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Outage Capacity of Rate-Adaptive Relaying for
FSO Links with Nonzero Boresight Pointing Errors
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Abstract—An outage capacity analysis of a 3-way free-space
optical (FSO) setup based on the optical path selection, either
source-destination (S-D) or source-relay-destination (S-R-D), with
a greater value of channel gain along with the use of repetition
coding (RC) is analyzed over atmospheric turbulence channels
with nonzero boresight pointing errors. The developed expres-
sion, which is validated through Monte Carlo simulation, is used
to carefully analyze the performance and design of rate-adaptive
relaying FSO systems from an information theory point of view.
It is highlighted that a greater outage diversity is achieved by
the obtained results without investing in extra hardware at the
expense of an information rate-reduction.

Index Terms—FSO, outage capacity,atmospheric turbulence.

I. INTRODUCTION

FREE-space optical (FSO) communication systems have
demonstrated to be an emerging broadband solution to

efficiently solve the spectrum congestion problems in the
existing radio-frequency (RF) networks [1]. Recently, several
reported works have investigated the adoption of cooperative
strategies in the context of terrestrial FSO links in order to
create spatial diversity without investing in extra hardware
with the main goal of improving the performance and achiev-
able rates [2]–[6] (and references therein). One important issue
in FSO communication systems that has not been taken into
account in greater detail is to evaluate the effect of nonzero
boresight on the performance of cooperative FSO systems for
potential applications. Only a few works have been reported
[4]–[6], but all of them present one thing in common: they
did not analyze carefully its impact on performance. In this
sense, we make an extra effort to exploit the derived solutions
to study its impact as well as potential solutions to avoid
a greater deterioration. Basically, we study the performance
and design of rate-adaptive relaying FSO systems from an
information theory point of view in the presence of nonzero
boresight pointing errors.

In this letter, a novel closed-form asymptotic expression
for the outage capacity is obtained for a 3-way cooperative
FSO system over gamma-gamma (GG) atmospheric turbulence
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channels with nonzero boresight pointing errors modeled by
the Beckmann distribution. Thus, this closed-form solution
is derived by exploiting the simplicity of the approximation
of the Beckmann distribution presented in [11]. Unlike our
previous work in [2], [3] and the other reported works [4]–
[6], the motivation and purpose of this letter is to analyze the
outage capacity of a cooperative FSO system in the presence of
nonzero boresight pointing errors. This new cooperative proto-
col is able to achieve a robust and high outage diversity order
at the expense of an information rate-reduction. The key idea
is to take full advantage of rate-adaptive relaying to increase
the outage performance. To do that, this novel relaying scheme
is based on the optical path selection, either source-destination
(S-D) or source-relay-destination (S-R-D), with a greater value
of channel gain along with the use of repetition coding (RC)
in all FSO links. In other words, the new feature is to exploit
the potential time-diversity order available in the turbulent
channel under nonzero boresight pointing error effects. The
employment of time-diversity in cooperative FSO systems was
firstly proposed in [3], where two separate channels over the
same transmit and receive path are only implemented in the
source-relay (S-R) link. An outage diversity analysis is also
carried out as a function of the relay placement when not only
different atmospheric turbulence conditions are considered, but
also when different severity of nonzero boresight pointing
errors is taken into consideration. It is concluded that relay-
aided FSO systems based on rate-adaptive combined with
selection-based technique are promising solutions to improve
the outage capacity performance.

II. PROPOSED COOPERATIVE STRATEGY

We adopt a cooperative FSO system based on 3 separate
intensity modulation and direct detection (IM/DD) FSO links,
where On-Off keying (OOK) modulation is assumed. The
proposed cooperative FSO protocol, which is based on the
optical path selection with a greater value of channel gain
together with time-diversity order of 2, is called as the PS-RC
cooperative protocol. When the channel gain of the S-D link
(hSD) is greater than the channel gain of the S-R link (hSR),
i.e. hSD > hSR, the FSO communication is only based on
the direct transmission to the destination node, obviating the
S-R-D path or detect-and-forward (DF) based dual-hop FSO
cooperative transmission. On the contrary, when hSD < hSR,
the cooperative transmission is established successfully. The
data received from the source node at the destination node
as well as at the relay node are stored in a buffer for further
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detection. A block-fading later, the source node repeats the bit
sequence transmitted, not being necessary to perform another
selection when the source node is repeating the data. Both des-
tination and relay are able to detect the received information
from the source node in both block-fading, establishing the RC
protocol. Note that channel side information (CSI) is known
not only at the receiver but also at the transmitter. Without
loss of generality, possible synchronization errors on outage
capacity are beyond the main objective of this letter.

