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ABSTRACT. To each weighted Dirichlet space Dp, 0 < p < 1, we as-
sociate a family of Morrey-type spaces DI§7 0 < A < 1, constructed
by imposing growth conditions on the norm of hyperbolic translates of
functions. We indicate some of the properties of these spaces, mention
the characterization in terms of boundary values, and study integration

and multiplication operators on them.

1. INTRODUCTION

Let D be the unit disc in the complex plane and Hol(DD) be the space of
analytic functions in D. A function f € Hol(D) belongs to the Hardy space
H? if

2m

1 ‘
1A N7 = W or ), |f(re”)[? df < oo
re(0,

If f € H? then the radial limits
lim f(re®) = f(e")

r—1

exist almost everywhere on the unit circle T and

1 2w )
Il = 5= | 1) ao. (1)

Recall that the space BMOA consists of all functions f € H? whose
boundary values f(e) have bounded mean oscillation, that is,

sup’—h/jﬁ(eie) — f]|2 df < oo, (1.2)
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where f; = ﬁ S o f (e)dt is the average of f over I, and the supremum is

taken over all subarcs I of T with length |I|. There are other equivalent
definitions for BMOA one of which is the following. For a € D let

a—z

©0a(2) z €D,

T 1-az
be the analytic automorphism of D which exchanges 0 with a, and for
f € H? consider the set of hyperbolic translates of f,

S(f)={fow.— f(a):a €D}
BMOA then can be defined as the space of all f € H? such that

IfllBaoa = [f(0)] + sup 1 0 pa = f(a)llu2 < oo, (1.3)

i.e. f € BMOA if and only if the set S(f) is bounded in the norm of HZ.
The above quantity defines a norm making BMOA a Banach space. More
information on BMOA can be found in [9].

Morrey spaces. Morrey spaces were introduced in the 1930’s in con-
nection to partial differential equations, and were subsequently studied as
function classes in harmonic analysis on Euclidean spaces. The analytic
Morrey spaces were introduced recently and studied by several authors, see
for example [18], [22], [23] and [11].

We recall the definition and some of their properties. Observe that

/|f(ew) —f[Pdo =0 as || =0,
I

for every f € H?, and the rate of this convergence to 0 depends clearly on
the degree of oscillation of f around its average f; on I. Given a A € (0, 1)
we can isolate functions f for which this rate of convergence is comparable
to [I|*. Thus for f € H? we set

1 i , 1/2
£ =sup (s [ 17 =P as) (1)
et N\ Ji
and define the space
H** = {f € H*: || f|r+ < 00}

This is a linear space. The seminorm || ||5. can be completed to a norm by
adding | f(0)| to it, making H?? into a Banach space.

It is clear that for A = 0 or A = 1, H?>* reduces to H?> and BMOA
respectively, and for 0 < \ < 1,

BMOA c H** c H?.
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Furthermore the following Carleson measure characterization holds

1
fem smpos [ PP dnE) <o (15)

et 1 Jsn
where

S(I)={re? 1 —I|<r<1,e’cI}

are the Carleson boxes based on arcs I C T and dm(z) is the planar
Lebesgue measure normalized so that the area of the unit disc is 1. This
and several other properties of Morrey spaces can be found in [22], [23] or
[20]. A characterization of H** analogous to (1.3) says that if f € H? then
f € H** if and only if

1
£ 15,0 = sup(l = |al?)2 V) f o o = f(a)llaz < oo, (1.6)
ac

and || fl|gza = |f(0)] + ||f]lxs« is & norm, equivalent to |f(0)] + ||f]lx.-
Equivalently H** can be constructed as the subspace of H? containing the
functions whose conformal translates have H? norms of restricted growth,
C
(1 Jaf2) 0=
with the constant C' depending only on f.
General Morrey-type spaces. We take the opportunity to notice that
the above construction can be carried out in more general terms. Suppose
X is a Banach space of analytic functions on D which contains the constant
functions and such that point evaluations f — f(a), a € D, are continuous
linear functionals on X. Suppose also that w : D — (0, c0) is an appropriate
weight function. Consider the Morrey-type space generated by (X, w) which
is defined to be the space M (X, w) of functions f € X such that fop, € X
for a € D and for which there is a constant C' = C(f) such that

| fops— fla)lx < Cw(a), acD.

