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ABsTRACT. In this paper, we establish a connection between evolution algebras
of dimension two and Hopf algebras, via the algebraic group of automorphisms
of an evolution algebra. Initially, we describe the Hopf algebra associated with
the automorphism group of a 2-dimensional evolution algebra. Subsequently,
for a 2-dimensional evolution algebra A over a field K, we detail the relation
between the algebra associated with the (tight) universal associative and
commutative representation of A, referred to as the (tight) p-algebra, and the
corresponding Hopf algebra, ., representing the affine group scheme Aut(A).
Our analysis involves the computation of the (tight) p—algebra associated
with any 2-dimensional evolution algebra, whenever it exists. We find that
Aut(A) = 1 if and only if there is no faithful associative and commutative
representation for A. Moreover, there is a faithful associative and commutative
representation for A if and only if .7 % K and char(K) # 2, or % % K(e) (the
dual numbers algebra) and J# % K in case of char(K) = 2. Furthermore, if A
is perfect and has a faithful tight p-algebra, then this p-algebra is isomorphic to
A (as algebras). Finally, we derive implications for arbitrary finite-dimensional
evolution algebras.

1. INTRODUCTION

Evolution algebras, introduced as models for non-Mendelian genetics in Tian’s
2004 Ph.D. Thesis [6], have since sparked extensive research efforts, as evidenced in
[2]. In another vein, Hopf algebras and their relations with affine group schemes
have become an important topic of study in the the field of Algebra, garnering
counsiderable attention from researchers, [7]. In this work, we establish a connection
between these two fundamental concepts via the algebraic group of automorphisms
of a two-dimensional evolution algebra.
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Central to our study is the notion of associative representation for nonassociative
algebras, as introduced by Shestakov and Kornev in [5]. Notably, they found an
associative (faithful) representation of octonions within an 8 x 8-matrix algebra.
Before we go into the technical details of this concept, let us write a few lines on
the philosophy that inspires it. Consider the algebra

OZ/ = K[l‘,y]/(I4 —J),y4 —ZJ’l‘y)

with involution x: % — % induced by #* = ¢ and §* = 22 (where the bar denotes
class modulo the ideal (z* — z,y* — y,zy)). If we define in % the multiplication
p: U X U — U given by p(a,b) = a*b*, then we have the following: p(z,y) =
Ty = y?r* = 0, p(z,z) = (z*)? = y* = j and p(5,7) = (y*)? = z* = z. In the
sequel, we will prove that {Z, 7} is a linearly independent subset of %, and the
multiplication of the algebra A := Kz @ K7y relative to the product p is represented
by the following table:
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Thus, the 2-dimensional evolution algebra A is constructed as a subalgebra of a
polynomial algebra relative to the product p. It is important to note that while A
is not associative, it can be embedded into an associative algebra with involution
(though we must pay the price of replacing the associative product of % with
the product p). As we will see, % is the universal associative and commutative
representation of A.

We now give a more detailed description of the construction of the universal
associative and commutative representation of a 2-dimensional evolution algebra.
Following up the work [I], given a field K, we consider a two-dimensional evolution
K-algebra A with natural basis {e;}?_; such that e? = 2521 wjie;, wj; € K, the
polynomial algebra in four variables K|z, y, 2*,y*], a formal polynomial p(z,y) =
Aoxy + Mzy* + Aex*y + Aza*y*, and the ideal I < K[z,y,z*,y*] generated by
the elements p(r,r) — wir — wi2y, P(Y,y) — w21z — waay, p(z,y), p(y,r) and
p(x™, ") —wna* —wiy™, p(y*, y") —war™ —wy, p(z*,y*), p(y*,2*). Then, we
make the quotient %, := K|z, y,z*,y*]/I equipped with an involution induced by
the map Z — z* and similarly for . Finally, we consider the product %, x %, — %,
such that (z,t) — Aozt + A1 2t* + Aaz™t + Agz*t*. This construction aims to find an
algebra homomorphism p: A — (%,, p) such that %, is the universal (associative and
commutative) representation of A, in the sense that if we have another representation
o: A— V, with V an associative and commutative unital K-algebra with involution,
then there exists a x-homomorphism of unital associative algebras with involution
0 : %, — V such that ¢ = 6 o p. Similarly, we also use a kind of tight universal
associative and commutative representation (not necessarily unital) .7, related to
%,, which is, in a certain sense, “smaller” than %,. The universal homomorphism
p: A — %, factorizes through 7,, so 7}, also has a suitable universal property.

Given the seemingly untamed nature of evolution algebras, attributed to their
modest definitional requirements, it is interesting to inquire about those evolution
algebras that can be embedded in associative algebras somehow. One of our goals is
to identify which 2-dimensional evolution algebras admit a faithful representation
in a polynomial algebra.
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In [T], we conjectured that when the group of automorphisms of a two-dimensional
evolution algebra is trivial, there is no nontrivial associative representation %,.
However, we lacked a definitive proof of this fact, due to inconclusive computer
calculations (refer to [I, Remark 6.9]). In this work, we present a proof of this
conjecture.

As we mentioned before, one of our key results is to establish a connection between
the universal associative and commutative representation of an evolution algebra
A and the Hopf algebra representing its automorphism group (as an affine group
scheme). Specifically, for any 2-dimensional evolution algebra A, we compute the
Hopf algebra ¢ such that aut(A) = homag, (#, ) and compare it with %, for
specific p. In the perfect case, we prove that ¢ = 7, as algebras, prompting conjec-
tures inspired by the 2-dimensional scenario. Finally, we obtain some consequences
that extend beyond the 2-dimensional setting.

The paper is organized as follows. In Section [2| we set up notation, recall the
classification of evolution algebras of dimension two, and describe the Hopf algebras
representing the affine group scheme of automorphisms of the two-dimensional
evolution algebras. Next, in Section [3] we describe associative and commutative
representations of the algebras studied in Section[2] We finish the paper in Section [
where we provide the notion of associative and commutative representation of an
evolution algebra (a minor variation on the notion of associative and commutative
representation of [5]) and present results connecting the associative and commutative
representation of a finite-dimensional evolution algebra with its automorphism group
and corresponding Hopf algebra.

2. AFFINE GROUP SCHEME OF AUTOMORPHISMS

Let K be a field. We denote the category of associative, commutative, and unital
K-algebras by algy. If A, B are objects of this category; we define homag, (A, B) as
the set of all the homomorphisms of unital K-algebras from A to B. If R € alg; and
M,M',N, N’ are R-modules then, given R-module homomorphisms T: M — N
and T': M’ — N’, we denote by T® T': M ® M’ — N ® N’ the R-module
homomorphism such that (T’ ® T")(m @ m') = T'(m) ® T'(m/'), for any m € M and
m’ € M’. The category of groups is denoted by Grp and the category of sets by
Set. A functor .#: algy — Set is referred to as a K-set functor, while a functor
Z . alg, — Grp is called a K-group functor.

If U is any K-algebra, whether associative or not, one can consider its scalar
extension Ur := U ® R for any R € alg;. Recall that Uy is an R-algebra with
product given by (v ®@7)(v' ®7') = v’ @rr’ for any u, v’ € U and r,r’ € R. We can
legitimately consider the group Autgr(Ug) (for any R € algy ). This allows us to
define a K-group functor aut(U): algy — Grp such that aut(U)(R) = Autr(Ug)
and, for a € homgg, (R,R'), we define aut(U)(a): Autr(Ugr) — Autgr (Ugr’)
such that any f € Autr(Ug) maps to g € Autr/(Ug/) defined as g(u @ 1g/) =
(1® a)f(u® 1r) where 1 is the unit of R and similarly for 1z/. Other functors
that we use are:

(i) The multiplicative group functor Gy, : alg, — Grp, such that Gy, (R) = R*.
(i) The n** roots of the unity group functor p,,: alg, — Grp, such that p,, (R) =
{reR:r" =1}
(iii) The additive group functor G,: algy — Grp, such that G,(R) = (R, +), the
underlying additive group of R.
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In [I], evolution algebras of dimension 2 over arbitrary fields are classified into
9 cases. The automorphisms and derivations of these algebras are classified in
the same reference, to which we refer the reader for notations. The cases of the
classification in [I] are (ruling out the zero product algebra Ag): A1, Az, As.a,
Asa, Asa.8, As, A, A7 and Ag . In this section, we describe the Hopf algebras
representing the affine group scheme of automorphisms of these algebras. For the
perfect algebras (i.e., algebras A such that A = A?) in the above classification, the
Hopf algebra representing aut(A) can be obtained by applying the results from
[4]. However, to include the non-perfect algebras as well, we have chosen a direct
approach in some cases.

2.1. The A; algebra. Thisis A; = Ke;® Ke, with natural basis {eq, ex } satisfying
e? = ¢; for i = 1,2. For any R € alg, the scalar extension (A;)g is identified
with the R-algebra (A;)r = Re; @ Rey with multiplication e? = e; for i = 1,2 (and
of course e1ea = ege; = 0). Following the results presented by A. Elduque and A.
Labra in [4], one gets that the representing Hopf algebra of aut(K”), where K% is
the evolution algebra with component-wise product, N > 1, is KV' itself. In our

case, N = 2 with the standard Hopf algebra structure given in |7}, 2.3, p. 16].

2.2. The A, o algebra. For this algebra, the natural basis {e1, ez} satisfies e% = ey
and e2 = aey, with a € K*. The results of [4, Corollary 3.4] give us a short exact
sequence of group schemes 1 — pg — aut(As o) — H — 1 where H is the constant
group scheme of Cy (in case a = 1). However, in this case, we will determine the
group aut(As ) in a direct way. If we consider f € Autr((A2,q)r), then there are
elements a, b, ¢,d € R such that f(e1) = ae; + beg and f(e2) = cey + dea.

To be an invertible homomorphism of algebras, we need that f(e?) = f(e1)?,
f(e3) = f(e2)?, f(e1)f(e2) =0, and ad —bec € R*. This implies that the parameters
a,b,c and d must satisfy ¢ = ab?,a? = d,a = d?,c® = ab,ac = 0 and abd = 0. Next,
we can eliminate d and c to get

a=a*b=ab ab®> =ba® =0, a® — ab® € R*. (1)
Of course, we must remember that d = a? and ¢ = ab? are used to recover the

matrix of f. Now, let z := a® — ab® € RX. Then 22 = a® 4+ ab® and hence 23 = 2.
Whence 22 = 1, that is, a® + ab®> = 1. So, we notice that the system in is

equivalent to
ab=20
’ 2

{a3 +ab® = 1. @)

Any solution (a,b) of is a solution of (since (a® — ab®)? = a® + a?V° =
a’® + ab® = 1) which implies that a® — ab® € R*. Conversely, any pair (a,b)
satisfying also satisfies because a® — ab® € R* gives a® + ab® = 1, as we
have seen above. Then ab = ab(a® + ab®) = 0. Therefore,

a

Autg((Ag.a)r) = {(ab2 C:;) ca,b€ Ryab= 0,0+ ab® = 1} .

The representing Hopf algebra of the group scheme aut(As,) is given by
Ho = Kla,b]/I, where I is the ideal I = (ab,a® + ab® — 1). Consider the
functor G o: alg, — Grp with G2 o(R) := {(a,b) € R*: ab = 0,a> + ab® = 1},
where the product is given by (a,b) * (c,d) = (ac + abd?, ad + bc?). Multiplication
induces the morphism A: J4 , — 4, ® #5 o given by A(a) = a®a + ab ® b?
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and A(b) =a® b+ b® a?. Thanks to matrix inverses, we can compute the inverse
of an element (a,b), which is given by (a?,b). This induces S: /% , — #4 , With
S(a) = a* and S(b) = b. Finally, the augmentation map induced by the neutral
element is e: /%, — K, with (@) = 1 and £(b) = 0. It is not hard to prove
that dim(J% ) = 6. So, a basis of /4, is the set {a,a? a* b,b% b}. Further-
more, since ab = 0 we have two orthogonal ideals H, := Ka @ Ka® ® Ka® and
Hy = Kb® Kb*> @ Kb3. Notice that @®> and ab® are orthogonal idempotents whose
sum is 1. In the particular case that </« € K, we can go a little further describing
M5 o. Indeed, in this case, it is not hard to realize that %5 , = J# 1, so that we can
take a = 1. Then, each ideal H; with j € {1,2} is isomorphic to the group algebra
of the cyclic group of three elements C'3. Thus, % ; = KCs5 @ KC'3 as K-algebras,
where the first direct summand can be identified with KCs5 = K1 ® Ka & Ka? and
the second KC5 = K1 & Kb @ Kb®. Notice that an involution of % 1, module
the above identification, is given by a* = b and b* = a?. Finally, an isomorphism
KC3® KC3 =2 KC3 ® K? is given by (a*,0) — a’ ® ey, (0,a’) — a' @ ey, where
{e1, ez} is the canonical basis of K2.