Knowing that the coherence time is on the order of mil-
liseconds, we consider the time variations according to the
theoretical block-fading model due to the frozen-atmosphere
characteristics of scintillation, where the channel fade remains
constant during a block and changes to a new independent
value from one block to next. This temporal correlation can
be overcome by means of long interleavers [7]. However, as
in [8], we assume that the interleaver depth cannot be infinite
and, hence, we can potentially benefit from a degree of time
diversity order of 2. As proved experimentally in [9], a perfect
interleaving can be done by simply transmitting the same
information delayed at least the expected fade duration.

III. FSO CHANNEL MODEL

The received electrical signal for each terrestrial FSO link of
this cooperative system is given by ym = hmRx+ zm, where
R is the detector responsivity, x is the transmitted optical
signal, hm is the gain of the channel between the transmitter
and the receiver, and zm is additive white Gaussian noise
(AWGN) with zero mean and variance σ2

n = N0/2. In the
following section, the fading coefficient hm for the links S-D,
S-R and R-D is indicated by hSD, hSR and hRD, respectively.
Here, we assume that all fading coefficients are statistically
independent. The transmitted optical signal is either 0 or 2Pt
where Pt is the average optical power. The received electrical
SNR can be defined as γ(hm) = 2P 2

t R
2h2
m/σ

2
n = 4γ0h

2
m,

where γ0 = P 2
t R

2/N0 represents the received electrical SNR
in absence of turbulence and pointing errors.

The channel gain is modeled as h = Lm · ha · hp, where
Lm is the atmospheric attenuation, ha is the atmospheric
turbulence, and hp are the pointing errors. The atmospheric
attenuation, Lm, is computed by the exponential Beers-
Lambert law as Lm = e−Φdm , where dm is the FSO link
distance in meters, and Φ is the atmospheric attenuation
coefficient. To consider a wide range of turbulence conditions
(moderate to strong), the GG turbulence model proposed in
[10] of parameters α and β is assumed. Pointing errors at
the receiver are modeled assuming a model of misalignment
where the radial displacement r at the receiver follows the
Beckmann distribution. Based on the analysis carried out
in [11], the radial displacement r at the receiver can be
simplified, and the Beckmann distribution can be accurately
approximated by a modified Rayleigh distribution in order
to study the effect of nonzero boresight on cooperative FSO
systems. The attenuation due to pointing errors is approxi-
mated assuming a Gaussian spatial intensity profile of beam
waist radius [12, eqn. (9)] as hp(r; z) ≈ A0 exp

(
−2r2/ωz2eq

)
,

where A0 = [erf(v)]2 is the fraction of the collected power at

r = 0, v =
√
πa/
√

2ωz , ω2
zeq = ω2

z

√
πerf(v)/2v exp(−v2) is

the equivalent beam width, and a is the radius of a circular
detection aperture.

A closed-form expression for the probability density func-
tion (PDF) of the composite GG fading channels and gen-
eralized misalignment errors was obtained in terms of the
Meijer’s G-function in [11, eqn. (16)]. In order to provide
more insights and obtain simpler closed-form expressions for
the outage capacity, the PDF of hm is approximated by a
single polynomial term as fhm(h) ≈ amhbm−1 [2]. Therefore,
different expressions for fhm(h), depending on the relation
between ϕ2 and β when plane wave propagation is assumed
[13], can be obtained as in [11, eqn. (18)] as follows

fhm(h)
.
=


ϕ2(αβ)βΓ(α−β)hβ−1

(AmodLm)βΓ(α)Γ(β)(ϕ2−β)
, ϕ2 > β

ϕ2Γ(α−ϕ2)Γ(β−ϕ2)hϕ
2−1

(αβ)−ϕ2 (AmodLm)
ϕ2

Γ(α)Γ(β)
, ϕ2 < β

(1)

where Amod was obtained in [11, eqn. (15)], ϕ = ωzeq/2σmod,
and σmod is the parameter that considers a nonzero boresight
error in addition to the random jitter variances in each FSO
link [11, eqn. (9)]. When the same jitter variance is con-
sidered for horizontal and elevation axes, σ2

mod reduces to
σ2

mod =
(
(3/2)σ4

ss
2 + σ6

s

)1/3
, where s is the boresight error.

IV. OUTAGE CAPACITY ANALYSIS

In this section, we analyze the outage capacity performance
at high SNR of the proposed cooperative protocol, showing
that the average outage behaves asymptotically as (Ocγ)−Od ,
where Od and Oc denote outage diversity order and coding
gain, respectively.

