let A ∈ Mn(F) be a non-derogative 
matrix with trace c. Then:

• If c = 0 and |F | ≥ n, A admits a decomposition into D+M , where D is diagonalizable 
and M2 = 0.
• If c ̸= 0 and |F | ≥ n+ 1, A admits a decomposition into D+M , where D is diagonal
izable and M2 = 0.

Theorem. [7, Theorem 3.6] Given any field F , all matrices in M2(F) admit a decom
position into D + M , where D is a diagonalizable matrix and M is a matrix such that 
M2 = 0.

Let n ≥ 3 and let F be a field with |F | ≥ n+1. Then, every matrix A ∈ Mn(F) admits 
a decomposition into D + M , where D is a diagonalizable matrix and M is a matrix 
such that M2 = 0. In particular, square matrices over infinite fields always admit such 
decompositions.

In this paper, we succeed to establish that any non-derogatory matrix of size at 
least 5 over a field of odd characteristic can be written as the sum of a diagonalizable 
matrix and a square-zero matrix (see, for more account, Proposition 2.1 and Proposi
tion 3.1).

With this result in hand, together with the conclusions of [7] cited above, we can 
show that for all fields F of odd characteristic and cardinality at least 5, every matrix 
A ∈ Mn(F) can be expressed as A = D + M , where D is a diagonalizable matrix and 
M is a square-zero matrix; in particular, Dq = D and so A can be expressed as the 
sum of q-potent matrix and a square-zero matrix. Moreover, if F = F3 and the smallest 
invariant factor of a matrix A ∈ Mn(F) is not a non-zero trace irreducible polynomial 
of degree 3, then there exists a square-zero matrix M ∈ Mn(F) and a diagonalizable 
matrix D such that A = D + M .

We also show that, for each n = 3k, where k ≥ 1, there exist matrices of order n over 
the field F3 that cannot be expressed as D + M with D3 = D and M2 = 0.

We end our work with a plan for a further research treatment of this type of de
compositions of matrices over fields of characteristic 2, by raising two relevant ques
tions.

2. Principal results

We begin with a technical result.

Proposition 2.1. Let F be a field of odd characteristic, and let A ∈ Mn(F) be a non
derogative matrix of order n ≥ 5. The following statements hold:

(1) If Trace(A) = un−1 ̸= 0, then there exists a square-zero matrix M such that A + M

is diagonalizable with 3 different eigenvalues {0, un−1,−un−1}.
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(2) If Trace(A) = 0 and n is odd, then there exists a square-zero matrix M such that 
A + M is diagonalizable with 3 different eigenvalues {0, 1,−1}.

(3) If Trace(A) = 0, n is even and F ̸= F3, then there exists a square-zero matrix M
such that A + M is diagonalizable with at most 4 different eigenvalues.

In particular, every non-derogatory matrix of order at least 5 over a field of odd 
cardinality q ≥ 5 can be written as the sum of a diagonalizable matrix and a square-zero 
matrix.

Proof. We can suppose, without loss of generality, that A has the following form:

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · · 0 0 u0
1 0 0 0 0 · · · 0 0 u1
0 1 0 0 0 · · · 0 0 u2
0 0 1 0 0 · · · 0 0 u3
0 0 0 1 0 · · · 0 0 u4

0 0 0 0 1
... 0 0 u5

...
...

...
...

...
. . .

...
...

...
0 0 0 0 0 · · · 1 0 un−2
0 0 0 0 0 · · · 0 1 un−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Along this proof, for smoothness of the presentation, all the matrices will be identi
fied with endomorphisms of the vector space Fn with respect to the canonical basis 
{e1, . . . , en}.

