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Abstract 13 

A new family of tensegrity structures is presented: the Z-octahedron family. A tensegrity 14 

family is a group of tensegrity structures that share a common connectivity pattern. The 15 

members of the Z-octahedron family have been obtained replacing the elementary 16 

rhombic cells of the members of the octahedron family with elementary Z-shaped cells. 17 

In addition, a higher number of possible force density or force:length ratio values have 18 

been considered. The values of the force:length ratio of the members of the family that 19 

lead to super-stable tensegrity forms have been computed analytically. Two members of 20 

the family have been obtained: the Z-expanded octahedron and the Z-double-expanded 21 

octahedron. Finally it has been proved that the Z-double-expanded octahedron obtained 22 

here from topological rules can also be defined from a truncated cube based on purely 23 

geometrical intuition. 24 

Keywords: Tensegrity; Z-Octahedron family; Octahedron family; Analytical form-25 

finding; Force density method. 26 

ACCEPTED MANUSCRIPT 
DOI of the published work: https://doi.org/10.1016/j.engstruct.2020.111151 
Engineering Structures, Volume 222, 1 November 2020, 111151 



 
2 

1. Introduction 27 

Tensegrity structures were first introduced by Fuller [1]. They are pin-jointed free-28 

standing pre-stressed structures composed of a set of compression (struts) and tension 29 

(cables) members that are self-equilibrated. Tensegrity structures have an extensive range 30 

of important and novel applications in many fields such as biology [2,3], aerospace 31 

engineering [4], robotics [5] and civil engineering [6,7] due to their light-weight, 32 

innovative forms and deployability. They have had a great development in recent years 33 

due to the growing interest in mechanical metamaterials [8]. 34 

Unlike conventional structural forms such as trusses and frames where the geometries are 35 

generally known, in the case of tensegrity structures its geometrical configuration and the 36 

prestress state of the members are interdependent with each other. The process of 37 

determining a suitable prestress state and its corresponding equilibrium shape is called 38 

form-finding. A review of form-finding methods of tensegrity structures can be seen in 39 

the work carried out by Tibert and Pellegrino [9]. The Force Density Method (FDM) 40 

proposed by Schek [10,11] is a form-finding method of pin-jointed structures originally 41 

conceived for tension structures. The FDM is present in several form-finding methods of 42 

tensegrity structures [12–14], and it is based on the concept of force:length ratio or force 43 

density q. In some form-finding methods FDM has been combined with a genetic 44 

algorithm [15–17]. Otter [18] presented the dynamic relaxation method which has also 45 

been used in the form-finding problem of tensegrity structures [19,20]. 46 

The existing form-finding methods can be generally classified into two categories: 47 

analytical and numerical. Analytical methods find the equilibrium shape of simple 48 

tensegrity forms with a high order of symmetry through a symbolic analysis (see [13,21–49 

23]). Regarding numerical methods, they can be applied to relatively complicated 50 

tensegrities with a high number of members or with lack of symmetry; examples of them 51 
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can be seen in [12,14,24–26]. 52 

A tensegrity family is defined as a group of tensegrity structures that share a common 53 

connectivity pattern [23]. The octahedron family is a good example of tensegrity family 54 

[23]. The members of this family are: the octahedron, the expanded octahedron and the 55 

double-expanded octahedron. Each member of the family comes from the expansion of a 56 

previous member. 57 

One of the main advantages of a tensegrity family is the possibility of defining new 58 

tensegrity forms based on topology rules. A tensegrity family can be considered as a 59 

source of new tensegrity forms that share the same connectivity pattern. On the other 60 

hand, there are other sources of tensegrity structures based purely on geometry as the 61 

tensegrity forms obtained from truncated regular polyhedrons [22,27,28].  62 

In this work a new tensegrity family is defined: the Z-octahedron family. The members 63 

of the Z-octahedron family have been obtained replacing the elementary rhombic cells of 64 

the members of the octahedron family presented by [23] by elementary Z-shaped cells. 65 