Outage capacity applies to slowly-varying channels such as
the FSO channel, where the instantaneous SNR is constant
over a large number of transmission. Here, we assume that
perfect knowledge of the CSI is available at the receiver
of every node of this cooperative FSO system as well as
the source node is able to send data at an code rate of R0

bits/channel use. Thus, the outage capacity is defined as the
probability of the instantaneous capacity of a channel state h
for each of the involved FSO links, C(hm), is not sufficient
to support data rate R0, and it is expressed as in [14]

Pout := Pr [C (γ(hm)) < R0] = Pr
[
4γ0h

2
m < C−1(R0)

]
=

∫ √
C−1(R0)

4γ0

0

fhm(hm)dhm = Fhm

(√
C−1(R0)

4γ0

)
,

(2)

where C−1(R0) = 2R0 − 1.
The received electrical SNR corresponding to the PS-RC

cooperative protocol when the source node selects direct
transmission with RC of order 2 is given by

γSD =
2P 2

t R
2

2σ2
n

(hSD1
+ hSD2

)
2

= 2γ0h
2
SDT . (3)

Note that we define hSDT as the sum of random variables
(RVs) hSD1

+ hSD2
under the assumption that hSD1

> hSR1

as determined by the cumulative density function (CDF)
of the RV hSR1 as FhSR1

(hSD1). The CDF of the RV
hm can be expressed by a single polynomial term as
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Fhm(h)
.
= (am/bm)hbm , as deduced from Eq. (1). This is

due to the fact that all fading coefficients are statistically
independent. In this way, we obtain the outage probability of
the non-cooperative transmission, P SD

out , assuming CSI at the
receiver and transmitter as follows

P SD
out (R0) := Pr

[
h2
SDT ≤

C−1(R0)

2γ0

]

=

∫ √
C−1(R0)

2γ0

0

fhSDT (h)dh = FhSDT

(√
C−1(R0)

2γ0

)
.

(4)

Knowing that hSD1
and hSD2

are statistically independent and
that the resulting PDF of their sum hSDT can be determined
by using the moment-generating function (MGF) of their
corresponding PDFs obtained via single-sided Laplace and its
inverse transforms, an approximate expression for the PDF,
fhSDT (h), can easily be obtained as

fhSDT (h)
.
=

a2
SDΓ(bSD)Γ(bSD + bSR)

(aSR)−1bSRΓ(2bSD + bSR)
h2bSD+bSR−1. (5)

Note that bm = min(βm, ϕ
2
m) as deduced from Eq. (1). From

the above expression, the closed-form asymptotic solution for
the outage capacity corresponding to the direct transmission
is obtained by substituting Eq. (5) into Eq. (4).

Next, we analyze the cooperative transmission, i.e., when
the source node selects transmission via S-R-D path. In this
case, a DF based dual-hop FSO cooperative system with RC is
employed. In this dual-hop, the outage capacity performance
is dominated by the worst hop. Thus, the received electrical
SNR of this dual-hop FSO system with RC is given by
γSRD = min(γSR, γRD), where γSR and γRD are the received
electrical SNRs at relay node and destination node, respec-
tively. Hence, we can express γSRD as

γSRD = 2γ0min
(
(hSR1

+ hSR2
)2, (hRD1

+ hRD2
)2
)

= 2γ0min(h2
SRT , h

2
RDT ) = 2γ0h

2
SRD.

(9)

It should be noted that hSRT represents the sum of RVs
hSR1 + hSR2 under the assumption that hSR1 > hSD1 as
determined by the term FhSD1

(hSR1
). In this way, the CDF

corresponding to hSRD is easily derived from [15] as

FhSRD (h) = FSRT (h)+FRDT (h)−FSRT (h)FRDT (h). (10)

Both FSRT (h) and FRDT (h) are obtained via MGF as in
Eq. (5). Therefore, FSRT (h) is expressed in closed-form as

FSRT (h)
.
=

aSDa
2
SRΓ(bSR)Γ(bSD + bSR)

bSD(bSD + 2bSR)Γ(bSD + 2bSR)

× h
bSD+2bSR

2 .

(11)

At the same time, FRDT (h) is also expressed as

FRDT (h)
.
=
a2
RDγ0(bRD)2

2bRDΓ(2bRD)
hbRD . (12)

Therefore, the outage capacity of the considered DF based
dual-hop FSO system is given by

P SRD
out (R0) := Pr

[
h2
SRD ≤

C−1(R0)

2γ0

]

=

∫ √
C−1(R0)

2γ0

0

fhSRD (h)dh = FhSRD

(√
C−1(R0)

2γ0

)
.