Without any restrictions on w the space M (X, w) may reduce to M (X, w) =
{0} or M(X,w) = X or it may consist only of constant functions. But
generally there are weights, appropriate for the base space X, for which
M (X, w) is a nontrivial proper subspace of X. For example if w =1 on D
then this construction gives the Mébius invariant spaces M (X) generated
by X considered in [2], a particular case of which is M(H?) = BMOA.
A convenient class of weights that can be considered in this construction
are the radial weights, w(a) = w(]a|), and it may be assumed further that
w(|al) is nondecreasing in |a|. A particular such family is

w(a) =(1—la])™%, aeD, (1.8)

1f ova = fla)lln= < ja =1, (1.7)
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with s > 0. The specific choice wy(a) = (1 — |a|)"2 gives
M(H? wy) = H*, 0<A<1.

In the general case, if (X,w) is a pair for which the resulting space
M (X, w) is nontrivial, then the quantity

1
[ laexwy = [ F(0)] 4 sup ——|[f o pa — fla)||x
ach W

(a)

is a norm on M (X, w) and makes it into a Banach space. Interesting ques-
tions arise such as characterizing M (X, w) by Carleson measure type con-
ditions or in terms of boundary values of its functions. We will not pursue
this further here, but will concentrate instead on a family of spaces obtained
when X is a weighted Dirichlet space and w is of the form (1.8).

Dirichlet spaces and O, spaces. Recall the following estimate for the
norm of a function f € H?,

111 ~ F0)]* + /D [/ (2)F(1 = [2]*) dm(2),

where ~ means that each of the two quantities is dominated by a constant
multiple of the other for all f € H?. If the weight 1 —|z|? inside the integral
is replaced by log(1/|z|?) then the above estimate becomes an identity valid
for all f € H?, known as the Littlewood-Paley identity.

The weighted Dirichlet spaces D), 0 < p < oo, are defined to contain
those f € Hol(ID) for which

1FI3, = 1FO) + / PP = |22 dm(z) < oo,

This quantity is a norm. Clearly D; = H? with equivalence of norms, and
Dy is the classical Dirichlet space denoted by D. For p > 1, D, coincides
with a weighted Bergman space with weight (1 — |2])P72. If 0 < p < ¢ then

DcD,cCD,

and there is a constant C' = C(p,q) such that ||f|p, < C| f|p, for each
f €D,

As in the case of H? we can consider the Mobius invariant version of D,
that is the subspace of D, which consists of all f € D, such that the set
S(f) ={fops— f(a):a €D} is bounded in D,. These are the spaces Q,,
originally defined and studied by Aulaskari, Xiao and Zhao [6]. Under the
norm

1flle, = |f(0)|+§lelg\|fosoa—f(a)llz>p, (1.9)

they are Banach spaces and we have Qy = D, Q; = BMOA, while for
all p > 1, Q, coincides with the Bloch space B of functions that satisfy
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sup,ep(1 — 23] f(2)] < oo, see [19]. For the remaining values 0 < p < 1
the resulting spaces satisfy

D cC Q,Cc BMOA

and they form a strictly increasing chain of Mobius invariant spaces, char-
acterized by the Carleson measure condition,

feQ, e sup / P2 = 2P dm(z) < oo.
)

et [P Jsa

For information on these spaces see [19] and [20] and the references therein.
Dirichlet-Morrey spaces. Let 0 < p <1 and f € D,. The following

estimate is valid

_Clflo,

(1~ [aP)F

with the constant C' depending only on p. In analogy with the construction

of H?>* from the Hardy space H? = D, we define the Dirichlet-Morrey
spaces as follows.