This design method is based on cell substitution [22,29], which easily transform a 66 

rhombic tensegrity into a Z-based tensegrity or vice versa. The first two members of this 67 

presented family are the Z-expanded octahedron and the Z-double-expanded octahedron, 68 

both super-stable. The values of the force densities or force:length ratios that satisfy the 69 

super-stability conditions have been computed analytically for all the members of the Z-70 

octahedron family.  71 

 72 

2. Equilibrium, rank deficiency and super-stability of tensegrity structures 73 

2.1 Equilibrium of tensegrity structures 74 

The FDM [11] is a well-known form-finding method for general networks. A mesh is 75 

composed by n nodes and m members. The connectivity between the nodes of the mesh 76 
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is defined by the connectivity matrix C ∈	Âm´n. If a branch of the mesh j links nodes i 77 

and k (with i < k), C is defined as follows: 78 

 (1) 

In Eq.(1) r denotes the rth column of the jth row in C. Matrix C must be known at the 79 

beginning of the form-finding procedure; Hernández-Montes et al. [30] proposed some 80 

topological rules in order to define CS for a general mesh. 81 

The equilibrium equations of the mesh are linearized by assigning specific values of 82 

force:length ratios q to each member of the mesh [10,11]. The force:length ratio is defined 83 

as the ratio between the axial force and the length of each member, and it is considered 84 

to be an input in the form-finding problem. 85 

There are different types of pin-jointed structures: tension structures [30] (Figure 1.e), 86 

compression structures [31] (Figure 1.d), compression structures with tensions members 87 

[32]  (Figure 1.a), cable-strut structures like cable domes [33,34] and cable-stiffened 88 

arches [35] (Figure 1.b) and tensegrity structures (Figure 1.c). Differences between them 89 

are shown in Figure 1. 90 
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Figure 1. Examples of (a) compression structures with tension members (adapted from [32]), (b) 92 
cable-strut structures (adapted from [33]), (c) tensegrity structures, (d) compression structures and 93 
(e) tension structures. 94 

Taking into account the characteristics of tensegrity structures shown in Figure 1, the 95 

equilibrium equations can be formulated as [11,12]: 96 

 (1) 

In Eq. (1) D is the force density matrix, which is computed as D = CTQC ∈	Ân´n and x = 97 

[x1, …, xn]T, y = [y1, …, yn]T and z = [z1, …, zn]T are the nodal coordinate vectors. Matrix 98 

Q ∈	Âm´m is the diagonal square matrix of vector q = [q1, …, qm]T, which collects the 99 

force: length ratio of each member of the tensegrity. 100 

2.2 Rank deficiency 101 

In the case of tensegrity structures and according to the definition of D, the sum of the 102 

elements of each row or column of D is zero. Due to this, matrix D in tensegrity structures 103 

is always singular and special considerations have to be taken into account in the form-104 

finding process. The non-degeneracy condition of tensegrity structures states that in order 105 

to obtain a tensegrity of dimension d, it is necessary that its corresponding matrix D must 106 

have a rank deficiency of at least d + 1 [14,21]. The rank-nullity theorem of linear algebra 107 

states that the rank plus the nullity of a matrix is equal to its number of columns. The 108 

nullity of a matrix corresponds with the dimension of ker(D). As ker(D) is the eigenspace 109 

of eigenvalue 0, the dimension of ker(D) coincides with the multiplicity of the eigenvalue 110 

0. Consequently, in order to obtain a tensegrity structure of dimension d, the multiplicity 111 

of the eigenvalue 0 of D must be at least d +1. 112 

The force density matrix D is a symmetric real matrix due to its definition (D = CTQC) 113 

and, according to the spectral theorem, it is orthogonally diagonalizable: A = P-1DP. The 114 

D x 0
D y 0
D z 0

× = ü
ï× = ý
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diagonal matrix A contains all the eigenvalues of D (l1, …, ln) and P is an orthogonal 115 

matrix (that is, P-1 = PT) where its columns are an orthonormal base of eigenvectors of D. 116 

