POINTWISE MULTIPLIERS BETWEEN SPACES OF
ANALYTIC FUNCTIONS

DANIEL GIRELA AND NOEL MERCHAN

ABSTRACT. A Banach space X of analytic function in D, the unit disc in C,
is said to be admissible if it contains the polynomials and convergence in X
implies uniform convergence in compact subsets of D.

If X and Y are two admissible Banach spaces of analytic functions in D and
g is a holomorphic function in D, g is said to be a multiplier from X to Y if
g-f €Y forevery f € X. The space of all multipliers from X to Y is denoted
M(X,Y), and M(X) will stand for M (X, X).

The closed graph theorem shows that if g € M(X,Y") then the multiplication
operator M, defined by M,(f) =g f, is a bounded operator from X into Y.

Is is known that M (X) C H* and that if g € M (X), then ||g| g < || M,].
Clearly, this implies that M(X,Y) Cc H* if Y C X. If Y ¢ X, the inclusion
M(X,Y) C H* may not be true.

In this paper we start presenting a number of conditions on the spaces X and
Y which imply that the inclusion M(X,Y) C H* holds. Next, we concentrate
our attention on multipliers acting an BM O A and some related spaces, namely,
the Qs-spaces (0 < s < 00).

1. INTRODUCTION

Let D = {z € C : |z] < 1} denote the open unit disc in the complex plane
C and let Hol(D) be the space of all analytic functions in D endowed with the
topology of uniform convergence in compact subsets.

Let us recall that if f € Hol(D) and 0 < r < 1, then the integral means

1 27 0\ |P 1/p .
M,(r, f) of f are defined by M,(r, f) = <% o f(re?)] d@) ,if 0 < p < o0,

and M (r, f) = max.|—, | f(z)|. For 0 < p < oo the Hardy space H” consists of
those functions f, analytic in D, for which

def
1flle = sup My(r, f) < oo.
o<r<1

We refer to [17] for the theory of Hardy spaces.

Throughout the paper we shall be dealing with linear subspaces of Hol(ID) which
are Banach spaces of F-spaces, contain the polynomials, and are continuously
embedded in Hol(DD). Such spaces X will be said to be admissible.

The Hardy spaces are admissible and so are most of the relevant classical
spaces of analytic functions in D such as the weighted Bergman spaces AP and
the weighted Dirichlet spaces D2 (p > 0, a — 1); the space BMOA; the Bloch
space B; the Q*-spaces (0 < s < o0); the mean Lipschitz spaces A2 (1 < p < oo,
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0 < a <1). Regarding the definitions, notations, and theory of these spaces, we
mention [18, 26, 46] for the Bergman spaces, [0] for the Dirichlet-type spaces, [22]
for BMOA, [4] for the Bloch space, [39, 40] for the Q)s-spaces, and [11, 17] for
the mean Lipschitz spaces.

If g € Hol(DD), the multiplication operator M, is defined by

My(f)(2) € g(2)f(2), f € Hol(D), = € D.

If g € Hol(D) and X and Y are two admissible subspaces of Hol(D), g is said to
be a multiplier from X to Y if M (X) C Y. The space of all multipliers from X
to Y will be denoted by M (X,Y) and M (X) will stand for M (X, X). Using the
closed graph theorem we see that if g € M (X,Y") then M, is continuous from X
into Y.

If X is an admissible subspace of Hol(D) then it is well known that
M(X) ¢ H*, (1.1)

(see e.g. [2] and [37]). Arévalo and Vukotié¢ [7] have recently characterized the
spaces X for which M (X) = H®.

Using (1.1) we readily see that if X and Y are two admissible subspaces of
Hol(ID) then
X cCcY = MX,)Y)cC H*™. (1.2)

The inclusion M (X,Y) C H® is not true in general. For example, if 0 < p <
oo and o > —1, we have

M(H®, H?) = H” ¢ H®, M(H>®, A?) = A? ¢ H>.