2.3. The A3 o and A4, algebras. Fixing the natural basis {e;, s}, we have that:
A3, is given by e? = e1; €3 = aep + ey and Ay, is such that e? = aey, €3 = €1 + e,
where o € R*. Applying [4, Corollary 3.4], as well as the computation of Diag(T")
as in [4 Section 2|, we get Autr((As.o)r) = Autr((A4,0)r) = {(é (1’) } A direct

approach to getting this result is also feasible by posing the equations of a generic
automorphism and solving them.

2.4. The As o, algebra. In this case, the natural basis {e1, ez} is such that
e? = ey + Bea, €3 = aey + e with o, 8 € K* and a3 # 1. Following once again [4],
we obtain that the affine group scheme Diag(I')=1, and thus, we have the exactness
(see [4, Formula (8)]) of the sequence 1 — 1 — aut(A4; o) — H — 1, where H
is the constant group scheme associated to a certain subgroup H of Aut(I'). In
case « # [ it turns out that H = 1, because Aut(I') = 1. Consequently, the exact
sequence is 1 — aut(As o 3) — 1 implying aut(As o 3) = 1. Once again, from [4]
one has that the automorphism group Autg ((As,..5)r) = {1} for any R € alg.
In case a = 3, the group Aut(T") is the cyclic group of order 2, and one can check
that we have a short exact sequence 1 — aut(A4s,.) — C2 — 1 which gives
aut(As.q.0) & Cy and the representing Hopf algebra is K? with componentwise
product and standard Hopf algebra structure, as in Subsection [2.1

2.5. The Ajy algebra. This is the two-dimensional algebra generated by the natural
basis {ey, ea}, which verifies e% =e1 —eg and e% = ey — e1. If the linear application
f: (As)r — (As)g is defined by f(e1) = ae; + beg and f(ea) = cey + des then, for
f to be an automorphism, the next equations have to be satisfied:

(a—c)eg + (b—d)es = (a? —b?)e; + (b2 — a?)eq,

(c—a)er + (d—bles = (c* —d?)e; + (d? — c?)eq,
0 = (ac—bd)e; + (bd — ac)es,
(ad —bc)u =1.

This is equivalent toa —c=a? - 0%, b—d =b*—a?, c—a=c*>—d?, d—b = d*> — 2,
0 =ac—bd, (ad — bc)u = 1.
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From these equations, and considering that we are in a unitary commutative ring
(not necessarily a domain), we have that b=c=1—a, d = a, and 2a — 1 € R*.
Next, we identify two cases depending on the characteristic of K.

(i) If char(K) = 2 we have Autr((A5)r) = {(1 ¢ . 1;a> ta € R}. The rep-
resenting algebra of aut(A4s) is % = Klz] and aut(A;) is isomorphic to
the affine group scheme %: alg, — Grp given by % (R) = R with the
product a xb = 1+ a + b. The neutral element is 1 and the inverse of a is
a. These three conditions induce the following morphisms. The application
A A — R with A(x) = 2@1+1Q2+1®1, the morphism S: 5 — 4
with S(z) = 2 and the augmentation ¢: 5% — K with ¢(z) = 1. Alternatively,

N 1+a> ta€ R} “(R, +), such that

we can give a group isomorphism { <1 T2 a

w ((1_7_(1 12(1)) =14 a. So, we have that Autr((As)r) = (R,+) and the

representing Hopf algebra of this affine group scheme is K[z]. Of course, we
have that aut(A4s) & G,.
(ii) If char(K) # 2 then

Autr((As)R) & {<1aa I;a):CLER,Za—IERX}.

In this case, 54 = K[z,y]/(2zxy —y — 1) is the representing algebra of aut(As).
We consider the affine group scheme %;: alg;, — Grp with %(R) = {(a,b) €
R?: b(2a—1) = 1}. The product is given by (a,b) * (¢,d) = (1 —a—c+ 2ac, bd).
The neutral element is (1, 1) and the inverse of (a,b) is (ab,2a — 1). This leads
usto A: g — R with A(Z) =101-IT®1-1®ZT+2Z® 7T and
A(g) = y®7. The coinverse morphism is given by S: % — % with S(Z) = Zy
and S(y) = 2z — 1. Finally, the augmentation map is ¢: % — K with

e(Z) =1 and €(g) = 1. Alternatively, note that the determinant map provides

an isomorphism AutR((A5)R)d—e>tRX. So, we can say that Autg((4s)r) = R*.

Hence, /% = K[z*] (the Laurent polynomials algebra) and aut(As) = Gp,.

2.6. The Ag algebra. For this algebra, the natural basis {e1,e2} is such that
e? = 0, e = e;. Let us consider the linear application f: (Ag)r — (Ag)r
given by f(e;) = ae; + bes and f(es) = ce; + des with a,b,¢,d € R. This
application needs to verify the following equations to be an automorphism of
algebras: 0 = b%e;,ae; + bes = d?e;,0 = bdey, (ad — be)u = 1 with u € R.
These equations are equivalent to b = 0, @ = d? and d3u = 1. So, we have
that Autr((Ae)r) = { (dj 2) :c€ R,de R* } Notice that given two elements

> 0 20\ . . e d?s? 0 .
<c d) and <5r S) in Autgr((Ag)r), their multiplication is (chjdr s ) This

tells us that Autr((Ag)r) = (R x R*,*) with (c,d) * (r,s) := (cs®> + dr,ds). The
corresponding representing algebra is #% = K[r,yT]. The neutral element is
(0,1) and (¢,d)™' = (—ed=3,d™1). These induce A: g — H# @ G given by
Alx)=2y*+y®xand A(y) =y®vy, S: H#s — HG given by S(x) = —zy~—3 and
S(y) = y~!, and the augmentation ¢: % — K given by ¢(z) = 0 and (y) = 1.
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Observe that any matrix as in Autg((As)r) can be factored in the form <dc 0) =

onto R* and from :x € Rp onto (R,+), which induce an isomorphism

Autr((4g)r) — R™ x R. Recall the affine line group, that is, the group of all maps
R — R of the form x — dx + ¢, where d € R* represents a homotecy and ¢ € R a
translation. In this group, each element is a homotecy followed by a translation, so
we can see that the affine line group is isomorphic to R* x R and, seen as an affine
group scheme, is nothing but G, X G,. The notation x refers to the fact that G,,
seen as the subgroup of translations in the affine line group, is a normal subgroup
(the x symbol is “open” pointing towards the normal subgroup).

2.7. The A, algebra. For this algebra, the natural basis {e;,e2} is such that
e? = e; and €2 = 0. Following the same reasoning as we did previously, finding an
automorphism of (A7)g translates into solving the following system of equations
aey + bes = a%e1,0 = c%e;,0 = acey, (ad — be)u = 1. This implies that a? = a,
b=0,c® =0, ac =0 and adu = 1. The last equation implies a,d € R* and hence

c=0and a=1. So, Autg((47)r) = {((1) 2) :d € R* ;. This description implies

that Autr((A7)r) = Gm(R). Another way of seeing this is the following: since
(A7)r = Rey @ Res, f(e1) is idempotent, and Res = ann((A7)g) (which is fixed by
automorphisms), we conclude that f(es) € Res and f(e;) = e;. The corresponding
representing algebra of Gy, is well known and can be found in [7, p. 9].

2.8. The Ag  algebra. For this algebra, the natural basis {e1, e} is such that
e? = e; and e = ae; with a € K*. In this case, finding the automorphisms
is equivalent to solving the equations ae; + bes = (a2 + abz)el,aael + abey =
(2 +ad?)er,0 = (ac+abd)ey, (ad — be)u = 1. This system of equations is equivalent
toa=a?b=0, aa = ® + ad?, ac = 0 and adu = 1. The last equation implies
that a,d € R* and, together with a? = a, we have a = 1 and ¢ = 0. In this way, we

have o = ad? and hence d? = 1. So, Autr((Asa)r) = {((1) 2) :deR,d*= 1}.

Moreover, we have that Autr((A4s,q)r) = po(R). In this case, the corresponding
Hopf algebra is 5%, = K[z]/(2? — 1) with A: S4B o — o @ H o given by
AZ) =ZQ®Z, S: Mo — i, defined as S(Z) = T and e: G, — K with
¢(Z) = 1. Notice that if char(K) = 2, then aut(As,) = 1. Additionally, in the case
of characteristic 2, we have /& , = K[z]/(z —1)* 2 K|[z]/(x?), which is the algebra
of dual numbers K (¢) := K @ Ke, a 2-dimensional algebra with €2 = 0.

The results of this section are summarized in the Table [T

3. ASSOCIATIVE REPRESENTATIONS OF TWO-DIMENSIONAL EVOLUTION ALGEBRAS

In this section, we describe associative and commutative representations of the
algebras studied in the previous section. The main idea that we pursue is that
the algebra %, of the universal associative and commutative representation of an
evolution algebra A (relative to p) and the Hopf algebra representing the affine group
scheme aut(A) are related. To reveal this relation, we study some representations
before we set up the notation.
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A Aut(A) Hopf algebra
Ay p2(K) K
A2,1 Mg(K) NCQ(K) KC3®K2
g Asq 1 K
E; Ay 1 K
As,0,8, (a#8) 1 K
A5,a,a ,U/Q(K) K2
As, char =2 (K,4+) K|[z]
g As, char # 2 (K,") K|z*
B Ag KX x K Kz, yF]
" Ay KX K|z¥]
ZO A&O“ char 7& 2 'LLQ(K) K2
Ag o, char =2 1 K(e) = I(i[f)]

TABLE 1. Hopf algebras of Aut(A).

Definition 3.1. Let A be a two dimensional evolution algebra with natural basis B =
{e1,e2} such that €? = wy e1 +waies (i = 1,2). Fix an element p = \gab + Ajab* +
Aoa™b 4+ A3a™b* in the polynomial algebra with involution in two indeterminates a
and b. We define %, := Klz,y,z*,y*]/I, where I is *-generated by the polynomials
p(x,x) —winx — wary, P(Y,y) — wiex — waoy, p(x,y) and p(y,z). The elements of
U, are denoted by z, where z € K|z,y,z*, y*], and the product in %, is given by

zZw = p(z,w). The homomorphism p: A — %, such that e; — Z and ez — § will be
called the universal unital associative and commutative representation of A (notice
that it depends on the chosen polynomial p and the natural basis B).

We will use the symbol = to denote the equivalence relation in %, of congruence
modulo I. Notice that the polynomial p in Definition [3.1] can be evaluated in any
associative unital algebra with involution. If (B,x*) is such an algebra, then for
any o: A — B such that o(uwv) = p(o(u),o(v)) with u,v € A, there is a unique
*-homomorphism of unital associative algebras F': %, — B such that Fp = o. This
universal associative and commutative representation p is usually identified with
the *-algebra %, although it should be noted that this identification is an abuse of
notation. Also, notice that this kind of universal representation is unital by birth,
in contrast with the notion used in [I]. The reason for taking an unital algebra
version is that we are interested in using some scheme-theoretic notions, for which it
is essential to work on the category of associative, commutative, and unital algebras.
However, it will also be useful to consider a non-unital version of %,. Define .7,
as the quotient of the free associative and commutative K-algebra generated by
{z,y,z*,y*} by the ideal I above. Thus, while %, is unital, we do not have, a priori,
a unit in J,. Furthermore, .7, can be seen as a subalgebra of %, and I C .7}, so
that, we can consider the restriction p: A — 7, (recall e; — Z and es — §). This
associative and commutative representation has the property that for any other
associative algebra with involution (B, *) (not necessarily unital), and o: A — B
satisfying o(uv) = p(o(u),o(v)) for u,v € A, there is a unique *-homomorphism
of associative algebra F': 9, — B such that F)p = 0. Notice that the algebra .7,
coincides with the one denoted by €%, in [1].
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Definition 3.2. In the sequel, to shorten terminology, the unital associative and
commutative algebra %, associated to the evolution algebra A will be called universal
unital p-algebra of A. The (not necessarily unital) version .7, will be termed the
tight universal p-algebra of A. If the representation A — %, (respectively A — 7,)
is faithful, we will say that %, is a faithful universal unital p-algebra (resp. faithful
tight universal p-algebra).