(1.a) Let us study the case when Trace(A) = un−1 ̸= 0 and n is odd: let us consider 
M = (mij), where mk+1,k = −1 and mk−1,k = u2

n−1 for k = 3, 5, . . . , n− 2, m1,n = −u0, 
mk,n = −uk−1 − un−1uk for k = 2, 4, . . . , n− 3, mn−1,n = −un−2 and the rest equal to 
0, i.e.,

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · · 0 0 −u0
0 0 u2

n−1 0 0 · · · 0 0 −u1 − un−1u2
0 0 0 0 0 · · · 0 0 0
0 0 −1 0 u2

n−1 · · · 0 0 −u3 − un−1u4
0 0 0 0 0 · · · 0 0 0
0 0 0 0 −1 · · · 0 0 −u5 − un−1u6
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · −1 0 −un−2
0 0 0 0 0 · · · 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, we calculate that M2 = 0 and
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A + M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · · 0 0 0
1 0 u2

n−1 0 0 · · · 0 0 −un−1u2
0 1 0 0 0 · · · 0 0 u2
0 0 0 0 u2

n−1 · · · 0 0 −un−1u4
0 0 0 1 0 · · · 0 0 u4
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · 0 0 −un−1un−3
0 0 0 0 0 · · · 0 0 un−3
0 0 0 0 0 · · · 0 0 0
0 0 0 0 0 · · · 0 1 un−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

With respect to the new basis

B′ = {e1, e2, . . . , en−2, un−1en−1 +
(n−3)/2∑︂

i=1 
u2ie2i, un−1en +

(n−3)/2∑︂
i=1 

u2ie2i+1},

we have that

(A + M)B′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · · 0 0 0
1 0 u2

n−1 0 0 · · · 0 0 0
0 1 0 0 0 · · · 0 0 0
0 0 0 0 u2

n−1 · · · 0 0 0
0 0 0 1 0 · · · 0 0 0
0 0 0 0 0 · · · 0 0
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · 0 0 0
0 0 0 0 0 · · · 0 1 un−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

which consists of the direct sum of a block of the form 

⎛
⎜⎝ 0 0 0

1 0 u2
n−1

0 1 0

⎞
⎟⎠ that satisfies the 

polynomial x3 − u2
n−1x, a block of the form 

(︄
0 0
1 un−1

)︄
that satisfies the polynomial 

x2 − un−1x and, if n ≥ 7, blocks of the form 

(︄
0 u2

n−1
1 0

)︄
that satisfy the polynomial 

x2 − u2
n−1.

Therefore, the matrix A + M satisfies the equation (x − un−1)(x + un−1)x = 0, and 
so it is diagonalizable with eigenvalues {0, un−1,−un−1}.

(1.b) Let us study the case when Trace(A) = un−1 ̸= 0 and n is even: let us consider 
M = (mij), where mk+1,k = −1 and mk−1,k = u2

n−1 for k = 2, 4, . . . , n − 2, mk,n =
−uk−1 − un−1uk for k = 1, 3, . . . , n− 3, mn−1,n = −un−2 and the rest equal to 0, i.e.,
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M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 u2
n−1 0 0 0 · · · 0 0 −u0 − un−1u1

0 0 0 0 0 · · · 0 0 0
0 −1 0 u2

n−1 0 · · · 0 0 −u2 − un−1u3
0 0 0 0 0 · · · 0 0 0
0 0 0 −1 0 · · · 0 0 −u4 − un−1u5
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · u2
n−1 0 −un−4 − un−1un−3

0 0 0 0 0 · · · 0 0 0
0 0 0 0 0 · · · −1 0 −un−2
0 0 0 0 0 · · · 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, we compute that M2 = 0 and

A + M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 u2
n−1 0 0 0 · · · 0 0 0 −un−1u1

1 0 0 0 0 · · · 0 0 0 u1
0 0 0 u2

n−1 0 · · · 0 0 0 −un−1u3
0 0 1 0 0 · · · 0 0 0 u3
0 0 0 0 0 · · · 0 0 0 −un−1u5
...

...
...

...
...

. . .
...

...
...