In Section 2 we consider the question of finding conditions on the admissible
spaces X and Y which imply that M(X,Y) € H*® even if Y ¢ X. In Section 3
we will deal with questions relative to multipliers of the space BMOA and, more
generally, on the ),-spaces.

Let us close this section by saying that, as usual, we shall be using the con-
vention that C' = C(p, «, q, 3, ...) will denote a positive constant which depends
only upon the displayed parameters p, a, ¢, 5 ... (which sometimes will be omit-
ted) but not necessarily the same at different occurrences. Furthermore, for two
real-valued functions Ki, Ky we write K1 < Ky, or Ky 2 K, if there exists a
positive constant C' independent of the arguments such that K7 < CKs, respec-
tively K1 > CKs. If we have K7 < Ky and K; 2 K, simultaneously, then we say

that K7 and Ky are equivalent and we write K < K.

2. CONDITIONS WHICH IMPLY THE INCLUSION OF M(X,Y) IN H*®

We let Aut(ID) denote the set of all disc automorphisms, that is, of all conformal
mappings ¢ from D onto itself. Tt is well known that Aut(DD) coincides with the
set of all Mobius transformations from D onto itself:

Aut(D) = { A, : [N =1,a€ D},
where ¢,(z) = (a — 2)/(1 —az) (z € D).
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A linear subspace X of Hol(DD) is said to be conformally invariant or Mdbius
invariant if whenever f € X, then also fo¢ € X for any ¢ € Aut(D) and,
moreover, X is equipped with a semi-norm p which is not identically zero on X
for which there exists a positive constant C' such that

p(fop) < Cp(f), whenever f € X and ¢ € Aut(D).

Following [35], if the closed ball X; = {f € X : p(f) < 1} is a closed subset
of Hol(D), we say that X is “natural”. We mention [5], [33] and [46] as general
references for the theory of Mdbius invariant spaces which have been extensively
studied in recent years (see, e.g., [3, 9, 15, 16, 24, 35, 45, 416]).

If X is an admissible subspace of Hol(ID) then the point evaluation functionals
are continuous in X. Then using the results [35, Proposition 1.8] and [33] we
have the following result.

If X is an admissible and natural conformally invariant space of analytic func-
tions in D, then

B'c X c B

and the inclusions mappings are continuous.

The following spaces are admissible and natural conformally spaces.
e The Bloch space B which consists of those f € Hol(D) such that

p() Fsup (1= 2) |f'(2)] < oo

The Schwarz-Pick lemma easily implies that p, is a conformally invariant semi-
norm, thus B is a conformally invariant space. It is also a Banach space with the
norm || - || defined by [[f]ls = |f(0)] + ps(f).

e The space BMOA which consists of those f € H! whose boundary values
have bounded mean oscillation. Alternatively, a function f € Hol(ID) belongs to

BMOA if and only if

I£llsaoa = 1£O)] + II£ll. < oo,
where
Il = sup |If o T = F(T(0)]]=-
Te€Aut(D)
The seminorm || - ||, is conformally invariant.

e The Besov spaces BP, 1 < p < oo, which are defined as follows:
If1<p<oo, B = Dy, Thus a function f € Hol(D) belongs to B” if and
only if
def

1flle> = [£O)] + pp(f) < o0,

where
wih) = ( [a=pprirer dA(z))l/p.

All B? spaces (1 < p < oo) are conformally invariant with respect to the semi-
norm p,.
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The minimal Besov space B! consists of those f € Hol(D) such that f” € A%
Another definition of B! is given in [5]. Using this definition, it becomes clear
that B! is conformally invariant (see also [9]).

e The Q,-spaces, 0 < s < oo. A function f € Hol(D) is said to belong to Qs if

EF0)] + pa.(f) < oo,

where

pa ()% sup (/ PP - T() >8dA<z>>1/2<oo'

TeAut(D

For 0 < s < 00, the space (), is conformally invariant with respect to the seminrm
pq,- Let us recall that Qs = B for all s > 1 and that (); = BMOA. The Qs
spaces, 0 < s < 1, form a family of proper subspaces of BMOA, which increase
with s.

