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A Curvature Inequality Characterizing
Totally Geodesic Null Hypersurfaces

Benjamı́n Olea

Abstract. A well-known application of the Raychaudhuri equation shows
that, under geodesic completeness, totally geodesic null hypersurfaces
are unique which satisfy that the Ricci curvature is nonnegative in the
null direction. The proof of this fact is based on a direct analysis of
a differential inequality. In this paper, we show, without assuming the
geodesic completeness, that an inequality involving the squared null
mean curvature and the Ricci curvature in a compact three-dimensional
null hypersurface also implies that it is totally geodesic. The proof is
completely different from the above, since Riemannanian tools are used
in the null hypersurface thanks to the rigging technique.
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1. Introduction

Traditionally, the hypersurfaces of a Lorentzian manifold are classified de-
pending on its causal character in three types: timelike, spacelike or null.
Spacelike and timelike hypersurfaces are well studied compared to null hy-
persurfaces because they inherit a nondegenerate metric from the ambient
space. Conversely, a null hypersurface inherits a degenerate metric and its
orthogonal direction is tangent to the hypersurface itself, so there is not a
well-defined canonical projection. This issue can be partially overcome by
different ways [7,17]. One of them is to fix (arbitrarily) a transverse vector
field to the null hypersurface which is called a rigging, [11]. From it we can
construct several geometric objects as the null second fundamental form and
the null mean curvature. Moreover, we can construct a Riemannian metric
on the null hypersurface which can be used as an auxiliary tool to prove some
results, [3,12–14].

There are several examples of inequalities involving the squared mean
curvature of a hypersurface. For example, Willmore proved that for a compact

http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-023-02285-6&domain=pdf
http://orcid.org/0000-0002-1177-2589


66 Page 2 of 15 B. Olea MJOM

surface S in R
3 it holds ∫

S

|| �H||2 ≥ 16π,

and the equality holds if and only if S is a round sphere, [23]. This was
generalized by Chen in [4] to compact submanifold in R

n and in [5] he showed
that for a hypersurface L in a n-dimensional Riemannian manifold of constant
curvature c it holds

RicL(u, u) ≤ (n − 2)c +
1
4
|| �H||2 (1.1)

for all unitary vector u tangent to L. Moreover, the equality holds for all
unitary vectors if and only if L is totally geodesic or n = 3 and L is totally
umbilical. A similar inequality can be obtained in the case of a spacelike
hypersurface of a semi-Riemannian manifold of constant curvature, [6].

On the other hand, it is well-known that under geodesic completeness
and the null convergence condition (Ric(u, u) ≥ 0 for all null vector u) we
can get information about the null mean curvature of a null hypersurface.

Proposition 1.1. (see for example [9]) Let M be a spacetime which obeys the
null convergence condition and L a null hypersurface. If the null geodesics
of L are future geodesically complete, then the null mean curvature of L is
nonpositive.

Recall that the sign for the null mean curvature used in this paper
is the opposite than in [9]. Moreover, its sign depends on the chosen time
orientation. As a corollary of the above proposition, if the null geodesics of
L are also past complete, then the null mean curvature is zero, which jointly
with the null convergence condition implies that L is totally geodesic.

As pointed out by Galloway, proposition 1.1 is the most rudimentary
form of Hawking’s black hole area theorem, since it says that cross sections
of L do not decrease in area as one moves towards the future. Clearly, the
completeness of the null geodesics is necessarily to obtain the conclusion
of proposition 1.1. Moreover, it does not hold even if there is a complete
vector field in L which integral curves are null pregeodesics, as it is shown in
example 3.6.

In this paper we generalize proposition 1.1 to the case of a compact null
hypersurface L in a four-dimensional Lorentzian manifold without assuming
the completeness of the null geodesics of L (recall that compactness does not
implies geodesic completeness in this context, see example 3.12). Our main
result is theorem 3.11, where an inequality between the Ricci curvature and
the square of the null mean curvature similar to the inequality (1.1) is as-
sumed instead of the null convergence condition. The proof of proposition 1.1
is a quite easy argument based on the analysis of a differential inequality (see
proposition 3.2). However, the proof of theorem 3.11 uses as main tool the
rigging technique introduced in [11], which we will briefly review in the next
section.
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2. Preliminaries

Let (M, g) be a n-dimensional (n ≥ 3) Lorentzian connected manifold. A
hypersurface L is null if the induced metric tensor is degenerate on L. In this
case, the radical of L, which is given by TL ∩ TL⊥, is a one-dimensional null
distribution and all other directions in L are spacelike.