If o pa = fla)llp, < a €D,

Definition 1.1. Let A\, p € [0,1]. We say that an f € Hol(D) belongs to
the Dirichlet-Morrey space D;)‘ if

1fllpy = [£(0)] + Slelg(l —a)?)50 V| f o @, — f(a)|lp, < oc. (1.10)

It is clear D;} is a linear space and the above quantity is a norm, under
which D{D\ is a Banach space. We see that D} = H** and that for each p,
Dzl) = Q, and Dg = D, and we have

Q,CDICD, 0<A<L

In the rest of the article we will state some basic properties of Dirichlet-
Morrey spaces, discuss briefly their characterization in terms of boundary
values and concentrate in Section 3 on the boundedness of integration op-
erators and pointwise multipliers.

We will write A < B between two quantities if there is a constant C' such
that A < CB for all values of the parameter involved in the quantities A, B.
If both A < B and B < A are valid we write A ~ B. When a constant C
appears, its value may be different from one step to the next.

2. SOME BASIC PROPERTIES

The following proposition gives a Carleson measure characterization of
DZ’}, which is analogous to (1.5) for Hardy-Morrey spaces
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Proposition 1. Let 0 < p,A < 1 and f € Hol(D). Then the following are
equivalent,

(1) f D).
2) 1 o =50 (7 o LF (2)P(1 = |22 dim(2) ) < oo,
rct
and the norm || f|lpy is comparable to |f(0)] + || f[|pxx-

Proof. Assume f € DI;\. For an interval I C T let ¢ be the midpoint of I
and let a = a; = (1 — |I])¢. Note that

L-a|~ |l =1—la|~1-la, =€ S,

thus

! (D21 = |2|2)P dm(z
W/Sm\f(zﬂ(l 22 dim(2)

1 (1 — laf*)*

~ I oy PO PP G dm )
SIS / 7P~ a2 dm(:)

~apy / F ()P |ea(2) PP dm(z)

= (1 = [a*)"Y / [(f 0 @a) () *(1 = [2[*)F dm(z)

= (1= aP)"" M| f o pu — f@)]3,
< £l

This is valid for each interval I C T and taking supremum shows that (1)
implies (2).

Conversely suppose (2) holds. That is, for the nonnegative measure
du(z) = |f(2)|*(1 — |z|*)? dm(z) there is a constant C such that

u(s) = [ duz) < cirp
S(1)
for all I C T, i.e. du is a pA-Carleson measure. Then for a € D,

I o pa= F@)l, = [ 11RO = lou) PP dm:)
L= 2P0 o)
- [1rer—E dm(z)

az|?

_ [ Q=P
—/ 1o dp(z).
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Thus we have

_ (1= Jaf?)>—P
supl—azp(1 I f o a sup/ —
sup(1 ol UV f o g0~ ), = sup [ ST

o [ L

ach Jp |1 —az|nA

dp(2)

< 00,

by using the characterization of Carleson measures in [20, Lemma 3.1.1]
with ¢ = 2p — pA > 0, completing the proof. O

Proposition 2. Let 0 < p, A < 1 then,
(1) There is a constant C = C(p, \) such that any f € D; satisfies

Cllfllp)

|f(2)] SW zeD (2.1)

(2) The function f,\(z) = (1 — 2)"20=Y belongs to D,.

Proof. (i) Suppose f € Dz)?\' We apply the inequality

9(0)? < p+1/|g 2(1 — 22 dim(2),

see [25, Lemma 4.12], valid for all analytic g on D, to the function g =
(f o pw — f(w)) to obtain

()21 — [w]2)? p+1/| 0 pu) (2)P(1L - |2[2)? din(2)

1
- Ty (< PP o o= S, )

(1-—
p+1
< (1—‘11}‘ ) (1=X) ||f||’D>\7

for each w € D. Thus

|/ (w)] <

(p+ 1)1/2
(1 = |w]?)™

Using this and the integration f(z) — f(0) = [ f'(¢)d¢ we obtain the
desired growth inequality.