...
0 0 0 0 0 · · · 0 u2

n−1 0 −un−1un−3
0 0 0 0 0 · · · 1 0 0 un−3
0 0 0 0 0 · · · 0 0 0 0
0 0 0 0 0 · · · 0 0 1 un−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

With respect to the basis

B′ = {e1, e2, . . . , en−2, un−1en−1 +
(n−2)/2∑︂

i=1 
u2i−1e2i−1, un−1en +

(n−2)/2∑︂
i=1 

u2i−1e2i},

we deduce that

(A + M)B′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 u2
n−1 0 0 0 · · · 0 0 0 0

1 0 0 0 0 · · · 0 0 0 0
0 0 0 u2

n−1 0 · · · 0 0 0 0
0 0 1 0 0 · · · 0 0 0 0
0 0 0 0 0 · · · 0 0 0 0
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · 0 u2
n−1 0 0

0 0 0 0 0 · · · 1 0 0 0
0 0 0 0 0 · · · 0 0 0 0
0 0 0 0 0 · · · 0 0 1 un−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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which is the direct sum of blocks of the form 

(︄
0 u2

n−1
1 0

)︄
that satisfies x2 −u2

n−1 and 

a block of the form 

(︄
0 0
1 un−1

)︄
that satisfies x2 − un−1x.

Therefore, the matrix A + M satisfies the equation (x − un−1)(x + un−1)x = 0, and 
so it is diagonalizable with eigenvalues {0, un−1,−un−1}.

(2) Let us study the case when Trace(A) = 0 and n odd: let us consider M = (mij), 
where mk+1,k = −1 and mk−1,k = 1 for k = 2, 4, . . . , n− 1 and the rest equal to 0, i.e.,

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 0
0 0 0 0 0 · · · 0 0 0
0 −1 0 1 0 · · · 0 0 0
0 0 0 0 0 · · · 0 0 0
0 0 0 −1 0 · · · 0 0 0
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · 0 1 0
0 0 0 0 0 · · · 0 0 0
0 0 0 0 0 · · · 0 −1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, we find that M2 = 0 and

A + M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 u0
1 0 0 0 0 · · · 0 0 u1
0 0 0 1 0 · · · 0 0 u2
0 0 1 0 0 · · · 0 0 u3
0 0 0 0 0 · · · 0 0 u4
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · 0 1 un−3
0 0 0 0 0 · · · 1 0 un−2
0 0 0 0 0 · · · 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

With respect to the new basis

B′ = {e1, e2, . . . , en−1, en −
(n−1)/2∑︂

i=1 
u2i−2e2i −

(n−1)/2∑︂
i=1 

u2i−1e2i−1},

we derive that
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(A + M)B′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 0
1 0 0 0 0 · · · 0 0 0
0 0 0 1 0 · · · 0 0 0
0 0 1 0 0 · · · 0 0 0
0 0 0 0 0 · · · 0 0 0
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · 0 1 0
0 0 0 0 0 · · · 1 0 0
0 0 0 0 0 · · · 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

which is the direct sum of blocks of the form 

(︄
0 1
1 0

)︄
that satisfy x2 − 1 and a zero 

block of order one. Therefore, A + M satisfies the equation (x− 1)(x + 1)x = 0, and so 
it is diagonalizable with eigenvalues {0, 1,−1}.

(3) Finally, let us study the case when Trace(A) = 0 and n is even with F ̸= Z3: 
Since |F | ≥ 5, let us consider 0 ̸= α ∈ F such that α2 ̸= 1, and also let us consider 
M = (mij), where mk+1,k = −1 and mk−1,k = 1 for k = 2, 4, . . . , n − 2, mk,n = −uk−1
for k = 1, 3, . . . , n− 3, mn−1,n = α2 − un−2 and the rest equal to 0, i.e., 

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 0 −u0
0 0 0 0 0 · · · 0 0 0 0
0 −1 0 1 0 · · · 0 0 0 −u2
0 0 0 0 0 · · · 0 0 0 0
0 0 0 −1 0 · · · 0 0 0 −u4
...

...
...

...
...

. . .
...

...
...