Definition 2.1. ([11]) A rigging for L is a vector field ζ defined in a open set
containing L such that ζp /∈ TpL for all p ∈ L. If it is only defined over L,
then it is called a restricted rigging.

Locally, it always exists a rigging for a null hypersurface. It may not exist
globally, but we can ensure its existence under the orientability hypothesis.

Lemma 2.2. If (M, g) is an orientable Lorentzian manifold and L a null hy-
persurface, then there is a (restricted) rigging for L if and only if L is ori-
entable.

On the other hand, it always exists a rigging for any null hypersurface
in a time-orientable Lorentzian manifold, since there is not timelike tangent
directions to a null hypersurface.

From now on, we always suppose that there is a rigging ζ for any null
hypersurface. From it, we can define the rigged vector field ξ as the unique
null vector field in L such that g(ξ, ζ) = 1, the null transverse vector field

N = ζ − 1
2
g(ζ, ζ)ξ

and the screen distribution Sp = ζ⊥
p ∩ TpL for all p ∈ L. Taking into account

that g(∇Uξ, ξ) = 0 for all U ∈ X(L) and the decompositions TpM = TpL ⊕
span(Np) and TpL = Sp ⊕ span(ξp), we can write

∇UV = ∇L
UV + g(A∗(U), V )N, (2.1)

∇Uξ = −A∗(U) − τ(U)ξ (2.2)

for all U, V ∈ X(L), where ∇L is the induced connection, A∗ : TL → S is
an endomorphism field called the shape operator and τ is a one-form. It is
easy to check that A∗ is self-adjoint and A∗(ξ) = 0. This last fact has two
important consequences. The first one is that A∗ is diagonalizable, since S is
spacelike. The second one is that ∇ξξ = ∇L

ξ ξ = −τ(ξ)ξ and ∇Uξ = ∇L
Uξ for

all U ∈ X(L).
The null mean curvature of L is given by

Hp = trace (A∗) = −
n∑

i=1

g(∇ei
ξ, ei)

for all p ∈ L, being {e1, . . . , en−2} an orthonormal basis of Sp. Since A∗ is
diagonalizable, it holds the inequality

1
n − 2

H2 ≤ ||A∗||2. (2.3)

If A∗ is identically zero, then L is totally geodesic and if A∗ is proportional
to the identity map, then L is totally umbilical.
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The following proposition shows how the geometric objects constructed
in a null hypersurface from a rigging are transformed under a rigging change.

Proposition 2.3. ([19]) If ζ ′ = ΦN + X0 + aξ, with X0 ∈ Γ(S) and Φ, a ∈
C∞(L), is another rigging for L, then

g(A∗′(U), V ) =
1
Φ

g(A∗(U), V ),

τ ′(U) = τ(U) +
1
Φ

g(A∗(X0), U) +
1
Φ

dΦ(U)

for all U, V ∈ X(L). Moreover, ξ′ = 1
Φξ and H ′ = 1

ΦH and in particular

τ ′(ξ′) =
1
Φ

τ(ξ) +
1

Φ2
dΦ(ξ).

Therefore, although A∗ depends on the chosen rigging, being totally
geodesic, totally umbilical or having zero null mean curvature do not depend
on any choice. Moreover, a change on the sign of the rigging only produces a
change on the sign of the rigged vector field and the null mean curvature.

The curvature tensor RL of the induced connection ∇L is related to the
curvature tensor R of the ambient by the Gauss-Codazzi equations, [7]. For
our purpose we recall that

RL
UV ξ = RUV ξ (2.4)

for all U, V ∈ X(L).
We can also define a Riemannian metric on L, called the rigged metric,

as

g̃ = g + ω ⊗ ω, (2.5)

where ω = i∗(α), i : L → M is the canonical inclusion and α is the metrically
equivalent one form to ζ. In this manner, once we have fixed a rigging for a
null hypersurface, two connections appear: the induced connection ∇L and
the Levi-Civita connection ∇̃ of g̃, which is called the rigged connection. The
difference tensor DL(X,Y ) = ∇L

XY − ∇̃XY is a symmetric tensor.