Lemma 3.3. Let A be a two-dimensional evolution algebra.
(1) If wie =0 for i = 1,2, then A is the zero-product algebra or isomorphic to Ag
or Ar.
(ii) If w11 # 0 and we1 = wia = 0, then A is isomorphic to Ay or to Az.

Proof. For item (i), if wi; = 0 then e? = wyjes and €3 = 0. Thus, if the product in
A is non-trivial, we have that A = Ag. Assume next that wy; # 0. Then, {e?,es} is
linearly independent. Indeed, from )\e%—l—ueg = 0 we get that Awiie +(Awar +p)es =
0 and hence A = p = 0. This new basis is natural since efe; = 0, and the
multiplication relative to it is (€2)? = (wi1e1 + wize2)? = (w11)%€? and €2 = 0. So,
in this case, A is isomorphic to Az.

For item (ii), let k := w%l Since €3 = wyie;, we obtain that (key)? = key. So, we
may assume without loss of generality that e; is idempotent. Now, if woy £ 0, we
may also assume that e% = e5 and we have that A is isomorphic to A;. If wes =0
then A is isomorphic to Az. O

Next, we give some purely algebraic results about ideals in polynomial algebras
that we will use in the sequel.

Lemma 3.4. Let I < K[u,v] be generated by uv, u® — au — bv, v> — cu — dv where

a,b,c,d € K. Consider the K-algebra R := Ku,v]/I. Then, denoting by Z the
equivalence class of z in R, we have that u and v are linearly dependent elements in
R except in the cases: (i) b#0,c=d=0, (i1)b=a=0. (i11)) b=0, a# 0, c=0.

Proof. Since uv € I and u? —au —bv € I we have that bv? € I. If b # 0 then v? € I,
implying cu + dv € I. So @ and v are linearly dependent unless ¢ = d = 0. We
analyze this case: we have I = (uv,u? — au — bv,v?) and so, if Au+ pv € I for some
scalars A\, u € K, we have that

u A4 pv = p(u, v)uv + q(u, v)(u? — au — bv) + r(u, v)v?

in the polynomial algebra K[u,v]. Putting v = 0, we get that A\u = q(u, 0)(u? — au).
Since (u? — au) has degree 2, q(u,0) is a polynomial in u, and Au has a degree
less or equal to 1, we have that ¢(u,0) must be zero. Hence, Au = 0 and A = 0.
Since ¢(u,0) = 0, we have that g(u,v) = v€(u,v) for a certain polynomial &(u,v).
Consequently,

2 — au — bv) + r(u,v)v? and so

2

o = plu, v)uv + v€ (u, v) (u

w=pu,v)u+ &(u,v)(u* — au — bv) + r(u,v)v.
Making u = v = 0 we get that 4 = 0. Thus, @ and v are linearly independent in
this case.

Next, we study the case b = 0. In such case, I = (uv,u

a =0 then I = (uv,u?,v* — cu — dv). Assume that

2 —au,v?® —cu—dv). If

M+ pv = p(u, v)uv + q(u, v)u? 4 r(u, v)(v? — cu — dv).
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For u = 0 we get that uv = 7(0,v)(v? — dv), which gives u = 0 and 7(0,v) = 0. Also
r(u,v) = u€(u,v) for some polynomial &(u,v). Whence A = p(u, v)v + q(u, v)u +
&(u,v)(v? — cu — dv), which gives A = 0 (putting u = v = 0). In this case, 4 and ¥
are linearly independent. If a # 0, since I = (uv, u? — au, v — cu — dv), we have that
cu? € T and hence cau € I and cu € I. In case ¢ # 0, we have that w € I. So, @ =0
and ¥ are linearly dependent. If ¢ = 0, we have that I = (uv,u? — au,v? — dv) and

it is easily seen, following the previous idea, that u, v are linearly independent. [J

Proposition 3.5. Suppose that x = x* and y = y*. If the universal representation
p: A — U, is faithful, then A = A, Ag or A7 (i.e., A is associative).

Proof. The ideal I is generated by = — x*, y — y*, Azy, A\x? — w112 — wa1y and
Ay? — wia® — waoy, where p(a,b) = Agab + A\jab* + Xoa*b + Aza*b* and X := >_ ;.
We analyze two cases:
(a) A=0. Then w12 + wo1y € I and w122 + weey € I. Ruling out the algebra of
zero product (in which all the w;; = 0), we have that some w;; # 0. Thus, either
w11T 4+ wo1y € I with some scalar wi1, w921 nonzero, or wisx + wooy € I with some
scalar w2, w22 nonzero. In any case, & and ¢ are linearly dependent elements of %,
and the universal associative x-representation of A is not faithful.
(b) A # 0. Then ay € I, 22— A lwnz—A"lwoy € Tand y2 — A" twiaz— A" twaoy € 1.
So, %, = K1+ Kz + Ky with 27 = 0 and 72 = X lwiiz + A lway, 7% =
A twiaz + A twany. Next, we apply Lemma with @ = A lwii, b = A" hwo,
¢ = Alwis and d = A 'wee. We conclude that Z and 7 are linearly dependent
except in the cases:

(i) w21 7é 0, W12 = Wog = 0. Then, A AG.

(ii) w11 = we1 = 0. Then, if A is not a zero-product algebra, A = Ag or A = A7.
(111) w11 # O, W21 = W1 = 0. Then A = A1 or A= 1477

where to identify A we have applied Lemma [3.3] O

Remark 3.6. If 2 = 2* and wy; # 0, then y = y*. This is because A\z? — w12 —
wo1y € I, where A = Z?:o Ai. Applying * we get that A\a? — w1z — wory* € I
and so, if wey # 0, we conclude that y = y*. Similarly, we have that if y = y* and
wi2 # 0 then = = z*.

Lemma 3.7. Assume that A is a perfect two-dimensional evolution algebra with a
faithful universal unital p-algebra %, such that x> = (z*)? and y* = (y*)? in %,.
Then A= Ay, Ag or A7 (i.e., A is associative). Consequently, the Hopf algebra 7
representing the group scheme Aut(A) satisfies  #+ K.

Proof. Consider p(a,b) = Agab+A1ab*+Aa*b+A3a*b*. Since p(z, x)—wi1x—wa1y €
I, we have that

Mox? + (A + Xo)za* + A3(z*)? — w1 — wyy € T and
A3z? + (A + Ao)zz™ + No(2%)? — wie® — wory* € 1.

So, we have that (A\g — A3)(z? — (2%)2) + w112* + w21y* — w112 — w21y € I and, from

the fact that p(y,y) — wi2x — waay € I, we get that (Ao — A3)(y? — (y*)?) + wiaz™ +

Waoy* — wiaT — woay € I. Since 22 — (z*)? and y? — (y*)? € I we obtain that
w11T* + wory™ = w11 + wory and

Wi2Z™ + waoy™ = wi2T + waoy. (3)
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Since A is perfect, the matrix (w;;) is invertible and hence z* = = and y* = y. Now,
applying Proposition [3.5] we get the claimed conclusion.
O

Next, we compute the %, and 7, algebras associated to perfect evolution algebras
A of dimension 2 and relate them with ¢, the representing Hopf algebra of the
automorphism group scheme of A. In each case, we also compare the groups Aut(A)
and Aut*(.7,), where Aut®(.7,) denotes the group of *-automorphism of 7,.

3.1. The A, algebra. We proved before that the Hopf algebra representing aut(A;)
is isomorphic to 54 = K|[z]/(z?—x). This algebra is 2-dimensional and isomorphic to
K? with componentwise operations. Consider the identity involution in this algebra
and the product p(a,b) = ab*. It is easy to verify that the map p: A; — J#A given
by e; — Z and ey +— 1 — T is a faithful associative and commutative representation
of Ay in J#, relative to p and the identity involution on 7. Consequently, the
universal associative and commutative representation of A;, with the product
(a,b)>ab*, is faithful. Let us prove that %, can be identified with K[z, y]/I, where
I = (2? — x,y* — y,xy). First, let us check that {1,7,y} is a K-basis of K[x,y]/I.
We begin proving that = ¢ I. If z € I then we have an identity in K[z, y] of the form
r = p(a? — x) + q(y* — y) + ray, for some polynomials p, g, 7. Then, making z = 0,
we get that 0 = ¢(0,y)(y?> — y) and hence ¢(0,y) = 0, so that q(x,y) = zq;(z,y)
for some other polynomial ¢;. But then 1 = p(x — 1) + ¢1(y? — y) + ry and, for
y = 0, we get 1 = p(z,0)(x — 1), which is impossible in the polynomial ring.
In a similar way, y ¢ I. Now we prove that 1 — xz —y ¢ I: on the contrary
1—2—y=p(®—1)+q@y?—y)+rry again for some polynomials p, ¢ and r. But,
making y = 0 we get that 1 — 2 = p(z,0)(2? — x) and therefore —1 = p(z,0)z,
which is also impossible. Now, we prove that {1, 7, ¢} is K-linearly independent: if
al + BZ + vy = 0 for scalars «, 3,7 € K, then (a+ 3)Z = 0 and hence a + 8 =0
because T # 0. Similarly, (o« + v)y = 0, which implies that « + v = 0. So,
B=7=—a Ifa=0then 8 =+ = 0. On the contrary, 1 —Z — 4 = 0 so
that 1 — 2 —y € I, which is not possible. Now that we have that K[x,y]/I is a
3-dimensional algebra with basis the classes of 1,z and y, let us prove that we can
identity %, with K[z,y]/I. In fact, we define p: A1 — Klz,y]/I by (1,0) — Z and
(0,1) — g. This satisfies p(st) = p[p(s), p(t)] (s,t € A1) and it is a monomorphism.
Given any other associative and commutative unital algebra with involution (B, ),
and o: Ay — (B, ) satisfying o(st) = plo(s),o(t)] for any s,t € A;, we can define
F: K[z,y]/I — B by F(Z) = 0(1,0) and F(g) = 0(0,1). Notice that for any
z € Ay we have 0(z) = o(z-1) = o(2)o(1)* but also o(z) = o(1-2) = o(1)o(2)*.
Therefore, o(z)* = (0(1)o(2)*)* = o(2)o(1)* = o(z) for any z € A;. Then, it is
not difficult to prove that F': K[z,y]/I — B is a homomorphism of associative
algebras. Moreover, if we endow K|xz,y|/I with the identity involution, we have
F(z*) = F(Z) = 0(1,0) = 0(1,0)* = F(Z)* and in a similar fashion F(7*) = F(§)*.
Thus, F' is a x-homomorphism Klz,y]/I — (B, *), and it is the unique one that
satisfies Fip = 0. Therefore, from this point on, we identify %, with K[z,y]/I.
Modulo this identification, .7, = Kz @ Ky, where we know that Z, § are orthogonal
idempotents. Moreover, T+ § is the unit of .7,. Hence, 7, = A; = J# (as algebras),
and we have proved the following (natural) result.

Proposition 3.8. The tight universal p-algebra of Ay is Ay itself. Furthermore,
Ty =2 A1 = A and Aut™(F,) = Aut(7,) = Aut(A,) is the cyclic group of order 2.
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As an obvious consequence, the representing algebra of aut(.7,) agrees with that
of aut(4;) and A; admits a tight universal p-algebra which is J77.