The eigenvalues of D are the solutions of the characteristic polynomial p(l) = ln + an-1 117 

ln-1 + … + a1 l + a0. As in tensegrity structures the sum of the elements of each row or 118 

column of D is zero, a0 = 0 [21]. Coefficients an-1, …, a1 are expressed in terms of the 119 

force:length ratio of all the members of the tensegrity. In order to obtain a three-120 

dimensional tensegrity (d = 3), the eigenvalue 0 must have at least a multiplicity of 4 and 121 

consequently coefficients a3, a2 and a1 of the characteristic polynomial must be 0. The 122 

previous condition leads to the system of equations shown in Eq. (2), which can be solved 123 

analytically if some relations between q values are imposed. These imposed conditions 124 

are based on symmetry and/or topology. 125 

 (2) 

A more detailed description of the analytical form-finding procedure used in the work 126 

can be seen in [21,23]. 127 

2.3 Super-stability of tensegrity structures 128 

A tensegrity is considered to be stable if it returns to its equilibrium configuration after 129 

release of small enforced deformations. The stability of tensegrity structures has been 130 

discussed in detail in [23,36,37]. In this work the super-stability criterion of tensegrity 131 

structures has been adopted. A tensegrity is called super-stable if it is always stable, 132 

regardless its prestress and material properties [37,38]. The super-stability conditions of 133 

tensegrities are [36–38]: 134 

i. The rank deficiency of the force density matrix D is exactly d + 1. 135 

ii. The force density matrix D is positive semi-definite. 136 

  

a3(q1,…,qm ) = 0

a2(q1,…,qm ) = 0

a1(q1,…,qm ) = 0

⎫

⎬
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⎪
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iii. The rank of the geometry matrix G is (d 2 + d)/2. 137 

The definition of the geometry matrix G can be seen in [36]. 138 

 139 

3. Tensegrity families and truncated regular polyhedral tensegrities: topological and 140 

geometrical construction of tensegrity structures 141 

Tensegrity structures can be constructed by assembling elementary cells [39,40]. In Pugh 142 

[39] two patterns are identified (among others): the diamond and the zigzag patterns. In 143 

the diamond pattern cables form diamonds or rhombic cells with a strut defining one 144 

diagonal (see Figure 2.a). In the case of the zigzag pattern, an opposite pair of cables of 145 

a diamond cell are removed and a new cable is added in such a way that form a Z shape 146 

between the ends of the strut (see Z-shaped cell in Figure 2.b). 147 

 148 

Figure 2. Diamond or rhombic (a) and zigzag or Z-shaped (b) elementary cells (black and grey lines 149 
correspond to cables and struts respectively). 150 

3.1 Tensegrity families. The octahedron family 151 

A group of tensegrity structures that share a common connectivity pattern forms a 152 

tensegrity family [23]. The octahedron family is composed by the octahedron, the 153 

expanded octahedron and the double-expanded octahedron [23]. Each member of the 154 

family has as folded forms all the previous members of the family. Folded forms are 155 

tensegrity structures with nodes having the same coordinates (i.e. the nodes have the same 156 

position in the space) [21]. On the contrary, full forms are tensegrity structures all nodes 157 

have different coordinates one to one. 158 

The first member of the family (the octahedron in Figure 3.a) is composed by 3 rhombic 159 

cells [23]. The second member is the expanded octahedron (see Figure 3.b), which is 160 

(a) (b)
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composed by 6 rhombic cells [23]. The expanded octahedron comes from the expansion 161 

of the octahedron, by duplicating all its members and nodes following the topological 162 

rules of the family. In addition, it was demonstrated that the octahedron is a folded form 163 

the expanded octahedron [23]. Finally, the third component of the octahedron family (the 164 

double expanded-octahedron, see Figure 3.c) was obtained in [23] from the expansion of 165 

the expanded octahedron taking into consideration the particular topological rules of the 166 

family. The double-expanded octahedron is composed by 12 rhombic cells [23]. In the 167 

three members of the octahedron family shown in Figure 3 only two possible values of q 168 

were considered: cables and struts. 169 

 170 

Figure 3. Members of the octahedron family: the octahedron (a), the expanded-octahedron (b) and 171 
the double-expanded octahedron (c). Black and grey lines correspond to cables and struts 172 
respectively. 173 