Proposition 2.4. ([11]) Given U, V,W ∈ X(L), it holds

g(DL(U, V ),W ) = −1
2

(ω(W )(Lξ g̃)(U, V ) + ω(U)dω(V,W )

+ω(V )dω(U,W )) − g(A∗(U), V )ω(W ).

where Lξ is the Lie derivative along ξ.

Remark 2.5. If E ∈ X(M) is a timelike and unitary vector field, then we can
construct the Riemannian metric on M given by

h = g + 2g(E, ·)g(E, ·). (2.6)

This is a classical construction which has been used in some situations. For
example, in [8] it is used to prove, under suitable conditions, the existence of
periodic timelike geodesics in a compact Lorentzian manifold and in [22] to
show that a compact Lorentzian manifold furnished with a timelike Killing
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vector field is geodesically complete, although the Riemannian metric (2.6)
is not explicitly written in this last paper.

On the other hand, in [18], to prove the geodesic completeness of certain
Lorentzian manifolds, the authors construct a Riemannian metric h on the
whole Lorentzian manifold from two null vector fields Z, V ∈ X(M) such that
g(Z, V ) = 1. For this, they define h by the conditions

h(X,Y ) = g(X,Y ),

h(V, V ) = h(Z,Z) = 1,

h(V,X) = h(Z,X) = h(Z, V ) = 0

for all X,Y ∈ V ⊥ ∩ Z⊥. This construction is equivalento to (2.6) taking
E = 1√

2
(Z − V ).

If we have a null hypersurface L in (M, g), then it inherits a Riemannian
metric from the Riemannian manifold (M,h). However, this construction
seems to be too rigid since we need a timelike and unitary vector field whereas
to construct the rigged metric (2.5) we only need a transverse vector field to
the null hypersurface. Another fact supporting this is that if L is totally
umbilical in (M, g), then it is not totally umbilical in (M,h) even if E is
parallel, [20, Proposition 6.1]. Nevertheless, some characterizations of totally
geodesic null hypersurfaces can be proven using the Riemannian metric (2.6),
[20, Theorem 6.5].

As an immediate consequence of proposition 2.4, the difference tensor
DL holds the following properties.

Corollary 2.6. Given X,Y,Z ∈ Γ(S) and U ∈ X(L) it holds
1. g̃(DL(X, ξ), Y ) = −g̃(DL(Y, ξ),X). In particular g̃(DL(X, ξ),X) = 0.
2. g̃(DL(X,Y ), Z) = 0
3. g̃(DL(U, ξ), ξ) = −τ(U).

If we take W = ξ and U = X,V = Y ∈ Γ(S) in proposition 2.4, then
we get

(Lξ g̃)(X,Y ) = −2g(A∗(X), Y ) (2.7)

for all X,Y ∈ Γ(S). In particular, we have g̃(∇̃Xξ,X) = −g(A∗(X),X) for
all X ∈ Γ(S) and

H = −d̃ivξ. (2.8)

The rigged metric g̃ allows us to use Riemannian tools in the study of
null hypersurfaces. One of them is the so-called Bochner technique, which
has its starting point at the general equation

Ric(Z,Z) = div ∇ZZ − Z(div Z) − trace (S2), (2.9)

where S is the endomorphism given by S(U) = ∇UZ. This equation holds
for any vector field Z in a semi-Riemannian manifold. Moreover, since

trace (S) = div Z,

div ((div Z) Z) = Z (div Z) + (div Z)2 ,
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if the manifold is compact and orientable, then from equation (2.9) we get∫
Ric(Z,Z) =

∫
trace (S)2 − trace (S2). (2.10)

On the other hand, the Raychaudhuri equation states that for a null
hypersurface it holds (see for example [9,10])

Ric(ξ, ξ) = τ(ξ)H + ξ(H) − ||A∗||2. (2.11)

This equation can be derived from (2.9). Indeed, fixed p ∈ L we extend ξ
to get a null vector field in a neighbourhood p ∈ θ ⊂ M which we still call
ξ. If we take a basis {e1, . . . , en−2} of Sp, then we can construct a pseudo-
orthonormal basis of TpM adding ξp and Np. Now we have

div ∇ξξ =
n−2∑
i=1

g(∇ei
∇ξξ, ei) + g(∇ξ∇ξξ,N) + g(∇N∇ξξ, ξ)

= −
n−2∑
i=1

τ(ξ)g(∇ei
ξ, ei) − ξ(τ(ξ)) + τ(ξ)2 − g(∇ξξ,∇Nξ)

= τ(ξ)H − ξ(τ(ξ)) + τ(ξ)2 + τ(ξ)g(ξ,∇Nξ)

= τ(ξ)H − ξ(τ(ξ)) + τ(ξ)2.