For the next subsection we should take into account that any representation of an
evolution K-algebra &, namely, p: & — A (where A is an associative commutative
K-algebra with involution), gives rise to a representation pr: && — Ap of the
extended F-algebra Ep relative to any extension field K C F. Moreover if p is a
monomorphism then pp is it also. But also, if we have an evolution K-algebra &
such that a certain scalar extension & has a representation o: & — B (where B is
an F-algebra with involution), then the composition & — B such that z — o(z ® 1)
is a representation on B (and it is faithfull if o is). This justifies jumping to the
algebraic closure eventually.

3.2. The A, o algebra. For this algebra, the natural basis {e;1, e2} satisfies e% = ey
and e3 = aep, with a € K*. Extending scalars, if necessary, we may take o = 1
because the elements €} := Va~le; and €} := v a2ey, satisfy the multiplication
relations of Ay ;. Thus, we consider the algebra A;; from the beginning and study
its associative representations. In previous sections, we observed an involution in
the Hopf algebra 7% ; such that a* = b* and b* = a®. If we consider the product
o1 x Moy — Hba such that (z,y) — x*y*, then we have a monomorphism
p: As1 — (%1, p) induced by p(e1) = a and p(e2) = b. Thus, the universal unital p-
algebra 7%, (relative to p: (x,y) — x*y*) is faithful and 5% ; is a quotient of %,. For
this algebra, we have that %, = K[z,y,z*,y*]/I, where I = (2 — y*,y? — 2%, 2y)...
Moreover, %, := Klz,y,z*,y*]/I = K[z,y]/(z* — z,y* — y,zy). Notice that a
K-basis of %, is given by {1,z, 22,2, 9,92, 3}, which implies that dim(%,) = 7.
The tight universal p-algebra .7, is the K-linear span of 2 = {z,72,7%,9,9°, 3},
which is 6-dimensional and unital (with unit 2 4+ ). The involution * of the tight
p-algebra .7, is the induced by z* = g2. It can be checked that the matrix of *

0 m 0 1 0
relative to & is ,where m=11 0 0].
m 0 00 1

Recalling the algebra 7% 1, we see that .7, = 7% 1 and %, is just the unitization
of J,. If K is algebraically closed and char(K) # 3 then, for the group Aut(A4z21),

we have Aut(Aq1) = {1,0,@?%, 0,00,00?}, where & = Diag(w,w?) and o = (? ol

where w is a primitive cubic root of 1. We can identify Aut(As 1) (as an abstract
group) with the symmetric group Ss3. Since p is faithful, we can embed Aut(Asz 1)
into Aut(.7,). The subgroup Aut*(.7,) of x-automorphisms admits the matrix

representation
a 0 0 b
{(O mam>a653}u{(mbm O>b653}

relative to the basis % (using block matrices). Thus, we have an isomorphism
Aut*(,z,) = Aut(AgJ) X ZQ.

Theorem 3.9. For the As 1 algebra, the tight universal p-algebra 7, is isomorphic
to the representing Hopf algebra of aut(As 1), which is 75 1. The group Aut™(.7,)
can be writen as Aut™(.7,) = Aut(As 1) x Zs.

Thus, in this case, A ; admits a tight universal p-algebra, which is nothing but
1, the Hopf algebra representing its group of automorphisms.
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3.3. The Aj , algebra. In the work [I], we found some computational evidence
(but not completely conclusive) that this algebra has no faithful associative and
commutative representation. In this subsection, we prove that this is indeed the
case. For this algebra, the natural basis {e1, ea} satisfies e% = ey and e% = aey + eo,
with @ € K*. Consider a product p(a,b) = Agab + Ajab* + Aaa*b + Aza*b* with
Ai € K and the universal associative and commutative representation given by
U, = Klz,y,x*,y*]/I. In this case I is the ideal I = (p(z,z) — z,p(y,y) — az —
y,p(x,y),p(y,x))«. Thus, I is generated by the following polynomials.

p(z*, z*) — «* = A3z + Miz*z + Xz + Ao (ac*)2 —z*,

p(x,x) —x = Xz + Mz T + Xtz + A3 (a:*)2 -,

p(y*, x*) = X"y + Xy + Aiwy* + Azwy,

p(z*,y*) = Aor*y" + Mz*y + dazy* + Azzy,

p(x,y) = A3z*y* + Xox*y + Aizy* + Ny,

p(y, ) = A3x*y* + Mz*y + Aazy* + Aozy,

Py y) —ax* —y* = —ax® + Ay? + Ayty + Aeyy + Ao (vF) — v,
p(y,y) —ax —y = —az + Aoy® + MYy + Aoy y + A3 (v7)° — .

Let us analyze first the case A\ = A3. Subtracting the first two equations, we get
x = x*; subtracting the last two equations, we get y = y*. Then, Proposition [3.5]
implies that p is not faithful (given that As, is not associative). So, we proceed
assuming that Ag # A3. The subtraction 3rd - 5th polynomial gives x*y* = zy and
the subtraction 3rd-4th polynomial gives (A2 — A1) (z*y — 2y*). Consequently, we
discuss according to the dichotomy:

Case Ay # A\

*

In this case, we have that z*y = xy* and z*y* = xy. A set of elements of the ideal
I is:

lh=zy—x"y”

lo = wy* — ™y,

I3 = Asz™y™ + Xaz™y + Mixy™ + Aozy,

ly = Asz™y™ + Mz™y + Aexy™ + Aoy,

Is = XAoz? + Mz*x + Nox™z + A3 (x*)2 -,

lo = A\322 + Mz*z + doz*x + Ao (x*)2 — ¥,

l7 = —az + Aoy? + My*y + Aey*y + A3 (¥*)° — v,

ls = —az* + A3y + My*y + hay*y + Ao (v*)° — v

Now, define the polynomials I 3 ay := y*l1 —yls = y* (xy—a*y*) —y(zy* —z*y) =
x*y?—a*(y*)2. Also, I 3 a3 := \oli —l3 = Mo(zy—a*y*) — (A3x*y* + Xoz*y+ A1y +
Aoxy) = —(Ao + Az)z*y* — (A2 + A1)z*y. Then I 3 ay :=y*az +2*ls = —y* (Ao +
A3)z*y* + (A2 + A1)z*y) + 2%ls = —a(z*)? — 2*y*. Consequently, a(z*)? +x*y* € [
and ax?+xy € I and hence, since xy = x*y*, we obtain that 22 = (2*)2. Considering
l5 and lg we also get x = x*.

Therefore, the following elements are in I:

3
(1) zy — xy™, (4) A\z? — 2, where \ = Z i,
i=0
(2) s+ A)zy™ + (Mo + X)zy,  (5) — ax+ Xoy® + My*y + Aay™y + As () — v,

(3) (A3 + A2)zy* + (Ao +M)zy, (6) —az™ + Aay® + Myy + doy™y + Xo (v7)° — y*
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Observe that in the case A = 0, we have that = € I, and we conclude that the
universal associative representation is not faithful. So, we proceed assuming that
A # 0. Notice that

" A3+ A1 A3+ Ao
(zy”, zy) </\0+>\2 /\0+)\1) €lIxl,

and the determinant of the above matrix is (A1 — A2) (Ao + A1 + A2 + A3) = A(A\1 —
A2). Recall that we are under the hypothesis that A\; # Ao. Therefore, the
above matrix is invertible, which implies that xy*, xy € I. Then, multiplying the
polynomial in (5) by « and taking into account (4), we get that x € I because o # 0.
Thus, we have again that the universal associative representation is not faithful.

‘Case)\gz)\le‘

In case Ay = Ay = 0, the ideal I contains the following set of polynomials:

(a) A3z + Ao (z%)° — 2, (d) Asx™y* + dozy,
(b) Aoz® + X3 ()2 — () —az” + sy’ + 20 ()" — ",
(¢) Moz y* + A3zy, (f) —az+Xoy?+ A3 (5 —v.

Since we have proved that zy = 2*y*, from (c) we obtain that (Ao + A3)zy € I.
We distinguish two cases:

\Case o= A1 =0, Ao+ A3 #0\
If Ao + A3 # 0 then we have that zy € I (also z*y* € I) and hence y(\gz? +

A3 (z*)? — z) € 1. Therefore, Ag(z*)%y € I. In case A3 = 0 we have that the four
polynomials below belong to I:

o (27)? = a7, —az* + X () — v,
Nox? — 1, —azx + Ny? — .

Since zy € I, we get 22> € I from the fourth polynomial, and so the second

polynomial implies x € I. Consequently, the universal associative representation
is not faithful. If A3 # 0 we have (2*)%y € I and z%y* € I. Since we know that
X322+ Ao (z*)? —2* € I, multiplying this polynomial by y, we conclude that z*y € T
(so zy* € I). Finally, from the fact that —az + Aoy? + A3 (y*)> — y € I, multiplying
this polynomial by z, we get that 2 € I and whence (z*)? € I. Thus, x € I and we
reach the same conclusion: the universal associative representations is not faithful.

‘Case)Q:/\lzo, A0+A3:0\

Assume now that A\g + A3 = 0. Then the following elements are in I:
Mol(z*)? — 2®] — ¥, —ax —y+ Xoly? = (v)?),
Molz? — (¢7)?] — =, —az® —y* + Mol(y")? — v’
From the first two polynomials, we obtain that x + z* € I. But then, the second

polynomial gives x € I, and hence, the universal associative representation is not
faithful.

Case Ay = A1 # 0]
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Now, we must analyze the case A = \; # 0. Without loss of generality we ma;
) Y g y Yy
take Ao = A1 = 1. Then, the ideal I contains the polynomials

p1=Asa? + 2072 + Ao (27)° — 2%, pa=—az” +Asy? + 207y + Mo (y)7 — 7,

o = Aoz 4+ 22z + A3 (1:*)2 —x, ps=—ax+ Ny:+207y+ 3 (y*)2 —y.

p3 = (Ao + As)zy + 2%y + ay”,

Recall that we have xy = 2*y*. To improve readability, we put z := 2* and ¢ := y*.
The p; polynomials above are then written as:
p1 =X32”% + 212 + N\oz® — 2,
p2 =Xox” + 2x2 — x + A3z,
p3 =tz + (Ao + A3) 2y + ¥z, (4)
pa =Xot? + 2ty — t + \3y® — az,
ps =Ast? + 2ty — ax + Aoy” — .
Now, recall that zy — tz € I and notice that

0= t*py + (zy — t2)ps — typz — a’ps + wzpat
(zy —t2) Motz +t2) +tx —t — A3(2y + yz) — v — yz] + o (22° — 2?) ,

(5)

(see http://agt2.cie.uma.es/form(5) .pdf| for a proof). Thus, since a # 0 and
pi € I, we have 22 — x> € I and, given that I is a *-ideal, we also have zz? — 23 € I.
On the other hand, xp; = A\323 + 2222 + \g2%x — 220 = (Ao + A3)23 + 2222 — 20 € 1.
But also zpy = A\x® + 2022 — 22 + A3z2? = (Ao + N\3)2® + 2222 — 22 € 1. We
conclude that z? — zz € I and consequently z?> — zz € I. Then, 22 — 22 € I and,
taking into account p; and pa, we get that z — x € I. The system gives another

set of elements of I
a1 =0+ A3+ 2):102 —, g3 = \ot? + 2ty — t + A3y® — ax,
g2 =tr+ N+A3+ 1)y, ¢4 = Ast? + 2ty — ax + \oy? — .

(6)

Since z = z we have
g2 =tz + (Mo + Az + 1) zy,
@ =zy+ (Ao + A3+ 1)tz

which can be written

1 Ao+ A3 +1

So, we have the cases

‘Case)\gz)q:l, ()\0+)\3+1)27é1‘

(Mo+A3+1)2 # 1. Then, xt,xy € I and I > xq3 = \owt? +2xty —wt+Az37y? —ax? =
—ax?. Since a # 0, we get that 22 € I and, from the fact that ¢; € I, we obtain
that = € I. Thus, the universal associative representation p is not faithful.

[Case oy =M =1 X+ A3 +1=1
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Ao+ A3+ 1 =1, that is A\g + A3 = 0. In this case, the polynomials ¢1, ..., g4 turn
out to be
q =227 —x, g3 = Mo(t? —y?) + 2ty — t — ax,

2 2 (7)
g =tz +ay, g1 = —Ao(t* —y°) + 2ty —ax —y.
We may assume that the characteristic of K is other than 2 because in case
char(K) = 2, the polynomial ¢; is just € I, and so the universal associative
representation is not faithful. So, we assume that char(K) # 2.
Let J C I be the ideal generated by ¢1,...,q4. We claim that

J = (7,92,q3,92) N (22 — 1,42, 43, q4).