Tensegrity families can be considered as a great source of new tensegrity forms whose 174 

members are obtained based on topology. These new forms can be obtained either from 175 

an expansion process or by introducing a higher number of different force:length ratio 176 

values for both cables and struts. 177 

3.2 Truncated regular polyhedral tensegrities 178 

Truncated regular polyhedral tensegrities are tensegrity structures defined geometrically 179 

from truncated regular polyhedrons [22,27,28]. Nodes in this type of tensegrities coincide 180 

with the vertices of a truncated polyhedron. Then tensegrities are constructed following 181 

(a) (b) (c) 
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the procedure proposed by Li et al. [40]. Let us consider the truncated tetrahedron shown 182 

in Figure 4.a as an example. In a truncated regular tetrahedral tensegrity each cable 183 

corresponds with an edge of the truncated tetrahedron (see Figure 4.b). The struts connect 184 

some vertices following the pattern of the Z-shaped elementary cells proposed in [40]. In 185 

Figure 4.b only a Z-shaped cell is depicted. The diamond or rhombic truncated 186 

tetrahedron can be constructed from a Z-based one simply by replacing Z-shaped cells 187 

with rhombic cells [22,29] (see Figure 4.c). As in Figure 4.b, in Figure 4.c only a rhombic 188 

cell is represented for the sake of clarity of the figure. Similarly, rhombic truncated 189 

tetrahedral, cubic, octahedral, dodecahedral and icosahedral tensegrities can be obtained 190 

following the same rules (see [22]). 191 

 192 

Figure 4. (a) Truncated regular tetrahedron, (b) connectivity rules of the truncated regular 193 
tetrahedral tensegrity and (c) connectivity rules of the rhombic truncated tetrahedron. In (b) and (c) 194 
only a Z-shaped cell and a rhombic cell are drawn. Red, blue and gray lines correspond to type 1 195 
cables, type 2 cables and struts, respectively. (For interpretation of the references to color in this 196 
figure legend, the reader is referred to the web version of this article). 197 

It is obvious that the number of cables in a rhombic tensegrity is higher than in a Z-based 198 

tensegrity. As can be seen in Figure 4.b and 2.c the cables of truncated tensegrities 199 

constructed by both elementary rhombic or Z-based cells can be grouped into two types: 200 

type 1 (truncating cables) and type 2 (remaining cables). So, each Z-shaped cell consists 201 

of two type 1 cables and one type 2 cable while each rhombic cell consists of two cables 202 

of both type 1 and type 2.  203 

 204 

(a) (b) (c)
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4. The Z-octahedron family: a new family of tensegrity structures 205 

All the members of the octahedron family presented in [23] were formed by rhombic 206 

cells. Rhombic cells are connected among them following some rules regarding the 207 

connectivity pattern of the octahedron family defined in [23]. In this piece of work, a new 208 

tensegrity family (the Z-octahedron family) is defined. Taking advantage of the work 209 

carried out in [23], the members of the Z-octahedron family are obtained replacing the 210 

rhombic cells of the members of the octahedron family with Z-shaped cells. This design 211 

method based on cell substitution has been used in several scientific works [22,29]. 212 

Consequently, both tensegrity families have a similar (but not exactly the same) 213 

connectivity pattern. In addition, a higher number of possible values of q is considered in 214 

the Z-octahedron family in comparison with the work carried out in [23]. 215 

4.1 The Z-octahedron 216 

Figure 5 shows the plane connection graph of both the Z-octahedron (a) and the 217 

octahedron (b). A plane connection graph is a graphical representation of the connectivity 218 

between the nodes of a tensegrity structure [23] and it is defined following certain 219 

topological rules, which are specific for each family (in the case of Figure 5.b, the 220 

octahedron family [23]).  221 

 222 

Figure 5. Plane connection graph of the Z-octahedron (a) and of the octahedron (adapted from [23]) 223 
(b). 224 
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Diamond cells of the octahedron (Figure 5.b) are replaced by Z-shaped cells in order to 225 

obtain the plane connection graph of the Z-octahedron (Figure 5.a). In the form-finding 226 

process of the octahedron carried out in [23] it was considered that all the struts and ties 227 

have the same force:length ratio value respectively. In this work three different values of 228 

force:length ratio are going to be considered in the definition of the Z-octahedron family: 229 