...
0 0 0 0 0 · · · 0 1 0 −un−4
0 0 0 0 0 · · · 0 0 0 0
0 0 0 0 0 · · · 0 −1 0 α2 − un−2
0 0 0 0 0 · · · 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, we have that M2 = 0 and 

A + M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 0 0
1 0 0 0 0 · · · 0 0 0 u1
0 0 0 1 0 · · · 0 0 0 0
0 0 1 0 0 · · · 0 0 0 u3
0 0 0 0 0 · · · 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
0 0 0 0 0 · · · 0 1 0 0
0 0 0 0 0 · · · 1 0 0 un−3
0 0 0 0 0 · · · 0 0 0 α2

0 0 0 0 0 · · · 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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With respect to the basis

B′ = {e1, e2, . . . , en−2, en−1 +
(n−2)/2∑︂

i=1 

u2i−1

α2 − 1e2i−1, en +
(n−2)/2∑︂

i=1 

u2i−1

α2 − 1e2i},

we obtain that

(A + M)B′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 0 0
1 0 0 0 0 · · · 0 0 0 0
0 0 0 1 0 · · · 0 0 0 0
0 0 1 0 0 · · · 0 0 0 0
0 0 0 0 0 · · · 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
0 0 0 0 0 · · · 0 1 0 0
0 0 0 0 0 · · · 1 0 0 0
0 0 0 0 0 · · · 0 0 0 α2

0 0 0 0 0 · · · 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

which consists of the direct sum of blocks of the form 

(︄
0 1
1 0

)︄
that satisfies x2 − 1

and a block of the form 

(︄
0 α2

1 0

)︄
that satisfies x2 − α2.

Therefore, A+M satisfies the equation (x−α)(x+α)(x− 1)(x+ 1) = 0, and so it is 
diagonalizable with eigenvalues {1,−1, α,−α}, completing the arguments after all. □

It was shown in [7, §1] that matrices of order 2 can always be decomposed into a diag
onalizable matrix and a square-zero matrix. This result, together with Proposition 2.1, 
lead to the following theorem, which solves positively the question posed by Breaz in [3, 
Remark 7] for fields of odd cardinality at least 5.

Theorem 2.2. Let F be a finite field of odd cardinality q with q ≥ 5, and let n ∈ N. Then, 
every matrix A ∈ Mn(F) can be expressed as A = D + M , where D is a diagonalizable 
matrix and M is a square-zero matrix. In particular, Dq = D, so A can be expressed as 
the sum of a q-potent matrix and a square-zero matrix.

Proof. Let A ∈ Mn(F), and suppose that f1(x)| . . . |fk(x) are its invariant factors; in view 
of the rational canonical decomposition, A is similar to the direct sum of the companion 
matrices of f1(x), . . . , fk(x). We now differ two possibilities as follows:

-- The companion matrices of polynomials of degree less than or equal to 4 can be 
decomposed as the sum of a diagonalizable matrix and a square-zero matrix in accordance 
with the arguments of [7]: those of order 1 are trivially decomposed using the zero matrix; 



44 P. Danchev et al. / Linear Algebra and its Applications 730 (2026) 35--50 

those of order 2, 3 and 4 can always be decomposed thanks to [7, Theorem 3.6], because 
the cardinality of the field q is at least 5 by hypothesis.
-- The companion matrices of polynomials of degree at least 5 can be decomposed as the 
sum of a diagonalizable matrix and a square-zero matrix according to Proposition 2.1.

This terminates all arguments necessary to establish the wanted decomposition. □

3. Matrices over the field F3

In the previous section we have completely solved the problem of decomposing ma
trices into diagonalizable and square-zero for fields of odd cardinality at least five. In 
this section, let us consider matrices over F3. Notice that in Proposition 2.1 we have not 
included non-derogative matrices of even order and zero trace over F3. So, let us study 
them now in what follows.

Proposition 3.1. Let A ∈ Mn(F3) be a non-derogative matrix of even order n and zero 
trace. Then, there exists a square-zero matrix M such that A + M is diagonalizable.