(ii) We will verify that |f) ,(2)[*(1 — |z|*)? dm(z) is a pA-Carleson mea-
sure and then Proposition 1 gives the conclusion. In doing so, it is more
convenient to work with the equivalent family of Carleson lune-shaped sets

r Il weD.
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S(b,h) ={z€D:|b—z| <h}, where b € T and 0 < h < 1, than with the
Carleson boxes S(I),I C T. Thus it suffices to show that

1
SUp o | Foa(2)P(1 = [2[)P dm(2) < oo. (2.2)
beT,0<h<1 PPN Js(.p)
We have
(1=1]22)P
fal@P = PP dm) = 1 [ B2 dme)
/S(b,h) A ' Sy |1 — 2[2P0=Y
1
S T dm(2)
/S(b,h) 1 — z[>~»
1
< ——dm(z
/S(l,h) 1 — z[>~» =)
1
< —— dm(w
v o At
h
1
= /o T dr
= b\,
Thus (2.2) holds and the proof is finished. O

Observe that both parts of the above Proposition are also valid when
p=10<A<L

Proposition 3. Let A, p1, A2, p2 € (0,1). Then
Dyt CDy2 <= p1 < py and pr(1 — A1) < pa(1l — o).

Proof. Assume p; < py and py(1 — A1) < po(1 — Xp) and let f € D)! and
I CT. Then
1 / 2 2
—_— ()P (1 —z]*)P* dm(z
T S(])! ()7 (1 = [2]%) (2)

1 ! p1 p2—p1
= W/S(I) /()P = [P (1 = [2*)P 7 dm(2)

|]|P2*p1

< e [ 1P 2Py e

1
= o) (o [ PR = R ()

and by Proposition 1, it follows D[’J\ll C D;,\j.
Assume now that D?ll C Dﬁj. Then it is necessary that p; < py. The
easiest way to see this is to use the class HG of functions in Hol(D)
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whose Taylor series with center at 0 has Hadamard gaps. According to
[19, Theorem 1.2.1] for 0 < p < 1 we have HG N Q, = HG N D, and
for 0 < p < q <1 we have HGND, C HG ND,. If we assume that
p2 < p1 then Dy, C D, and using the assumption Dyl C D)> we will
have further Q, C D;}ll - Dﬁj C D,, € D,,. This would imply that
HGND,, = HGND,, which contradicts part of the above mentioned theo-
rem. In addition from (2.1) it follows easily that p;(1—X;) < pa(1—2X9). O

We next discuss the boundary values characterization of Dirichlet-Morrey
spaces. Recall the corresponding result for Dirichlet spaces and Q,, spaces
from [19, Lemma 6.1.1.]. If f € H* and 0 < p < 1, then f € D, if and only

if
— 2
/ﬂ‘/ﬂ‘% |dul|dv| < oo,

where the simplified notation is u = ¢ € T and |du| = df. This result
together with the fact that Q, is the Mobius invariant version of D,, is used
to prove Theorem 6.1.1. in [19] which says that for 0 < p < 1, f € Q, if

and only if
| f(u) — f(v)]?
su —du dv| < 00,
T ), ) e il

where the supremum is taken over all arcs I C T. The proof of this result
is rather long and technical. But it is easily adapted without any new con-
ceptual or technical requirements to obtain the following characterization
of Dirichlet-Morrey spaces.