On the other hand,

div ξ =
n−2∑
i=1

g(∇ei
ξ, ei) + g(∇ξξ,N) + g(∇Nξ, ξ)

= − H − τ(ξ).

trace (S2) =
n−2∑
i=1

g(S2(ei), ei) + g(S2(ξ), N) + g(S2(N), ξ)

=||A∗||2 − τ(ξ)g(∇ξξ,N) = ||A∗||2 + τ(ξ)2.

Therefore, taking Z = ξ in equation (2.9) we obtain equation (2.11).

3. Main Results

An immediate but important consequence of equation (2.11) is stated in the
following well-known proposition, which we will use later.

Proposition 3.1. Let L be a null hypersurface in a Lorentzian manifold.
1. If L is totally geodesic, then Ric(ξ, ξ) = 0.
2. If Ric(ξ, ξ) ≥ 0 and L has zero null mean curvature, then it is totally

geodesic.

We also need a slight different formulation of proposition 1.1. We include
the proof to make the paper self-contained.

Proposition 3.2. Let L be a null hypersurface in a time-oriented Lorentzian
manifold and ζ a rigging for it such that ξ is future pointing and cH2 ≤
Ric(ξ, ξ) for some constant c > − 1

n−2 .
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1. If the null geodesics of L are future geodesically complete, then H is
nonpositive.

2. If the null geodesics of L are future and past geodesically complete, then
L is totally geodesic.

Proof. Take p ∈ L and γ : [0,∞) → L a future pointing null geodesic with
γ(0) = p. Using [14, lemma 3.2], there is a locally defined null section, which
we still call ξ, such that ξγ(t) = γ′(t). Observe that τ(ξ)γ(t) = 0 since γ

is a geodesic. Moreover, from proposition 2.3 it still holds cH2 ≤ Ric(ξ, ξ),
although we have changed the null section ξ. Using the inequality (2.3) in
equation (2.11) we get(

c +
1

n − 2

)
H2

γ(t) ≤ d

dt
Hγ(t).

If Hp > 0, then the above inequality implies that Hγ(t) is not defined for
all t > 0, which is a contradiction. If the null geodesics of L are also past
complete, then H = 0 and proposition 3.1 ensures that L is totally geodesic.

�
Corollary 3.3. Let L be a null hypersurface in a time-oriented Lorentzian
manifold and ζ a rigging for it such that τ(ξ) = 0 and cH2 ≤ Ric(ξ, ξ) for
some constant c > − 1

n−2 . If ξ is a complete vector field, then L is totally
geodesic.

We can drop the geodesic completeness assumption in proposition 3.2
if we suppose that the null hypersurface is compact.

Theorem 3.4. Let L be a compact orientable null hypersurface in a time-
oriented Lorentzian manifold and ζ a rigging for it such that cH2 ≤ Ric(ξ, ξ)
for some c > − 1

n−2 . If τ(ξ) is constant, then L is totally geodesic.

Proof. From proposition 2.3, if we change the sign of the rigging, then the
hypotheses of the theorem still hold. Therefore, we can suppose that ξ is
future pointing.

The vector field ξ is complete since L is compact. If τ(ξ) = 0, then we
can apply corollary 3.3. Suppose for example that τ(ξ) < 0. If α : R → L is an
integral curve of ξ, then we can check that γ(t) = α

(
− 1

τ(ξ) ln(−τ(ξ)t + 1)
)

is a null geodesic, which is defined for 1
τ(ξ) < t. Therefore, from proposition

3.2 we get that H ≤ 0. From equation (2.8) we have
∫

L
Hdg̃ = 0, so H = 0

and proposition 3.1 ensures that L is totally geodesic. �
As is pointed out in the proof of proposition 3.2, the condition cH2 ≤

Ric(ξ, ξ) does not depend on the chosen rigging. However, from proposi-
tion 2.3 we see that the condition τ(ξ) constant does depend on the chosen
rigging.

A null hypersurface L is called a Killing horizon if there is a Killing
vector field K such that Kp is null and tangent to L for all p ∈ L. It is a
remarkable fact that for a Killing horizon in a spacetime which satisfies the
null dominant energy condition there is a null section ξ such that τ(ξ) is
constant (see [15] for a proof of this using the rigging technique).
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Corollary 3.5. Let L be a compact orientable null hypersurface in a time-
orientable Einstein Lorentzian manifold. If there is a rigging for L such that
τ(ξ) is constant, then L is totally geodesic.