To prove this, recall first that if a,b < R are coprime ideals of a commutative ring

R, then anNb = ab. Therefore, (z,q2,q3,q94) + (22 — 1,¢2,¢3,94) = (1), which

implies that (7, g2, ¢3,94) N (22 — 1,92, q3,q1) = (,92,43,94) (27 — 1,2, g3, ¢4) and
furthermore

(2,92, ¢3,94) (22 — 1,42,93,q4) C J C (2,92,q3,94) N (22 — 1,42, G3,q4) =

(7,92,43,94) (27 — 1,42, 43, q4)-

Next, we prove that ¢ € (2z — 1,¢2,¢3,q4) =: M from which we conclude that
x € J C I and that the universal associative representation is not faithful. In order
to check that € M, notice that M 3 2¢; = 22(t +y) = 2z — 1)(t +y) + (t + y),
whence t+y € M. Using g3 and g4 we get that 2ty—t—ax € M and 2ty—y—ax € M.
Therefore, M > 2ty —t — ax — (2ty —y — ax) =y — t and, since t + y € M, we get
that y,t € M. Then, since M > g3 we obtain that ax € M and so x € M. Given
that J = (2,q2,q3,q4) N M we get © € J C 1.

‘Case)\gz)\1:17>\o+)\3+1:—1‘

Ao+ A3+ 1 = —1. In this case, the polynomial I 2 ¢ = —z and the universal
representation is not faithful.
We summarize our findings above in the theorem below.

(8)

Theorem 3.10. The algebra As , does not have a faithful, associative and commu-
tative representation.

3.4. The A4, algebra. Recall that the multiplication table for this algebra is
e% = aeo, e% =e1 + eq.

Consider the product induced by p(a,b) = Agab + A1ab*™ + A2a™b + A3a*b*, with
A; € K, and the universal associative and commutative representation given by
U, = K[z,y,x*,y*]/I. In this case, the following polynomials generate the ideal I.

¢ =p(r,r) —ay = X2% + (A1 + Xo)zr* + A3(z%)% — ay

G2 =p(y,y) —x—y = Aoy® + (M + A)yy* + A3(y*)* —x —y
a3 = p(z,y) = Aozy + Mzy* + Aax™y + Az y*

qa = p(y, ) = Aozy + Aoxy* + Mx*y + Agz*y*

q; = p(z*, z*) — ay* = 322 + (A1 + Xo)zr* + No(2%)? — ay*

@ =py5yt) =" =y =07+ (M A)yyt + do(yF)? -t -yt
@ = p(z*,y*) = A3zy + Aozy* + Mz*y + Aoz y*

qa; = ply*,z*) = A3zy + Mzy* + Aox™y + Noz¥y*

If we consider A\g = Az, then we have that ¢1 — ¢ = —a(y —y*) € [ and y = y*
because a # 0. In addition, if we consider g2 — ¢5 = —(z — 2*) — (y — y*) =
—(z — x*) € I, we obtain that = z*. By Proposition the representation can
not be faithful, because A4, is not associative.
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We assume in the sequel that \g # A3. In this case, we have g3 — ¢ = (Ao —
As)(zy — x*y*) € I and zy = 2*y*. Then, we can consider the following family of
polynomials in [

¢ =plx,x) —ay = Xoz? + (A1 + A)zx* + A3(2*)? — ay

g2 =p(y,y) —x—y= Aoy + (A1 + A)yy* + Xs(y*)? —x —y
a3 =p(z,y) = (Ao +Az)zy + Azy” + Aax™y

g =ply,x) = (Mo + A3)zy + Aoxy™ + Mz*y

4 =p(z*,2*) —ay* = X322 + (A1 + A)zx* + Ao(2%)? — ay*

@ =py5yt) =2 =y = Ay® + (M A)yyt + Ao(yF)? -t -yt
@ = plz*,y*) = (Mo + A3) z*y* + Aia*y + doay*

a =py*,z*) = (Ao + A3) " + Xax™y + \zy*

Notice that g5 — g4 = (A — A2)(ay* — 2*y) € I. In case Ay # A2, we have
zy* = x*y.

[ Case Ao =0, M # \s |

We denote by z := x* and ¢ := y*. We can take A3 = 1 and we have these elements
in I:

qo = vy — 2t, qa = Y + A2zt + A12Y,
@ = (A1 + Xo)zz + 22 — o, g5 = 2> + (A1 + A2)zz — o,
=M+ Xyt +t* —x —y, g6 =y + (M + X))yt —z—t.

g3 =y + Mixt + Aazy,

Now, there are polynomials s, ..., Sg such that Zg gisi =t (see http://agt2,
cie.uma.es/forml.pdf for a proof). Thus, the representation p is not faithful.

‘Case)\ozo, )\1:)\2‘

Again taking A3 = 1, we have these elements in I:

Q0 = xy — zt, qs = 22 4+ 2\ 22 — at,
Q1 =2\zz + 27 — ay, a5 =y° + 2yt —z —t,
g2 =2yt +1* —x —y, g = 2t + A (zy + xt).

g3 =y + Mi(xt + 2y),
If char(K) = 2, then the set of polynomials above is {zy — 2t,2*> — ay,t> — 2 —
Y, 2y + A1 (ot + 2y), 22 — at,y?> — 2 — t}. Eliminating (in this order) x, y, and ¢, we
get the polynomials
210 1 0325 4 at2t + ad2t 4 a2,
20 ad2t 4+ a2t +ab2t + ozgz7
Mz 4+ ozl 4 a2 22 + ot A28 + BN 20 + P2t 4+ ozt + afN 2P
whose gcd is z. Consequently, z € I and the representation is not faithful.
If char(K') # 2 then we distinguish two cases

‘Case)\ozo, Aleg#Oand/\g#O‘

Again there are polynomials sg, ..., s5 such that Z?:o q:s; =t (see http://agt2|
cie.uma.es/form2.pdf| for a proof). This means that, in this case the representa-
tion is not faithful.


http://agt2.cie.uma.es/form1.pdf
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Case \g =0, )\1:)\2:0and)\37$0‘

Now, we get these elements in I:

po =xy — zt, p3 =2% - at,
=22+t —x—(a+1l)y, pp=y*—2—t,
p2 =1y, ps = zt.
where p;1 = g2 + g1 Once again, there exist polynomials sg,...,s5 such that

Z?:o p;s; = t, which means that the representation is not faithful (see http:
//agt2.cie.uma.es/form3.pdf for a proof).

[Case Mo # 0, A # Az and Ao + A1 + Aa # 0|

From now on, we suppose that A\g # 0. Under this assumption A\; # A2, then
xy* = z*y. As a consequence, (Ao + A3)zy + (A + A2)zy* € I. Now, we use
again the notations z = x* and t = y*. Again, there exist polynomials s, ..., sg
such that Zf:o pi8; = t, which means that the representation is not faithful (see
http://agt2.cie.uma.es/form(9) .pdf for a proof).

\caseA();Ao, A1 # Ao andA0+A1+A2:o\

Substituting Ag = —(A1 + A2) in the corresponding polynomials, we get

o= xy— =zt

a= —(A+X)2?2+ A1+ X)rz+ A322 —ay

2= M+ + M+ Xyt + At —z—y

3= (=AM =X+ A3)zy + Axt+ A2y

s = (=M1 — A2+ A3)zy + Xoxt + A2y

g5 = )\3.1?2 + ()\1 + /\2)%‘2 — (/\1 + )\2)2’2 — ot

g = )\:),y2 + ()\1 + )\2)yt — (/\1 + )\2)t2 —z—1

qr = (7)\1 7)\2+)\3) Zt+A12y+>\2It

qs = (—)\1 — )\2 +)\3) Zt+/\22’y+>\11't

Again, there exist polynomials sg, ..., sg such that Zf:o qis; = t, which means
that the representation is not faithful (see http://agt2.cie.uma.es/formd.pdf
for a proof).

‘CaSGAo#O, )\1:)\2‘

If A\g # 0, we can consider Ag = 1 and we can obtain new polynomials in I Althoughht
the parameters \; and « will change, we will denote them in the same way. Then,
we have the following polynomials in I.

go = xy — 2t, qu = \3x® + 2\ zz + 22 — at,

Q= 22 4+ 2\ zz + \322 — ay, g5 = A3y2 + 2yt + t2— 22—t
g2 = y? + 20yt + Mst? —x —y, g5 = (14 A3) 2t + A\ (zy + xt).
g3 = (1+ A3)zy + A (at + zy),

To study the above system, we first assume that:
char(K) # 2
In this case, we can consider the following subcases.
Case \g = 1, At = A and Ay ¢ {~1,0} |

9)



http://agt2.cie.uma.es/form3.pdf
http://agt2.cie.uma.es/form3.pdf
http://agt2.cie.uma.es/form(9).pdf
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Again, there exist polynomials s, ..., sg such that Z?:o q;s; =t , which means
that the representation is not faithful (see http://agt2.cie.uma.es/form5.pdf
for a proof).

Case A\g =1, \{ = A\g and)q:O‘

In this case we have the following polynomials in the ideal I:

o=y —2t, @ = M3z + 22 —at
=22+ X32% —ay, g5 = \3y® + 12 — 2 — t,
=y +Nt> —x—vy, g6 = (1+ )\3) 2t.
g3 = (1 + A3)zy,
Again, there exist polynomials s, ..., sg such that Z?:o qis; =t and so the repre-
sentation is not faithful (see http://agt2.cie.uma.es/formé.pdf for a proof).
‘Case Ao =1, A1 = X and A\ :—1‘
We have the following polynomials in the ideal I:

go = xy — 2t, @ = \3x® — 2xz + 2° — at,
=22 —2xz+ X322 — oy, g5 = Mgy — 2yt + 1% — 2 — t,
@ =y =2yt + M3t? —x — 1y, g6 = (1 + \3) 2t — (2y + at).
g3 = (1+ As)zy — (at + zy),
then there exist polynomials sg, ..., sg verifying Z?:o q;s; = t and once again

the representation is not faithful (see http://agt2.cie.uma.es/form7.pdf).
To finish, we need to study the system of polynomials @ in the case

char(K) =2
In this setting, the system becomes:
go =1y — 2t, g3 = (1 + A3)axy + Mi(xt + zy),
Q= 22 4+ A32° + Yy, g4 = Az? + 22 + at,
=y +Xt’+ x4y, g5 =Xy’ +t*+ 2+t
Again, there exist polynomials sg, ..., S5 such that Z?:o qis; = at and once again

the representation is not faithful (see http://agt2.cie.uma.es/form8.pdf).
We summarize our findings above in the theorem below.

Theorem 3.11. The algebra A4, does not have a faithful, associative and commu-
tative representation.

3.5. The Aj o g algebra. In this section we study the evolution algebra As g,
which has a natural basis {e1, e2 } with product defined by e% = e1taes, e% = fej+eq,
where it is assumed that a8 # 1, a # 8 and «, 8 # 0. Consider the product induced
by q(a,b) = lab + mab* + na*b + pa*b*, with I,m,n,p € K, and the universal
associative and commutative representation given by %, = K|z, y,z*,y*]/I. In this
case, I= (q(x,x) - T —ay, Q(yvy) - ﬁx - yaq(xa y)a Q(yvx))* ThUS, I is the ideal


http://agt2.cie.uma.es/form5.pdf
http://agt2.cie.uma.es/form6.pdf
http://agt2.cie.uma.es/form7.pdf
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generated by the polynomials

(1) lzy + mat + nzy + pat, (5) la® + maz + naz + pz* — z — oy,

(2) lzy + myz + ntx + ptz, (6) 122 +maz +nxz + pr? — 2 — at,

(3) Itz +myz + ntx + pry, (7) ly? + mty + nty + pt> — Bz — v, (10)
(4) ltz + miz + nyz + pry, (8) It? + mty + nty + py> — Bz — t,

where z = z* and t = y*.