The authors proved in [24] the following result.

Theorem A. If X and Y are two admissible and natural conformally invariant
spaces of analytic functions in D then M(X,Y) C H*.

Next we are going to obtain another result of the same kind. In order do so we
need to introduce the class of normal functions. A function f € Hol(D) is said to
be a normal function in the sense of Lehto and Virtanen [29] if

2y ')l
et DTGP
The set of all normal holomorphic functions in D will be denoted by N. It is
clear that any Bloch function is a normal function, that is, we have B ¢ N'. We
refer to [4], [29] and [32] for the theory of normal. In particular, we remark here
that if f € N, £ € 0D and f has the asymptotic value L at £then f has the
non-tangential limit L at €.

Let us recall that if a sequence of points {a,} in the unit disc satisfies the
Blaschke condition, y > (1 — |a,|) < oo, the corresponding Blaschke product B

is defined as
H ’an’ -
an, 1 — anz

Such a product is analytic in D. In fact, it is an inner function, that is, an H°°-
function with radial limit of absolute value 1 at almost every point of 9D [17,
Chapter 2].
The Blaschke sequence {a,} is said to be uniformly separated if there exists
0 > 0 such that
11

m#n
In such a case the associated Blaschke product B is an interpolating Blaschke
product. Equivalently,

Qp — Qm

>, for all n.

1—a,a,,

B is an interpolating Blaschke product << ir;fi(l —la,»)|B'(a,)| > 0. (2.1)
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We refer to [17, Chapter 9] and [20, Chapter VII| for the basic properties of
interpolating Blaschke products. In particular, we remark that an exponential
sequence is uniformly separated and that the converse holds if all the a;’s are
positive. Let us recall that a sequence {a, } of points in ID is said to be exponential
if there exists A € [0,1) such that

(1 —lans1]) < XA = lany|), for all n.

Lappan [28, Theorem 3] proved that if B is an interpolating Blaschke product
and f is a normal analytic function in D, the product B - f need not be normal.
Lappan used this to show that N is not a vector space.

Lappan’s result is a consequence of the following easy fact: if B is an inter-
polating Blaschke product whose sequence of zeros is {a,} and G is an analytic
function in D with G(a,) — oo, then f = B -G is not a normal function (and
hence it is not a Bloch function either). This result has been used to construct
distinct classes of non-normal functions in a good number of articles such as
[10, 13, 21, 42, 43] and lead us to see that if X and Y are two admissible sub-
spaces of Hol(ID) such that Y € N and X contains “enough” Blaschke products,
then M (X,Y) C H*. To be precise, we have the following result.

Theorem 2.1. Let X and Y be two admissible spaces of holomorphic functions
in D with Y C N and such that X contains all the Blaschke products whose
sequence of zeros is exponential. Then M(X,Y) C H™.

Proof. Take g € Hol(D) \ H> and let us see that g ¢ M(X,Y).

Take a sequence {a,} C D so that g(a,) — co. Let {b,} be a subsequence of
{a,} which is an exponential sequence and let B be the Blaschke product with
zeros {b,}. Then B € X and ¢ - B is not normal and, hence, g - B ¢ Y. This
implies that g ¢ M(X,Y) as desired. O

The classes of spaces considered in Theorem A and in Theorem 2.1 are some-
what ‘close’ to each other, but they are different. We have:

e H* BMOA and the Bloch space are natural and admissible conformally
invariant spaces which contain all Blaschke products.

e For 0 < s < 1, the space @), is also a natural and admissible conformally
invariant space not containing all Blaschke products but which contains
all Blaschke products B whose sequence of zeros is exponential [14].

e The Besov spaces B? (1 < p < 00) are natural and admissible conformally
invariant spaces but they do not contain infinite Blaschke products (see,
e.g. [19]).

We can find examples of non conformally invariant spaces which contain all
Blaschke products with an exponential sequence of zeros among the mean Lips-
chitz spaces AZ.