Proof. If the order n of A is even and not divisible by 3, we can consider the matrix A−I, 
which has non-zero trace. So, Proposition 2.1(1) applies to get a square-zero matrix M
such that A− I +M = D is diagonalizable, whence A+M = D + I is diagonalizable as 
well.

Assume from now on that n is even and a multiple of 3, i.e., n = 6k for k ∈ N. Let 
us suppose that

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · · 0 0 u0
1 0 0 0 0 · · · 0 0 u1
0 1 0 0 0 · · · 0 0 u2
0 0 1 0 0 · · · 0 0 u3
0 0 0 1 0 · · · 0 0 u4

0 0 0 0 1
... 0 0 u5

...
...

...
...

...
. . .

...
...

...
0 0 0 0 0 · · · 1 0 un−2
0 0 0 0 0 · · · 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

and consider M = (mij), where mk+1,k = −1 and mk−1,k = 1 for k = 2, 4, . . . , n − 4, 
mn−1,n−1 = mn−2,n−1 = 1, mn−1,n−2 = mn−2,n−2 = −1, mk,n = −uk−1 − uk for 
k = 1, 3, . . . , n − 5, mn−3,n = un−4, mn−2,n = mn−1,n = un−2 and the rest equal to 0, 
i.e.,
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M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 0 0 0 −u0 − u1
0 0 0 0 0 · · · 0 0 0 0 0 0
0 −1 0 1 0 · · · 0 0 0 0 0 −u2 − u3
0 0 0 0 0 · · · 0 0 0 0 0 0
0 0 0 −1 0 · · · 0 0 0 0 0 −u4 − u5

0 0 0 0 0
... 0 0 0 0 0 0

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 · · · 0 1 0 0 0 −un−6 − un−5
0 0 0 0 0 · · · 0 0 0 0 0 0
0 0 0 0 0 · · · 0 −1 0 0 0 −un−4
0 0 0 0 0 · · · 0 0 0 −1 1 −un−2
0 0 0 0 0 · · · 0 0 0 −1 1 −un−2
0 0 0 0 0 · · · 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, we have that M2 = 0 and, if we consider A + M , we obtain

A + M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 · · · 0 0 0 0 0 −u1
1 0 0 0 0 · · · 0 0 0 0 0 u1
0 0 0 1 0 · · · 0 0 0 0 0 −u3
0 0 1 0 0 · · · 0 0 0 0 0 u3
0 0 0 0 0 · · · 0 0 0 0 0 −u5

0 0 0 0 1
... 0 0 0 0 0 u5

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 · · · 0 1 0 0 0 −un−5
0 0 0 0 0 · · · 1 0 0 0 0 un−5
0 0 0 0 0 · · · 0 0 0 0 0 0
0 0 0 0 0 · · · 0 0 1 −1 1 −un−3 − un−2
0 0 0 0 0 · · · 0 0 0 0 1 0
0 0 0 0 0 · · · 0 0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

With respect to the basis

B′ = {e1, e2, . . . , en−2,

en−1 +
(n−4)/2∑︂

i=1 
−u2i−1e2i + (un−3 − un−2)en−3 + (un−3 − un−2 + 1)

2 
en−2,

en +
(n−4)/2∑︂

i=1 
u2i−1(e2i − e2i−1) + (un−2 − un−3)en−3},

we get
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(A + M)B′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 · · · 0 0 0 0 0 0
1 0 0 0 0 0 · · · 0 0 0 0 0 0
0 0 0 1 0 0 · · · 0 0 0 0 0 0
0 0 1 0 0 0 · · · 0 0 0 0 0 0
0 0 0 0 0 1 · · · 0 0 0 0 0 0