qc1 for type-1 cables (continuous black lines in Figure 5.a), qc2 for type-2 cables (dashed 230 

black lines in Figure 5.a) and qb for struts (grey lines in Figure 5.a). Type-1 and type 2 231 

cables have been identified following the rule of the Z-shaped elementary cell depicted 232 

in Figure 4.b. 233 

The plane connection graph shown in Figure 5.a proves that the construction of the Z-234 

octahedron is impossible and so it does not exist. Note that there are members that are 235 

simultaneously defined as both strut and cable (see, for example, the two members 236 

connecting nodes 1 and 2 in Figure 5.a). 237 

4.2 The Z-expanded octahedron 238 

The plane connection graph of the Z-expanded octahedron can be seen in Figure 6.a. As 239 

in the previous case, it has been constructed based on the plane connection graph of the 240 

second member of the octahedron family (i.e. the expanded octahedron, see Figure 6.b) 241 

by replacing the rhombic cells by Z-shaped cells. The Z-expanded octahedron has 24 242 

members (6 struts and 18 cables) and 12 nodes. The connectivity matrix CÎÂ24×12 of the 243 

Z-expanded octahedron is defined based on its plane connection graph (see Figure 6.a). 244 
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 245 

Figure 6. Plane connection graph of the Z-expanded octahedron (a) and of the expanded octahedron 246 
(adapted from [23]) (b). 247 

Let us consider again three different values of q: qc1 for type-1 cables, qc2 for type-2 cables 248 

and qb for struts (continuous black lines, dashed black lines and grey lines in Figure 6.a 249 

respectively), resulting in QÎÂ24×24. Once matrices C and Q are defined, the force 250 

density matrix DÎÂ12×12 is computed. Then the characteristic polynomial p(l) of D is 251 

computed and the non-degeneracy condition of a three dimensional tensegrity shown in 252 

Eq. (2) is imposed. For the sake of simplicity, two independent normalized force:length 253 

ratios taken as Q1 = -qc1/qb > 0 and Q2 = -qc2/qb > 0 are considered as in [22]. By doing 254 

so, coefficients a3, a2 and a1 of p(l) are expressed in terms of Q1 and Q2 (see Eqs. (A1), 255 

(A2) and (A3) of the Appendix A). The resultant system of equations a1 (Q1, Q2) = a2 256 

(Q1, Q2) = a3 (Q1, Q2) = 0 has the following solutions: {qb = 0} (not considered), {Q1 = 257 

0, Q2 = 0} (not considered), {Q1 = 0, Q2 = 1} (not considered), {Q1 = 1, Q2 = -1} (not 258 

possible because Q2 < 0) and the expressions shown in Eqs. (3) and (4). 259 
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 (3) 

 (4) 

All the equilibrium shapes of the Z-expanded octahedron considering three different 260 

values of q are collected in Eqs. (3) and (4). However, not all of them fulfill the super-261 

stability conditions defined in Subsection 2.3. Hence, a study about the super-stability of 262 

the tensegrity forms resulting from Eqs. (3) and (4) must be carried out. 263 

Figure 7.a shows the Q1 – Q2 curves resulting from Eqs. (3) and (4). Firstly, the condition 264 

Q1 and Q2 > 0 is checked. If this condition is not fulfilled, cables have become struts or 265 

vice versa. According to this criterion, curve 1 of Eq. (4) and the part of the curve of Eq. 266 

(3) which is not in the region Q1 > 0 and Q2 > 0 must be excluded from the study. 267 

Secondly, condition (i) of the super-stability criterion is imposed, for which the rank 268 

deficiency of the resulting matrix D must be exactly d+1 (in this case 4). Tensegrity forms 269 

obtained from curve 2 of Eq. (4) and from the region Q1 > 0 and Q2 > 0 of Eq. (3) (which 270 

coincides with 0 < Q1 < 2/3) have exactly 4 zero-eigenvalues. Thirdly, condition (ii) of 271 

the super-stability criterion is imposed, for which matrix D must be positive semi-272 

definite. Figure 7.b shows the minimum eigenvalue of matrix D for all the Q1 – Q2 pairs 273 

obtained from Eq. (3) in the region Q1 > 0 and Q2 > 0 considering qc = -1. It can be seen 274 

from Figure 7.b that there is always a negative eigenvalue, so tensegrity forms resulting 275 

from Eq. (3) do not fulfill condition (ii) of super-stability and they are excluded from the 276 

analysis. On the contrary, the matrix D of the tensegrities obtained from curve 2 of Eq. 277 