Theorem 1. Suppose f € H? and let 0 < p,A\ < 1. Then f € Dz)?\ if and

only if
| f(u
su dul |dv| < oo.
Ic%?uw// Pp = i

3. POINTWISE MULTIPLIERS

Let X be a Banach space of analytic functions on ID. A function g €
Hol(DD) is said to be a multiplier of X if the multiplication operator

My(f)(z) = 9(2)f(2), [feX
is a bounded operator on X. For this it is usually enough to check that
M,(X) C X and apply the closed graph theorem. The space of all multipli-
ers of X is denoted by M (X). Multiplication operators are closely related to
integration operators .J, and I,. These are induced by symbols g € Hol(D)

as follows .
- [ fw)g v, zeD.
0
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/f dw, ze€D,

and act on functions f € Hol(D). The operators I, J, have been studied in
a number of papers, see for example [1], [3], [7], [9] and [10]. Their relation
to M, comes from the integration by parts formula

Jo(N)(z) = My(f)(2) = £(0)9(0) = L,(f)(2). (3.1)

This essentially says that if g is a symbol for which two of the operators
I,,J4, M, are bounded on a space X so is the third. It also says that it is
possible for two of the operators to be unbounded but the third is bounded
due to cancellation.

The space of multipliers is known for several of the classical spaces such
as Hardy and Bergman spaces. In particular for H?> = D; the space of
multipliers is M(H?) = H®, the algebra of bounded analytic functions.
For other Dirichlet spaces D, p € (0, 1), the situation is more complicated.
The description of M (D,) is in terms of D,-Carleson measures. Recall that
a positive Borel measure p on the disc is a D,-Carleson measure if there is
a constant C' = C'(u) such that

and

/D P du(z) <CIfIE,.  feD,

These measures were described initially by Stegena [16] with the help of
Bessel capacities, and similar characterizations were given by other authors.

In another approach, Arcozzi, Rochberg and Sawyer [4] described these
measures by a different condition, a simplified form of which is given in [8].
Accordingly a finite p is Dy-Carleson if and only if

Sup;/ (1(S(2) N S(w)))* dm(2) < o, (3.2)
(w)

web p(S(w)) (1 —[z[2)>*®
where for w € D the set S(w) on which integration takes place is the
Carleson box S(w) ={z€D:1—|z| <1— |w|, |arg(zw)| < 7(1 — |w]|)}.
It is convenient at this point to use the space W, of functions g € Hol(ID)
such that the measure

dpg(z) =1g'(2)]*(1 = |2]*)" dm(z)

is a D,-Carleson measure. This space has been studied [15] and [17]. The
multipliers of D, were described in [16] as follows.

Theorem A. Suppose 0 < p < 1 and g € Hol(D). Then g € M(D,) if
and only if g € H*® and du,(z) = |¢'(2)]*(1 — |2|?)? dm(z) is a D,-Carleson
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measure. In other words,
M(D,) = H*NW,.

On the other hand the multipliers of Q, are completely described in [13],
21] as follows.

Theorem B. Suppose 0 < p <1 and g € Hol(D). Then g € M(Q,) if and
only if g € H* and

2
<10g ﬁ) / 2 2\p
sup~— L [ g )R = ) dim(z) < . (3.3)
cr | S(1)
Thus if we denote by 9,1, the space of functions that satisfy (3.3) then
the above theorem says

M(Qp) =H>*nN Qp,10g~

It is not difficult to check that Q,1,s C W,. On the other hand it was shown
n [4] that W, C Q, and there is a simplified proof of this in [12, Lemma
4]. Thus we have

Qpiog CW, CQ,, 0<p<L.

In what follows we study the action of the operators Iy, J, on the spaces
D]’D\, and obtain information on pointwise multipliers. We will need the
following technical lemma from [14] (p. 488). We state only the part of it
that we need.

Lemma A. Letu €D, |v| <1 and s> —1,r,t>0. Then

_ 2\s
/ (1= J=F) dm(z) < ¢ O<r+t—s—2<r

pl|l —az["[1 —vzff (1 = Juf?)rttzs=2"
where C'is an absolute, positive constant.

Using this estimate we obtain a family of test functions in DI’)\.