For 1 <p <ooand 0 < a <1, welet A? be the space of those f € Hol(D)
having a non-tangential limit at almost every point of dD and so that w,(-, f),
the integral modulus of continuity of order p of the boundary values f(e%) of f,
satisfies w, (9, f) = O(0%), as § — 0. When p = co we write A, instead of AZ.
This is the usual space of order cv. More precisely, a function f € Hol(ID) belongs
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to A, if and only if it has a continuous extension to the closed unit disc and its
boundary values satisfy a Lipschitz condition of order .

Classical results of Hardy and Littlewood (see [L1] and [17, Chapter 5]) show
that whenever 0 < a <1 and 1 < p < oo we have that A? C H? and that

AP = {f analytic in D: M,(r,f)=0((1—r)*h), asr—1). (2.2)

Thus, in particular, A} is the space of those f € Hol(ID) such that f’ € H*.

Let us recall that B? C AP1/p for all p € [1, 00).

The condition M,(r, f') = O ((1 — r)~') does not imply that f € H? (see [25]).
In spite of this we can use (2.2) to define the spaces Af. Thus:

For1 <p<ooand0 < a <1, we let AP, be the space of those f € Hol(D)
such that M,(r, ') = O ((1 —r)* 1), asr — 1.

If 1 <p<ooand (1/p) <a <1, then A2, C A,_(1/p) and, hence, each function
in A? has a continuous extension to the closed unit disc [11, p. 88]. This is not true
for the space A¥ Jp- This follows easily noticing that the function f(z) = log(1—z)
is an unbounded function which belongs to A¥ Ip for all p € (1,00). Bourdon,
Shapiro, and Sledd [11] proved that Af/p C BMOA for all p € (1,00). Using a
result of Verbitskii [36] (see also [1]), we can state the following result.

If either 1 < p < o0 and 0 < a < ]%, orifp=1and 0 < a < 1, then
the space AP is an admissible space which contains all Blaschke products with an
exponential sequence of zeros.

3. MULTIPLIERS OF BMOA AND RELATED SPACES

The logarithmic Bloch space Bi,g is the Banach space of those functions f &
Hol(ID) which satisfy

e 2
£ llog = 1F(0)] + sup(1 — |2[) (IOg —2> |[f'(2)] < oo. (3.1)
z€D 1-— ‘Z|
Brown and Shields [12] proved that
M(B) = By N H™.

Now we can improve Theorem A as follows.

Theorem 3.1. Let X andY be two admissible and natural conformally invariant
spaces of analytic functions in D and suppose that the function L defined by
L(z) =log = (z € D) belongs to X. Then M(X,Y) C By N H™.

Proof. Let p, and p, be the conformally invariant seminorms defining X and Y,
respectively. For 6 € R, set Ly(z) = L(e?2) (2 € D). Since (X, p,.) is conformally
invariant, Ly € X for all # € R and, furthermore, there exists C' > 0 such that

px(L0> < Ca 0 € R.
Take g € M(X,Y). Theorem A implies that g € H*.
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The multiplication operator M, is continuous from (X, p, ) into (Y, p,. ), Since
Y is continuously embedded in the Bloch space, it follows that M, is continuous
from (X, p, ) into (B, p,). Then it follows that there exists A > 0 such that

ps(gLg) < A, 60€eR. (3.2)

Thus,
i0

(1—|21*) |¢'(2)log + g(2) <A zeD, R

Taking z € D and choosing f € R such that ¢?z = |z|, we obtain

1—e2 1—e2

o0
(1= 12 |¢'(2)log 7—= + 9(2) 7 zeD.
| [T IITTR
Using this and the fact that g € H*, we deduce that
1 619
1—1]z)]¢'(2)]log—— < A 1—|z)? —_—
(1= P (g =7 < A4+ (1= |2 o)y

< A+ 2|gllye, z€D.