(4) are always positive semi-definite. Finally, condition (iii) of the super-stability states 278 

that the rank of the geometry matrix G must be (d 2 + d)/2 = 6 (with d = 3, three-279 

dimensional tensegrity). The tensegrity forms obtained from curve 2 of Eq. (4) have a 280 
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geometry matrix with a rank of six. Consequently, all the Q1 – Q2 pairs defined by curve 281 

2 of Eq. (4) lead to tensegrity forms that fulfills all the super-stability conditions given in 282 

Section 2.3 and they can be considered as super-stable tensegrity structures. 283 

 284 

Figure 7. (a) Q1 - Q2 self-equilibrium curves of the Z-expanded octahedron (Eqs. (3) and (4)) and (b) 285 
minimum eigenvalue of D for the Q1 - Q2 curve of Eq. (3) in the region Q1 > 0 and Q2 > 0. 286 

Figure 8 shows three equilibrium configurations of the Z-expanded octahedron 287 

considering different Q1 – Q2 pairs of curve 2 of Eq. (4). It can be seen that, as Q1 288 

increases in Eq. (4), the resultant tensegrity resembles more a truncated tetrahedron (see 289 

Figure 8). In [28] the truncated regular tetrahedral tensegrity is obtained by geometrical 290 

intuition based on a regular truncated tetrahedron and following the procedure proposed 291 

by Li et al. [40]. The connectivity of the nodes of this tensegrity coincides with the one 292 

of the Z-expanded octahedron (indicated in Figure 6.a) being the only difference that the 293 

latter is obtained based only on topology. In Tibert and Pellegrino [9] an equilibrium 294 

configuration of a truncated tetrahedral tensegrity was defined: qs1 = 1, qs2 = 1.3795 and 295 

qc = -0.6672 (which corresponds with Q1 = 1.499 and Q2 = 2.068). This solution is in 296 

complete agreement with the analytical study presented in the work, because it 297 

corresponds to one of the Q1 - Q2 pairs of curve 2 of Eq. (4). The solution obtained in 298 
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Tibert and Pellegrino [9] is the one shown in Figure 8.a. If condition Q1 = Q2 is imposed 299 

in Eq. (4), the analytical solution is Q1 = Q2 = (1 + Ö41)/10 (see Figure 8.b).  300 

 301 

Figure 8. Equilibrium shapes of the Z-expanded octahedron obtained from the plane connection 302 
graph shown in Figure 6.a considering different values of q. (a) Q1 = 1.499 & Q2 = 2.068 (Eq. (4)) & 303 
qb = -1, (b) Q1 = (1 + Ö41)/10 & Q2 = (1 + Ö41)/10 (Eq. (4))  & qb = -1 and (c) Q1 = 3 & Q2 = 1.297 (Eq. 304 
(4)) & qb = -1. Black continuous and dashed lines and grey lines correspond to qc1, qc2 and qb 305 
respectively in accordance with Figure 6.a. 306 

4.3 The Z-double-expanded octahedron 307 

The plane connection graph of the Z-double-expanded octahedron can be seen in Figure 308 

9.a. It is constructed based on the plane connection graph of the double-expanded 309 

octahedron (see Figure 9.b) replacing the rhombic cells by Z-shaped cells. Consequently, 310 

the Z-double-expanded octahedron has 48 members (12 struts and 36 cables) and 24 311 

nodes. As in the previous cases, the connectivity matrix of the Z-double-expanded 312 

octahedron CÎÂ48×24 is constructed based on its plane connection graph (see Figure 9.a).  313 
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 314 

Figure 9. Plane connection graph of the Z-double-expanded octahedron (a) and of the double-315 
expanded octahedron (adapted from [23]) (b). 316 