If this happens then, subtracting (5) from (6), we get that x — z 4+ a(y —t) = 0 and,
subtracting (7) from (8), we obtain that 8(z — z) + (y — t) = 0. The system that
we arrive at has an invertible matrix and hence x = 2z and y = ¢, which implies, by
Proposition that p is not faithful (given that As g is not associative).

Next, we have the following subcases:
‘Casep;éhm;ﬁn‘

Subtraction between the first two polynomials gives (m — n)(zt — zy) = 0, which
implies that zt = zy. Moreover, subtracting the third polynomial from the first
one gives (I — p)(axy — 2t) + (m — n)(tx — yz) = 0, and hence zy = zt. Thus, the
following polynomials generate the ideal I:

Ly =xy —tz, Le =pz® + mzx + nzx + 12° — at — z,
Lo =tz — yz, L7 =pt? + myt + nyt + ly* — Bz — vy,
Ls =mtx + lyx + ptz + nyz, Lg =It? + myt + nyt — t + py* — Bz,
Ly =ntx + lyx + ptz + myz, Ly =pxy + nxt + myz + ltz,

Ls =la? + mzx + nzx — x + p2° —ay, Lig =pzy + mat + nyz + ltz.

It is interesting to point out that I is invariant under the following automorphism:
o: Klx,y, z,t] — Klz,y,2,t] with {z,y,2,t} — {z,y,2,t}, such that z < z and
y < t. In fact, we have: o(L;) = —L; for i = 1,2, 0(Ls) = Lg, o(L4) = Lo,
o0(Ls) = Lg,0(L7) = Ls. Hence, o(I) C I and, since o is an involution, o(I) = I.

Proposition 3.12. In the above settings, we have that x> = 2> and y? = t2.
Proof. To begin, we construct some new polynomials in I, namely:

ar :=tL —yLy = y?z — t?z,

as '=pa, — zLg = 2% — It>z — mtyz — ntyz — pt’z + tz,

ag :=lL; — Lz = l(xy — tz) — (lay + mtx + nyz + ptz) =

—ltz —myz —nyz —ptz € I,
aq :=tasz + zLg = — 2% — pt?z + py*z — tz.
Given that a; € I, one has that aqy = —2%2 —tz € I. So, I 3 o(ay) = —B2? — yz.

Consequently —(3(z%2 — 2%) —tz + 2y = 0 and Ly € I implies 22 — 22 = 0. Next,

we prove that we also have t? — y? = 0. To do this, notice that Ls and Lg give:
(p+0)z2+(m+n)zz—x—ay=0, (p+1)22+ (m+n)zz — 2 — at =0 and whence
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—r+4+z—ay+at =0, or x =2+ «at —y). Replacing this value of z in L;, we
obtain that

O=ay—tz=zy+alt—y)y—tz. (11)

Replacing the same value of x in Ly gives:
O=tx—yz=tlz+alt—y)) —yz=tz+at(t —y) — yz. (12)
Then, summing the results of and (12)), we have that y(t —y) + t(t —y) =0,
that is t2 = y2. O

Summarizing, in case m # n, Proposition says that 22 = (2*)? and y? =
(y*)2. Then, Lemma implies that the universal associative and commutative
representation can not be faithful (given that As . g is not an associative algebra).

‘Casep;éhm:n:O‘

In this case, the following polynomials are in I:

(1) lzy + pzt, (4) 122 + p2?® — 2 — at
(2) Utz + pxy (5) Iy? 4+ pt® — Bz —y
(3) lz? +pz® —x —ay (6) It* + py* — Bz —t

The first two polynomials give that (zy, 2t) (; :?) elxI

Casep#l,m=n=0,p>#1?
| |

Then zy, 2zt € I. Hence, from the third item above, we obtain that pz%y —ay? € I
and so y?t € I and yt? € I. Moreover, the sixth polynomial above gives {t3 —t2 € T
(and ly3 — y* € I). The fourth polynomial gives pz*t — at? € I, and the fifth gives
pt?x — Bx? € I. Whence, 2?2 € I (and x22 € I). Ttem (4) gives [2%y — 2y — aty € I.
Then

I(p2*y — ay?) — p(12*y — 2y — aty) = —lay® + pzy + paty € T
—log?® 4 pzy? = —ay® +py® € 1. (13)
Taking into account that pz2y — ay? € I, we also get p(zy? — 2%y) € I.
‘Casep:m:n:&l;éO‘

Now, we immediately get 2% = 2% = y? =t € I and hence (3) and (5) above give

(z,y) <; f) € I x I. Since the matrix above is invertible, we get that z,y € I.

‘Casep@é{170}7m:n:0,p27él2‘

Then zy? — 22y, 2t> —x?t € 1. Also, we had proved pz?t—at? € I and pt?z—pB22 € I.
Thus, at? = B2? and ay? = B22. We introduce these congruences in (3)-(6) above
and obtain that all the following polynomials are in I

a B
Iz +pBy2 —z—ay, ly* + paxz — Bz —y,

@
—y? +pz? — 2z — o, léx2+py2 — Bz —t.
o

B

From the first of these equations, we obtain that lz3 — 2% € I and %y?’ —y? el
But we had that ly> — y? € I and hence (y3,4?) (_pﬁ _ll) elxI.

l
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|(Case p & {1,0}, m=n=0,p> # 1%, p# |

We have 32 € I and t? € I (and given that at? = Bz? we also have 22 € I and
22 € I). We conclude as before that z,y, z,t € I.

’Casepgé{l,O},m:n:O,pQ;«éF,p:Bl‘

Then, we have the next polynomials in [

122 + aly? — z — oy, B2l2? + aly® — afz — ay,

14
B2z? + aly® — aft — Bz, Bla® + afly® — at — aBz. (14)

so that from the first and third polynomials we get (1 — af)z = I(1 — $?)x2. Since
a3 # 1, we have that x is a scalar multiple of 22 modulo I. But we had that
zz? = 0, so we also get that xz = 0. Now, multiplying the polynomials in (14}
by , reducing, and taking into account that zz, zy, 2t = 0, we get that (23 — 22,
Bla3 — atz, and Bla® — ax? are in I. Therefore, (8 — a)x? € I. Since a # 3 we
obtain that 22 € I. Hence, 2% € I and the relation at? = Sz? implies that 2, y? € I.

Then, z 4+ ay, afx + ay € I and we conclude that =,y € I.

Casep#l,m=n=0,p>=1%p=—I
| |

Under this assumption, we have that the following polynomials are in I:

(1) zy — =t, (4) I(y* = t?) — Bz — v,

(2) U(z® = 2%) —z — ay, (5) U(t* —y?) — B2 — t,

(3) 1(2* —2?) — 2z — at,
Adding the second and third polynomials, we obtain z + ay + z + at = 0. Similarly,
from the fourth and fifth polynomials, we get that These two congruences, we
get that * = —z and y = —t from these two congruences. This gives 22 = 22
and y? = t2, which implies, by Lemma that the associative and commutative
representation is not faithful.

‘Casep;éhm:n:l‘

Recall that we are under the hypothesis that | # p. We subtract the first and third
polynomials in the fundamental system to get that xy — 2t € I. So, I is the
ideal generated by I; (i =1,...,8), where

L =2y —tz, ls =pt* + 2yt + ly* — Bz — y,
lo =lxy + tx + yz + ptz, lg =lt? + 2yt + py® — Bz — t,
Is =12 + 2x2 + p2* — x — ay, l; =ltz + te + yz + pry.

ly =pa? + 2zz + 12% — 2 — o,

Notice that we have ayt — fxz = 2321 l;8; € I (see http://agt2.cie.uma.es/
form11.pdf). Moreover, we also have that ay? — 322 € I (see http://agt2.cie.
uma.es/form12.pdf) and at?> — B2% € I. Furthermore, for a new collection of s;
we have —ftx + Ba? + fyz — B2? = 21'7:1 l;s; € I (see http://agt2.cie.uma.es/
form13.pdf) so that —tx + 2% + yz — 22 € I. Finally, —atx + ayz + Stz — Byz € I
(see http://agt2.cie.uma.es/forml4.pdf) from which we deduce that a(yz —
xt) — B(yz — at) = 0, that is, yz — 2t = 0 (since a # B).


http://agt2.cie.uma.es/form11.pdf
http://agt2.cie.uma.es/form11.pdf
http://agt2.cie.uma.es/form12.pdf
http://agt2.cie.uma.es/form12.pdf
http://agt2.cie.uma.es/form13.pdf
http://agt2.cie.uma.es/form13.pdf
http://agt2.cie.uma.es/form14.pdf

HOPF ALGEBRAS IN EVOLUTION ALGEBRAS 23
Now, I 3 (zy — 2t)t — (xt — y2)y = y?z — t?2 and t?z — y?x € I. Also

2ls = (p+ 1)t?z2 + 2ytz — Brz — yz
2lg = (1 + p)t?z + 2ytz — B2% — tz,

and, subtracting these polynomials, we have that I > B(xz — 22) + yz — tz. So,
applying the involution we have that both

B(zz — 2%) +yz — tz,
B(zz — 2?) +to — yx

belong to I. Subtracting once more we get that 3(x? — 22) + to — yxr —yz +tz € I,
and using that xy = tz and xt = yz we get that 22 — 22 € I. Furthermore, since we
had at? = f2? and ay? = 822, we conclude that y? = 2. Then, Lemma [3.7] implies
that the universal associative and commutative representation is not faithful.

Theorem 3.13. The evolution algebra As o 3, where o, € K*, a # 8 and aff # 1,
has no associative and commutative faithful representation.

3.6. The Aj o, algebra. We analyze the evolution algebra with natural basis
{e1,ea} such that e? = e; + ae; with i # j and a # 0,+1. We have proved that
the Hopf algebra representing the affine group scheme aut(A4s o) i8 5% g0 =
K|x]/(2* — z), which is two-dimensional and isomorphic as K-algebra to K? with
component-wise product. As was proved in [I], we have a faithful associative and
commutative representation of As 4« in the algebra K 2 with exchange involution
and componentwise product relative to p(a, b) = ab+aa*b*. So, in this case, the Hopf
algebra representing aut(As o o) supports a faithful associative and commutative
representation. We have %, = K|z,y, z,t]/I (where z plays the roll of 2* and ¢ the
one of y*), and I is generated by

2 _x+a?—ay, iz=t>—t+ay®—az,

’iozx
ilzozx2+z2—z—at, 1y =2y + atz,

io=at? +y? —y —ax, i5=zt+azxy.

Note that from iy and i5 we get ay, 2t € I. So from ig we have 2%y — y? € I and
whence 2t — t? € I. From i3 we deduce that y%?z — 22 € I and hence t?z — 2% € I.
Now,

Py—yrel=2yt—ytcl=ytclat’ycl

Similarly, from y?z — 22 € I we get that xy?z — 2%z € I and so 2%z € [ and 2%z € I.
Also, iz gives t3 —t? € I and so y® — y? € I. Moreover, ig gives 2°> — 22 € I and so
2% — 22 € I. Furthermore, since 22y — y? € I, we have that z?y? — y3 € I and, since
y?z — 22 € I, we also have that y?22 — 23 € I. Then, y> — 2> € I which implies that
y?—z22elTandt?—2? € I. Now, ig—iz =2 —t>+a(z?—y*)—z—ay+t+az €1

implying

—zr—ay+tt+azel t—z)+alz—y) el
—z—at+y+axrel alt—x)+(z—y) el

and whence t — x,z —y € I, given the conditions on . Now, usingt =z and z =y
modulo I we find that ip = 2% — 2 + ay® — ay and i; = ax?® + y? —y — ax (while
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ia, i3 collapse). So, I = (2% + ay? — x — ay, ax?® + y? — y — ax, zy). Thus,

(@*,y%) (i ?)Z(:v,y) (; ?)

which implies 2% = z, y*> = y and so %, = K|z,y, z,t]/(2®—z,y*—y, xy, t—x, 2—Yy) =
Klz,y]/(2* —x,y? —y,vy) = K1® K7z ® Kjj is 3-dimensional with basis {1, Z,7}. Of
course .7, = K7 & K7j with multiplication % = z, §*> = g, zj = 0, that is, 7, & K?
with component-wise product. Thus, 7}, = J% o . An easy computation reveals
that Aut(As o) = Aut™(7,) = Aut(.7,). Again, the tight universal g-algebra
agrees with the underlying algebra of the Hopf algebra representing its affine group
scheme of automorphisms.