Lemma 1. Let 0 < p, A < 1 and c € D. Then the functions

1
fc(z) = (1 _ Ez)p(l,)\)/Q

belong to D, and K = sup.ep || fellpy < o0
Proof. Fix ¢ € D. Then for a € D,

(1 Jaf2)p0 / U~ |ga(2) PP dim(z)

(1 —[=1%)P
p(2—X)
= (=l / 11— cz|2+P(1 N1 —az[? dm{2).
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Now for r = 2p,t = 2+ p(1 — A), s = p, Lemma A gives the desired
result. O

Theorem 2. Let 0 < p,A < 1 and g € Hol(D). Then I, : D, — D, is
bounded if and only if g € H™.

Proof. Let g € H* then

1
Iy~ s s [ VBV = ()

1

—sup oz [ AP PP ) dm(e)

et P Jsn
< lgllZ N £ 115
for every f € D). So ||I;]| < C|lglle where C' is a constant.
On the other hand, assume that I, is bounded on DI’J\. We will use the

test functions f. of Lemma 1 for {|c| > %} Then from the Lemma there is a
constant C' such that 1 < || fe[lpy < C for all ¢, so that [|1[|* > &5 |, (f) [
p

and,
1y () iy = sup (1 = fafy0— / LRV R — lea(2) PP dm(2)
2 (1= PO [ L P = o) P i)
= (1 [y / FPIER — o) 2 dm(2)
. o)) 9(2) 1—|90c( )[)P (2
=l ety [ RO m().

- 2+p (1-X)

now by restricting the above integral on a disc with center the point ¢

and radius %M and by applying the mean value property of subharmonic

functions we get that
Hll* 2 19 (c)l”
for any {|c| > %} It follows that g is a bounded analytic function on D. [

Concerning the action of J; on D[))‘ we have the following necessary con-
dition.

Theorem 3. Let 0 < p,A <1 and g € Hol(D). If J, : D) — D, is bounded
then g € Q,.
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Proof. We use the test functions f.(z) = (1—2z)7P1=Y/2 of Lemma 1. From
the hypothesis there is a constant C' such that

1Jg(f)llpy < Cllfellpy < C'sup [ fellpy = CK < oo,
ce

for all ¢ € D. This means that

sup b [ RGPl PO~ (2 dm(e) < K < o
et [P Json

for all ¢ € D. For each interval I choose ¢ = ¢; = (1 — |I|)e? where e? is
the center of I, then |1 — ¢z| ~ |I| for z € S(I) and we have

1 1 9 9
K2 [ TR O = R e

1 "1 = |2|2)P dm(z
qﬁﬁmw@ulimd<>

with K’ independent of I. Taking the supremum of the last integral over
all I C T we see that g € Q,,. O

We now find sufficient conditions on g for J, to be bounded on D;‘.

Theorem 4. Suppose 0 < p < 1.
(1) If0<g<pandge Q, then J, : DYP — DYP is bounded.

(2) If0 < A <1 and g € W, then J, : D) — D, is bounded.

Proof. (1) Set A = ¢/p < 1 and suppose I C T is an interval. Using the
growth condition (2.1) for f € D) we have

L "1 = [2)P dm(z
m;AJMﬁ@Hllmd()

1 2/22_Z2pm2
jmémwwmuulwnd<>

1 1
ﬁﬁémuwwwuw%WOAwwmww%;
1
:W/ 9 )P = 2 dm(z) || £l

S(I)
<lll3, 113,

and the assertion follows by taking supremum on the left.
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(2) Let f € D). For an interval I C T let w = wy = (1 — |I])e’ where e*
is the center of I. Then

1 / 2 _ZZp m(z
T L, oV = ey dm(e)

1 2 (21 — 1212V dim( =
:W/vaczn 19 ()P~ |22 dm(2)

2 219 ()1 = |z|2)P dm(z
SW/M’”“’)‘ (1 — 2P dm()
2 21/ () 2(1 — 212V dim(=
+W/SU)|f(Z)—f(w)| (L= 2P dm(z)
=A; + Bjy.