Three different values of q are considered: qc1 for type-1 cables, qc2 for type-2 cables and 317 

qb for struts (continuous black lines, dashed black lines and grey lines in Figure 9.a 318 

respectively), resulting in QÎÂ48×48. As in the previous case, matrix D ÎÂ24×24 is 319 

computed and the coefficients a3, a2 and a1 of its corresponding characteristic polynomial 320 

p(l) are expressed in terms of Q1 and Q2. The expressions of a1 and a2 can be seen in Eqs. 321 

(A4) and Eq. (A5); the expression of a3 is not shown due to its length. The resultant 322 

system of equations a1 (Q1, Q2) = a2 (Q1, Q2) = a3 (Q1, Q2) = 0 has the following solutions: 323 

{qb = 0} (not considered), {Q1 = 0} (not considered), {Q1 = 0, Q2 = 1} (not considered), 324 

{Q1 = 1, Q2 = -1} (not possible because Q2 < 0), {Q1 = 2/3, Q2 = 0} (not considered) and 325 

the expressions shown in Eqs. (3), (4) and (5). 326 

 (5) 

It can be noted that the solutions shown in Eqs. (3) and (4) are present in both the Z-327 
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expanded octahedron and the Z-double-expanded octahedron. In this case Eqs. (3) and 328 

(4) correspond to a Z-expanded octahedron but with two nodes sharing the same position 329 

in the space (that is, duplicated nodes). This proves that the Z-expanded octahedron is a 330 

folded form of the Z-double-expanded octahedron and so they belong to the same family 331 

[23]. 332 

The next step is to study whether the superstability condition of the equilibrium 333 

configurations of the Z-double-expanded octahedrons collected in Eqs. (3), (4) and (5) is 334 

fulfilled. Figure 10.a shows the Q1 - Q2 curves of the expressions shown in Eqs. (3), (4) 335 

and (5). First of all, the condition Q1 > 0 and Q2 > 0 is checked. Curve 2 of Eqs. (4) and 336 

(5) and the region 0 < Q1 < 2/3 of Eq. (3) are the only solutions which fulfill this condition. 337 

So the rest of the curves are excluded from the analysis. Then the three super-stability 338 

conditions defined in Section 2.3 are checked. Condition (i) of the super-stability implies 339 

that the resulting matrix D must have 4 zero-eigenvalues in order to obtain a three-340 

dimensional tensegrity. This condition is fulfilled by curve 2 of Eqs. (4) and (5) and by 341 

the region 0 < Q1 < 2/3 of Eq. (3). Secondly, condition (ii) implies that the corresponding 342 

matrix D must be positive semi-definite. Figure 10.b shows the minimum eigenvalue of 343 

D corresponding to the Q1 - Q2 pairs defined by curve 2 of Eqs. (4) and (5) and the region 344 

0 < Q1 < 2/3 of Eq. (3) considering qc = -1. It can be seen that curve 2 of Eq. (4) and the 345 

region 0 < Q1 < 2/3 of Eq. (3) always have a negative eigenvalue. As Q1 increases, the 346 

minimum eigenvalue of curve 2 of Eq. (4) approaches zero from the bottom and so the 347 

condition (ii) of the super-stability criterion is not fulfilled. Consequently, curve 2 of Eq. 348 

(4) and the region 0 < Q1 < 2/3 of Eq. (3) are excluded from the analysis. Finally, 349 

condition (iii) of the super-stability criterion states that the rank of the geometry matrix 350 

G must be 6 (in the case of a three-dimensional tensegrity). The tensegrity forms obtained 351 

from curve 2 of Eq. (5) have a geometry matrix with a rank of six. Therefore, all the Q1 352 
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– Q2 pairs defined by curve 2 of Eq. (5) lead to a tensegrity form that fulfills all the super-353 

stability conditions given in Section 2.3 and they can be considered as super-stable 354 

tensegrity structures. 355 

 356 

Figure 10. (a) Q1 - Q2 self-equilibrium curves of the Z-double-expanded octahedron (Eqs. (3), (4) and 357 
(5)) and (b) minimum eigenvalue of D for the Q1-Q2 curves of Eqs. (3), (4) and (5) when both Q1 > 0 358 
and Q2 > 0 are fulfilled. 359 