Theorem 3.14. For the As o o algebra (o # 0,£1) the tight p-algebra 7, agrees
with % o o (as algebra) and is isomorphic to K2 with component-wise product. For
the automorphism groups we have Aut(As o o) = Aut™(F,) = Aut(.7,).

3.7. The Ay algebra. In this case a natural basis is {e1, e2}, with e% =e1; —eg and
e3 = —ey +ey. Assume that char(K) # 2. In [I], we found a faithful associative and
commutative representation p: As — K2 such that e; — u; = (—i, 1) and eg —
us = (—3%, —1), where the algebra structure of K2 is (z,y)(z2,t) = (zz — yt, at +yz),
its involution is (z, y)* = (x, —y) and we consider the product p(a,b) = —2ab+2a*b*.
If char(K') = 2, there is also a faithful commutative and associative representation.
Consider K? with componentwise product and exchange involution. Take p(a,b) =
ab+a*b* and p: A5 — K2 such that ey — (1,0) =: ug while ey — (0,1) =: uz. Then
p(e2) = pley +e2) = (1,1) and p(ui,u1) = u? + u2 = uy +uy = (1,1). Similarly
p(e3) = pler +e2) = (1,1) and p(ug,uz) = u3 + uf = ug +uz = (1,1). Also
p(u1, u2) = urus + ugug = 0.

Theorem 3.15. Regardless of the characteristic of the ground field, the As algebra
has a faithful associative and commutative representation. If char (K) # 2 then the
product considered is p(a,b) = —2ab + 2a*b*, while in case char (K) = 2 the product
is p(a,b) = ab + a*b*.

3.8. The Ag algebra. For this algebra, a natural basis is {e;,es} with €3 = 0,
e3 = e1. Since this algebra is associative and commutative, a faithful representation
of this kind is K x K with product (x,y)(z,t) = (yt,0), identity involution, and
p(a,b) = ab. The representation is p: Ag — K x K with e; — (1,0) and ez — (0, 1).

3.9. The A, algebra. For this algebra, a natural basis {e1, e2} is such that e% =e1
and e4 = 0. This algebra is also associative and commutative, and a faithful
representation of this kind is K x K with product (z,y)(z,t) = (zz,0), identity
involution, and p(a,b) = ab. The representation is p: A7 — K x K with e; — (1,0)
and ez — (0, 1).

3.10. The Ag algebra. For this algebra, a natural basis {e1, ez} is such that
e? = e; and €3 = ey with a € K*. If char(K) # 2 consider
q(a,b) = ko (ab+ a*b*) 4+ ho(ab™ + a*b),

where ko = §(1 — 16a) and h, = (1 + 16c). In this case, a faithful associative
representation (relative to ¢ above) is K x K with (associative) product (z,y)(z,t) =
(zz — yt,xt + yz) and involution (z,y)* = (x,—y). The faithful representation is
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P Ag o — KX K, with ¢(e1) = (1,0), ¢(e2) = (0,1/4). The nonassociative product
q above, particularized to this algebra, gives (x,y) - (z,t) = (16aty + xz,0).
Next, we analyze the char(K) = 2 case. The set of generators of I is

122 + maz 4+ nxz + p2* — z, ley + mtx + nyz + ptz,
122 + maz + nxz + px® — z, ley + myz + ntx + ptz,
ly? + mty + nty + pt*> — ax, 1tz +myz +ntx + pry,
It? + mty + nty + py? — az, [tz +miz+nyz+ pry.

-Case l=p
From the first two equations, we obtain that z = z. So, putting A =14+ m + n + p,
the following elements are in I: A\z? — x,1(y? + ) + (m + n)ty — az, I(xy + tx) +
mtx + nzxy, l(zy + tx) + maxy + ntx. Then (m + n)(tz + zy) = 0 and we divide the
proof into two subcases.

‘Casel:p,m:n‘
Then A = 0 and so x € I. Hence, the universal associative and commutative
representation is not faithful.

‘Casel:p,m;én‘

Then tz + zy = 0 and the following elements are in I: A\x? —z, [(y? +t2) + My —
ax, Ary. Since A = m +n # 0, then we have that xy = tx = 0. Multiplying the
second equation by x, we get that 22 = 0, so z € I and the universal associative
and commutative representations are not faithful.

In this case, we have that (I + p)(z? + 22) + x + z = 0, which implies that
(x4 2)[(l + p)(x + 2) + 1] = 0. Define k := (I +p)~! # 0 and consider the ideals
Ji = (x+2)+ 1 and Jy := (x + z+ k) + I, which are coprime ideals so that
JiJo Cc I C JyNJy =JyJs. Therefore, I = JiJs. To prove that x € I we will prove
that x € J; and = € Jo. We start proving that « € Jp, dividing the proof into a few
subcases.

‘Casel;épandm:n‘

Since = + z € J;, we can replace z with x in the system to get that J;
contains the elements

(1) (+p)2® +a, (4) ly* + pt* + az,
(2) (I +n)xy + (n+ p)tz, (5) It? + py* + ax. (16)
(3) (I 4+ n)tx + (n + p)ay,

Then, from the second and third elements above, we get that the polynomial
((n+p)?+ (I+n)?) tx € Jy and so (p + 1)*tz € J1, whence tx € Ji. So, (I + n)zy
and (n + p)zy € Jy and therefore (I + p)axy € Jy, which implies that zy € J;. Thus,
by multiplying the last element in by z, we obtain that 2 € J; and hence,
using the first element in , we obtain that z € J;.

‘Casel#p,m#n,sz‘
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In this case, from , we obtain the following set of elements in J;

(1) Az? + z, (5) (I + m)zy + ntx,
(2) ly* + (m + n)ty + ax, (6) mxy + (I + n)tx,
(3) It? + (m + n)ty + az, (7) nzy + (m + )tx,

(4) (I + n)zy + mtx,
where A=1+m+n #0 (if A =0, then 2 € J;). Then, the last two elements imply

that zy and tx € Ji, since the determinant of the matrix (:’LL Lt ::L) is nonzero.

Therefore, from the second element, we obtain that az? € Ji; hence, using the first
element, we obtain that x € J;.
‘Casel;«ép,m;én,pséO‘
Now, using a set of elements of J; is

(1) Az? + 2, (5) (n+p)xy + (I + m)tx,

(2) (I +m)zy + (n +p)tz, (6) Ly + (m +n)ty + pt* — az,
(3) (I +n)zy + (m + p)tz, (7) it? + (m +n)ty + py® — az,
(4) (m+p)xy + (I + n)tx,

where A =1+ m+n+p. Again A # 0 (on the contrary x € J1). Using the second
and third elements, we obtain, as before, that xy, tx € J;. From the last element,
we obtain that az? € J; and, using the first element, we conclude that = € J;. To
summarize, we have that x € J;. We now prove that = € Js.

Since z 4+ z + k € Jy we have z = z + k modulo Js. If we apply the congruence
r+z+keJsto , and take into account that (I 4+ p)k = 1, we get the following
elements in Js:

(1) Mex + Az? + kp,
(2) 4+ m)xy + (n+ p)te + kmy + kpt,
(3) (I +n)xy + (m + p)tx + kny + kpt,
(4) (m+p)xy + (I + n)tz + kit + kmy,

(5) (n+p)zy + (L + m)te + kit + kny,
(6) Iy? + (m + n)ty + pt* + ax,
(7) ka + 1t + (m + n)ty + py* + ax,
(17)
where A = [ + m + n + p. The last two elements give that (I + p)(y? + t?) = ka

or y? 4+ t? = k*a (modulo J5). Moreover, the elements no. 2 and 4 in can be
written as below

l+m n+p\ (zy\ _ (km kp\ (y
<m—|—p l+n> (t:c)(km k:l) <t) (mod /o).

Notice that the determinant of the matrix on the left-hand side above is A({ + p).
We now divide the proof in two cases.

‘Casel#p,)\#O‘

-1
Ty\ _ l+m n+p km  kp\ [y
(tx)_(m+p l+n) (km kl t (mod J3)

and hence zy = w and tr = Mt + vy (so zy + w € Jo and

tr + Mt + kTmy € J2). Replacing these values of zy and ¢z in the system

Then
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we get
Nz + Az? + k2p, ly® + (m + n)ty + pt* + az,
(m+n)(t+y), ka+It2 + (m+n)ty + py® + az.

If m+n#0, then y +t € Jy, so y? +t2 € Jy and, since 3% + t? = k?a, we get a
nonzero scalar 0 # k?a € Jo. So, Jo = (1). If m 4+ n = 0, we have the following
elements in Js:

(18)

Nex + Az? + k2p,
Azy + kn(y +t),

Wopt e k(A + 1)t + kny. (19)
ka + 1t + py? + ax,
But then
K* 3 a=aX (Mkz + A2® + k%p) + (kAp + A*2?) (ly* + pt®* + az) +
(kAp + A+ X32?) (ka + 1t? + py? + az)+ (20)

(Nt + Nta + Nay) Azy + kn(y +1))+
(Nt + Nta + Nay) (Mtz + k(X + n)t + kny) € J.
SO, JQ = (1)

‘Casel;ép, )\:0‘
Then, the first element in implies that J, = (1), unless p = 0. So, we
investigate the case A = p = 0. We have that [ +m +n = 0 and hence the following
polynomials are in Js:

(1) (I +m)(zy + tx) + kmy, (4) (I+m)(zy + tx) + kit + kny,
(2) m(zy + tx) + kny, (5) 1(y* + ty) + ax, (21)
(3) m(zy + tx) + kit + kmy, (6) ko + L(t? + ty) + .

Remembering that [ # p = 0 and adding the second and third elements above, we
obtain that kny + kit + kmy € J. Equivalently, ki(y +t) € Jy so y +t € Jo. But
then, using the fifth element, we obtain that x € Js.

Thus, we have proved that x € Jy regardless of the case considered. Since we
have already proved that x € J;, we conclude that x € I = J; N J and the universal
associative and commutative representation is not faithful. We have proved that, for
Ag q, the existence of a faithful associative and commutative representation depends
on the characteristic of the field. More precisely, we proved the following theorem.

Theorem 3.16. The algebra Ag o has a faithful associative and commutative
representation if and only if char(K) # 2.

As a consequence of the results proved in Section [3] we obtain the following char-
acterization of the existence of a faithful associative and commutative representation
of a 2—dimensional evolution algebra.

Theorem 3.17. Let A be a 2-dimensional evolution algebra over a field K. Then,
A has a faithful associative and commutative representation if and only if Aut(A) #
{1}.

Compiling the information on the Hopf algebra representing the affine group
scheme aut(A) in the above theorem we obtain Table [2| (up to scalar extension):
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A Aut(A) ¢ Hopf alg. | Univ. repr. | 7,
of aut(A)
Ay w2 (K) K? Faithful | =7
A27a U3 (K) A ,LLQ(K) KCg X KOQ Faithful =~
S Az o 1 K Not faithful —
5 Ay 1 K Not faithful | —
a As 0.8, (a#8) 1 K Not faithful -
As a0 o (K) K? Faithful >~
As, char =2 (K,+) Klx] Faithful
S | As, char#2 (K,-) K[z¥] Faithful
;i% Ag KX x K K[z, y*] Faithful
. Ar KX Klz* Faithful
z Asg. o, char # 2 o (K) K? Faithful
Ag o, char =2 1 K(e) =5 | Not faithful | —

TABLE 2. Hopf algebras and universal representations

Note that if A is a finite-dimensional algebra such that the representing Hopf
algebra J¢ of aut(A) is the ground field K, then Aut(A) = 1, but in some cases,
we may have Aut(A) = 1 without having s# = K. Such is the case for Ag, in
characteristic 2.