Theorem 3.4 does not hold if L is not supposed compact. The following
is an example of this and a counterexample of corollary 3.3 if ξ is not a
complete vector field or τ(ξ) �= 0.

Example 3.6. Take (F, gR) a Riemannian manifold and M = R
2×F furnished

with the Lorentzian metric given by

g = 2esdtds + e2sgR.

We can check that L = {t0} × R × F is a null hypersurface for any fixed
t0 ∈ R. If we consider the rigging ζ = e−s∂t, then the rigged vector field is
ξ = ∂s and the screen distribution is given by S = TF . If X,Y ∈ Γ(S), then

g(A∗(X), Y ) = −1
2
∂s(g(X,Y )) = −g(X,Y ).

Therefore A∗(X) = −X for all X ∈ Γ(S) and so L is totally umbilical with
null mean curvature H = 2 − n. Since g(ξ, ∂t) = es, from the Koszul formula
we get

−τ(ξ)es = g(∇ξξ, ∂t) = ξg(ξ, ∂t) = es

and thus τ(ξ) = −1. Moreover, from equation (2.11) we have Ric(ξ, ξ) = 0.
Thus, the inequality in theorem 3.4 holds with c = 0, but L is not totally
geodesic.

If we consider the rigging ζ ′ = e−2s∂t, then its rigged vector field is
ξ′ = esξ and it holds τ ′(ξ′) = 0, but we can not apply corollary 3.3 because
ξ′ is not a complete vector field.

Now, we try to generalize theorem 3.4 in some manner such that τ(ξ)
does not need to be constant. From now on, we suppose that L has dimension
three and it is oriented. Fix a g̃-orthonormal local positive basis {X,Y, ξ} and
write {

∇̃Xξ = σ11X + σ12Y,

∇̃Y ξ = σ21X + σ22Y.
(3.1)

We can define a function which measures the integrability of S. In fact,
dω(X,Y ) does not depend on the chosen local positive orthonormal basis,
so it determines a well-defined global function μ ∈ C∞(L). If μ vanishes
everywhere, then S is integrable. Observe that μ is locally given by

μ = σ12 − σ21.

Lemma 3.7. In the above situation, it holds

DL(X, ξ) = −1
2
μY − τ(X)ξ,

DL(Y, ξ) =
1
2
μX − τ(Y )ξ.

In particular, ∇̃Xξ = −A∗(X) + 1
2μY and ∇̃Y ξ = −A∗(Y ) − 1

2μX.
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Proof. From proposition 2.4, we have g̃(DL(X, ξ),X) = g(DL(X, ξ),X) = 0
so

DL(X, ξ) = g̃(DL(X, ξ), Y )Y + g̃(DL(X, ξ), ξ)ξ.

Using again proposition 2.4 we get g̃(DL(X, ξ), Y ) = − 1
2μ. On the other

hand, taking into account equation (2.1) and that ξ is g̃-unitary, we have

g̃(DL(X, ξ), ξ) = g̃(∇L
Xξ − ∇̃Xξ, ξ) = −τ(X).

In the same way we get DL(Y, ξ) = 1
2μX − τ(Y )ξ. The final assertion follows

from equation (2.2). �

Now we relate the Ricci curvature of ξ in the ambient Lorentzian man-
ifold and in (L, g̃). For this, recall the general formula relating the curvature
tensor associated to the two connections ∇L and ∇̃ on L.

RL
UV W − R̃UV W =

(∇UDL
)
(V,W ) − (∇V DL

)
(U,W )

+DL(U,DL(V,W )) − DL(V,DL(U,W )) (3.2)

for all U, V,W ∈ X(M).

Theorem 3.8. Let L be an oriented null hypersurface in a four dimensional
Lorentzian manifold. It holds

R̃ic(ξ, ξ) = Ric(ξ, ξ) − τ(ξ)H + d̃iv∇̃ξξ +
1
2
μ2.

Proof. Using equation (2.4) and (3.2) we get

g̃
(
RXξξ − R̃Xξξ,X

)
= g̃

(
(∇̃XDL)(ξ, ξ),X

)
− g̃

(
(∇̃ξD

L)(X, ξ),X
)

+g̃
(
DL(X,DL(ξ, ξ)),X

) − g̃
(
DL(ξ,DL(X, ξ)),X

)
.