Figure 11 shows some equilibrium configurations of the Z-double-expanded octahedron 360 

considering different q values according to Eq. (5). If condition Q1 = Q2 is imposed in 361 

Eq. (5), the analytical solution Q1 = Q2 = 7/3 is obtained (see Figure 11.b). 362 

 363 

Figure 11. Equilibrium shapes of the Z-double-expanded octahedron obtained from the plane 364 
connection graph shown in Figure 9.a considering different values of q. (a) Q1 = 5/3 & Q2 = 5 (Eq. (5)) 365 
& qb = -1, (b) Q1 = 7/3 & Q2 = 7/3 (Eq. (5))  & qb = -1 and (c) Q1 = 6 & Q2 = 1.286 (Eq. (5)) & qb = -1. 366 
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Black continuous and dashed lines and grey lines correspond to qc1, qc2 and qb respectively in 367 
accordance with Figure 9.a. 368 

As can be seen in Figure 11, as Q1 increases in Eq. (5), the Z-double-expanded octahedron 369 

resembles more a truncated cube. 370 

In [28] a truncated regular cubic tensegrity was defined by purely geometrical intuition 371 

following the procedure proposed by Li et al. [40]. However, the connectivity between 372 

the nodes of the tensegrity in [28] is not the same than the one of the Z-double-expanded 373 

octahedron represented in Figure 9.a. In both cases the cables coincide with the edges of 374 

the regular truncated cube but the connectivity of the struts is different. In fact, there can 375 

be different tensegrity structures that share the same strut or cable arrangement but with 376 

a different connectivity pattern [28,41]. Figure 12.a and 12.b show the connectivity 377 

pattern of the struts of both the truncated regular cubic tensegrity [28] and the Z-double-378 

expanded octahedron. As can be seen in Figure 12.c, struts in the Z-double-expanded 379 

octahedron connects nodes located in the same face of the polyhedron while, on the 380 

contrary, in the truncated regular cubic tensegrity [28] struts connect nodes located at 381 

different faces. It must be highlighted that the truncated regular cubic tensegrity [28] was 382 

defined by geometrical intuition, whereas the Z-double-expanded octahedron has been 383 

obtained from topology. 384 

 385 (a) (b) (c) 
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Figure 12. Truncated cube with: (a) strut connectivity of the truncated regular cubic tensegrity [28], 386 
(b) strut connectivity corresponding to the Z-double-expanded octahedron and (c) detail of the 387 
difference between (a) and (b). 388 

 389 

5. Conclusions 390 

A new tensegrity family is presented: the Z-octahedron family. The rhombic cells of the 391 

members of the octahedron family (the octahedron, the expanded octahedron and the 392 

double-expanded octahedron) have been replaced by Z-shaped cells, leading to the 393 

definition of the new Z-octahedron family. Consequently, it can be considered that the 394 

octahedron family presented in [23] is a good source of tensegrity forms. 395 

In contrast with [23], where only two possible values of q were considered (cables and 396 

struts), in this work three different values of q are considered: one for struts and two for 397 

cables. An analytical analysis has been carried out during the form-finding process and 398 

super-stable tensegrity forms have been obtained. It has been demonstrated the 399 

inexistence of the Z-octahedron because for this particular case the connectivity pattern 400 

leads to some incongruences. However, the Z-expanded octahedron and the Z-double-401 

expanded octahedron have been presented. The Z-double-expanded octahedron contains 402 

as folded forms all the equilibrium configurations of the Z-expanded octahedron, which 403 

is a necessary condition for tensegrity families. 404 

It has been proved from topology that both the Z-expanded octahedron and the Z-405 

double-expanded octahedron can also be obtained by purely geometrical intuition from 406 

a truncated regular tetrahedron and cube respectively.  407 

 408 

Appendix A. Polynomials a1, a2 and a3. 409 

For the Z-expanded octahedron presented in Section 4.2 the polynomials a1, a2 and a3 410 

are the following:  411 
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 (A1) 

 (A2) 

 (A3) 

For the Z-double-expanded octahedron presented in Section 4.3 the polynomials a1, a2 412 

and a3 are the following:  413 

 (A4) 

 (A5) 

 414 
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