Remark 3.18. Let A be a finite-dimensional algebra over an algebraically closed
field K and ¢ the representing Hopf algebra of aut(A), which we know to be
finitely generated. It is well known that for a finite-dimensional perfect evolution
algebra A, its group of automorphisms is finite (|3, Theorem 4.8]). So hom(s#, K)
is a finite group and this implies that # is a finite-dimensional K-algebra (this is
rather standard: taking 7 = Klx1,...,2,]/I with V(I) = {a1,...,an} finite and
a; = (a;1,...,an), consider f; =[[,(x1 —an),..., fn =[L;(@n — ain). For each j
we have f; € I(V(I)) = {g € K[z1,...,2,]: g(V(I)) = 0} = VI by the Hilbert’s
Nullstellensatz. Then some power of f; is in I (for any j), and since each f; depends
only on the variable z;, we conclude that Kz1,...,z,]/I is finite-dimensional. If
the ground fields are not algebraically closed, we can extend scalars to the algebraic
closure to get the same result.

Assume that A is a finite-dimensional evolution algebra over an algebraically
closed field K with Aut(A) = 1. Denote by ¢ the Hopf algebra representing
aut(A). We have a dichotomy, 7 = K or 5 # K.

In the second case, we have that homag, (¢, K) has only one element: the
augmentation e: J# — K, because aut(A)(K) = Aut(A) = 1. For any maximal
ideal m <« J7Z, we have s = m @ K1 and a homomorphism JZ — K, just the
projection. Since there is only one such homomorphism, there is only one maximal
ideal, so J# is a local algebra.

We know 7 = Klx1,xa,...,2,]/I with n > 1 and I an ideal. A maximal ideal
m in 47 comes from a maximal ideal MM in K[z, 2s,...,2,] such that I C IM.
Since we have taken K to be an algebraically closed field, we have that 91 =
(r1 —ay, 9 —as, ..., o, —ay), with a; € K fori =1,...,n. But there is a standard
automorphism K[x1,...,x,] — K[z1,...,2,] such that z; — x; + a; for every
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i=1,...,n. Hence, we can consider 9 = (x1,x2,...,x,) up to isomorphism. In
addition, the algebra S is finite-dimensional (see Remark, and so it is artinian,
which implies that rad(.##°) = m is nilpotent. Then |7 11.4, Theorem| implies that
char(K) = p, a prime. Since J# is in particular finitely generated, then aut(A) is a
finite group scheme in the terminology of [7, 2.4]. Furthermore, this group scheme is
connected (see [T, 6.6]) because S is local and therefore there are no idempotents
in 2 others than 0 and 1 (see [7, 5.5, Corollary]). So, we can apply [7} 14.4] to get
that 7 = K[z, ... ,:cn]/(x’fe1 ..., zP™"). Conversely, if we have # as before, then
it is easy to realize that hom(.#, K') has cardinal 1. So we claim:

Proposition 3.19. Let A be a finitely generated algebra in algy (with K al-
gebraically closed). The affine scheme h“* has only one rational point, that is,
homag,. (A, K) is a singleton if and only if 7 = K, or char(K) = p prime and
A Klay, ... an)/(a .. af™), for some exponents e;.

As a consequence of the information summarized in Table [2| we see that

Theorem 3.20. For a 2-dimensional evolution algebra A over K, we have Aut(A) =
{1} if and only if there are no faithful p-algebra for A. If F is the representing Hopf
algebra of aut(A), then there is a faithful associative and commutative representation
for A if and only if char(K) # 2 and 7 % K, or char(K) = 2, 5 % K(e) and
H % K. Furthermore, if A is perfect and has a faithful tight p-algebra, then
Ty = H (as algebras)

4. CONSEQUENCES FOR HIGHER DIMENSIONAL ALGEBRAS

Following [B], we introduce a minor variation on the notion of associative represen-
tation in [5] to produce the concept of associative and commutative representation
of an evolution algebra. Fix A a finite-dimensional evolution K-algebra, with
dim(A) = n. Take a polynomial p in the free associative algebra with involu-
tion Ass{a,b,a*,b*) such that p is a K-linear combination of {ab, ab*, a*b, a*b*}.
Consider the polynomial algebra

R:=Kl[z1,...,&xn,27,..., 2]

with the involution such that z; — xf. If B = {e;}!_; is a natural basis of A with
e? = > jwjiej, wji € K (the structure constants relative to B), then we can define
the K-linear map p: A — %, such that p(e;) = x; and %, := R/I where I is the
*-ideal of R *-generated by the elements p(x;, ;) with i # j and p(z;, z;) — >, wjiz;.
We will call %, the universal associative and commutative representation of A relative
to the specified p and B. Thus, p is a linear map A — %, where %, is an (associative
and commutative) algebra with involution, and p satisfies p(ab) = p(p(a), p(b)) for
any a,b € A. Furthermore, if 7: A — X is any other linear map to an associative and
commutative algebra with involution (X, %), satisfying 7(ab) = p(7(a), 7(b)), then
there is a unique *-homomorphism of (associative) algebras F': %, — X such that
Fp = 7. Any linear map 7: A — X, where (X, *) is an associative, commutative
algebra with involution satisfying 7(ab) = p(7(a), 7(b)) is called an associative and
commutative representation of A for the product given by p.

For B an associative algebra with involution *, we will denote by Sym(B, *) the
set of elements b € B such that b* = b.
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Proposition 4.1. Let A be a finite-dimensional perfect evolution algebra and
p: A — U, its universal associative and commutative representation relative to
P = Aoab + Arab* + Aaa*b + A3a*b*. If p(A) C Sym(%, *), then the kernel ker(p)
is an ideal such that A/ker(p) is associative. In particular, if p is faithful, A is an
associative algebra and Aut(A) # 1.

Proof. Let {e;}T be the natural basis chosen for the computation of %,. We know
that %, = R/I, with R = K|[z1,...,2s,2],...,2}] and p(e;) = Z; for any i. The
ideal I is x-generated by the polynomials p(x;, x;) — Zj wjx; and p(x;, z;) (2 # j).
Define A = Zg Aj.

(1) A =0 then 0= Zj wj;Z;, which implies z; = 0 for any j, given that the
matrix (wj;) is invertible. In this case, p = 0, and we are done.

(2) If A # 0, we have p(zy) = Ap(x)p(y) for any z,y € A. Then, there is a
vector space isomorphism p: A/ ker(p) — p(A) given by p(z) = p(x). But
p(xy) = p(xy) = Ap(x)p(y), whence

p((x)2) = p(TY2) = Ap(xy)p(2) = Np(2)p(y)p(2)

and similarly p(Z(y2)) = AN2p(x)p(y)p(2). So (zy)z — z(yZ) € ker(p) = 0.
In any case, A/ ker(p) is associative. If p turns out to be faithful, then A is associative
and perfect, so A = K" for a certain n. In this case, its group of automorphisms is
not trivial. (]

As a corollary of Proposition [{.I] we obtain the following result.

Corollary 4.2. If A is a perfect evolution algebra of finite dimension with a faithful
representation p and A is not associative, then p(A) ¢ Sym(%,, *).

Let 0: E — (A, *) be a representation of an evolution algebra E in the associative
algebra with involution (A, ), relative to a product p = Agab+A1ab*+A2a*b+A3a*b*
in the free associative algebra with involution Kla,b, a*,b*] (the elements \; € K).
Then, for any f € Autx(E), there is another representation of: E — A relative to
the same p:

of(zy) = o(f(2)f(y)) = plo(f(x)),o(f(y))]-
Thus, the set rep,,(E, A) of all linear maps o: E' — A such that o(zy) = plo(z), o(y)]
for x,y € E, is an Aut(E)-set via the action Aut(E) x rep,(E, A) — rep,(E, A)
such that f-o = of~!. It is well known that the orbit [o] of o under the action
of Aut(E) is isomorphic as Aut(E)-set to Aut(E)/ Aut(E),, where Aut(E), is the
isotropy group of o, that is, the stabilizer of o, which is the subgroup Aut(E), :=
{f € Awt(E): f-0 = o}. If o is faithful, its isotropy group is trivial, so the
orbit of o is isomorphic as an Aut(E)-set to Aut(FE). Then, |[o]] = |Aut(E)|,
meaning that there are as many faithful representations as the cardinal of Aut(E).
Assume now that o(F) C Sym(A4, ), that is, o(x)* = o(x) for any z € E. Let
A= Z?:o A; (recall that p = Agab + A1ab* 4+ Aaa™b + A3a*b*). We know that
o(zy) = plo(x),o(y)] = Ao(z)o(y) for any z,y € E. When X = 0 we get o(E?) = 0.
So, if the representation o is faithful we get that E2 = 0 and hence F is a trivial
evolution algebra (a zero-product algebra). If A # 0 then for any x,y, 2 € E we have

a((zy)z) = Ao(zy)o(z) = No(z)a(y)a(z) = Aa(z)a(yz) = o(a(yz)).
The associator of any three elements is in ker(o) so when o is faithful we get that
E is associative. The discussion above allow us to state the following result.
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Proposition 4.3. If E is an evolution algebra which is not associative and o: E —
(A, %) is a faithful (associative and commutative) representation, relative to p, then
o(E) ¢ Sym(A, x). Furthermore, T: E — (A, *) defined as 7(z) := o(x)* is also a
(faithful) representation and T # o.

A fact related to the information in Table is the following proposition.

Proposition 4.4. Let A be an evolution K -algebra with faithful universal associative
and commutative representation p: A — %, and assume that p(A) is x-closed, that

is, p(A)* = p(A). Then Aut(A) # 1 or A is associative.

Proof. Under the hypothesis of the proposition, there is a unique linear map f: A —
A such that p(x*) = p(z)* for any x € A. Then we have

p(a*) = p(af)* = p(2)™ = p(a),
implying that z% = x for any z. Similarly, (zy)* = 2%y for any = and y. If §
is the identity, then p(x)* = p(x) and applying Proposition we get that A is
associative.
O

We have seen in the precedent paragraphs that in the case of a 2-dimensional
perfect evolution algebra A, the p-algebra 7, agrees with the representing Hopf
algebra 42 of aut(A). So it seems interesting to study those evolution algebras, in
general, such that 7, = 7.

Assume that for a perfect, finite-dimensional evolution algebra E we have .7, &
A, where S is the Hopf algebra of aut(E). Suppose also that E is not associative.
Then, we have two possibilities:

(1) If x = 17, then Proposition implies that p: £ — 7, is not faithful but
the quotient E/ker(p) is associative. Note that ker(p) # E, since on the
contrary we would have .7, = 0, which is impossible as 7, = 7 > 1.

(2) Otherwise, x € Aut(.7,) and * # 17, so Aut(.7,) = Aut(#) # 1. Conse-
quently, 5# # K so we have Aut(F) # 1 or 5 is of the form described in
Proposition Thus, € = 7, is a local algebra different from K and
the characteristic of K is prime.

Summarizing this paragraph, we have:

Proposition 4.5. Let E be a finite-dimensional perfect evolution K -algebra with
H = T,. Denote by x the canonical involution of .
(1) If ¥ = 17,, then the universal p: E — 7, is not faithful, ker(p) # E and
the quotient E/ker(p) is an associative algebra.
(2) If x # 17, then & % K and hence:
(a) Fither Aut(E) # 1, or
(b) char(K) is prime and S is of the form described in Proposition[3.19
In particular, if E is a simple evolution algebra which is not associative, then either
(i) Aut(E) # 1 or (ii) # is of the form described in Proposition[3.19, with K of
prime characteristic. So, in characteristic zero, simple nonassociative evolution
algebras with 7€ = 7, have nontrivial automorphism group.

Consequently, an investigation of simple nonassociative evolution algebras in
prime characteristic, whose associated Hopf algebra is as in Proposition [3:19] could
complete the result in Proposition [.5]
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Finally, let’s make an observation about (possibly infinite-dimensional) evolution
algebras: If we consider an evolution algebra A whose graph is of type E in the
figure below, it includes a copy of As ., which we have previously demonstrated
lacks a faithful associative and commutative representation. Therefore, A has no
faithful associative and commutative representation either. The same argument can
be applied to any evolution algebra whose graph is of type F. Concerning those
with graph of type G, it will depend on the scalars a and 3 such that e? = e; + aeg,
e3 = PBer+es. fa# B, af # 1 and a, 3 # 0, this algebra contains a copy of A5 4.3,
which also lacks a faithful associative and commutative representation (as we proved
before).

E F: G
e, —— 6, <—— o «—> /_\"\Q%. .HQ/_\’\O%.
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