0 0 0 0 1 0
... 0 0 0 0 0 0

...
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 0 · · · 0 1 0 0 0 0
0 0 0 0 0 0 · · · 1 0 0 0 0 0
0 0 0 0 0 0 · · · 0 0 0 0 0 0
0 0 0 0 0 0 · · · 0 0 1 −1 0 0
0 0 0 0 0 0 · · · 0 0 0 0 1 0
0 0 0 0 0 0 · · · 0 0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

which consists of the direct sum of blocks of the form 

(︄
0 1
1 0

)︄
that satisfy x2 − 1, a 

block of the form 

(︄
0 0
1 −1

)︄
that satisfies x2 + x, and a block of the form 

(︄
1 0
1 0

)︄

that satisfies x2 − x.
Therefore, A+M satisfies the equation(x−1)(x+1)x = 0, and so it is diagonalizable 

with eigenvalues {0, 1,−1}, as desired. □

Remark 3.2. It is a well-known fact by [3, Example 6] that the companion matrices of 
non-zero trace irreducible polynomials of degree 3 cannot be decomposed into a sum 
of diagonalizable and zero-square matrices. In regard to the previous results, these are 
the only possible counterexamples for non-derogatory matrices as the next consequence 
demonstrates.

Corollary 3.3. A non-derogatory matrix over F3 can be decomposed as the sum of a 
diagonalizable matrix and a square-zero matrix if, and only if, it is not similar to the 
companion matrix of a degree 3 irreducible polynomial with non-zero trace.

Proof. For matrices of order 1, 2 and 4, the claim follows directly from [7, Theorem 3.6, 
Proposition 5.4]. Non-derogative matrices of order 3 and zero trace can be decomposed 
in this way by [7, Lemma 3.1]. For non-derogative matrices of order at least 5, the 
decomposition follows with the aid of Propositions 2.1(1)(2) and 3.1. □

We can extend this result to general matrices over F3 unless we cannot elude the 
counterexample mentioned in Remark 3.2.
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Corollary 3.4. Let A ∈ Mn(F3) and suppose that the first invariant factor of A is not a 
degree 3 irreducible polynomial of non-zero trace. Then, there exists a square-zero matrix 
M and a diagonalizable matrix D such that A = D + M .

Proof. Suppose that f1(x)| . . . |fk(x) are the invariant factors of A; by hypothesis, f1(x)
is not a degree 3 irreducible polynomial of non-zero trace. This condition implies that 
non of the invariant factors are degree 3 irreducible polynomials of non-zero trace, so 
their associated companion matrices can all of them be decomposed into a diagonalizable 
matrix and square-zero matrix by Corollary 3.3. □

In the following proposition, we show that direct sums of companion matrices, all 
of them associated to the same irreducible degree 3 polynomial with non-zero trace, 
cannot be decomposed as the sum of a diagonalizable matrix and a square-zero matrix, 
providing counterexamples to the decomposition into diagonalizable and square-zero for 
matrices of each order n = 3k whenever k ≥ 1. To that target, let us first start with a 
technical lemma.

Lemma 3.5. Let R be a unital ring of characteristic 3, let x,m ∈ R, and suppose that 
x3 − x2 − x− 1 = 0, m2 = 0 and (x + m)3 = x + m. Then, (x2 + 1)m = 0.

Proof. (1) Let us prove that mx2m = −mxmxm: in fact, one calculates that

0 = m
(︁
(x + m)3 − (x + m)

)︁
m = mx3m + mxmxm−mxm

= m(x2 + x + 1)m + mxmxm−mxm

= mx2m + mxmxm.

(2) Let us prove that mxmxmxm = mxm + mxmxm: in fact, one computes that

0 = m
(︁
(x + m)4 − (x + m)2

)︁
m

= mx4m + mx2mxm + mxmx2m−mx2m

= m(1 + 2x + 2x2)m− 2mxmxmxm−mx2m

= 2mxm−mxmxm + mxmxmxm.