Thus g € Biog and, hence, g € By, N H>. [

Let us remark that the space X in Theorem 3.1 can be taken to any of the Q)
spaces. However, the function L does not belong to any of the Besov spaces BP
(1<p<o0).

The space M(BMOA) was characterized by Stegenga [34] and by Ortega and
Fabrega [30]. Pau and Peldez [31] and Xiao [11] characterized the spaces M (Qs)
(0 < s < 1) solving a conjecture formulated in [38]. The authors of this ar-
ticle generalized these results obtaining in [24] a characterization of the spaces
M(Qs,,Qs,) (0 < 51,82 < 1). Namely, they proved the following result.

Theorem B. Suppose that 0 < s1,89 < 1.

(1) If sy < s1 then the only multiplier g from Qs, into Qs, is the trivial one,
g=0.
(il)) If 0 < s1 < sy <1, then

M(Qsm QSQ) - QSQJOg N H™.
Here, for 0 <s <1, Qs log 18 the space of those f € Hol(D) such that

up )(mg ) [Ir@Pa-TERr i <. (33

TeAut(D

It is difficult to check whether or not a function g € Hol(ID) satisfies (3.3).
Hence, it is desirable to find simple conditions on g which are sufficient to ensure

that g € M(Qs,, @s,)-
For a € D, set

z € D.

1
L,(z) = log T2,

Using the characterization of M (BMOA) obtained by Ortega and Fabrega, that
is, the result in Theorem B in the case s; = sy = 1, Jevti¢ and Karapetrovic¢
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proved in [27] that a function f € Hol(ID) belongs to M(BMOA) if and only if
there exists a positive constant A such that ||gL.|srpoa < A for all a € D. We
extend this result as follows.

Theorem 3.2. Suppose that 0 < s; < sy < 1. A function f € Hol(D) belongs to
M(Qs,, Qs,) if and only if there exists a positive constant A such that

lgLallg., < A, for alla € D. (3.4)

Another simple sufficient condition is included in the following theorem.

Theorem 3.3. Suppose that 0 < s; < so < 1 and 1‘% <a<1l Then A, C

M(Qs,, Qsy)-
In particular, if 0 < o < 1, then A, C M(BMOA).

In order to prove these results we shall use a number of results connecting the
Qs-spaces and the Qg oe-spaces with measures of Carleson type.

If I C OD is an interval, |I| will denote the length of I. The Carleson square
S(I) is defined as S(I) = {re" : et €I, 1-— % < r < 1}. Also, for a € D, the
Carleson box S(a) is defined by

arg(az) < 1 —|al }
2T -2
If s > 0 and p is a positive Borel measure on D, we shall say that u is an
s-Carleson measure if there exists a positive constant C' such that

p(S(I)) <C|I|°, for any interval I C ID,
or, equivalently, if there exists C' > 0 such that
w(S(a)) <C(1—|a|)®, forallaecD.

S(a):{zeﬂ):l—\z|§1—|a|,

These concepts were generalized in [44] as follows: If p is a positive Borel
measure in D, 0 < a < oo, and 0 < s < 0o, we say that p is an a-logarithmic
s-Carleson measure if there exists a positive constant C' such that

u(s(1) (log %)
I

< C, for any interval I C 0D

or, equivalently, if
1 (5(@) (1o i)
sup
acD (1—lal?*)®

The @Q,-spaces can be characterized in terms of Carleson measures.

Theorem C. If 0 < s <1 and f € Hol(D), then f € Qs if and only if the Borel
measure ;. on D defined by

dp(z) = (1= [2]*)°1f'(2)[* dA(2)

1s an s-Carleson measure. Furthermore

I£llG, = sup ((S(a))(@ = al)™) .

< 00
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Let us remark for s = 1 this is essentially equivalent to the Fefferman’s duality
theorem (H')* = BMOA (see [22]) and that for 0 < s < 1 this was proved in [8].

The analogue of Theorem C for the Q) 10g-spaces is the following (see [24]).