(3.3)

We compute each term in the right hand of this equation. Using corollary 2.6,
lemma 3.7 and equation (2.7), the first one is

g̃
(
(∇̃XDL)(ξ, ξ), X

)
= g̃(∇̃XDL(ξ, ξ), X) − 2g̃(DL(∇̃Xξ, ξ), X)

= −τ(ξ)g̃(∇̃Xξ, X) − g̃(∇̃X∇̃ξξ, X) − 2σ12g̃(DL(Y, ξ), X)

= τ(ξ)g(A∗(X), X) − g̃(∇̃X∇̃ξξ, X) − σ12μ.

Since X, ∇̃ξξ ∈ Γ(S), from corollary 2.6 we can write the second term in (3.3)
as

g̃
(
(∇̃ξD

L)(X, ξ),X
)

= −g̃(DL(X, ξ), ∇̃ξX) − g̃(DL(∇̃ξX, ξ),X)

= −g̃(DL(X, ξ), ∇̃ξX) − g(DL(∇̃ξX, ξ),X).

But from the definition of g̃ and lemma 3.7 we get

−g̃(DL(X, ξ), ∇̃ξX) = −g(DL(X, ξ), ∇̃ξX) − g̃(DL(X, ξ), ξ)g̃(∇̃ξX, ξ)

= −g(DL(X, ξ), ∇̃ξX) − τ(X)g̃(X, ∇̃ξξ).
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Therefore the second term in (3.3) reduces to

g̃
(
(∇̃ξDL)(X, ξ), X

)
= −g(DL(X, ξ), ∇̃ξX) − τ(X)g̃(X, ∇̃ξξ) − g(DL(∇̃ξX, ξ), X)

and using proposition 2.4 the above is
1
2

(
−g̃(X, ∇̃ξξ)(Lξg)(X, ξ) + dω(X, ∇̃ξX)

)
− τ(X)g̃(X, ∇̃ξξ)

+
1
2

(
−g̃(X, ∇̃ξξ)dω(ξ,X) + dω(∇̃ξX,X)

)

= −g̃(X, ∇̃ξξ)2 − τ(X)g̃(X, ∇̃ξξ).

The third term g̃(X,DL(ξ, ξ),X) vanishes due to corollary 2.6. For the
last term in formula (3.3) we use lemma 3.7 to get

g̃(DL(ξ,DL(X, ξ)),X) = −1
2
μg̃(DL(ξ, Y ),X) − τ(X)g̃(DL(ξ, ξ),X)

= −1
4
μ2 + τ(X)g̃(X, ∇̃ξξ).

Putting all together we arrive to

g̃
(
RXξξ − R̃Xξξ, X

)
= τ(ξ)g(A∗(X), X) − g̃(∇̃X∇̃ξξ, X) + g̃(X, ∇̃ξξ)2 − σ12μ +

1

4
μ2.

In the same way, we can check that

g̃
(
RY ξξ − R̃Y ξξ, Y

)
= τ(ξ)g(A∗(Y ), Y ) − g̃(∇̃Y ∇̃ξξ, Y ) + g̃(Y, ∇̃ξξ)2 + σ21μ +

1

4
μ2

and so

R̃ic(ξ, ξ) = g̃(R̃Xξξ,X) + g̃(R̃Y ξξ, Y )

= Ric(ξ, ξ) − τ(ξ)H + d̃iv∇̃ξξ + (σ12 − σ21)μ − 1
2
μ2

= Ric(ξ, ξ) − τ(ξ)H + d̃iv∇̃ξξ +
1
2
μ2.

�

We call S : TL → TL the endomorphism field given by S(U) = ∇̃Uξ
and S∗ its adjoint with respect to g̃, i.e. S∗ : TL → TL is the unique endo-
morphism such that g̃(S(U), V ) = g̃(U, S∗(V )) for all U, V ∈ X(L). We say
that the rigged vector field ξ is orthogonally normal if

g̃(S(X), S(X)) = g̃(S∗⊥(X), S∗⊥(X))

for all X ∈ Γ(S), being S∗⊥(X) the g̃-orthogonal projection of S∗(X) onto
S. For example, if the screen distribution S is integrable or if L is totally
umbilical, then ξ is orthogonally normal.