(3) Let us prove that mxmxm = −mxm: in fact, one has that

0 = m
(︁
(x + m)5 − (x + m)

)︁
m

= mx5m + mx3mxm + mx2mx2m

+ mxmx3m + mxmxmxm−mxm

= m(4x2 + 2)m + m(x2 + x + 1)mxm + mx2mx2m

+ mxm(x2 + x + 1)m + mxm + mxmxm−mxm
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= −mxmxm−mxmxmxm + mxmxm + mxmxmxmxm

−mxmxmxm + mxmxm + mxmxm

= −2mxm + mxmxm + mxmxmxm

= −mxm + 2mxmxm.

(4) Let us prove that mxm = 0 = mx2m: in fact, one finds that

mxmxmxm =(2) mxm + mxmxm =(3) mxm−mxm = 0,

so

mxmxm =(3) −mxmxmxm = 0

and, combining (3) with (1), we get

mxm = 0 = −mx2m.

(5) Let us prove that (x2 + 1)m = 0: in fact, one discovers that

0 =
(︁
(x + m)3 − (x + m)

)︁
m = x3m + xmxm + mx2m− xm

= (x2 + x + 1)m− xm = x2m + m = (x2 + 1)m,

thus finishing our argumentation. □
We are now prepared to establish the promised proposition.

Proposition 3.6. Let p(x) ∈ F3[x] be an irreducible polynomial of degree 3 and non-zero 
trace, and let A ∈ Mn(F3) be a matrix which is similar to a direct sum of companion 
matrices all of them associated to p(x). Then, there does not exist a square-zero matrix 
M such that A + M is diagonalizable.

Proof. We first observe that over F3 there are six irreducible polynomials of degree 3 and 
non-zero trace. Let us suppose that A ∈ Mn(F3) is similar to a direct sum of companion 
matrices all of them associated to the polynomial x3−x2−x−1 ∈ F3[x], and let us show 
that for such A there does not exist a square-zero matrix M ∈ Mn(F3) such that A+M

is diagonalizable. Once we have shown that fact, it is direct to see that there does not 
exist such M for the matrices A+ Id, A− Id, 2A, 2A+ Id, 2A− Id, which are similar to 
direct sums of companion matrices, all of them associated to the other five irreducible 
polynomials of degree 3 and non-zero trace over F3.

Suppose now that there exists a square-zero matrix M ∈ Mn(F3) such that D = A+M

is diagonalizable. Then, we have that A3 = A2 +A+Id, M2 = 0 and (A+M)3 = A+M

(because every diagonal matrix over F3 satisfies the equation x3 − x = 0). Looking at 
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Lemma 3.5, one detects that (A2 +Id)M = 0, and since A2 +Id is invertible with inverse 
A2 − A + Id, we conclude that M = 0, which is an obvious contradiction as A is not 
diagonalizable knowing that A3 ̸= A. □
Remark 3.7. Thanks to Proposition 3.6, we can answer in the negative the question posed 
by Breaz in [3, Remark 7]; namely, for the field F3 it is not true that for big enough n
every matrix of order n can be decomposed into D + M with D3 = D and M2 = 0.

4. Further works

In this paper, we have dealt with matrices over fields of odd cardinality. It, thereby, 
remains to examine the analogous problems for fields of characteristic two. To that end, 
we know from [4] the related result that every matrix in Mn(F2) is a sum of an idempotent 
matrix and a nilpotent matrix. Nevertheless, Šter constructed in [12, answer to Question 
4.1] two companion matrices of order 4 over F2 that cannot be expressed as D + M , 
where D2 = D (equivalently, D is diagonalizable) and M2 = 0. These counterexamples 
were extended by Shitov in [11], showing that the direct sum of an odd number of such 
matrices cannot be expressed as the sum D + M of an idempotent and a nilpotent of 
order 2.

Therefore, one needs to study matrices over fields of characteristic two and cardinality 
at least four via the following two relevant queries.

Questions. Is it true that each matrix in Mn(F2i), i ≥ 2, is a sum of a diagonalizable 
matrix and a square-zero matrix? If not, is that decomposition valid at least for non
derogative matrices?
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