Theorem D. If 0 < s < 1 and f € Hol(D), then f € Qs10g if and only if the
Borel measure p on D defined by

du(z) = (1= |21 £ ()" dA()

s an 2-logarithmic s-Carleson measure.

Proof of Theorem 3.2. Suppose (3.4). Since @, is continuously embedded into
BMOA, there exists B > 0 such that

||gLa||BMOA < B, for all @ € D. (35)
Now, (see e.g. [22, p.95]) it is well known that there exists a positive constant

M such that, for every f € BMOA,

2
|f(2)] < M| fllBmoalog 1——|z|’ z € D.

This and (3.5) gives that

2
SMB]Ogl—H, G,ZED.
— |z

1
9(2)log T

Taking z = a we obtain that g € H*.
It remains to prove that g € Qs 10g- This is equivalent to saying that the
measure 4 on D defined by

dp(z) = (1 [2*)°|¢'(2)|* dA(2)
is a 2-logarithmic so-Carleson measure. Clearly, (3.4) implies that g € Qs, and,

hence,
ftis an so-Carleson measaure. (3.6)

It is also clear that

|Lo(2)] < log and |1 —az| < |1 —laf>, =z € S(a).

1 —laf*”

Then we see that

(o) (108 7= ) = [ = EDIg LR AAC)
52 "(2)? z — 2])*2|g( = 2 1 z
S [ - EDHGLY PG + [ (0= Ao A

SlgLallg,, (1 =1al*)™ + llglfe (1 — lal*)™
SAY L= la*)™ + gl (1 = [al*)™.
0

Proof of Theorem 3.2. Suppose s1, So, and « are in the conditions of the theorem
and take g € A,. Let us prove that g € M(Qs,, Qs,)-
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Take f € ()5, We have to show that g - f € @)s,. Let u be the measure on D
defined by d (=) = (1 — |22)2|(g - f) (=) PdA(2).

Take € > 0 such that o > %jts. Since g € A, and f € @5, C Qs, C BMOA,
we have

o0 < L B g 2 1
gGH ’ |g()|§(1_|z|)1_a7 ’f()’51g1_|z|§(1_|2|)5
Then
(L —=12P)2g - /) () S A —=[2)2lg PP + (1= [2])2]g(2) P ()]
1 2 so 2| £/
S e 19170 (1 = [2])* 7 f(2),

where § =2 — 2a — s9 + 2¢.
Let I be an interval in 9D, say that [ = {e? : 0y < 0 < 0p+h} with 0 < h < 27,
Then

W(S(I) = /S L (=l YR dA) (3.7)

6o+h 1 1 ) ,
S —drd9+/ L —[2)*2 | f'(2)]? dA(2).
/90 /1_2;; (1—r)? S(I))( 121)PLf (2) P dA(2)

Bearing in mind that § = 2 — 2a — s9 + 26 < 1, we see that

ot 1 2—p +2(a—¢)
————drdf S h*P = prEeTs) < po2 (3.8)
/90 / (1—r)s

Also, since f € Qs, and s; < sy we have that f € (), and, hence, the measure
(1 — |2])%2]|f'(2)|* dA(z) is an sy-Carleson measure. Using this, (3.8), and (3.7)
we see that p is and sp-Carleson measure and, hence g - f € Qg,. [

It is natural to ask whether the condition g € A, can be substituted by another
weaker one:

e Theorem 1 of [19] shows the existence of a Jordan domain € with rectifiable
boundary and such that a conformal mapping ¢ from D onto {2 does not belong
to Byog. For this function g we have that g € A{ but g is not a multiplier of B.

e Theorem 1.4 of [23] shows that B ¢ M (B).

Using Theorem 3.1 we can extend this results as follows.

Theorem 3.4. Suppose that 0 < s1 < sy < 0o. Then:

(i) There exists a Jordan domain Q with rectifiable boundary such that if g is
a conformal mapping from D onto Q, then g € Al and g ¢ M(Qs,, Qs,).
(i) There exists a function g € B! such that g ¢ M(Qs,, Qs,)-
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