For the first integral, using (2.1) and recalling that W, C Q, we have

1
Ar Hf”%?W /sm 9 ()P (1 = [2)" dm(2) < [ £ 1911, -

For the second integral we write

2
S g CE T
P> Jsen

< |]|p(2ﬂ\) / L2 SN
S(1)

= (1 — |w|)PEN M
a—fuppey [ (L
S (1 — |w|)p(2—>\)’f(0) _ f(w)|2

w- oy [ |2 (L2100
= (1= [V £(0) = f(w)? +C

where we have used the hypothesis that duy(z) = |¢'(2)]*(1 — |2[*)? dm(z)
is a Dy-Carleson measure. The first term in the last sum is

(1= [ V£(0) = fw)? < (1 = wl"TVI(0) = fw) S 1F 1y
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by using (2.1) once more. For the second term we have

Cu =(1 — e d(%?%%?)( P dm(2)
LMMQA/U PRt
() fw)

+ Jwf?(1 = Jw])" (1= [2*)" dm(z)

p| (1 —wz)l+p

|mm”/u (1 (=) 2)? dinz)

2

HMM—mwmﬁéi%fgﬂ (1~ lpul=) ) dm(2)
Sy + -l [T 0 ey ane)

= /15y + D

Observe that

Dy = (1~ fufpo—s [ |12

=(1- \w\)pﬂ—A)/ fopu(z) = fopu(0)
D

1—wz

(1= lpw(2)[")" dm(2)

2

[t (2)[*(1 = [2[*) dm(2)

2

(1 - [ dm(=)

To find an upper estimate for D,,, we follow the argument of [13], pages
551-552. See also [21, page 2080]. The argument consists of applying a re-
producing formula from [15], the Cauchy-Schwarz inequality, Fubini’s theo-
rem and the estimate [25, Lemma 3.10(b)]. We refrain from writing all the
details since the argument applies mutatis mutandis. The final steps of the
calculation are as follows

<<1—wwoﬂk*{é\qumy@n2Qﬁ%ﬁ%ﬁngn@>

<u—mW“¥/wO%ﬂm%kvwwma
Sl [ 1FEF 1= a2 dm(2)

S 1£12y.
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Collecting all the above estimates gives || Jy(f)[lpy < C||f|py which is
the desired conclusion. U

The above theorems in combination with (3.1) give the following corollary
for multipliers of D;.

Corollary 1. Suppose 0 < p, A <1 and g € Hol(D). Then
(1) If g € W, N H* then M, : Dy — Dy is bounded.
(2) If g € Qux N H™ then M, : Dy — Dy is bounded
(3) If My : Dy — D, is bounded then g € Q, N H*™.

Remark. Let 0 < p < 1. We know that W, C Q,,, and this inclusion is
strict [20, Theorem 6.3.4]. At the same time for 0 < ¢ < p we have Q, C 9,
with strict inclusion. For each ¢ < p we give an example of a function f
such that f € W, but f does not belong to Q,. Thus W, ¢ Q, for any
q<p.

Indeed with ¢, p as above consider the function

f2) = (3.5)

where a, = 1/2F0-9/2, By a theorem of Yamashita [24, Theorem 1(i)] for
such Hadamard gap series, and since

lim sup |ak]2k(1_%) =1 < oo,

it follows that f satisfies the growth condition

1+

sup ()L —]2)=" < oo

Applying Proposition 4.2 of [5] (after adjusting the parameters involved to
our notation) we find that this function is a multiplier of D, because ¢ < p.
Thus the bounded function f belongs to W,.

On the other hand

[eS) )
§ Qk(l_Q) E |aj|2 = E 1 = o0,
k=0 2k <pj<2k+1 k=0

and therefore by [19, Theorem 1.2.1] for such Hadamard gap series, f ¢ Q,,.
The complete description of the multiplier space M (D};\) and of the sym-
bols g for which J, is bounded on D;‘, seems to be a hard problem.
We would like to thank the referee for reading the article and for en-
couraging us to include the paragraph about the construction of general
Morrey-type spaces M (X, w).
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