If we have a null hypersurface in a Lorentzian manifold with arbitrary
dimension and the rigged vector field ξ is orthogonally normal, then we can
also get an explicit expression for R̃ic(ξ, ξ), which is similar (but not the
same) to the one given in theorem 3.8, [11, Corollary 4.5]. This has been
used to prove that, under some additional conditions, a totally umbilical null
hypersurface is in fact totally geodesic, [11, Theorem 5.1].
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In [2] some obstructions for the existence of a compact null hypersurface
under a causality hypothesis are given. Concretely, it is proven that in a dis-
tinguishing, strongly causal, stably causal or globally hyperbolic Lorentzian
manifolds there are not compact null submanifolds. However, an example of
a causal Lorentzian manifold which contains a compact null hypersurface is
shown. We can give an obstruction to the existence of compact null hyper-
surface in a causal Lorentzian manifold adding a curvature condition.

Corollary 3.9. Let L be an oriented null hypersurface in a four-dimensional
causal Lorentzian manifold. If there is a conformal rigging for L such that
τ(X) = 0 for all X ∈ Γ(S) and 0 < Ric(ξ, ξ) + 1

2μ2, then L is not compact.

Proof. Since ζ is conformal, then τ(ξ) = 0 and τ(X) = − 1
2 g̃(∇̃ξξ,X) for all

X ∈ Γ(S), [11]. Therefore, ∇̃ξξ = 0 and theorem 3.8 gives us that

R̃ic(ξ, ξ) = Ric(ξ, ξ) +
1
2
μ2 > 0.

If L is compact, then using [1, Corollary 1] or [16, Proposition 1], we have
that ω is a contact form on L. Moreover, its Reeb vector field is ξ because it
is g̃-geodesic. From [21], ξ has a closed integral curve, which is not possible
because (M, g) is causal. �

If the rigging ζ is closed, i.e. the one-form α is closed, then the endo-
morphism S coincides with −A∗ [11], but in general it has more information
than A∗.

Lemma 3.10. Let L be an orientable null hypersurface in a four-dimensional
Lorentzian manifold. It holds

||S||2 = g̃(∇̃ξξ, ∇̃ξξ) + ||A∗||2 +
1
2
μ2,

trace (S2) = ||A∗||2 − 1
2
μ2.

Proof. Take {X,Y, ξ} a local g̃-orthonormal positive basis. From equation
(2.7) and lemma 3.7 we get

g̃(S2(X),X) + g̃(S(X), S(X)) = 2g(A∗(X), A∗(X)) − μg(A∗(X), Y )

and analogously

g̃(S2(Y ), Y ) + g̃(S(Y ), S(Y )) = 2g(A∗(Y ), A∗(Y )) + μg(A∗(X), Y ).

Therefore

trace (S2) + ||S||2 = g̃(∇̃ξξ, ∇̃ξξ) + 2||A∗||2.
On the other hand, using equation (3.1) it is straightforward to check that

||S||2 − trace (S2) = g̃(∇̃ξξ, ∇̃ξξ) + μ2

and we get the lemma. �

Now, we are ready to prove the main result of this paper.
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Theorem 3.11. Let L be an oriented compact null hypersurface in a four-
dimensional Lorentzian manifold. Suppose that there is a rigging for L such
that τ(ξ) is constant through the integral curves of ξ. If 1

2H2 ≤ Ric(ξ, ξ),
then L is totally geodesic.

Proof. We integrate with respect to g̃ in the formula for R̃ic(ξ, ξ) in theo-
rem 3.8. Taking into account equation (2.10) we get∫

L

(
trace (S)2 − trace (S2)

)
dg̃ =

∫
L

(
Ric(ξ, ξ) − τ(ξ)H +

1
2
μ2

)
dg̃,

From equation (2.7) we know that tr(S) = −H and using lemma 3.10 the
above equation reduces to∫

L

(
H2 − ||A∗||2) dg̃ =

∫
L

(Ric(ξ, ξ) − τ(ξ)H) dg̃. (3.4)

Using equation (2.8), we have d̃iv (τ(ξ)ξ) = ξ(τ(ξ))− τ(ξ)H, but ξ(τ(ξ)) = 0
because τ(ξ) is constant through the integral curves of ξ and so∫

L

τ(ξ)Hdg̃ = 0. (3.5)

The inequality (2.3) and the hypothesis of the theorem give us

0 ≤
∫

L

(
Ric(ξ, ξ) − 1

2
H2

)
dg̃ ≤ 0.