(13)

Finally, the asymptotic outage capacity corresponding to
the PS-RC cooperative protocol at the destination node
is given by Pout(R0)

.
= P SD

out (R0) + P SRD
out (R0), and it can

be seen at the bottom of this page in Eq. (14). Clearly,
the asymptotic outage capacity expression is dominated
by bmin = min (2bSD + bSR, bSD + 2bSR, 2bRD). More im-
portantly, the outage diversity order gain Od relative to the
non-cooperative link S-D is given by Od = bmin/bSD.

It should be noted that unlike other reported papers on per-
formance analysis that usually obtain the sophisticated Meijer
G-function, this function does not offer a significant insight on
the achievable performance. For that reason, this asymptotic
expression is simpler and easier to compute the performance
of cooperative FSO systems with nonzero boresight pointing
errors due to the fact that a typical outage performance target
is set to 10−6 for most practical FSO links.

V. RESULTS AND DISCUSSION

Now, we present some numerical results in Figs. 1 and 2
for different relay locations, which is represented by (xR, yR)
in a Cartesian coordinate system. Here, the parameters αm
and βm are calculated from [10] and a value of λ = 1550 nm
is assumed. Different weather conditions are adopted such as
haze visibility of 4 km for moderate turbulence, and clear
visibility of 16 km for strong turbulence.

In Fig. 1(a), the outage diversity order Od is depicted as a
function of the horizontal displacement of the relay node xR
when different relay locations are considered. Note that the
condition ϕ2 > β is satisfied in this figure for each FSO link
and, hence, the achievable outage diversity does not depend
on nonzero boresight pointing errors, thus allowing a better
performance. In comparison with similar cooperative protocols
[2], [3], and other reported works [4]–[6], [12], it is concluded
that the available outage diversity order is always greater than
1.75, achieving a value of ≈ 4 for specific relay locations
by considering only one relay and without investing in extra
hardware at the expense of an information rate-reduction. By
other way, it has also been demonstrated that nonzero boresight
displacements present a strong impact on outage diversity,
limiting the achievable rate. More interestingly, a notable
improvement in outage capacity performance is observed when
comparing to the two transmitters case, i.e. Od = 2, presenting

Pout(R0)
.
=

a2
SDaSRΓ(bSD)Γ(bSD + bSR)

(2bSD + bSR)bSRΓ(2bSD + bSR)

(
C−1(R0)

2γ0

) 2bSD+bSR
2

+
a2
RDγ0(bRD)2

2bRDΓ(2bRD)

(
C−1(R0)

2γ0

)bRD
+

aSDa
2
SRΓ(bSR)Γ(bSD + bSR)

bSD(bSD + 2bSR)Γ(bSD + 2bSR)

(
C−1(R0)

2γ0

) bSD+2bSR
2

.

(14)
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Fig. 1: Outage diversity order under different nonzero boresight
pointing errors over moderate and strong turbulence.
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Fig. 2: Outage capacity for a code rate R0 = 0.5 bits/channel use.

an outage diversity order gain quite superior to 2 when
larger amounts of misalignment are not assumed. It can also
be observed that the optimal relay placement depends on
turbulence conditions and nonzero boresight pointing errors
according to the outage diversity. In Fig. 1(b), the effect of
nonzero boresight is studied from an outage diversity point of
view. These results demonstrate that nonzero boresight errors
present a larger performance degradation at high SNR.

In Fig. 2, the results corresponding to this asymptotic outage
capacity analysis for moderate turbulence and different sever-
ity of pointing errors such as σs/a = {2, 3, 4} are illustrated
for a code rate R0 = 0.5 (bits/channel use). Monte Carlo sim-
ulations are included as a reference, confirming the accuracy
and usefulness of the derived results. Additionally, we consider
the performance analysis for the direct path link to establish
the baseline performance [3, eqn. (7)].

VI. CONCLUSION

As a concluding remark, we can say that a significant
improvement in outage capacity is achieved by fully exploiting

the potential time-diversity available in S-D, S-R and R-D
turbulent channel. In other words, combining rate-adaptive
with cooperative communication results in significant improve-
ments in terms of the achievable outage capacity when the
effect of nonzero boresight errors takes place. Moreover, the
impact of scintillation and nonzero boresight pointing errors
on performance is mitigated by employing selective relaying.
Nevertheless, optimization methods for the beam width can
also be applied to reduce such damaging effect. Finally, it has
been demonstrated that rate-adaptive relaying is an original
method that can be applied to practical FSO networks to
extend the coverage area and achieve spatial diversity.

From results proposed in this paper, we think that to do
research on cooperative FSO systems based on rate-adaptive
relaying that use the CSI information of all FSO links in
the presence of nonzero boresight pointing errors may be an
interesting topic for future work.
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