Thus from the equation (3.4) we deduce that

0 ≤
∫

L

(
||A∗||2 − 1

2
H2

)
dg̃ =

∫
L

(
1
2
H2 − Ric(ξ, ξ)

)
dg̃ ≤ 0.

Therefore, Ric(ξ, ξ) = 1
2H2 and ||A∗||2 = 1

2H2.
Taking into account equation (2.11) we have that the null mean curva-

ture holds the Riccati differential equation

τ(ξ)H + ξ(H) − H2 = 0.

This equation can be explicitly solved. In fact, if we take γ : R → L an
integral curve of ξ with γ(0) = p ∈ L, then

Hγ(t) =

{
Hp

1−Hpt if τ(ξ)p = 0
Hpτ(ξ)

Hp+(τ(ξ)−Hp)eτ(ξ)t if τ(ξ)p �= 0
(3.6)

If τ(ξ)pHp < 0, then Hγ(t) is not defined for

t =
1

τ(ξ)
ln

Hp

Hp − τ(ξ)
.

Therefore, we deduce that 0 ≤ τ(ξ)H on the whole L. From equation (3.5)
we get that τ(ξ)H = 0, but in view of (3.6), we have that necessarily H = 0.
Proposition 3.1 ensures that L is totally geodesic. �

The following example holds the assumption in theorem 3.11.
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Example 3.12. Take M = R × S
1 × S

1 × S
1 and

g = 2t cos y
(
dt2 − dx2

) − 2dtdx + dy2 + dz2.

The hypersurface L = {0} × S
1 × S

1 × S
1 is null and totally geodesic. The

vector field ζ = −∂t is a rigging for it with associated rigged ξ = ∂x and

τ(ξ) = −g(∇ξξ, ζ) = g(∇∂x∂x, ∂t) = cos y,

which is constant through the integral curves of ξ. It is worth noting that
the null geodesics of L are not complete. Indeed, the null geodesic through a
point p0 = (0, x0, y0, z0) ∈ L is

γ(t) =

⎧⎪⎪⎨
⎪⎪⎩

(
0, x0 − 1

cos y0
ln (1 + t cos y0) , y0, z0

)
for − 1

cos y0
< t, if cos y0 > 0

(0, x0 + t, y0, z0) for t ∈ R, if cos y0 = 0(
0, x0 − 1

cos y0
ln (1 + t cos y0) , y0, z0

)
for t < − 1

cos y0
, if cos y0 < 0

Observe that we can not prove theorem 3.11 as theorem 3.4. This is
because given an integral curve of ξ, a reparametrization will be a future or
past complete geodesic depending on the sign of τ(ξ), which can change from
one integral curve of ξ to another integral curve of ξ.

On the other hand, under the conditions of the theorem 3.11, from
equation (2.11) and inequality (2.3) we have that

0 ≤ τHγ(t) +
d

dt
Hγ(t) − H2

γ(t),

where γ is an integral curve of ξ and τ is some constant. From this differential
inequality we can not deduce that H = 0. In fact, there are complete solutions
apart from the constant zero function or the constant function H = τ as for
example H(t) = τ

2 + τ
3 cos

(
τ
3 t

)
.

A null hypersurface in a three-dimensional Lorentzian manifold is always
totally umbilical. In this case we can prove the following.

Theorem 3.13. Let L be an oriented compact null hypersurface in a three-
dimensional Lorentzian manifold. Suppose that there is a rigging for L such
that τ(ξ) is constant through the integral curves of ξ. If cH2 ≤ Ric(ξ, ξ) for
certain c > 0, then L is totally geodesic.

Proof. The existence of the rigged vector ξ implies that the Euler-Poincaré
characteristic of L is zero. Therefore, the Gauss-Bonnet theorem ensures that∫

R̃ic(ξ, ξ)dg̃ = 0.

Alternatively, we can easily check that trace (S2) = trace (S)2, so equation
(2.10) also gives us

∫
R̃ic(ξ, ξ)dg̃ = 0.

We can prove as in theorem 3.8 that

R̃ic(ξ, ξ) = Ric(ξ, ξ) − τ(ξ)H + d̃iv∇̃ξξ.

Thus ∫
cH2dg̃ ≤

∫
Ric(ξ, ξ)dg̃ = 0

and therefore H = 0. Now we apply proposition 3.1. �
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